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| LETTER FROM MARSTON MORSE p 


Institute for Advanced Study 
Princeton, New Jersey 
November 8, 1941. 


The object of this letter is to give to interested mathematicians a 
report concerning developments in the problem of the proper use of 
mathematicians of thé draft age. 

At a July meeting of the Roster of Scientific and Specialized Per- 
sonnel! in Washington these matters were discuæed at length and a 

‘number of those present, including the writer, urged that the Roster 
‘is the body best equipped to take up the problem of the proper use 
‘of scientists. It should be understood at the beginning of this letter 
‘that the Roster has no power to defer scientists, but is concerned only 
with making recommendations as to whether or not a man may be 
. regarded as “necessary” in the sense of the law. 
~ Inorder to make proper recommendations it was necessary that the 
> Roster obtain considerable additional information concerning men of 
draft age on its lists. The matter of procedure has now been systema- 
tized. Any man who is on the Roster and who finds himself likely to 
3 be called may write the Roster for a standard questionnaire. Amon 
‘other things this questionnaire seeks to find out the man’s presen 
‘occupation and scientific status and the names of references. These 
references and the man’s employer are then sent questionnaires cal- 
*culated to aput in determining whether the man may be regarded as 
“necessary.” 

>` The Roster than calls i in men, in the various scientific fields to re- 
ee the assémbledl data and advise the Roster on each individual 
case. The mathematicians were the first so treated, and Murnaghan, 


i ` Hotelling and Morse recently served as consultants for the Roster. 


`The Roster had assembled excellent data bearing on 300 cases, each 
“at which was carefully reviewed by each of the three mathematicians. 
“An general we tried to follow the resolutions concerning deferment 


1The Roster of Scientific and Specialized Personnel, Washington, D. CG., is a 
, sufficient address. 
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which were voted at the recent Chicago meeting of the mathemati- 
cians and are published in the Bulletin. 

The Roster makes its recommendations to the Selective Service 
Headquarters, which in turn may pass on the recommendations to the 
local boards. The local boards are free to follow the recommendations 
or not. We shall know more about the practice a little later. 

In case a man is inducted, the Roster acts in an advisory capacity 
to the personnel department of the Adjutant General’s office, offering 
information which will aid the personnel officers in properly using the 
scientists on the Roster, 

In addition to making recommendations as to individual men, the 
Roster also seeks information concerning shortages in various sci- 
entific fields and passes on this information to the Selective Service 
“Headquarters and the Labor Office. Our Committee on the Supply 
and Demand for Mathematicians will materially aid the Roster in 
this respect, and will help to clarify the situation. 

In conclusion I wish to recommend that problems of deferment or 
use of scientists on the Roster be taken up with the Roster whenever 
they arise. With the advice of consultants in the various fields, the 
Roster is the group best organized and equipped to handle these ques- 
. tions. 

Very truly yours, 
MARSTON MORSE 
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THE OCTOBER MEETING IN NEW YORE 


The three hundred eighty-first meeting of the American Mathe- 
matical Society was held at Columbia University on Saturday, Octo- 
ber 25, 1941. The attendance included the following one hundred 
sixty-seven members of the Society: 


A. A. Albert, G. K. Anderson, R. L. Anderson, Lawrence Annenberg, R. G. 
Archibald, L. A. Aroian, S. F. Barber, E. F. Beckenbach, M. F. Becker, Gertrude 
Blanch, H. F. Bohnenblust, S. G. Bourne, C. B. Boyer, A. T. Brauer, H. W. Brink- 
mann, H. C. Brodie, .A. B. Brown, R. S. Burington, Jewell H. Bushey, S. S. Cairns, 
D. E. Christie, J. A’ Clarkson, M. D. Clement, R. M. Cohn, T. F. Cope, Richard 
Courant, Ruth Crucet, J. H. Curtiss, M. D. Darkow, Norman Davids, D. R. Davis, 
Jesse Douglas, Arnold Dresden, Jacques Dutka, J. E. Eaton, M. L. Elbeback, Paul 
Erds, F. H. Escott, J. M, Feld, Aaron Fialkow, W. B. Fite, Edward Fleisher, A. I. 
Forsythe, J. S. Frame, K. O. Friedrichs, H. P. Geiringer, B. P. Gill, Saul Gorn, 
L. M. Graves, M. C. Gray, C. C. Grove, E. J. Gumbel, Margaret Gurney, W. W. 
Gutzman, D. W. Hall, F. C. Hall, N. A. Hall, Hans-Karl Hammer, D. C. Harkin, 
M. H. Heins, Edward Helly, Olaf Helmer, E. H. C. Hildebrandt, L. S. Hil, Banesh 
Hofmann, T. R. Holleroft, M. W. Hopkins, Harold Hotelling, E. M. Hull, R. P. 
Isaacs, S. A. Joffe, R. A. Johnson, B. W. Jones, Shiruo Kakutani, G. K. Kalisch, 
Edward Kasner, L. S. Kennison, A. R. Kirby, J. R. Kline, E. R Kolchin, B. O. Koop- 
man, Arthur Korn, Jack Laderman, M. E. Ladue, Solomon Lefschetz, B. A. Lengyel, 
Howard Levi, Marie Litzinger, E. R. Lorch, L. A. Lorch, Jack Lorell, A. N. Lowan, 
Eugene Lukacs, L. A. MacColl, C. C. MacDufiee, H. F. MacNeish, Dorothy 
Mabaram, P. T. Maker, A. J. Maria, D. H. Maria, Walther Mayer, H. L. Mintzer, 
A. K. Mitchell, Don Mittleman, Morris Monsky, Marston Morse, F. J. Murray, 
C. A. Nelson, O. E. Neugebauer, J. C. Oxtoby, Everett Pitcher, E. L. Post, Walter 
Prenowitz, M. H. Protter, R. G. Putnam, H. A. Rademacher, C. J. Rees, M. S. Rees, 
R. W. Rempfer, H. J. Riblet, Moses Richardson, M. S. Robertson, S. L. Robinson, 
Benjamin Rosenbaum, J. E. Rosenthal, ur Sard, L. J. Savage, Rubin Schatten, 
Henry Scheffé, I. J. Schoenberg, L. W. Shridan, Seymour Sherman, Max Shiffman, 
L. P. Siceloff, James Singer, L. L. Smail, D. M. Smiley, M. F. Smiley, P. A. Smith, 
Ernst Snapper, Virgil Snyder, Abraham Spitzbart, Wolfgang Sternberg, J. J. Stoker, 
W. C. Strodt, Alvin Sugar, M. M. Sullivan, Fred Supnick, J. D. Tamarkin, R. M. 
Thrall, W. R. Transue, W. J. Trjitzinsky, J. W. Tukey, J. L. Vanderslice, Oswald 
Veblen, G. C. Webber, Louis Weisner, G. W. Whaples, O. L. Wheeler, H. S. White, 
Hasler Whitney, John Williamson, Audrey Wishard, Jacob Wolfowitz, M. A. Wood- 
bury, Leo Zippin, Antoni Zygimund. 


The meeting opened in the morning with a general session for con- 
tributed papers at which Professor W. J. Trjitzinsky presided. Presi- 


dent Marston Morse presided at the afternoon session which began 
with a short business meeting for consideration of the amendment of 


Section 9 of Article VII of the By-Laws proposed by the Councij. The 
amendment was adopted. The section as amended is given below: 


Section 9. Any member not in arrears of dues may become a life member on the 
payment of a sum to be determined in accordance with actuarial principles. A life 
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member shall have for life the status and privileges of an ordinary member, without» 
further payment of dues. After October 25, 1941, no additional applications for life 
memberships will be accepted. 


After the business meeting Professor I. J. Schoenberg gave an address 
entitled Some analyiscal aspects of ssomeiric wmbeddeng. 

Titles and cross references to the abstracts of the papers read follow 
below. Papers whose abstract numbers are followed by the letter t 
were read by title. The papers numbered 1 to 9 were read at the 
morning session; those numbered 10 to 27 were read by title. Dr. Bers 
was introduced by Dr. A. M. Gelbart. 

1. Rubin Schatten: On the dired product of Banach spaces. (Ab- 
stract 47-11-476.) 

2. Walter Prenowitz: Descriptive geomeirtes as multtgroups. (Ab- 
stract 47-11-481.) 

3. E. F. Beckenbach: On the analytic prolongation of a minimal sur- 
face. (Abstract 47-9-418.) 

4. S. S. Cairns: The space of a variable geodesic complex on a sphere. 
(Abstract 47-9-438.) 

5. J. H. Curtiss: On the dssirtbutton of the quottent of two chance 
variables. (Abstract 47-9-434.) 

6. E. J. Gumbel: Simple tests for given statsstscal i aaa (Ab- 
stract 47-11-485.) 

7. Arthur Korn: On the problem of pulsating spheres sn a liquid. 
(Abstract 47-11-478.) 

8. Ernst Snapper: Co-maxtmal linear sets and products of linear sets. 
(Abstract 47-11-460.) 

9. B. W. Jones: The number of classes tn related genera of quadratic 
forms. (Abstract 48-1-13.) 

10. Lipman Bers: A convergence theorem for analytic functtons of 
two variables. (Abstract 47-11-467-1.) 

11. D. G. Bourgin: Linear topological spaces. (Abstract 47-9-437-4.) 

12. A. B. Brown: Independent parameters for sets of functions. (Ab- 
atract 47-11-468-#.) 

13. S. S. Cairns: Topological mapping of a Brouwer 4-mantfold on 
an analytic Riemannian 4-mansfold. (Abstract 47-9-439-1.) 

14. A. D. Campbell: On the applicatton of an algebra of sets to group 
theory. (Abstract 47-11-455-?.) 

15. George Comenetz: Isotropic curves on a surface. (Abstract 47-11- 
479-4.) 

16. J. J. DeCicco: Bé-tsothermal systems of curves. (Abstract 47-11- 
' 480-t.) 
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17. Howard Levi: A characterization of polynomial rings by means 
of order relations. (Abstract 47-11-458-t.) 

18. A. N. Lowan, Norman Davids and Arthur Levinson: Tables for 
Gauss’ mechanscal quadrature formula. (Abstract 47-9-413-t.) 

19. A. N. Lowan and William Horenstein: On the function 
H(m, a, x)=exp (—4t)F(m+1—44, 2m42, 24x). (Abstract 47-11- 
470-t.) 

20. R. E. O'Connor: A theorem of Dtophantine approxtmaison and 
an application to the values of a linear form. (Abstract 47-11-462-2.) 

21. R. E. O'Connor: Representation of integers by power-products of 
two integers. (Abstract 47-11-463-1.) 

22. R. E. O'Connor: Representation of integers by power-products of 
two real numbers. (Abstract 47-11-464-#.) 

23. Harry Pollard: Legendre polynomials and the Hausdorff moment 
problem. (Abstract 47-9-400-t.) 

24. Maxwell Reade and E. F. Beckenbach: Square averages and a 
class of harmontc polynomials. (Abstract 47-11-4744.) 

25. J. F. Ritt: Complete difference ideals. (Abstract 47-11-475-#.) 

26. A. R. Schweitzer: Concerning general abstract relatsonal spaces. 
III. (Abstract 47-9-430-#.) 

27. H. S. Wall: The behavsor of certain Sitelijes continued fracttons 
near the singular lane. (Abstract 47-11-477-1.) 

T. R. HOLLCROFT, 
Associate Secretary 
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THE NOVEMBER MEETING IN MANHATTAN | 


The three hundred eighty-second meeting of the American Matht 
matical Society was held at Kansas State College, Manhattan, 
Kansas, on Friday and Saturday, November 21-22, 1941. The at- 
tendance was about eighty including the following forty-seven mem- 
bers of the Society: 

A. A. Albert, M. N. Arnoldy, W. L. Ayres, R. W. Babcock, Wealthy Babcock, 
F. L. Black, L. M. Blumenthal, W. C. Brenke, C. C. Camp, R. D. Daugherty, H. P 
Doole, Paul Eberhart, W. E. Ferguson, Cornelius Gouwens, O, H. Hamilton, J. J. L.- 
Hinrichsen, D. L. Holl, W. C. Janes, H. E. Jordan, D. E. Kibbey, E. H. Larguier, 
P. E. Lewis, A. T. Lonseth, J. V. McKelvey, Anna Marm, U. G. Mitchell, T. A. Moses 
man, G. C. Munro, E. N. Oberg, R. S. Pate, T. A Pierce, P. S. Pretz, G. B. Price 
P. G. Robinson, D. H. Rock, L. L. Runge, G. E. Schweigert, C. E. Sealander, M. E 
Shanks, D. T. Sigley, E. R. Smith, G. W. Smith, E. B. Stouffer, W. T. Stratton 
C. B. Tucker, L. E. Ward, J. W. T. Youngs. 


The meeting opened Friday afternoon in Mathematics Hall with a 
session for short papers, Professor W. T. Stratton presiding. Follow- 
ing this, Professor G. B. Price gave an address entitled Linear exten- 
stons. Professor L. M. Blumenthal presided at this lecture. On 
Saturday morning in Willard Hali with Professor C. C. Camp pre- 
siding, Professor A. A. Albert gave an address with the title Some- 
mathematscal aspects of cryptography. The meeting closed with a sec- j 
_ ond session of contributed papers with Dean E. B. Stouffer presiding. ' 

The dinner on Friday evening was held at the Country Club on a 
hill with a fine view of Manhattan and the surrounding country. The’, 
number attending the dinner was eighty-two. Professor W. T. Strat- 
ton presided at the dinner. After musical selections by Miss Hilda 
Grossman, President F. D. Farrell of Kansas State College welcomed 
the mathematicians and Associate Secretary W. L. Ayres responded . 
for the Society. Professor U. G. Mitchell spoke on mathematics as an 
intellectual invention and urged the training of mathematicians for 
the social sciences. Dean R. W. Babcock talked on mathematical 
contemporaries urging that students be taught to look on mathemat- 
ics as a living science and be told of living mathematicians. 

Titles and cross references to the abstracts of the papers read at 
this meeting follow below. Papers 1 to 5 were read Friday afternoon,’ 
papers 6 to 10 on Saturday morning, papers 11 to 13, whose abstract 
numbers are followed by the letter t, were read by title. Mr. R. H. 
Tripp and Mr. A. E. Engelbrecht were introduced by Professor D. L. 
Holl. ) 

1. D. L. Holl: Consolidation of elastic earth layers. (Abstract 48-1- 
68.) 
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2. A. A. Albert: Quadratic forms permitting compostison. (Abstract 
8-1-1.) 

3. J. W. T. Youngs: Concerning arc-curves and basic sets. (Abstract 
17-9-453.) 

4, M. E. Shanks: Irreducsble transformations of the dtsconitinuum 
into continua. Preliminary report. (Abstract 48-1-97.) 

5. J. J. L. Hinrichsen: Bounds for the Isbraison posnts ina resica 
broblem of n bodtes. (Abstract 48-1-67.) ; 

6. L. M. Blumenthal: Metric characterisation of n-dimensional ellsp- 
tic space Enr. Preliminary report. (Abstract 48-1-75.) 

7. R. S. Pate: Functonal homomorphisms. I. Preliminary report. 
(Abstract 48-1-17.) 

8. G. C. Munro: Systems of linear dtfferentsal equations wih consiant 
coeffictenis. (Abstract 48-1-45.) 

9. R. H. Tripp: Bending of a thin plate having the form of a paralelo- 
gram. (Abstract 48-1-73.) 

10. A. E. Engelbrecht: Circular plates with large deflections. (Ab- 
stract 48-1-63.) 

11. C. V. Robinson: Spherical theorems of Helly type and congruence 
indices of spherical caps. (Abstract 47-11-482-t.) 

12. R. H. Bruck and T. L. Wade: The number of tndependeni com- 
ponents of the tensor aTi,» -p (Abstract 47-11-454-.) 

13. Isaac Opatowski: On the theory of lethal irradiation of micro- 
trganisms. II. (Abstract 48-1-69-2.) 

W. L. AYRES, 
Associate Secretary 
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THE NOVEMBER MEETING IN PASADENA 


The three hundred eighty-third meeting of the American Mathe- 
matical Society was held at the California Institute of Technology, 
Pasadena, California, on November 22, 1941. The attendance was 
about seventy, including the following thirty-eight members of the 
Society: 

O. W. Albert, L. D. Ames, R. S. Arthur, H. M. Bacon, Harry Bateman, Clifford 
Bell, J. L. Brenner, F. A. Butter, P. H. Daus, G. C. Evans, G. E. Forsythe, W. H. 
Glenn, H. J. Hamilton, Einar Hille, P. G. Hoel, C. G. Jaeger, Glenn James, D. H. 
Lehmer, R. J. Levit, S. H. Levy, G. F. McEwen, G. W. Mackey, A. D. Michal, 
W. T. Puckett, W. C. Roberts, G. E. F. Sherwood, D. V. Steed, J. D. Swift, P. M. 


Swingle, Gabor Sreg5, A. E. Taylor, T. Y. Thomas, S. E. Urner, F. A. Valentine, 
Morgan Ward, W. M. Whyburn, E. R. Worthington, Max Zorn. 


General sessions were held in the morning and in the afternoon, the 
sessions opening at 10 A.M. and 2 P.M., respectively. The morning ses- 
sion was presided over at different times by Professors T. Y. Thomas, . 
Gabor Szegé, and Harry Bateman, and the afternoon session by Pro- 
fessor G. C. Evans. 

By invitation of the Program Committee, Professor W. M. Why- 
burn of the University of California, Los Angeles, delivered an hour 
address on Diferential systems with general boundary condsitons. 

Following the meeting Professor and Mrs. A. D. Michal served tea 
at their home for members of the Society and their friends. 

The titles and cross references to abstracts of papers read at the 
meeting are given below, abstracts whose numbers are followed by # 
having been read by title. Mr. R. C. James, Mr. Knox Millsaps, and . 
Mr. Edmund Pinney were introduced by Professor A. D. Michal, 
Mr. S. P. Avann by Professor Morgan Ward, Mr. C. B. Barker by 
Professor C. B. Morrey, Jr., Dr. O. G. Owens by Professor Hans 
Lewy, and Mr. R. D. Gordon by Professor Max Zorn. 

1. G. W. Mackey: On the lattice of closed linear subspaces of a 
normed linear space. (Abstract 47-11-472.) 

2. D. H. Lehmer: Properties of the coefficients of the modular invari- 
ant J(r). (Abstract 47-11-457.) 

3. R. J. Levit: Fields tn terms of a single operation. (Abstract 47-11- 
459.) 

4. Morgan Ward: Condsttons for a lattice to be a Boolean algebra. 
(Abstract 48-1-23.) 

5. R. C. James: Linearly arc-wise connected topological groups. (Ab- 

stract 48-1-92.) 
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6. Knox Millsaps: First order differentials of functsons with argu- 
menis in topological groups and values in topological abelsan groups. 
(Abstract 4811-96.) 

7. Edmund Pinney: Theory of functtons on linear topological spaces 
to Banach spaces. (Abstract 48-1-50.) 

8. S. P. Avann: The 1r-functton and tts application to sems-modular 
lattices. (Abstract 48-1-3.). 

9. P. M. Swingle: T opological foundations of an uncertain mathe- 
malscs. (Abstract 48-1-99.) 

10. G. F. McEwen: On the probability that a ratio of random num- 
bers will depart from a harmonic ratio by less than a given amount. (Ab- 
stract 48-1-89.) 

11. C. B. Barker: The Lagrange mulistplier rule for two dependeni 
and two independent varsables. (Abstract 48-1-28.) 

12. R. D. Gordon: An applicaison of the Cauchy integral to a problem 
in probability theory. (Abstract 48-1-88.) 

13. Einar Hille: On the oscillation of differential iransforms. II. (Ab- 
stract 48-1-37.) 

14. R. M. Robinson: Bounded univaleni funcitons. (Abstract 48-1- 
54-t.) 

15. O. G. Owens: An explici formula for the solution of the ulira- 
kyperbolic equation in four independeni variables. (Abstract 48-1-48-t.) 

16. R. P. Dilworth: A theorem on lattice homomorphisms. (Abstract 
48-1-10-t.) 

17. R. P. Dilworth: Dependence relations in a Birkhoff latitce. (Ab- 
stract 48-1-11-4.) 

18. Nathaniel Coburn: Unitary curves in unitary Sa, (Abstract 
48-1-76-t.) 

19. R. C. James: Normable topological abelsan groups. (Abstract 48- 
1-93-2.) 

20. František Wolf: On majorants of analytic functions. (Abstract 
48-1-62-t.) 

21. S. P. Avann: Latices wih arbtirary automorphism groups. (Ab- 
stract 48-1-2-t.) 

22. Gabor Szegs: On the oscillation of differential transforms. 1. (Ab- 
stract 48-1-57-1.) 

T. M. PUTNAM, 
Assoctate Secretary 


BOOK REVIEWS 


Diophantische Gleichungen. By T. Skolem. Ergebnisse der Mathe- 
matik und ihrer Grenzgebiete, Band 5, Heft 4. Berlin, Springer, 
1938. 130 pp. R.M. 15. 


Included in the author’s preface is this statement, “Hier dagegen 
ist es versucht worden, eine zusammenfassende Darstellung der 
Theorie der diophantischen Gleichungen zu geben von den einfach- 
sten bis zu den schwierigsten, die man bis jetzt hat bewaltigen können, 
aber nur soweit sie allgemeinen Methoden zugänglich sind. Es gibt 
bekanntlich auf diesem Gebiete sehr viele Untersuchungen über ganz 
spezielle Gleichungen; auf solche wird nicht eingegangen.” 

All the equations considered by Skolem, with the exception of 
several types considered in Chapter II, are of the form 


(41, y+ + Hm) = O, 
the left-hand member of the equation being a polynomial in the un- 
knowns ži, %3,°°°,%, with given integral coefficients, the problem 


being to find all rational solutions or, in particular, integral solutions. 
Obviously, not all equations of this type which have been treated in 
the literature could have been considered in a pamphlet of this size. 
Hence he has elected, as he states above, to take up mainly what he 
regards as the most general types of equations concerning which 
definite results have been found. For example, congruences are spe- 
cial kinds of diophantine equations, but Skolem has wisely omitted 
any discussion of them, except for certain systems considered on two 
pages in the first chapter. 

Many theorems are stated and proofs of some are given. When the 
proofs are not given references are usually indicated which enable us 
to find the demonstrations in the literature. 

Diophantine analysis is noteworthy for the great interest which 
mathematicians have exhibited in certain methods which so far 
have been applied only to comparatively special equations. A num- 
ber of these are not mentioned by Skolem, and we think it will be 
illuminating to refer to them in the course of this review. 

In the first chapter of the book, the author considers linear equa- 
tions of the form 


È Ores = br, 
m] 
r=1,2,--+,m, and gives a number of the results of Heger, Smith 
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and Frobenius. This work connects up with the theory of the ele- 
mentary divisors of a matrix. 

In Chapter II Skolem treats equations which are linear in each 
unknown, in particular the bilinear equation 


2, Crear ¥s = 0. 


In this general theory it is convenient to employ equations in de- 
terminant form. 

The third chapter treats quadratic equations in two or more un- 
knowns. The homogeneous case is treated first. Smith’s criterion for 
the integral solution of 


ox + ait -+ larti + 2b2izı + 2bizzs + 2birxı = 0 


is given. Proceeding to the equation 
= 2 

(1) as a,x, = 0, 
pm | 


the beautiful theory for the case # =3 is treated. Meyer’s results on 
(1) are stated and also this theorem that (1) for n =5 is always satis- 
fied in integers not all zero with integers a1, Gt, - * © , a, not zero, and 
not all of like sign. The first complete proof is by Dickson.! Skolem 
gives Mordell’s proof of this after first giving his own proni of Hasse’s 
results concerning the congruence 


2 a,x, m 0 (mod m), 
toni 


-on which the latter shows the solution of (1) depends, if f is in- 
definite. 

Next the nonhomogeneous quadratic equations are treated. He 
considers the classic theory of representation of integers by ternary 
forms, but does not mention a number of theories concerning quad- 
ratic forms which have so far attracted great attention from many 
mathematicians, such as the representation of integers as the sum of 
squares and closely related topics developed by Liouville, Eisenstein, 
Minkowski, Smith, Bell, Nasimoff, Hardy, Uspensky, Mordell and 
others, using the methods of elliptic functions, analytic additive 
number theory, for example. Also, the application of quaternions and 
related linear algebras to such questions as developed by A. Hurwitz, 
Dickson and others is not taken up. 


1 Studies in the Theory of Numbers, pp. 68-70. 


\ 


\ 
; po? . \ 
12 BOOK REVIEWS i , (January: 


In the fourth chapter entitled “Multiplikative Gleichungen” the 
author gives, with the proof, the results of Bell and Ward on the 
equations, 


bas i bis 


bsi 
ay” = Biyi ya oo yer. 
He then takes up equations obtained by expanding 
l 
N (aizi +--+ + ante) 


@,, & 3 


A,X T3 


where ai, Os, °°: , @ are integers in the algebraic field K of degree n, 
N denotes the norm in K, and setting p 
(2) N =a, 


where a is a rational integer, and treats by the use of units in K the 

problem of finding other sets of solutions of (2), having given one set, 

as well as methods for determining if there exists any set. . 
He then examines equations of the form 


{( x1, Xs, oe Ta) a hyi ya » Yu 


where f is decomposable in some algebraic field. The results of Ward? 
on the equation 
| x? — dy? = 5", d> 0, 


are given. Ward obtains the primitive solutions of this by use of the 
field defined- By d™. 
Dickson’s solution of 


q = ax? + bay + cy? = w+ + We, | ` 
is mentioned, then a generalization to the equation l p 
g = Ass’ . . oe 3. 


is discussed by Skolem. He remarks that the methods he employ 
extend to the equation, 
flante, En) = h 
where f is decomposable into m linear factors in some algebraic field, , - 
and where the degree of f>2. For the case h=1, m=- - =m miy 7 
a solution involving the use of ideals was given by Wablin. í 
The fifth chapter is concerned with the application of geometry to 
various types of diophantine equations, when we are seeking rational / 
solutions. It is in this chapter, in the sixth and in the last chapter, `! 


2 Transactions of this Society, vol. 38 (1935), pp. 447-457. 
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chat it appears the most general results are to be found in the work. 
The curves i 


f(z, y) = 0, or f(s, Yı s) = 0 


in homogeneous coordinates are classified for arithmetical purposes 
‘according to their genus, the coefficients of the equations being 
integral. Two curves are called equivalent when they are connected 
with each other by a birational transformation with rational co- 
efficients. Thus two curves 


Jls y) = 0, Aan) = 0 


are equivalent if the coordinates x, y are rationally expressible with 
rational coefficients in terms of £, n, and conversely. 

If the curve is of genus zero, it was shown by Poincaré that it is 
equivalent to a straight line or a conic, from which the theory of the 
rational points on the original curve is easily derived. 

For a curve of genus unity Poincaré also proved that if it has a 
rational point, it is equivalent to a curve of the third degree, and, in 
~ particular, the cubic is equivalent to a curve whose equation can be 
written in the Weierstrass normal form 


: (3) = 4a! — gar — fa. 


The latter statement was proved by Mordell in 1912. 

There is a well known geometric method for finding rational points 
on a curve when certain rational points are known initially. If one 
of the latter points is P (not a point of inflexion), the tangent at P 
meets the curve in another point P; whose coordinates are determined 
by an equation of the first degree and hence are rational. If Ọ is 
another such point, the chord PQ will meet the cubic in a rational 

point R, in general different from P.  ’ 

' _ To interpret this process analytically Pantat and Hurwitz noted 
that the equation (3) could be given in parametric form by the use of 
Weierstrass elliptic p functions so that 


(3a) x = p(s), y m p' (4), 


It was proved by Mordell by the use of such ideas that all the rational: 
points on (3) could be found from a finite number of rational points, 
so that, using (3a), if Hi, 42, °° +, ta Satisfy (2) all points are given by 
mium +--+ FMatn, where the m’s are integers, that is, the 
parametric eae for all the rational points form an additive Abelian 
group with a finite basis. 
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Skolem mentions the work of Fueter and Brunner on the equation 
-y =D. 

They were able to determine the abe: of solutions of this equation 

for various values of D, using the field defined by (—D). The author 

then considers curves of genus p>1 and notes that it has been con- 


jectured that such curves contain only, a finite number of rational 
points. A curve of this AYRE is given bythe Fermat equation 
l ar H yt = Ry, 

In this connection he mentions-only the York of Kummer, Wieferich, 
Mirimanoff$ Furtwangler, and Kapferer, on Fermat’s last theorem. 

A rational“system of points is defined as a finite system of points 
such that all the symmetric functions of their parametric values are 
rational. Using this idea Weil showed that Mordell’s result concern- 
ing the parametric values associated with the rational points on a 
cubic curve forming an additive Abelian group could be extended to 
curves of genus p>1. 

In Chapter VI Skolem goes into detail concerning the theorems 
associated with the names of Thue and Siegel. These theorems enable 
us to state that certain equations of the type 


f(x, y) = ¢, 


have only a finite number of solutions. These ideas seem to have had 


their beginnings in the work of Runge (1887), who proved among 
other results the following one: 


Let f(x, y) be a polynomial with integral coeficients of degree n ir- 
reducible in the ratsonal field, the homogeneous pari of f of ksghest 
degree not being the power of an irreducible polynomial. Then f(x, y)=c 
has only a finste number of solutions in ratronal tntegers. 


Thue’s theorem of the year 1909 has to do with a polynomial of a 
type a bit different from that treated in Runge’s theorem. It is as fol- 
lows: 


+ 


If f(x, y) ts a homogeneous irreducible polynomial of degree greater 
than 2 with integral coeffictents and c is a given integer not equal toO, 
the equation f(x, y) =c has only a finite number of integral soluttons. 


The author proves this theorem as well as a number of lemmas con- 
cerning the approximation to a real algebraic number by the uge ofa 
rational number, on which these investigations depend. Using these 
results it is possible to show that the equation 
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ay? + by + c= da”, 
a(b? — 4ac)d x 0, n 2 3, 
has only a finite number of solutions as well as the equation 
yt = aa" + bette Ek 
where, in the latter, the right-hand member has at least three dif- 


ferent zeros. 
After considering'a number of special equations of the form 


a*+dy*= +1 


where n =3 or 4, Skolem applies the theory of p-adic numbers to the 
equation ) 


N(ax + By + ys) = kh 


where a, 8 and y are integers’in an algebraic field K of degree n. 
He finds equations of this type which have only a finite number of 
solutions for n = 5, 

We now signalize a problem which seems sfündameatii in this sub- 
ject. If we consider the irreducible equation 


f£in y+) Me) =c 


where f is of degree n with integral coefficients and with c integral 
and also f homogeneous we know from the theory of units in an 
algebraic field that for k =n and c=1, there exist equations of this 
type with an infinity of integral solutions. On the other hand, if 
k=2, n>2, Thue’s theorém states that there cannot be more than 
a finite number of solutions. The question is, how far must & be in- 
creased to obtain equations of this type with an infinity of solutions? 
If n=3, we have k =3. 

The arithmetical theory of Hermitian forms is not considered, like- 
wise Waring’s theorem. It is not exactly.surprising that the latter 
topic has been omitted, as it would merit a volume in itself. 

Skolem has written a very interesting book. It is surprising how, 
much arithmetical meat he has packed into the space he employs. 

: H. S. VANDIVER 


„Sur les Foncitons Orthogonales de Plusieurs Variables Complexes, avec 
les Applications 4 la Théorse des Foncttons Analytiques. By Stefan 
Bergman. New York, Interscience Publishers, 1941. 62 pp. $1.50. 
This book was to appear as one of the Mémorial des’ Sciences - 


Mathématiques series, but circumstances were such that the edition 
reached only the galley proof stage. The book is a photostatic edi- 
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tion made from the galley proofs. As a result, the characters are 
sometimes a little blurred and in some places the lines are uneven. 

At the outset the author states that many important results in the 
theory of one complex variable cannot be extended to functions of 
several complex variables. To find a technique analogous to that of 
one variable it is necessary to introduce a new approach. One such 
approach is the method of orthogonal functions for » variables in a 
domain B. In this book, however, the author limits himself to the 
properties of functions of two complex variables. The methods used 
and the results obtained can be extended to functions of several 
complex variables. The power of the method of orthogonal functions 
lies in the following properties of the kernel function J $0” (sı, #1) 
-pP (h, 4) =Ka(si, %, h, h), established by the author, of a system 
of functions closed for the class, F(B), of functions analytic and of 
summable square in B. First, the function Ka(s, Ñ, s= {s:, s4}, 
i wm fh, h} is regular in the variables , s, 4, h. Second, Ka(s, Ñ is in- 
dependent of the particular choice of the closed system {ġ® }. Third, 
the minimum value of the integral fs h| dw, dw =dxidyidxsd yr, where 
k belongs to F(B), and h(t 4) =1, that is, & is normalized at the 
point (h, f4), is equal to [Ka(t, | =)s(ġ), and this minimum is 
attained for h=f=Koa(z, })/KpB(t, į). It is from these properties that 
he builds up a theory of orthogonal functions for two complex vari- 
ables and uses this to deal with analytic functions of two complex 
variables. This method of the kernel function is very neatly applied 
with much success to the study of pseudo-conformal transformations. ` 
It is extremely interesting that these results can also be applied to 
the study of linear partial differential equations. 

This theory of conformal transformations is essentially based on 
the Riemannian mapping theorem which states that every simply 
connected domain possessing at least two boundary points can be 
mapped conformally into a circle, and the Schwarz lemma. This 
lemma, as formulated by Pick, states that if a transformation takes 
the unit circle into its interior, then the hyperbolic length of a line 
segment included in the unit circle cannot be increased. 

Transformations of the domains in four-dimensional space by a 
pair of analytic functions are called pseudo-conformal transforma- 
tions. As was first pointed out by Poincaré, two arbitrary simply- 
connected four-dimensional domains cannot be transformed one into 
the other by a pseudo-conformal transformation. Also Hartogs has 
shown that every analytic function regular in a simply connected four- 
dimensional region assumes on the boundary of this region all the 
values it assumes in the interior, that is, a function cannot be con- 


1942] ` BOOK REVIEWS S 17 
structed that vanishes at some point in the interior of the domain B 
and has an absolute value of one on the boundary. An immediate . 
generalization of the Schwarz-Pick lemma therefore cannot be ob- 
tained for functions of two complex variables. Therefore, analogous 
methods to those described above cannot be applied in the case of 
functions of two complex variables. 

To overcome these difficulties the author employs the kernel 
function Ks(t, tł). In the case of conformal transformations ds? 
=Ka(s, #)|dz|* defines a metric which is invariant with respect to 
conformal transformations. If the domain is simply connected, the 
metric becomes a hyperbolic metric. Analogously, using the kernel 
function for functions of two complex variables, the author defines 
a metric which is invariant with respect to pseudo-conformal trans- 
formations. It is clear that if a domain GCB then Ag(t) SAa(é), and 
since À is the inverse of the kernel K, Kg(s, 3)2Ka(s, Z) and hence 
the metric Ke(s, z) | ds| = Ka(s, 2) | da|*. This is a form of the 
Schwarz-Pick lemma. 

The book consists of an introduction and four chapters. In the 
introduction the author describes his approach to the problem of 
conformal mapping using orthogonal functions. 

Chapter I deals with the characteristics of the space of two com- 
plex variables. The author describes domains in the gı, %-space which 
are of particular importance in the study of analytic functions. In 
particular, he deals with analytic surfaces, hypersurfaces, and domains 
with distinguished boundary surfaces. These geometrical studies are 
not employed in the book, but without an understanding of them one 
might not fully appreciate the value of the results obtained. These 
geometrical properties, however, are of fundamental importance in 
quite another aspect of the theory of functions of two complex vari- 
ables that the author has developed in other papers. There are several 
points in Chapter I that would be of particular interest to differential 
geometers. 

Chapter II, which forms the heart of the book, is devoted to the 
properties of orthogonal functions. The differences between real and 
analytic orthogonal functions are stressed. The essential and inter- 
esting theorem is that the kernel function of complex analytic func- 
tions converges at every interior point of the domain. The connection 
between the theory of orthogonal functions and conformal mapping 
is described. Special systems of orthogonal functions are also studied. 

In Chapter III the author concerns himself with minima problems 
of the type described above. The problem of interpolation and the 
application of orthogonal functions to the theory of entire and 
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meromorphic functions are treated. But here the work is sketchy, 
and in some places only references to papers are made. Furthermore, 
the author does not indicate very clearly what role the theory of 
orthogonal functions plays in the study of entire and meromorphic 
functions. This, of course, could not very well have been accom- 
plished in the space devoted to this topic. 

In Chapter IV some further properties of the invariant metric are 
given, and the differential geometric properties of the Hermitian 
metric are described. 

A companion book to this one was to be written dealing with the 
invariant metric. We hope that this interesting book will soon appear 
in this country. 

This book is essentially a collection of results by the author and 
other people working in this field. It is to be regretted that some of 
the value of this book, as a book, is diminished by the lack of elabora- 
tion. In many places results are merely stated without proof. How- 
ever, a fairly complete bibliography is inserted at the end, and in 
all instances of the text, references are made to original papers. The 
material of this book is new and interesting, and it appears that this 
field is by no means exhausted. Anyone interested in this field would 
find it very stimulating to read this book. 

ABE GELBART 


. An Introductton to Differenistal Geomatry with Use of the Tensor Cal- 
culus. By Luther Pfahler Eisenhart. Princeton, Princeton Univer- 
sity Press; London, Humphrey Muford and Oxford University 
Press. 1940. 10+304 pages. $3.50. 


The author’s Differenttal Geometry of Curves and Surfaces, which 
was published in 1909, has seen extensive use. Since that time, the 
tensor calculus has come to play an important role in Riemannian 
Geometry and in the Theory of Relativity and the author has con- 
sidered it desirable to rewrite the differential geometry of curves and 
surfaces in terms of the tensor calculus. The differential geometry 
treated in the present book is about equivalent to that in the first 
half of the 1909 book, with the addition of the concent of parallelism 
in the sense of Levi-Civita. 

There are four chapters. The first is ere principally with 
the properties of curves in euclidean 3-space, but includes a definition 
of the parametric equations of a surface and the envelope of a one- 
parameter family of surfaces, in order to include consideration of the 
developables associated with a curve. The material of the chapter is 
for the most part included in the first two chapters of the 1909 book 
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and except for changes in notation due to the use of the summation 
convention, the order and treatment have not been greatly changed. 
The principal addition is consideration of the theorem that the en- 
velope of a one-parameter family of non-parallel planes is either a 
cone, a cylinder, or the tangent surface of a curve. 

The second chapter is largely devoted to tensor algebra and 
calculus. Preparatory to the definition of a tensor, transformations 
of coordinates in euclidean 3-space and the effects on the funda- 
mental quadratic form of such transformations are considered. Then 
contravariant and covariant vectors, and scalars, are defined and 
their geometrical significance is discussed. The definition of a tensor 
and the development of the algebra of tensors follow. The Christoffel 
symbols and Riemann tensor are introduced; covariant differentia- 
tion is defined; and the chapter closes with a classic existence theorem 
for a system of partial differential equations. 

Chapter III deals with the intrinsic properties of a surface, that 
is, those properties of a surface which depend only on the coefficients 
of the first fundamental form. In addition to the fundamental con- 
cepts of arc length, angle and area, the concepts of Gaussian curva- 
ture, geodesic, geodesic curvature and parallelism in the sense of 
Levi-Civita are defined by intrinsic methods and studied in detail. 
Additional material includes the notions of isometric nets, isometric 
surfaces, differential parameters, conformal correspondence and geo- 
desic correspondence. 

Chapter IV deals with properties which depend on the imbedding 
of the surface in space, or upon the coefficients of the second funda- 
mental quadratic form. The principal topics are: the equations of 
Gauss and Codazzi; principal radii of curvature and lines of curva- 
ture; conjugate nets and asymptotic lines; the spherical representa- 
tion of a surface; tangential coordinates and lines of curvature. The 
chapter closes with a brief discussion of spherical and pseudo-spherical 
surfaces, and minimal surfaces. 

The book is well organized, well written, and has excellent illus- 
trations. There is an abundance of exercises of all varieties, some of 
which illustrate the material treated, others of which extend the 
theory. A student who has absorbed the contents of the book will 
know the fundamentals of differential geometry and tensor calculus 
and should find the passage to the study of n-dimensional Rieman- 
nian geometry easy. 

The reviewer is not certain that the present text offers the most 
desirable introduction to the differential geometry of surfaces in three- 
dimensional euclidean space. The extensive use of tensors brings 
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with it a needed emphasis on the notion of invariance. In the present 
case it also brings with it an order and an emphasis on symbolic 
manipulation which tend to obscure the geometry of the situation. 
For example, the Gaussian curvature is first met as a function de- 
pending on the Riemann tensor, which has been previously defined 
for no very obvious reason. The geometrical significance of the 
Gaussian curvature becomes clear only much later. As another ex- 
ample, principal directions for a tensor not the fundamental tensor 
are introduced abruptly and we must wait many pages before it 
becomes clear as to why anybody thought of them. 

The author of a book on differential geometry faces vexing. ques- 
tions as regards analytical rigor. Since functions enter continually in 
the subject matter, a first question concerns the class (differentiabil- 
ity) of the functions involved. Many authors restrict their considera- 
tions to analytic functions, a method which assumes too much but 
which avoids pitfalls. In the present book we find the following state- 
ment on page 3: “Whenever throughout this book we consider any 
function, it is considered in a domain within which it is continuous 
in all its variables, together with such of its derivatives as are in- 
volved in the discussion.” This process of asking the reader to de- 
termine the hypotheses of a theorem from the proof can be somewhat 
misleading. Since the proofs of theorems usually involve other theo- 
rems and since these in turn depend on stil other theorems, the 
reader may find it difficult to determine just what his hypotheses are. 
Since functions are frequently expanded in series, there would appear 
to be the possibility of confusion between Class C” and analytic. 
Since results obtained under the assumption of analyticity are used 
in the derivation of various theorems, these theorems are valid only 
under the assumption of analyticity, and yet no statement concern- 
ing analyticity appears in the proofs of these theorems. It seems to the 
reviewer that it would have been a happier situation if in each 
theorem the necessary class of the functions involved had been 
stated. 

There are a number of other analytical details which appear objec- 
tionable to the reviewer, but in view of the fact that Fine’s Calculus 
and the author’s Coordinate Geomeiry are extensively used as refer- 
ences, it would appear that the attainments of the reader are not 
assumed to be extensive, and consequently the point of rigor should 
perhaps not be stressed. 

Professor Eisenhart’s new book is an interesting addition to the 
literature on differential geometry. It should prove to be highly useful. 

Gustav A. HEDLUND 
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Mathematical Logtc. By W. V. Quine. New York, Norton, 1940. 8 
+348 pp. $4.00. 


Unfortunately, the system of logic presented in this book admits 
the Burali-Forti paradox. This admission renders the system incon- 
sistent. As a result the book fails in its primary purpose and will need 
serious revision. 

Not all portions of the book are affected by the paradox. In par- 
‘ticular, the first three and last of the book’s seven chapters can 
survive unchanged (except for very minor details in Chapter 7). 
Also, much valuable material can be salvaged from the three affected 
chapters, notably major portions of §§38—40, 43, 44, 47-52. 

Quine’s first chapter deals with the propositional calculus, the 
second with the theory of quantification, and the third with certain 
aspects of the theory of clases, including the theories of identity and 
description. The treatment of these subjects 1s very thorough, with 
good explanations, so that for these subjects the book can be recom- 
mended either as a text or as a reference book. 

Quine’s seventh chapter contains a new proof of Gédel’s theorem 
on the existence of undecidable propositions. The novel feature of 
Quine’s proof is the following. Let L be a logic with a denumerable 
number of symbols. We can think of L as a system involving only 
two symbols, namely “x” and an accent, by replacing the denumer- 
able symbols of L by x, x’, x”, x’, -+-.So there is no loss of gen- 
erality in assuming that L has a finite number of symbols, namely 
51, Ss, +++, Sa Let expressions of L be finite sequences of the S’s 
(allowing multiple uses). Let us endow Mxys with the meaning: if x 
is a single symbol, then x is the next symbol after y in the list Sy, 
Sg, © ++, Sa; if x is a complex expression, then x is the result of writing 
y followed by s; if x is not an expression then x =y. Then, as Quine 
shows in detail, a symbolism based on M, four variables, an accent 
(for producing more variables), the stroke function, and parentheses 
(for universal quantification) suffices for the usual syntactical dis- 
cussions about L. In particular, it suffices to define “provable 
formula” for L. If we take the S’s to be the nine symbols of the 
M-system, then the M-system suffices for its own syntax, and the 
Gödel theorem follows readily. 

BARKLEY ROSSER 
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The editors of the Bulletin wish to make grateful public acknowl- 
edgment of the services rendered by the following persons who have 
refereed papers: C. R. Adams, R. P. Agnew, Emil Artin, Reinhold 
Baer, Harry Bateman, E. T. Bell, P. O. Bell, Garrett Birkhoff, L. M. 
Blumenthal, R. P. Boas, H. F. Bohnenblust, D. G. Bourgin, A. T. 
Brauer, Richard Brauer, A. B. Brown, Herbert Busemann, E. W. 
Chittenden, R. V. Churchill, J. A. Clarkson, George Comenetz, 
A. H. Copeland, Richard Courant, H. S. M. Coxeter, D. R. Curtiss, 
M. M. Day, J. J. DeCicco, D. M. Dribin, Samuel Eilenberg, Arnold 
Emch, Aaron Fialkow, W. W. Flexner, Orrin Frink, H. L. Garabedian, 
J. W. Givens, Saul Gorn, D. W. Hall, Marshal! Hall, O. G. Harrold, 
Einar Hille, Ralph Hull, Dunham Jackson, Nathan Jacobson, R. D. 
James, B. W. Jones, Mark Kac, Irving Kaplansky, M.S. Knebelman, 
R. E. Langer, C. G. Latimer, D. H. Lehmer, Walter Leighton, Nor- 
man Levinson, E. R. Lorch, E. J. McShane, Saunders MacLane, 
W. G. Madow, Szolem Mandelbrojt, Morris Marden, G. M. Merri- 
man, E. W. Miller, W. E. Milne, Deane Montgomery, C. B. Morrey, 
F. J. Murray, John von Neumann, Ivan Niven, Oystein Ore, Gordon 
Pall, G. H. Peebles, Sam Perlis, R. S..Phillips, George Pólya, Hillel 
Poritsky, Anatol Rappoport, W. T. Reid, Arthur Rosenthal, A. E. 
Ross, A. C. Schaeffer, O. F. G. Schilling, I. J. Schoenberg, I. M. 
Sheffer, N. E. Steenrod, Otto Szász, Gabor Szegö, J. W. Tukey, J. V. 
Uspensky, R. J. Walker, H. S. Wall, J. L. Walsh, L. E. Ward, L. R. 
Wilcox, Aurel Wintner, Leo Zippin, Max Zorn, and Antoni Zygmund. 


The editors of the Transactions wish to acknowledge the services 
of the following persons, not members of the Editorial Board, who 
have been consulted regarding papers offered for publication in vol- 
umes 49 and 50: Garrett Birkhoff, H. R. Brahana, Richard Brauer, 
H. E. Buchanan, H. B. Curry, Samuel Ejilenberg, C. J. Everett, 
W. K. Feller, L. M. Graves, M. H. Ingraham, Shizuo Kakutani, 
M. S. Knebelman, B. O. Koopman, D. H. Lehmer, Hans Lewy, 
N. H. McCoy, E. J. McShane, H. M. MacNeille, F. J. Murray, 
B. J. Pettis, George Pólya, G. B. Price, H. A. Rademacher, W. C. 
Randels, P. V. Reichelderfer, A. C. Schaeffer, Peter Scherk, O. F. G. 
Schilling, Wladimir Seidel, J. J. Stoker, M. H. Stone, D. J. Struik, 
J. D. Tamarkin, J. M. Thomas, and Louis Weisner. 


-The summer session arranged at Brown University for advanced 
instruction and research in mechanics, and for which sixty students 
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were accepted, met with such general -approval that the program is 
being continued during the academio year 1941-1942. Courses are 
being given in (1) Advanced Dynamics, (2) Elasticity, (3) Fluid Dy- 
namics, (4) Theory of Airflight, (5) Graphical and Numerical Meth- 
ods in Applied Mathematics, (6) Partial Differential Equations; in 
addition there are two seminars. More than thirty persons are en- 
rolled. On the staff are Professors J. L. Synge, Richard von Mises, 
J. D. Tamarkin, Willy Feller, Stefan Bergman, and Willy Prager. The 
instruction is supported by the Engineering, Sciences, and Manage- 
ment Defense Training Program of the United States Office of Educa- 
tion and by the Carnegie Corporation of New York. A few small fel- 
lowships are still available for the second semester. Those desiring in- 
formation should communicate with the Dean of the Graduate 
School, Brown University, Providence, Rhode Island. | 


Yale University offers each year a number of Sterling research fel- 
lowships, some of them open to mathematicians. For the year 1942- 
1943 the normal stipend will be $1800. Applicants must have received 
the degree of Doctor of Philosophy or its equivalent from approved 
universities in the United States or foreign countries. In general, 
preference is given to applicants of not more than thirty-five years 
of age, but older persons are eligible. Applications should be received 
before March 1; blanks may be obtained from the Graduate School 
office, Yale University, New Haven, Connecticut. 


Professor T. C. Esty of Amherst College has been given the title 
professor emeritus. 


Mr. L. M. Klauber, vice president and general manager of the San 
Diego Gas and Electric Company, received an honorary doctorate of 
laws from the University of California at Los Angeles. 


Mr. W. G. Banks of Centenary College has been promoted to an . 
assistant professorship. 


Associate Professor J. L. Barnes of Tufts College has been pro- 
moted to a professorship. 


Dr. P. G. Bergmann has been appointed to an assistant professor- 
ship at Black Mountain College, Black Mountain, North Carolina. 


Assistant Professor J. G. Bowker of Middlebury College has been 
promoted to an associate professorship. 


Assistant Professor Fannie W. Boyce of Wheaton College, Whea- 
ton, Illinois, has been promoted to an associate professorship. 
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Dr. J. R. Britton of the University of Colorado has been promoted 
to an assistant professorship. 


Assistant Professor E. A. Cameron of the University of North 
Carolina has been promoted to an associate professorship. 


Dr. Harold Chatland of Montana State University has been pro- 
moted to an assistant professorship. 


Dr. Max Coral of Wayne University has been promoted to an as- 
sistant professorship. 


Associate Professor H. B. Curry of Pennsylvania State College has 
been promoted to a professorship. 


Miss Rachel Davison of Houghton College, Houghton, New York; 
has been promoted to an associate professorship. 


Dr. Douglas Derry of the University of Saskatchewan has been 
promoted to an assistant professorship. 


Assistant Professor J. L. Doob of the University of Illinois has been 
promoted to an associate professorship. 


Assistant Professor E. D. Eaves of the University of Tennessee has 
been promoted to an associate professorship. 


Mr. W. F. Eberlein is working as propellor research analyst in the 
Navy Department. 


Associate Professor Nat Edmonson of the Agricultural and Me- 
chanical College of Texas has been promoted to a professorship. 


Associate Professor P. D. Edwards of Ball State Teachers College 
has been promoted to a professorship. 


Dr. C. H. Frick of Montana State College has been appointed pro- 
fessor of mathematics at Mary Washington College, Fredericksburg, 


Virginia. 
Assistant Professor D. F. Gunder of the Colorado State College of 


Agriculture and Mechanic Arts has been promoted to an associate 
professorship. 


Dr. Mary E. Haller of the University of Washington has been pro- 
moted to an assistant professorship. 


Mr. George Hartnell of the Cheltenham Magnetic Observatory has 
retired. 
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Assistant Professor M. A. Heaslet of San José State College has 
been promoted to an associate professorship. 


Miss Gertrude Hendrix of Eastern Illinois State Teachers College 
has been promoted to an assistant professorship. 


Dr. P. G. Hoel of the University of California at Los Angeles has 
been promoted to an assistant professorship. 


Mr. C. W. Hook of Georgia School of Technology has been pfo- 
moted to an assistant professorship. 


Dr. S. B. Jackson of the University of Wisconsin has been ap- 
pointed to an assistant professorship at the University of Maryland. 


Associate Professor G. R. Livingston of San Diego State College 
has been promoted to a professorship. 


Dr. E. R. Lorch of Barnard College, Columbia University, has been 
promoted to an assistant professorship. 


Associate Professor W. G. McGavock of Davidson College has been 
promoted to a professorship. 


Associate Professor H. M. MacNeille of Kenyon College has been 
promoted to a professorship. 


Dr. G. T. Miller of Purdue University has been promoted to an 
assistant professorship. 


Mr. G. R. Mirick has been appointed principal of the high school 
at Lincoln School of Teachers College, Columbia University. 


Dr. A. P. Morse of the University of California has been promoted 
to an assistant professorship. 


Professor L. R. Perkins of Middlebury College has resigned because 
of ill health. 


Dr. George Pélya who has been at Brown University as visiting 
professor has been appointed to a visiting professorship at Smith Col- 
- lege. 


Dr. Willy Prager who recently held a professorship of aeronautical 
theory at the University of Istanbul and who was formerly director 
of the Aerodynamical Institute at Göttingen has been appointed to a 
professorship of mechanical engineering at Brown University. 


A% 


Assistant Professor A. W. Recht of the University of Denver has 
been promoted to an associate professorship. 
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Professor H. W. Reddick of Cooper Union is on leave of absence 
to direct the Defense Training Institute, Brooklyn, New York. As- 
sistant Professor F. H. Miller has been named acting head of the de- 
partment of mathematics at Cooper Union. 


Dr. H. J. Riblet of Adelphi College, Garden City, New York, has 
been appointed to an assistant professorship at Hofstra College, 
Hempstead, New York. 


Dr. L. D. Rodabaugh has been meee se to an assistant professor- 
ship at Butler University. 


Dr. M. A. Sadowsky of Illinois Institute of Technology has been 
promoted to an assistant professorship. 


Dr. Raphaél Salem has been appointed to a lectureship at Massa- 
chusetts Institute of Technology. 


Assistant Professor Nathan Schwid of the Texas College of Mines 
has been promoted to an associate professorship. 


Dr. M. F. Smiley of Lehigh University has been promoted to an 
assistant professorship. 


Assistant Professor C. E. Smith of San Diego State College has 
been promoted to an associate professorship. 


Associate Professor C. E. Springer of the University of Oklahoma 
has been promoted to a professorship. 


. Mr. H. S. Stanley has been appointed to an associate professorship 
at the University of South Carolina. 


Assistant Professor W. R. Talbot of Lincoln University, Jefferson 
City, Missouri, has been promoted to an associate professorship. 


Assistant Professor E. W. Titt of the University of Maryland has 
been appointed to an associate professorship at the University of 
Texas. 


Dr. C. B. Tompkins of Princeton University has been appointed to 
a visiting lectureship at the University of Wisconsin. 


Dr. E. P. Vance of the University of Nevada has been promoted to 
an assistant professorship. ` 


Dr. C. E. Van Orstrand of the U. S. Geological Survey Department 
has retired. 
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Assistant Professor R. W. Veatch of the University of Tulsa has 
been promoted to an associate professorship. 


Associate Professor J. A. Ward of Delta State Teachers College 
has been promoted to a professorship. 


Dr. Alexander Weinstein has been appointed lecturer in the de- 
partment of applied mathematics at the University of Toronto for the 
present academic year. 


Brother Bernard Alfred Welch of Manhattan College has been pro- 
moted to an assistant professorship. 


Assistant Professor E. D. Wells of the University of Pittsburgh, 
Erie Center, has been promoted to an associate professorship. 


Dr. John Williamson of Johns Hopkins University has been ap- 
pointed to an associate professorship at Queens College. 


Professor R. S. Burington of Case School of Applied Science has 
been given leave of absence to continue work in the Bureau of Ord- 
nance of the Navy Department. 


Dr. F. W. Dresch of the University of California has been granted 
leave of absence for 1941-1942 for military service and is with the 
Bureau of Ordnance, Navy Department. 


Associate Professor H. T. Engstrom of Yale University is on leave 
this year to serve in the Navy Department. 


Professor H. H. Ferns of the University of Saskatchewan has been 
granted leave of absence to serve in the Canadian Officers Training 
Corps. 

Assistant Professor A. L. Foster of the University of California has 
been granted leave of absence for the spring of 1942. 


Dr. Marian W. Thornton is on leave of absence from the Minnesota 
State Department of Health. 


Dr. I. E. Segal has been appointed research assistant at Princeton 
University. 


The following appointments to instructorships are announced: 
Acadia University: Dr. D. S. Miller; Ground School, Air Corps Ad- 
vanced Flying School, Kelly Field, Texas: Dr. E. G. H. Comfort; 
University of Alabama: Dr. Albert Neuhaus; Brown University: Dr. 
K. L. Nielsen; University of California: Dr. R. W. Shephard; Case 
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School of Applied Science: Dr. R. H. Sorgenfrey; College of the City 
of New York: Dr. Olaf Helmer; University of Connecticut: Dr. 
C. G. A. Nordling; De Paul University: Mr. A. R. Craw; Frostburg 
State Teachers College, Frostburg, Maryland: Dr. W. N. Hallett; 
Harvard University: Dr. R. S. Phillips; Hunter College: Dr. W. W. 
Gutzman; University of Ilinois: Dr. H. M. Schwartz; Indiana Uni- 
versity Extension, East Chicago, Indiana: Mr. H. E. Burns; James 
Millikin University: Dr. W. W. Denton; Johns Hopkins University: 
Dr. J. D. Bankier, Dr. L. I. Wade; University of Kansas: Dr. R. S. 
Pate; Louisiana State University: Dr. P. H. Anderson; Macalester 
College, St. Paul, Minnesota: Dr. František Wolf; Michigan State 
Normal] College, Ypsilanti, Michigan: Dr. Edith R. Schneckenburger; 
North Carolina State College: Dr. C. F. Strobel; Princeton Univer- 
sity; Mr. T. W. Anderson, Dr. Ernst Snapper; Rensselaer Polytechnic 
Institute: Mr. H. K. Brown; University of Saskatchewan; Dr. Max 
Wyman; United States Naval Academy: Mr. R. C. Morrow, Mr. 
W. H. Sears; University of Vermont: Dr. D. T. McClay.; Wellesley 
College: Miss Alberta Schuettler; University of Wisconsin: Dr. 
Dorothy L. Bernstein. 


The death of Dr. B. G. A. Ackermann-Teubner on February 18, 
1941, has been reported. He had been a member of the Society since 
1907. 


Dr. K. D. Swartzel, who was head of the department of mathemat- 
ics in the University of Pittsburgh from 1922 until his retirement in 
1939, died October 30, 1941. For twenty-eight years prior to 1922 he 
was a member of the department of mathematics in the Ohio State 
University. 


Mr. H. L. Sweet of Phillips Exeter Academy died March 27, 1941. 


Professor T. H. Taliaferro of the University of Maryland died Sep- 
tember 25, 1941, at the age of seventy years. 


ABSTRACTS OF PAPERS 


SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary and 
the Associate Secretaries of the Society for presentation at meetings: 
of the Society. They are numbered serially throughout this volume. 
Croes references to them in the reports of the meetings will give the 
number of this volume, the number of this issue, and the serial num- 
ber of the abstract. 


ALGEBRA AND THEORY OF NUMBERS 
1. A. A. Albert: Quadratic forms permitiing compostiton. 


It is proved that a quadratic form over a field F permits composition if and only 
if it is equivalent in F to the norm form yx” of an alternative algebra over F such 
that x-+27 and xr are in F. These norm forms are shown to be quadratic forma in 
1, 2, 4 or 8 indeterminates, except for the diagonal norm forms (in 2‘ indeterminates) 
of the purely inseparable fields of degree 2‘and exponent 2 over F of characteristic 2. 
The result has never before been obtained for fields of characteristic 2. Indeed it 
seems only to have been given completely for algebraically closed fields of charac- 
teristic not two. (Received October 20, 1941.) 


2. S. P. Avann: Latteces with arbttrary automorphism groups. 


There exists a partially ordered set having an arbitrary group as its group of auto- 
morphisms. Hence there exists a distributive lattice with a given automorphism group. 
A partially ordered set with cyclic group Ca has at least 3 conjugate sets of # elements 
for # S7 and at least 2 for # >7. From these facts minimal partially ordered sets, lat- 
tices, and distributive lattices with cyclic automorphism groupe can easily be ob- 
tained. (Received October 25, 1941.) 


3. S. P. Avann: The r-function and sts application to semst-modular 
latisces. 


Let r[L], e[L] be the number of join irreducibles and the number of meet irre- 
ducibles, respectively, in a finite lattice L. In a non-distributive Birkhoff lower semi- 
modular (£’’) lattice e >r & p, where p is rank of lattice. In a finite lattice L the follow- 
ing conditions are equivalent: (1) every element has unique irredundant join irreduc- 
ible representation; (2) the sublattice generated by the elements covered by an 
element is a Boolean algebra, for each element of the lattice; (3) L is a finite Jordan- 
Dedekind chain lattice with r= p; (4) L isa £” lattice with every modular sublattice 
distributive; (5) L is a &” lattice with no modular non-distributive sublattice with 
coverings; (6) Lisa £” lattice with no modular non-distributive sublattice; (7) Lisa 
E” lattice with r= p, Although some of the equivalences are known, a new method of 
proof in contrast to combinatorial methods is emphasized. Note (6)—(5) and (3)-+(7). 
(Received October 25, 1941.) 


4. Reinhold Baer: Inverses and sero-diotsors. 
It may happen that an element in a ring is both a rero-divisor and an inverse, that 
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it possesses a right-inverse but no left-inverse, and that it is neither a xero-divisor 
nor an inverse. Thus there arises the problem of finding conditions which assure the 
absence of these paradoxical phenomena; and it is the object of the present note to 
show that chain conditions on the ideals serve this purpose. The methods employed 
in this investigation allow the existence of universal units to be proved at the same 
time. (Received November 25, 1941. ), 


5. I. A. Barnett and C. Wi Mendel: A property of ihe traces of a 
square mairix. 


Let A be a square matrix having as elements #? independent variables and let 
h, >>>, a be the traces of A, A*,---,A*, respectively. Then the jacobian of the 4 
with respect to each set of # variables chosen from the origindl #* variables is never 
- identically zero provided only that at least one of the variables is a diagonal element 
of A. (Received November 18, 1944.) i ' 


= 6. Salomon Bochner and R. S. Phillips: Abelu conver geni 
Fourier sertes in noncommutative normed rings. 


This is a first attempt to extend Gelfand’s analysis of normed rings, with 
[x-y| <|x|-|y|, from the commutative to thé noncommutative case. If R, is any 
(noncommutative) normed ring, if Ges a m} i is any commutative index group, and if R 
is the normed ring of sequences A = { an& Ri, mEG, with the cea = D m| Gm | 
and the product A- B = È s¢u_»b,, then an element A of R has a left-inverse (two-sided 
inverse) if and only if for each character x(m) on G the element wau x(m) has a left- 
inverse (two-sided inverse) in Rı. The familiar case of {m} being the additive group 
of all integers can also be treated very easily by Wiener’s original method. (Received 
November 22, 1941.) ; 


7. R. H. Bruck: Certain numerical invariants of polyadics. 


Let x(t, #4,°°:°, tp), where each index fa ranges over the natural numbers 
1,2,--+:, bea set X of indeterminates over a field K, and denote by X, the subset 
of X obtained by restricting the indices to the range 1, 2,--+-,r. For each r let there 
be given a form F(X) (with assigned coefficients in K) multilinear in each of the p in- 
dices fı, 4, °° + , fp and containing only the indeterminates of X,; for example, if p=2, 
F,(X) could be taken to be the determinant | xa, | , #,jmi,2,+--+,97. The sequence of 
forms F(X), Fa(X),--- may be called a rank sequence. Let A(S, Sa,---, Sp) be 
a “polyadic” with components in K, where éach label S, ranges over a finite set of 
fixed labels and has associated with it a preacribed type of linear transformation. If 
the identification (f, ts, +--+, tp) A (Sip Sip © °>, Si.) is made, then to each rank 
sequence corresponds a numerical invariant (or rank) of the polyadic, defined as the 
first r, possibly infinite, for which F(X) =0. The procedure is used to derive most of 
the known ranks of tensors, (ordinary) matrices and s-way matrices. (Received No- 
vember 24, 1941.) 


8. R. H. Bruck: Isotopy of algebras with a principal unit. 


In the notation of A. A. Albert (abstract 47-9-331; also Structure of Algebras, 
pp. 9-13) the following, where U, V, W are nonsingular linear transformations, 
are three equivalent definitions of the isotopy of Wo and W: (1) Ri» UR,W, y=x!; 
(2) Te = VI, W, sx’; (3) zo ym (xl > y")¥, The present study concerns regular alge- 
bras; for example, division algebras and linear closures of finite quasi-groupe. W is 
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defined to be regular if it contains a left-regular element a and a right-regular ele- 
ment b; here for example, a is left-regular if the equation ax =0 implies x=0. Y has 
an isotope with principal unit if and only if X is regular; the transformations which 
yield such isotopes are of form U=PRyt, V= PT, W= Po, If N, B are isotopes 
with principal units and M% is an invariant subalgebra of M, then $ contains an in- 
variant subalgebra isotopic to A. Every isotope of a simple algebra with principal 
unit is a regular simple algebra, but not conversely, In the present paper various 
applications are considered. It is noted that the isotopes of a division algebra are divi- 

sion algebras, and that a division algebra of order two is tagtopie to a field. (Received 
November 24, 1941.) 


9. I. S. Cohen: A generalisaiton of Macauley's theorem on unmixed 
T leals Py ' 

Let 0 be the ring of nonhomogeneous coordinates of the general point of an 
r-dimensional algebraic variety V over a ground field of characteristic zero. Let p be 
a prime ideal in 0, let = Dp be the quotient ring of p, and let 91, © <- , qa be s elements 
in S$ such that the ideal A =X. (qm, -< + , 4.) is of dimension less than or equal to r—s. 
It is proved that if P represents a simple subvariety of V, then Ñ is unmixed, of dimen- 
gion r —s. This result, which is of a local character, implies the following theorem in 
the large: If an ideal D =p. (ti, -<--> , t.) in 0 is of dimension less than or equal tor—s, 
then any imbedded prime ideal of 8 represents a singular subvariety of F. In the 
case where V isa linear space (that is, 0 a polynomial ring) these theorems reduce to 
theorems which have been proved by van der Waerden and Macauley, respectively. 
(Recetved November 21, 1941.) 


10. R. P. Dilworth: A theorem on lattice homomorphisms. 


The following theorem is proved: Lat S be a partially ordered set containing a complete, 
aionnc, Boolean algebra B. Then there is an order homomorphism of S onio B leaving B 
invariant, preserving cross-cuis if they exist, and preserving distributive unions. For the 
case in which B contains only two elements, this theorem gives most of the known 
lattice imbedding theorems. For B finite, this theorem is basic in the study of lattice 
homomorphisms. (Received October 24, 1941.) 


11. R. P. Dilworth: Dependence relations in a Birkhoff lattice. 


Let P be a set of elements. A relation 1 between elements and subsets of P isa 
dependence relation if (1) p1S+, (2) pi Sand SLT implies p LT, 3) pLS+9’ 
implies either p.LS or p’ 1 S+p. If P is the set of points of a Birkhoff lattice L it is 
well known that 1S if and only if pC ZS defines a dependence relation with the 
above properties. Now let P, be the elements in L of rank k. Define r(x) = p(x) —k+1. 
A subset S of P, is independent if r( ZT) 2n(T) for every subset T of S. 2(T) denotes 
the number of elements in T. Define p LS if and only if an independent subset T of S 
exists such that p+7 is not independent. It is shown that | so defined satisfies (1), 
(2), and (3), Furthermore the independent sets of Ps are characterized in terms of the 
lattice structure. Also, a number of applications to imbedding problems are given. 
(Received October 24, 1941.) 


"12. Marshall Hall and R: P. Dilworth: The tmbeddsng problem for 
modular lattices. 


We prove the following: There are modular lattices of every dimension greater than 
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thros which cannot be imbedded in a complemented modular lattice. Every modular laitics 
of dimension ihres or less is tmbeddable. The proofs reat on the fact that a modular 
lattice having but one independent modular functional can be imbedded in a comple- 
mented modular lattice only if it can be imbedded in a projective geometry. (Received 
November 24, 1941.) 


13. B.W. Jones: The number of classes in related genera of quadratic 
forms. 


For every prime p, there is associated with any genus fı, of quadratic forma, an- 
other genus g:. An upper limit for the number of classes in the genus of gs is given 
which depends on the number of classes in g, and the automorphs of the forms in the 
genus fı. Under certain conditions the upper limit is reached. (Received October 6, 
1941.) 


14. Irving Kaplansky and O. F. G. Schilling: Some remarks on are 
tively complete fields. 


Ina previous paper of one of the authors, the following question arose: Under what 
circumstances can a field K be relatively complete in two inequivalent valuations? In 
this note it is shown that a neceseary and sufficient condition is that K be separably 
algebraically closed, a result analogous to F. K. Schmidt's theorem on multiply com- 
plete fields. It is also proved that if a feld K admits only cyclic extensions and is not 
relatively complete in any valuation, then no finite extension of K can be relatively 
complete. (Received November 10, 1941.) 


15. C. C. MacDuffee: On the compossison of algebratc forms. 


If Fis an algebraic field of degree » and class number k, every integral number of F 
corresponds to a matrix of the form »,S;-+x53-+- ++ © -+2,.5, under the regular repre- 
sentation, where S, is an sm matrix with rational integral elements. Furthermore, 
every ideal of the ith clase ‘aba Anat under the Poincaré correspondence to a matrix 
of the form mAe temas ET - +240 f and conversely, every matrix of this form 
E to an ideal of sig ith class. The polynomials fim | x151- +++ +a—5e], 

yn (Ae. : + Al P| are n-ary #-ic forma which admit composition in the sense 
# Gaus, and under this operation form a group isomorphic with the clase group, 
the norm form fı being the identity. (Received November 25, 1941.) 


16. Saunders MacLane and O. F. G. Schilling: Groups of algebras 
over an algebraic number feld. 


Let K/F be the join K’ K" of two normal subfields K’ and K” over an algebraic 
number field F. Suppose that S, S’, S” are the groups of algebras, prime to the dis- 
criminant of K/F, which are split by the fields K, K’ and K’’, respectively. This paper 
treats the question: When does the hypothesis K =K’\/K” imply the corresponding 
relation S= S’ S” for the groups of algebras? It turns out that this relation will hold 
if and only if the Galois groupe of K, K’, K” satisfy a certain condition on the dis- 
tribution of the elements of maximal order. In particular, this condition always holds 
if K is abelian and in a number of other cases. (Received October 2, 1941.) 


17. R. S. Pate: Functtonal homomorphisms. I. Preliminary report. 
Two groups G and G' are considered for which a functional homomorphism f(g) 
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of G to G’ may be defined such that (1) f(g) is a subset of elements of G’, (2) every 
element of G’ occurs in some f(g) and (3) SED Œ) =f(gigx). The set f—! consists of all 
elements x of G such that f(x) =f(g). The set f-!(1) is an invariant subgroup of G and 
f(g) a coset of f-1(1). The set of all distinct f(g) is a group G’/f which is simply iso- 
morphic to G/f-1(1). If f(1) isan invariant subgroup of G’ and f(g) a coset of f(1), 
f(g) is the customary true homomorphism between G and G’. Certain sets of conditions 
on f(g) which reduce a functional homomorphism to a true one are considered. A rigid 
group is one such that every functional homomorphism of any group to it is a true 
homomorphism. A group 4 is the product of two groups B and C if A can be con- 
structed from B and C by the well known multiple homomorphism method. Certain 
theorems concerning functional homomorphisms, rigid groupe and products are 
proved. (Received October 23, 1941.) 


18. Samuel Perlis: Normal bases of cyclic fields of prime-power de- 


gree. 


Let Z be a separable, normal extension of finite degree over a field F. If a quantity 
# and its conjugates form a basis of Z/F, « is said to generate a normal besis of Z/F, 
and it is known that such a basis always exists. The present paper considers the case 
in which Z/F is cyclic of prime-power degree s = p*, It is shown that if $ is the char- 
acteristic of F, # generates a normal basis of Z/F if and only if the trace of # in Z/F 
is not zero, and all such quantities are easily found in terms of the structure theory 
of these fields as developed by Albert. This theorem is false if the characteristic of F 
is not p. Parallel to Albert’s theory, the paper next assumes that F contains p distinct 
roots of unity and again determines necessary and sufficient conditions. The methods 
used throughout are elementary and make no appeal to the theories of algebras or 
representations. (Received November 24, 1941.) 


19. O. F. G. Schilling: Normal extensions of relatswely complete fields. 


Let F be a relatively complete field with perfect residue clase field. The author 
discusses the Hilbert theory of infinite normal extensions K/F, It is shown in special 
cases that the algebraic structure of K/F depends essentially on the residue class Held 
and the value group of K. The results of the Hilbert theory are then employed for the 
solution of existence problems of normal fields K/F with asmgned algebraic and arith- 
metic properties. (Received October 8, 1941.) 


20. M. F. Smiley and W. R. Transue: Metric lattices as singular 
metric spaces. 


The fact that each pair of elements of a metric lattice (G. Birkhoff, Lattice Theory, 
American Mathematical Society Colloquium Publications, vol. 25, p. 41) which are 
not comparable together with their sum and product form a psendo-tinaar quadruple 
(L. M. Blumenthal, Distance Geometries, University of Missouri Studies, vol. 13 
(1938), p. 48) suggests that the presence of “sufficiently many” pseudo-linear quad- 
ruples in a metric space (M, 8) might ensure that lattice operations could be defined 
in M so that (M, 8) becomes a metric lattice (M, 8, <). In this note it is shown that, 
while this statement is not true, the additional assumption of a weak form of either of 
two five point transitivities of metric betweenness (Everett Pitcher and M. E. 
Snuley, Transtitvties of beiwoenness, this Bulletin, abstract 47-5-196) suffices. (Re- 
ceived November 20, 1941.) 
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21. R. M. Thrall and C. J. Nesbitt: On the modular representatsons 
of the symmeirse group. 


Let Sw denote the symmetric group of degree m. If <2 the order m! of Sa is 
divisible by only the first power of the prime number p. The general theory of modular 
representations is fairly well developed in such cases. Nakayama (On some modular 
properites of irreducibis represeniations of symmetric groups I, Japanese Journal of 
Mathematics, vol. 17 (1940), pp. 8¢-108; IT, ibid., pp. 411-423) has recently deter- 
mined the irreducible modular characters for m<2p. In the present paper the require- 
ment of irreducibility is relaxed. The structure of the regular representation is given 
in full. It is shown that there are only a finite number of inequivalent indecomposable 
modular representations and these are all determined. In the final sections specific 
matrix forms for these representations are computed for the case m =p, (Received 
November 21, 1941.) 


22. T. L. Wade and R. H. Bruck: The charactersstsc functson of a 
2p-tensor. 


Let Ag mA? p>1, be an arbitrary tensor of the type indicated by its 
indices, and 8; be the numerical tensor defined in abstract 47-5-184. The determinant 
of x84? —A S, a monic polynomial f(A) of degree N =y? (# the dimension of the co- 
ordinate system), is an invariant, which may be termed the characteristic function 
of At’. The set, C, consisting of the coefficients of f(A), yields not all, as in the case 
p=1, but only N out of a total of N3—ns'-+1 functionally independent absolute in- 
variants of AS (abstract 47-9-335). The members of C are invariants of the connex 
AgXY Vp, in which X) undergoes an arbitrary nonsingular linear transformation 
of N-dimensional space, and Yip the contragredient transformation. This property 
is in fact characteristic of those invariants of AS dependent upon the set C. In par- 
ticular, XO may be of the form x44 > - - x17), where the p vectors x!) undergo different 
transformations; similarly for Yen, where y#! is contragedient to xy. For Ag bisym- 
metric f(A) factors, the factors being the analogously defined characteristic functions 
of the simple algebras of which the algebra of bisymmetric tensors is the direct sum. 
(Received November 24, 1941.) 


23. Morgan Ward: Condsttons for a laitsce to be a Boolean algebra. 


Let S be a lattice in which ifa Dc Db, elements w and 7 exist such that a Dw Dh 
a_r_)b,a=wVJe, b= rf \c. Then if every element of S hasa unique complement, S is 
a Boolean algebra. (Received October 22, 1941.) 


24. P. M. Whitman: Note on a certain representation of lattice ele- 
ments. Preliminary report. 


In a finite lattice L, if a given element 4 covers exactly r elements, then A can be 
represented as the join of r or fewer join-irreducible elements. If this L is the lattice 
of all splittings of some lattice (abstract 46-9442}, then the number cannot be less 
than r. Under substantial restrictions, the same conclusions can be stated about the 
lattice of all colonies of cells (of algae, and so on), descended from a certain cell, which 
precede a chosen colony, where the cells reproduce by subdivision of one cell into two 
cells. (Received November 24, 1941.) 
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25. L. R. Wilcox: Extenstons of semi-modular latices. III. 


The author's result (abstract 47-5-208) is extended to all complemented semi- 
modular lattices of dimension equal to or greater than 4. The following theorem is 
proved. Let L be left complemented (abstract 47-9-356) with the further property 
that b, cE L, bc 0 implies (a -++b)c = a -t-be for a Sc; suppose also that there exists in L 
a chain of length 6. Then there exists a, complemented modular lattice A containing L 
order-isomorphically and having the properties (a) aE L, a40, bga implies bE L, 
and (b) for a& A, bE L, a&b there exists cE L such that c is a complement (in A) 
of a in b. Properties (a), (b) characterize A uniquely up to isomorphisms. This theorem 
is a lattice-theoretic generaliration of well known imbeddings of affine and hyperbolic 
spaces into projective spaces. (Received November 24, 1941.) | 


26. Leonard Carlitz: q-Bernouls numbers and polynomials. 


Rational functions of gare defined by means of ¢(gb-+-1)™ m im (m > 1), where after ex- 
pansion is replaced by bw; “polynomials” are defined by ba(x) =)" Cm aq" [x] he, 
where [x]—=(g*—1)/(q—1). Many of the properties of the ordinary Bernoulli num- 
bers and polynomials are readily extended to these quantities; in addition there 
are certain formulas in the generalized case that are not easily specialized to 
the case g=1. Among possible explicit formulas for be may be mentioned 

bam ot /[s +10 (— 18 ice [a|*, which leads at once to a general- 
ized Staudt-Clausen theorem: by =)". N,(q)/F,(q) (m>0), where F,(g) ia the cyclo- 
tomic polynomial and deg N, <deg P,. (Received November 24, 1941.) 


27. Joseph Lehner: The Ramanujan identities and congruences for 
powers of eleven. Preliminary report. 


The author proves the existence of a “Ramanujan identity” for the modulus 11% 
(a21). For a=1, 2, this identity implies the Ramanujan conjecture: p(s) 0 (mod 
117) if 24% m1 (mod 11%). The methods used are thoee of Rademacher’s paper The 
Ramanujan identities under modular subsitintion (to be published in the American 
Journal of Mathematics). A modification of Hecke’s T-operator is used. This operator 
is defined as follows: Uy F(r) = 2) F(r+A/11), ` mod 11. If F(r) isa modular function 
belonging to [',(121), that subgroup of the modular group defined by cm0 (mod 121), 
then Uy F belongs to T{(11). Then it can be expressed as a polynomial in A(r), B(r), 
certain well known functions which constitute a basis for Tẹ(11). By taking F to be 
g(121r)/a(r), where g(r) is the well known elliptic modular function of Dedekind, we 
obtain the desired Ramanujan identity for the modulus 11. Identities for higher : 
powers of 11 are then obtained by a two-fold induction, one for even a, the other for 
odd a. The possibility of proving Ramanujan’s conjecture for higher values of a 
(a> 2) is being investigated. (Received November 19, 1941.) 


ANALYSIS 


28. C. B. Barker: The Lagrange multipher rule for two dependent 
and two independent variables. 


Let t(x, y) and h(x, y) be of class C’””” on a closed simply connected reglon G of 
class Ca” and minimize (1) [fef(x, Y, #1, %1, pi, Pu Qu, @)dxdy among all pairs of func- 
tions s:(x, y) and s(x, y) which coincide on the boundary G* with &,(x, y) and h(x, 7), 
respectively, and which satisfy (2) (x, Y, 1, #:, £1, Pu Qu dx) O on G; assume that f 
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and ¢ are of class C’’” in their arguments everywhere. It is proved in this paper that 
there exists a unique multiplier A(x, y) of class C’ on G such that #; and % satisfy the 
equations (0/8x)(fp;—Ap,) + (8/09) Gu — Ate) =n Ade, $= 1, 2, provided that the 
pair (#;, $) is “quasi-normal” with to the equation (2). The quasi-normality 
requires (i) that ¢» em — mtn 740 on G for the pair (š, #3), (ii) that to any pair of 
functions fi, fs which vanish on G* and satisfy the equation of variation on G shall 
correspond a 1-parameter family of solutions s(x, y; a) of (2) which coincide with 
#,(x, y) on G* for each p near zero, which reduce to $, for » 0, and which have the f, as 
their variations for u= 0, and (ili) that a certain other rather complicated differential 
expression not be an exact differential on any rectangle on G. (Received November 3, 
1941.) 


29. E. F. Beckenbach: Patnlevé’s theorem and the analytic prolonga- 
iton of a minimal surface. 


The following generalization of Painlevé's theorem is obtained. If x(u, 9), x,’(, 9), 
j=i, 2, 3, are defined, respectively, in contiguous domains D, D’ having a rectifiable 
arc C of boundary in common; if x,(#, v), x,’(#, 9) are harmonic and satisfy E=G, 
Fe(Q in their respective domains of definition; if X,(#, 7), X, (w, #) denote the direc- 
tion-cosines of the normals to the minimal surfaces S, S’ thua determined; and if the 
above functions remain continuous on C and satisfy the relations x, (s, 0) «x,'(s, v), 
X, (u, 9) = X, (#, 0), j™ 1,2, 3, for all points on C; then S, S’ are analytic prolongations 
of each other across C. (Received November 22, 1941.) 


30. E. F. Beckenbach and Maxwell Reade: Mean-values and har- 
monic polynomials. 


It is shown that a necessary and sufficient condition that, fora fixed # 23, a func- 
tion f(x, y), superficially summable in a finite domain D, assume at each point P of D 
a value equal to its areal (or peripheral) mean on every regular #-gon whoee center 
is at P and whose circumscribed circle lies together with its interior in D, is that f(x, y) 
be a harmonic polynomial of degree at most s —1. The familiar characteristic property 
of harmonic functions in terms of circular mean-values appears as a limiting case. 
(Received November 22, 1941.) 


31. Stefan Bergman: On operators in the theory of partial differential 
equations and their applicaison. 


There exists for every equation L(U)mAU+C(s, $) U0, smax+iy, Bm x—ty, 2 
function E(x, £, t) such that every solution U, of L(U)=0 can be represented in the 
form U= P(f) = [TES (pdr, f= s(1 —P)/2, drm (1 —-#)-49dt; f being a suitable analytic 
. function of one complex variable ¢, This representation is applied to the solution of 
boundary value problems, Let ¢(s, 8)=—c be a curve k in the xyplane. If E(s, 8, £) 
= E*(s, s+¢(s, 8), i then P(f) and H(f)=/E*{(f)dr assume on k the same values. 
Thus: if F is the analytic function which assumes on & the given values, V, and fm k, 
is the solution of H(f)= F, U=P(h) will be the solution of L(U) =0 assuming on k the 
values V. Using the representation U= f7 f“E(r,t, ») f(¢)drde valid for the solutions 
of T(U) m U(x, y, 2) -+C(r*) U m0, r? om ey? 1-23, an analogous method for the solution 
of boundary value problems of T(U)=0 is obtained. Using the last representation 
the following residue theorem is proved: there exist to every function U, two functions 
U and Uy, T(Us) =0, such that fo{ Uide-}+ Usdy+- Usds) = 0 if C lies on a sphere with 
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Ee eee A Oe RA ee Cue Petes oer oe Uy 
(Received November 24, 1941.) 


32. Salomon Bochner and W. T. Martin: A class of removable singu- 
larsises sn several complex varsables. 


Given a function f(si, +++, #8) continuous in a region R and analytic in R except 
possibly on some exceptional set E in R. Under what conditions on the set E does this 
imply that f is analytic throughout R? This question is investigated. One sufficient 
condition is found to be that (measure E,)/e—+0 as e —0 where E is the set of points 
in R whose distance from Æ is less than « (Received November 24, 1941.) 


33. J. W. Bradshaw: On a certain class of continued fractions. 


Continued fractions which are equivalent to the series Sy~) ”~* for several values 
of k are generalized by the addition of a variable term to each of the partial denomina- 
tors. Series equivalent to the resulting continued fractions are set up by means of two 
syatems of difference equations. Application is made to the calculation of the remain- 
der of S, after summing a few terms. Some of the continued fractions considered are 
very rapidly convergent. For example, it has been possible, by means of one of them, 
to recompute Stieltjes’ thirty-place value of Sı. (Received November 21, 1941.) 


34. J. L. Doob: Topics in the theory of Markoff chains. 


Let the matrix function ;,(¢) ((>0)4,j—1,2,++-+ satisfy the following conditions: 
pul) 20, Zopa) 1, paste) ROO Then the p(t) can be interpreted as 
the transition srobabiliiies of a stochastic (Markoff) process. The properties of the 
fx; (t) (especially as t+ and é-+0) and the relations between the Markoff process 
and the matrix function are examined in detail. For example, necessary and sufficient 
conditions that the Fokker-Planck differential equations in the p(t) hold are formu- 
lated in terma of the properties of the state function x, (taking on the value j if the jth 
state is assumed at time #). (Received October 30, 1941.) ° 


35. H. J. Ettlinger: The theory of the Riess sntegral. 


In this paper the author defines the definite integral following Riesz by means of 
step functions and, making use of a simple set of axioms, obtains a characterization 
of the Riemann and the Lebeague integrals. Other more general integrals are discussed. 
(Received November 24, 1941.) 


36. Abe Gelbart: On functions of iwo complex variables with bounded 
real parts. 


Let f(s:, m) be regular in the interior of a finite four-dimensional domain D4, be- 
longing to the class D4 of domains equivalent to the bicylinder, and having a 
bounded real part in D. The author obtains an upper bound for f(s, #3) in terms of 
A = max(s.,)GpRef(s:, s), f(0, 0) and the domain only. The upper bound becomes 
unbounded only when the point {s:, s} approaches a two-dimensional surface on the 
three-dimensional boundary, so that a consequence of the inequality is that a function 
regular in the interior of the-domain D+ with a bounded real part is regular almoet 
. everywhere on the three-dimensional boundary. From this result, an upper bound 
for | a=**f(s,, #1)/8s7 ds, | is obtained again in terms of A, f(0, 0), and the, domain only, 
for the particular domain bounded by the analytic hypersurfaces S; = E[n =rs®, 
OSA S2r] and Sj= E[r = re™2-+-p(re™)s, |. (Received November 24, 1941). 
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_ 37. Einar Hille: On.the oscillation of differential transforms. II. 


G. Pólya and N. Wiener have shown that V[(D*—,) f(x)|2 V[f(x)] where 
F(z+2n)— f(x), V[g(x)] is the number of sign changes of g(x) in (0, 2x), D=d/dz, 
and \>0. From this point of departure they proved that if V [D (x)] <N for all #, 
then f(x) is 2 trigonometric polynomial of degree not greater than N/2, as well as other 
results relating V|Df(x) | with the analytical properties of f(x). In the present paper 
this theory is extended to a large class of linear second order differential operators d. 
For such operators V[(8—-d)f(x)]2 VL f(x)], 4>0, if f(x) satisfies the appropriate 
boundary conditions. Further, lim infs.V [d*f(x) |< © implies that f(x) is a finite sum 
of characteristic functions of a corresponding boundary problem. Included in the dis- 
cussion are the differential operators associated with the names of Bessel, Hermite, 
Jacobi, Laguerre, Legendre, and Mathieu as well as those of the classical boundary 
value problems of the Sturm-Liouville type with analytical coefficients. For the Jacobi 
and Legendre operators partly sharper results have been proved by other methods by 
G. Szego in the first paper in this series. (Received November 22, 1941.) 


38. Mark Kac: On convergence of certain sertes of functions. 


Let (x) be such that (1) $(x+2r)—¢(z), (2) |¢(n)—¢(m)| s M|2—al* 
{0<a31), (3) {F¢(x)dx=0, and let {m} be a sequence of integers satisfying the gap 
condition sai/#s>q>1 (km1, 2,--+). The following theorem is then proved: If 
Dh< œ , the series 2, .Gad(max) converges almost everywhere. (Received Novem- 
ber 21, 1941.) 


39. R. B. Kershner: The continuity of functions of many variables. 


It is known that a function of # real variables may be continuous with respect 
to each of the variables separately in a given region and still have discontinuities. In 
fact the set of these discontinuities may have full measure and may include all points 
of an (*—2)-dimensional region. In this paper it is shown that the set of discontinui- 
ties cannot have Menger dimension greater than (*—2). The principal tool is Baire’s 
theorem and correspondingly a stronger but more involved statement is proved in- 
volving the category of the discontinuities. With the assumption of a very little extra 
smoothness, much lese than a Lipschitz condition with respect to the separate varia- 
bles, it is shown that the discontinuities are nowhere dense. Examples are given in- 
cating to what extent the results given are complete. (Received November 25, 1941.) 


40. H. N. Laden: An interpolation polynomial involving derivaisves 
of a prescribed function. 


In an earlier paper (Duke Mathematical Journal, vol. 8 (1941)), the author con- 
sidered an interpolation polynomial F,(x) of degree less than or equal to 4# —1 which 
takes preassigned values y, Ys °° , Yẹ at prescribed absciesas x1, 7s, © °° , 7. and such 
that FO (x;) m0 (im 1,2, , a; r= 1,2, 3), especially where the abscissas are zeros of 
classical orthogonal polynomials and %=f(x%,) (¢=1, 2,- -- , =), f(%) being an arbi- 
trary continuous function. Earlier ‘conjectures, that some convergence theorems for 
Laguerre abscissas are “best possible” are shown to be only partially correct. Also, 
F,(0) is investigated for Laguerre abeciseas, Fa(-+1) for Jacobi abscissas. It is shown, 
further, that for Newton (equidistant) abscissas on (—1, 1), there exist continuous . 
functions on [—1, 1] such that the corresponding F.(*) does not converge uniformly 
to f(z) on [—1, 1] as n+, In addition, the case where F? (x)=y: (7m1, 2, 3; 
f=1,2,+++,) are preassigned not necessarily zero is considered for Jacobi abaciseas 


1943] ABSTRACTS OF PAPERS 39 


and for functions with prescribed moduli of continuity. The methods used are due to 
Féjer, Shohat and Szegð., (Received November 24, 1941.) 


41. E. J. McShane: On Perron integration. 


Perron's definition of integral has the advantage of elegance, and yields very 
simple proofs of many theorems; but the most general theorem on integration by 
parts has not been proved for the Perron integral except by the detour of proving the 
equivalence of the Perron integral and the special Denjoy integral. Here a definition 
of integral is presented which is shown to be equivalent to that of Perron, but has the 
advantage of permitting a direct proof of the general theorem on integration by parts. 
The new definition is closely related in form to that of Perron; the distinction is that 
Perron’s major functions are replaced by pairs (right majors and left majors), and 
analogously for minor functions. (Received November 24, 1941.) 


42. E. J. McShane: The dersoairve of the indefinite Lebesgue integral. 


This note contains a proof of the fundamental theorem on the derivative of the 
indefinite Lebeague integral which (it is hoped) has the advantages of simplicity and 
of requiring little preparatory material. (Received November 24, 1941.) 


43. P. T. Maker: The Cauchy theorem for functtons on closed sets. 


Let f(s) be defined on E, a bounded, closed set in the complex plane and such that 
every point s is the limit of two sequences of points lying on curves having noncollinear 
tangents at s. It is shown that if f(s) has a derivative at each point of #, there isa 
sequence of coverings {Ra} of E, and a continuation, f*(s), of f(z) to the rest of the 
plane, for which lims.a/n,f*(s)ds™0 and lims.mR,.—mH, Conditions weaker than 
the existence of the derivative are found which give the same result. (Received No- 
vernber 25, 1941.) 


44. E. J. Mickle: Associated double integral vartatton problems. 


By generalizing the concept of adjoint minimal surfaces, Haar (Mathematische 
Annalen, vol. 100 (1928), pp. 481-502) has shown that with every extremal surface 
of a double integral variation problem J[s]| in which the integrand function is of the 
form F(p,`q), there can be associated an adjoint extrema! surface which is itself an 
extremal surface of an associated adjoint variation problem. The results of Haar can 
be extended so that with every extremal surface of the problem J[s] there can be 
associated twenty-four surfaces such that these surfaces are themselves extremal sur- 
faces, respectively, of twenty-four associated double integral variation problems. The 
transformations defining the associated problems form a group of order twenty-four. 
Analogous results can be obtained for parametric double integral variation problems, 
(Received November 18, 1941.) 


45. G. C. Munro: Systems of linear differential equations with con- 
siani coefictenis. 


This paper presents a new, simple and direct treatment of systems of linear homo- 
geneous differential equations with constant coefficients. (Received October 9, 1941.) 


46. S. B. Myers: An extstence theorem for a self-adjosni system of 
second-order, linear, homogeneous dif ereniial equations. 
In 1929 Morse (Mathematische Annalen, vol. 103 (1930), p. 66) generalized the 


40 ABSTRACTS OF PAPERS [January 


classical Sturm comparison theorem to # dimensions. One consequence of his results is 
that if pale )nn 2 AD a, and ri,(2) 99, SBD y, for all (4) = (m, +++, ta), then there 
exists a solution (y) pá (0) of the system of differential equations d/dæ(ruy! )Hpuyi=0 
vanishing at x=o and vanishing later before or at x=a-+2B/A. It is assumed that 
ru and py, are of class C’ and rymy, is positive definite. In the present paper the same 
result is proved under weaker hypotheses: namely, with the above inequalities re- 
placed by $ p,,2%4), > rieSnB*. This result has applications to a problem in differ- 
ential geometry in the large (Myers, Duke Mathematical Journal, vol. 8 (1941), 
pp. 401-404). (Received November 21, 1941.) 


47. N. M. Oboukhoff: The historical development of total differential 
as the principal part of the increment of a function of several variables. 


There is more than formalism in the differential calculus of Leibniz, that has 
irrevocably been assimilated by mathematics. This is his basic concept of the differ- 
ential: what Leibniz calls “difference” is actually “differential” in the sense of the 
principal part of the increment of a function; likewise in Leibniz’ hands analysis be- 
came a particular system of calculus; Leibniz as logician and mathematician promoted 
the same form of structure, that.of calculus. Also,-he used pragmatico-operational 
_ approach where logical foundations were not strong enough. We can discern the gen- 
eral outlines of neoclassical analysis in the characteristics of Leibniz’ doctrine. The 
first half of the eighteenth century showed deterioration of the foundations of calculus 
in contrast to an irresistible impetus of its growth and development of applications. 
Later, a balance was restored by Lagrange; the foundations of calculus were formu- 
lated by him in a kind of synthesis of the two major doctrines, those of Leibniz and 
of Newton. In the nineteenth century Cauchy, following in the footsteps of Leibniz 
and Lagrange proved that the total differential could be determined independently of 
. derivatives as the principal part of the increment of a function, although he did not 
use this term; Weierstrass introduced it. (Received November 24, 1941.) 


.48. O. G. Owens: An explicst formula for the solution of the ultra- 
hyperbolic equation in four independent varsables. 


By adapting H. Lewy’s generalization of the Riemann integration method for a 
linear hyperbolic equation in two independent variables, an explicit formula is derived 
which gives the value of the solution of the ultrahyperbolic equation in four independ- 
ent variables. The formula requires initlal values which may be sufficiently differenti- 
ated, that is, regular initial values, and also certain Riemann functions. It is shown 
that there must necessarily be two integro-differential equations which hold for the 
solution and its normal derivative on the initial surface. These results are carried fur- 
ther in the case of a hyper-plane, where, by means of an example, the equalities are 
shown to be not identically satisfied. (Received October 22, 1941.) 


49. J. F. Paydon and H. S. Wall: An extenston of the Stieltjes COn- 
tinued fraction theory. 


. The authors show that if as is in the parabola |s| —R(s)= 4/2, 0<h 51, and 
>, | bal diverges, b= 1, Gup ™ 1/dabair, (2 = 1, 2, 3,- ), then the continued fraction 
1/1--ast/1-+-a¢/i-+--- converges uniformly on the interior of the cardiod 
t| 3m [|| RG) ]/24. If Z. |ba| converges the sequences of even and odd approxi- 
mants converge uniformly to seperate limits, The convergence theorem of Stieltjes 
(a, real and positive) appears as the limiting case 4-0. The theorem solves the prob- 
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lem of “limitar-periodic” continued fractions in important cases, for example, if c is 
not real and less than or equal to —1/4 it is easy to determine a circle with center c 
which bounds a convergence region for 1/1-+-a:/1-+-a;/1-+ ---. Also included is a 
theorem, recently announced by Leighton and Thron (abstract 47-7-308). (Received 
November 5, 1941.) 


50. Edmund Pinney: Theory of funcisons on linear topological spaces 
to Banach spaces. 


This paper deals for the most part with the theory of Banach valued functions 
defined on a linear topological space. The Riemann integral and the linear topological 
M-differential are defined, and various of their properties are investigated. Finally, 
these results are applied in the proof of existence theorems for the abstract differential 
equation system df(x, », n) = F(x, f, dx), (where differentiation is with respect to x only), 
f(u, v, #) =o; and for the partial differential equation g,(™, v; A) +- talu, v; F(u, v, &)) =0. 
When F(x, y, s) is linear in y, it is shown that under the conditions given, f(z, 7, «) 
is linear in v, and differentiable with respect to all three places. (Received October 24, 
1941.) 


51. G. Y. Rainich: Factorssation of polynomials, in a ring, with ap- 
plicatton to partial diferential equattons. Preliminary report. 

Matrices have been used for the purpose of obtaining a system of first order equa- 
tions equivalent toa partial differential equation of the second order (in the same sense 
that the Cauchy-Riemann equations are equivalent to the Laplace equation) by Brill, 
Dirac and others. The procedure consists in expressing a second order linear differen- 
tial operator as a product of two first order operators with matrix coefficients. With 
a view of extending these results the present paper expresses a quadratic polynomial 
with indeterminates as variables as the product of a linear and another quadratic 
polynomial; the coefficient field must for this purpose be extended.into a noncommuta- 
tive ring. This ring is studied geometrically by considering its elements as operators 
on a vector space; upon introduction of coordinates these operators are expressed as 
matrices. As special cases we obtain the above mentioned solution of Dirac and an- 
other solution which leads to relations previously obtained by Duffin. The structure 
of the general solution is studied in terms of these two special solutions. A generaliza- 
tion in which the second factor is a polynomial of degree higher than the second is 
indicated. (Received November 24, 1941.) 


52. Maxwell Reade: Some remarks on subharmonic functstons. Pre- 
liminary report. 


Continuous subharmonic functions are characterized by the property that they 
are dominated by their circular averages, or mean-values (T. Radó, Subharmontc 
Funcions, Berlin, 1937, pp. 7-8). The author investigates the essentiality of the use 
of circular averages; he uses general regular s-gonal averages instead, fors 23. A typi- 
cal result is the following. If f(x, y) is continuous in a bounded simply connected domain 
D, and sf f(x, y) 31/4 Jaf (=+ t, y+a)dids, holds for all h sufficiently small, for 
tach point (x, y) of D, then f(x, y) is subharmonic in D. The converse does not hold, 
in general, without further hypotheses placed upon f(x, y); a simple counterexample 
is the (sub)harmonic polynomial x4—6r4y?+-y4, However, $f Af(x, y) throughout D, 
where A is the Laplacian operator, then f(x, y) is dominated by its square averages, for 
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sufficiently small squares. The squares used here are for illustrative purposes only; 
general #-gons are used in the paper. (Received November 17, 1941.) 


53. G. E. Reves and Otto Szász: Some theorems on double trigo- 
MOMELTEC series. 

The paper generalizes to two variables the theorems of Cantor-Lebeague and of 
Fatou-Denjoy-Lusin on trigonometric series, and two theorems of Szász on absolute 
convergence of Fourier series. The mode of proof is an adaptation of the methods used 
in the one variable case. (Received November 10, 1941.) 


54. R. M. Robinson: Bounded unsoatent functions. 


Let f(s) be regular and univalent for |s| <1, |f(s)| <1 there, and f(0) =0. Using ` 
the method of Lowner, a detailed study is made of the inequalities involving [o], 
|se], [f(se)|, and |f’(se)|. A typical result is that if |f’(0)| and |se| are given, the 
largest possible value of (s4) | is attained for a mapping of |s| <1 on the unit circle 
with a radial slit provided |s| $1/2, but not in all cases. Unbounded univalent func- 
tions are considered as limits of bounded functions. Let F(s) be regular and univalent 
for |s| <1, with F(0)=0 and F’(0)= 1. Relations between ba | F(ss)|, and | (s)| 
are studied. In particular, bounds for | F” (s)| in terms of | F(se)| are given. A 
_ striking result is that if | F(se)| 31/4 then beg <2.07, but that if | F(s.)| has a 

given value greater than 1/4, no upper bound for F’(s.)| exists. (Received October 
21, 1941.) 


55. H. M. Schwartz: On sequences of Stieltjes integrals. 


This paper continues the discussion of convergence criteria for sequences of 
Riemann-Steltjes integrals J,—/*fdg, of a former paper (Sequences of Stislijes in- 
tegrals, this Bulletin, vol. 47 (1941), pp. 947-955); it contains a development of sets 
NS of necessary and sufficient conditions for the convergence of {J,} for different 
subclasses of the class F of functions f for which J, exist (fa being assumed to be ot 
bounded variation), and it concludes with an indication of the possibility of applying 
the results to certain linear operations. From results obtained in the aforesaid paper 
one can conclude that for the class D of functions of F which have no singularities of 
the second kind, a NS set is given by the requirement that the sequence {ga} be 
uniformly of bounded variation and converge on all the common continuity points of 
fg. and on a and b, but it was left an open question whether this set of conditions would 
suffice for subclasses of F wider than D. It is now shown that the answer to this ques- 
tion is in the negative; thus, for example, for the set of the functions of F which have 
at most one singularity of the second kind at some fixed point # of (a, b), it is necessary 
to add to the above conditions the requirement of equicontinuity at # of the set {ga}. 
(Received November 24, 1941.) 


56. Otto Szász: On a theorem of Hardy and Latilewood. 


The theorem under consideration aseerts that if an integrable function f(8) 
mo(log 1/6)-1, then 5 °3(v-+1)—1s*=o(log #). Here sect, sare the values 
sel, |s|, +-+, |54| rearranged in decreasing order, and sa is the sth partial sum of 
the Fourier series for 6=0. The author proves the same result under a more general 
assumption; applications are also given. (Received November 10, 1941.) 
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57. G. Szegd: On the oscitlaison of dsfferenisal transforms. I. 


Let f(x) be a real periodic function with period 2 for which all derivatives f@ (x) 
exist, and denote by 2N; the number of the mod 2r distinct sign variations of f®(x). 
The following theorems hold: (1) If M,—O(1), f(x) is a trigonometric polynomial. 
(2) If Ni<k/log k, f(x) is an integral function. (3) If p>1and 2Ny<(h/p)'?, f(x) isan 
integral function of order p/(p—1). (1) is due to G. Pélya and N. Wiener (cf. a forth- 
coming paper in the Transactions), (2) and (3) are refinements of certain results of 
these authors. (2) and (3) are best possible results since it can be shown that the con- 
clusions of (2) and (3) are not necessarily valid if N= O(1) or Ny=O(k%), a>1/p, re- 
spectively. The method used in the present paper is different from that of G. Pélya- 
N. Wiener. It leads also to a refinement of (2) in which from a certain limitation of Ny 
the analytic character of f(x) in a certain strip is concluded. Finally, analogous results 
are obtained by replacing f/™ (x) by Pf (x) where d = (1 —x3)D!—~ 22D is Legendre’s oper- 
ator (cf. II of this series by E. Hille). (Received November 22, 1941.) 


58. E. W. Titt: A method for integrating the linear hyperbolic equa- 
tion in three independent variables. 


This paper is concerned with Cauchy’s problem with data given over a surface 
duly inclined to the characteristic cone. The same choice of coordinate system relative 
to the characteristic cone is made that the writer has used previously (Annals of Math- 
ematics, (2), vol. 40 (1939), pp. 862-891). A solution of the homogeneous adjoint 
equation is obtained by integrating the elementary solution twice in a direction ex- , 
terior to the cone, This quantity has a finite discontinuity in one partial derivative 
as in the case of Green's function for an ordinary differential equation. Integrating 
over a region bounded by one nap of a cone and the initial surface a formula is ob- 
` tained for the unknown integrated over a two-dimensional region. Varying the vertex 
of the cone in order to obtain a formula for # itself seems simpler than in the case of 
Volterra’s method. (Received November 24, 1941.) 


59. W. R. Transue: Conirsbuitons to the theory of subharmonte func- 
isons. . 

First, by use of the two-constant theorem, it is shown that the maximum of a 
subharmonic function on a level line, H =), of an harmonic function, H, is a convex 
function of à. A variety of facts concerning subharmonic functions are shown to be 
obtainable from this result. Second, a limitation on the mean of #, logarithmi- 
cally subharmonic, on the circumference of circles within the unit circle is shown 
to induce a limitation on the mean of w’. Finally, it is shown that, by replacing 
Green's function in the representation method of F. Riesz by E(P, Q)mlog PQ 
—log 0Q+R[(P/Q)+(1/2)(P/Q)§+ --- +(1/p)(P/0)?], subharmonic functions 
can be represented in the neighborhood of a point in cases where they do not possess 
an harmonic majorant in that neighborhood and hence where representation using 
Green’s function is not possible. (Received October 24, 1941.) 


60. W. J. Trjitzinsky: Analytic satay of parametric linear parttal 
dsfferenisal equaitons. 

In two recent addresses G. D. Birkhoff brings out the significance of asymptotic 
developments, in the field of linear partial differential equations, for the domain of 
quantum mechanical ideas. He introduces formal series and makes a conjecture that 
‘actual’ solutions, of an appropriate type, exist asymptotic to these series. In view of 
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Birkhoff’s earlier work in the asymptotic theory of ordinary differential equations, 
as well as in consequence of certain considerations of mathematical physics, the truth 
of this conjecture would offhand appear as rather likely. This fact explains the purpose 
of the present work-—taking a purely mathematical point of view, the author considers 
linear partial differential equations containing a parameter à and first establishes 
existence of formal solutions containing those of Birkhoff as a special case. He then 
establishes (for second order equations) some general existence theorems, asserting 
existence of ‘actual’ solutions, which are functions asymptotic to the formal series, 
This theory is naturally divided into two parts—one relating to equations of elliptic 
type, the other referring to those of hyperbolic type. Equations of parabolic type have 
not been considered in the present work. (Received November 24, 1941.) 


61. S. M. Ulam: A geometrical approach to the theory of representa- 
tions of topological groups. Preliminary report. 


The theorem of von Neumann on the representations of compact groups by se- 
quences of finite matrices is proved by consideration of geometrical properties of com- 
pact convex bodies in the space of continuous (real-valued) functions on a compact 
space. (The use of Haar measure is avoided.) A number of related results are derived. 
(Received November 25, 1941.) 


62. František Wolf: On majorants of analyisc functions. 


If f(s) is analytic in || <a,|y| <b and |f(s)| < M(x) where ^ logt logt M(x)dx 
< œ, then to an arbitrary 8>0 corresponds a ¢, dependent only on M(x) and 8, but 
independent on the particular f(s), such that |f(s)| S¢ for |x| <a — 8, |¥| <b— 8. This 
is a generalization of a result of N. Levinson (Gap and Density Theorems, p. 127, 
Theorem XLIII). The theorem is proved by a method used by the author to prove a 
generalization of Phragmén-Lindelof theorem (Journal of the London Mathematical 
Society, vol. 14 (1939), p. 208) which becomes a corollary of the above theorem. An- 
other corollary is Nils Sjdgren’s result (Congrés des Mathématiques Scandinaves a 
Helsinfora, 1938): If f(s) is analytic in the unit circle and such that | f(s)| SM (arg s) 
for 1—e<r <1 and [logt logt M(0)-d8 < œ, then |f(s)| Sẹ in |s| 31—8<1. ¢ does 
not depend on the particular f(s), but only on M(0) and 8. (Received October 25, 
1941.) 


ÅPPLIED MATHEMATICS 


63. A. E. Engelbrecht: Circular plates with large deflections. 


The nonlinear system of equations derived by von Kármán is used to obtain a 
solution for a family of thin circular plates involving radial symmetry and having a 
uniform moment applied at the periphery. The edge of the plate to which the externa! 
moment is applied suffers no displacement normal to the plane of the plate, but is free 
to move laterally. The solution is effected by expanding the deflection w and the strese 
function ¢ in terms of a small parameter «emh/a where k is the plate thickness and a 
the radius of the plate. By this expansion the nonlinear system reduces to an iterative 
process for determining the successive terms. Satisfactory numerical results are ob- 
tained for the deflection, bending moments and direct planar stresees for plates whose 
maximum deflection is twice the order of the plate thickness, (Recetved October 21, 
1941.) 
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64. R. E. Gaskell: On longstudinal orbratsons of a bar. 


A uniform cylindrical ber, built-in at the end +0, has attached to the free end, 
x—=1,a weight, W. Each section of the ber has an initial displacement, f(x), and the 
system is released from rest at #0. The longitudinal vibrations of the bar are found 
by use of the Laplace transformation in both integral and series form. The solution 
obtained can be verified, except on characteristic lines, when f(x) is a continuous func- 
tion with its first three derivatives piecewise continuous and f(x) bounded and in- 
tegrable. (Received November 21, 1941.) 


65. A. E. Heins: On the transformation theory of the solutton of par- 
ttal dtfferenisal equations. II. Preliminary report. 

A complete transformation theory of the solution of the partial differential equa- 
tions of mathematical physics in two dimensions was recently considered by the au- 
thor (abstract 47-5-254). With the aid of the finite Fourier transform, solutions were 
obtained to the two-dimensional equation of heat conduction under prescribed initial 
and boundary conditions, when the boundaries were either rectangles or circles. This 
present paper treats the solution of the sme equations when the boundaries are con- 


~ yeniently represented in polar coordinates. Instead of a finite Fourier transform, a 


finite Hankel transform is employed. The regularity of the finite Hanke! transform 
serves as a condition to eliminate any superfluous boundary elements which do not 
enter directly into the problem. Some special examples are considered. (Received 
November 21, 1941.) 


66. F. B. Hildebrand: Note on the tntegro-dsfferenisal equatson of a 
problem in the theory of plane stress. 


It bas been shown by E. Reisaner (Proceedings of the National Academy of Sci- 
ences, vol. 26 (1940), pp. 300-305) that the stress o in a stiffener of length L and 
crose-sectional area A, attached to a semi-infinite elastic sheet in a direction nor- 
mal to the edge of the sheet, and subjected to a concentrated axial force F, satis- 
fies the Cauchy integro-differential equation o(x) +A(L)o(L){(L—2)7+K(L, x) } 
= ASTIA] {CE — s) + K(E, =)}dt, where K(E, s) = Bwt/(E + 3)? 
+(Bsr+B:4)/({+2)'+-B1/(t-+x) and à and the B, are certain constants depending up- 
on the dimensions and properties of the stiffener and sheet. In the present note, use is 
made of a classical theorem of Plessner to prove, under certain physically reasonable 
restrictions on the function A(x)o(x), that a solution of this equation must satisfy the 
condition A(Z)c(L)™0, so that the stress is determined by the abbreviated equation 
olx) =A S7] [A(E)o(€) | (px) A4R(E, x)}dt and the boundary conditions A (0)c(0) 
= F, A(L)o(L) = 0. (Received November 21, 1941.) 


67. J. J. L. Hinrichsen: Bounds for the ltbration points in a re- 
stricted problem of n bodses. 


Let n—1 bodies of equal mases be fixed in the vertices of a regular (s —1)-sided 
polygon and rotate with uniform velocity about their common center of gravity. Con- 
sider the motion of an infinitesimal mass, moving in the same plane, attracted by the 
n—1 bodies according to the Newtonian law of attraction. If Q(z, y) represents the 
potential function of the system, bounds are found for the points whose coordinates 
(x, y) are solutions of 8Q/ðx = 8Q/ðy m0. For #>3, there will exist 3# —2 such points, 
one at the center and # -—-1 equally distributed along each of three concentric circles. 


# 
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They lie on axes of symmetry of the polygon and cannot lie further from the center 
than (2# —1)/(*—1) of the distance from one of the # —1 bodies of equal mass to the 
center of mass of the other #—2 bodies. Approximate positions of the points are ob- 
tained for #=3, 4, 5. (Received October 25, 1941.) 


68. D. L. Holl: Consolkdaiton of elasisc earth layers. 


Biot (Journal of Applied Physics, vol. 12 (1941), p. 155) has established the equa- 
tions (1) VU+4: grad div U— k grad o =0 and (2) V*a= k, 8¢/0t. For the consolida- 
tion of an elastic earth containing pores filled with moisture. The vector Ọ is the dis- 
placement vector whose div U=., and o is the excess hydrostatic water pressure, and 
kı, ke, and k, are physical constants, Solutions of (1) and (2) are obtained for a layer 
infinite in horizontal extent but of finite depth and supported on a rigid surface which 
is either porous or is impervious to the passage of the imprisoned fluid. Specific solu- 
tions are given when the surface loads which cover a rectangular loading area and for 
axially symmetrical loads are known. (Received October 21, 1941.) 


69. Isaac Opatowski: On the theory of lethal srradiaiton of micro- 
orgamssms. II. 


By means of the Laplace transformation three sets of formulas are obtained which 
give, each one independently of the other one, the vulnerability constants k; (abstract 
47-9-414) and the number of quanta #-+-1 necessary to kill the organism, when the 
number of killed organisms Nay is known as a function of the time ¢. However, the hy’s 
are uniquely determined only if their relative order of magnitude is known a priori. 
Two sets of these formulas give the homogeneous product sums hy(A1,--:-, Aas) 
(D. E. Littlewood, Theory of Group Characters, p. 82) whereas a third set gives 
Mhh, ee, Ka) in terms of the moments of dNa4ı/dt. Therefore, the evaluation of 
kis is reduced to the solution of an algebraic equation of degree #-+1. If {kx} is an 
arithmetic progression, Na+ (8) reduces to the incomplete beta-function. Biophysically 
this case corresponds to a progressive destruction of the “sensitive volume” of the 
microdrganism (B. M. Duggar, Biological Effects of Radiation, vol. II, p. 1321) by 
the quanta. The problem here treated is equivalent mathematically to that of finding 
a differential system of the type stated in the abstract referred to above, which is 
satisfied by a known function Nau(t). (Received October 6, 1941.) 


70. Willy Prager: Fundamental theorems of a new mathematical the- 
ory of plastsctty. 


The main difficulty all attempts at a mathematical theory of plasticity have, so 
far, had to cope with arises from the assumption that the material will not behave in 
a plastic manner unless a certain invariant of the stress tensor has reached a given 
critical value. Two different sets of equations will, therefore, be valid in the plastified 
and the not yet plastified regions. The problem becomes all the more involved by the 
fact that the boundary between these regions is not known beforehand but has to be 
determined so as to secure continuity of stresses. In order to avoid this difficulty, the 
author has proposed stress-strain relations giving a gradual transition from the elastic 
to the plastic state (Proceedings of the Fifth International Congress of Applied Me- 
chanics, Cambridge, Massachusetts, 1938, p. 234). These relations have been applied 
to various problems of plane strain (Revue de Ja Faculté des Sciences de l'Université 
d'Istanbul, (A), vol. 5 (1941), p. 215). The present paper contains two variational 
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principles which, in this new mathematical theory of aatan, play the same role 
as the principle of least work and Castigliano’s principle do in elasticity. (Received 
November 24, 1941.) 


71. J. L. Synge: On the theory of the asrfost of Ansie span. 


The problem of the potential flow pest an airfoil of finite span is formulated, and 
then linearized by the usual approximation based on the assumptions that the thick- 
ness and curvature of the airfoil are small. The problem is reduced to the solution of 
an integro-differential equation, which agrees with that obtained by Mattioli in 1939 
for a flat plate of no thickness. (Received November 21, 1941.) 


72. Feodor Theilheimer: The potentsal of curvilinear distributions. 


This paper deals with potentials which are induced by charges distributed along 
curve segments. It is assumed that the curves and the charge distributions are rational 
functions of a suitable parameter. Then it can be shown that there exists for every 
curve a finite number of transcendental functions p(x, y, s) such that the potential 
k(x, y, 3) can be represented in closed form by means of these functions p,(x, y, s) 
together with algebraic and theta functions. (Cf. Bergmann, Mathematische Annalen, 
vol. 101 (1929), pp. 534-558.) If the curves can be represented as rational functions of 
second degree the functions p,(x, y, s) are connected in a simple way with the elliptic 
functions, and tables can be used for actual computation. These results supply a 
method for approximate solution of certain boundary value problems. This method 
is here applied to an aerodynamic problem taken from the theory of the finite air 
wing. (Received November 22, 1941.) 


73. R. H. Tripp: Bending of a thin plate having the form of a paral- 
lelogram. 


The Lagrange plate equation NV“w = p(s, y) is solved for a thin plate whose bound- 
ary is a parallelogram with opposite angles «/4 and 3r/4. Two types of loading are 
considered: (1) a concentrated load at the center of symmetry and (2) a uniformly 
distributed load. When all the edges are simply supported the problem becomes that 
of the solution of two linear infinite systems of equations in infinitely many unknowns 
of the type 2+) ,a1,x, = b;. The properties of the determinant |a,+4,,| and b are 
such as to insure the existence and convergence of the solution. Derived results for 
the moments are discussed. (Received October 21, 1941.) 


74, Alexander Weinstein: On the flecural center and the center of 
twist. 


These concepts have been treated simultaneously by several authors by Saint- 
Venant’s theory of beams. These authors introduced two essentially different defini- 
tions of the flexural center and three essentially different definitions of the center of 
twist. On the other hand, Sothwell has given a descriptive definition of both centers 
and has outlined a proof of their coincidence provided that one end of the beam is held 
by rigid constraints, a situation which cannot be met by Saint-Venant’s theory. It is 
shown in the present paper that the coincidence of both centers can be established by 
using definitions previously employed by the authors who worked with Saint- 
Venant’s methods. (Received November 21, 1941.) 
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GEOMETRY 


75. L. M. Blumenthal: Metric characterssatton of n-dimensional 
elliptic space Ear. Preliminary report. 


The objective is the characterization of the elliptic metric by means of relations 
between mutual distances of points in certain finite subsets of the space. If ésupple- 
mentation denotes the process by which a semi-metric Z* arises from a semi-metric X 
of diameter d upon replacing arbitrary distances pq in Z by ô — pqg, 52d, and identify- 
ing points with zero distance in Z*, then E,,—supyrSer, Where Sw is the metrically 
convex spherical surface of radius 7 and dimension »#. It is proved that semi-metric £ 
is congruently contained in Er if and only if p, qE Z implies pg § 47/2 and there exists 
a sup,y,2 congruently contained in Sw. A semi-metric m-tuple pı, fs,-°:, dm with 
frp; S 1r/2 is congruently contained in €,, if and only if a symmetric square matrix 
(e), ol, ol (6,71, 2, +--+, m), exists such that the determinant | eu cos (fp, /1r) | 
has rank not exceeding #-+-1 with all nonvanishing principal minors positive. This puts 
_in algebraic form the determination of congruence indices for the Es, at least with 
respect to finite semi-metric sets. (Received October 24, 1941.) 


76. Nathaniel Coburn: Umstary curves tn umttary space. 


The question of the existence of an arc length parameter for a unitary curve Kı 
imbedded in an #-dimensional unitary space KX, is discussed. First, the familiar for- 
mula for arc length element (ds?) is generalized. Then, it is shown that if and only if Ky 
possesses a natural parameter, does an arc length parameter which is an analytic 
function of the curve parameter exist. In fact, œ! such parameters exist; all have the 
same absolute value but different moduli. If the curve parameter is real (K, reduces 
to X,), then again «1 such arc length parameters exist. One and only one of these 
parameters is real and positive; this parameter is the one commonly associated with 
Xı in Ka. The remainder of the paper 1s concerned with determining those KX, into 
which can be imbedded various classes of K, which possess an arc length parameter 
(such K, are denoted by U,). The principal result is: If the metric tensor of Ka is not 
of rank one, then those unitary K, which satisfy a system of differential equations of 
the third or higher order in the parameter are not U;. (Received October 24, 1941,) 


11. N. A. Court: On the theory of the tetrahedron. 


A “quasi-polar’® sphere (Q) may be associated with the general tetrahedron (T) 
having for center the Monge point M of (T) and for the square of its radius one third 
of the power of M for the circumsphere (O) of (T). The following two propositions 
may serve as samples of the many properties of (Q): The “quasi-polar” sphere is co- 
axial with the circumsphere (O) and the twelve point sphere (L) of (T); The polar 
reciprocal tetrahedron of (T) with respect to the sphere (Q) is circumscribed about the 
medial tetrahedron of (T). A second sphere (G) may be related to (T) having for center 
the centroid G of (T) and for the square of its radius one forty-eighth of the sum of 
the squares of (T). The sphere (G) is orthogonal to (Q) and is coaxial with (Q), (0), 
and (L). The four spheres having for centers the vertices of (T) and orthogonal to (Q) 
cut the spheres having for diameters the respective medians of (7) along four circles 
lying on the same sphere, namely the sphere (G) of (T). In the special case when the 
tetrahedron becomes orthocentric, the spheres (Q) and (G) become, respectively, the 
polar sphere and the first twelve point sphere of the orthocentric tetrahedron. (Re- 
ceived November 21, 1941.) 


1942] ABSTRACTS OF PAPERS 49 


78. J. W. Peters: The euclidean geometry of the n-dimensional sim- 
plex. 


- In this paper theorems associated with the triangle and the tetrahedron are ex- 
tended to the #-dimensional simplex formed by #-+-1 points in a euclidean space of 
# dimensions, The centroid and Monge point of the simplex as well as the centroids 
and Monge points of the faces are defined. The following extension of Mannheim’s 
theorem for a tetrahedron is proved. The *#-++-1 planes determined by the #-+1 alti- 
tudes of the simplex and the Monge points of the corresponding faces meet in the 
Monge point of the simplex. A hypersphere on the centroids of the faces is discussed. 
It is shown that this hypersphere passes through 3(#+1) points associated with the 
simplex and has a number of properties similar to the nine point circle associated with 
a triangle and with the twelve point sphere associated with a tetrahedron. (Received 
November 8, 1941.) 


79. J. L. Vanderslice: Invartant theory of vector pence fields. 


At each point (xt, >>» , x") of a space subject to general coordinate transforma- 
tions is associated a pencil of contravariant vectors, E(x1,+-+,«*, #). The parameter 
# of the pencil is normalized to give an invariant metric parameter x° associated with 
each coordinate system x‘ and transforming like the gauge variable of generalized 
projective geometry. The principal result is the discovery of an affine connection with 
components which are functions of x (a=0, 1,-++,) and a method of covariant 
differentiation of tensor functions of x”. A study of the equivalence problem then leads 
to a complete set of tensor invariants for the vector pencil field. (Received November 
17, 1941.) 


80. André Weil and C. B. Allendoerfer: A general proof of the Gauss- 
Bonnet theorem. 


The following generalized Gauss-Bonnet theorem was recently proved independ- 
ently by Allendoerfer and Fenchel: If a closed Riemann manifold R. of even dimension 
can be made a subspace of an euclidean space then {[KdO = 1/2w.x where K is the total 
curvature of the manifold, w. is the area of an #-dimensional sphere, and the integra- 
tion is over the manifold. The present paper removes the restriction that R, be a sub- 
space of an euclidean space. To do this Ra is subdivided into simplices each of which 
is small enough to have an isometric euclidean imbedding. The method of tubes is 
applied to these subdivisions separately, special attention being paid to their bounda- 
ries. The terms resulting from the boundaries are found to be intrinsic and drop out 
when the simplices are reassembled to form Ra. (Received November 26, 1941.) 


LOGIC AND FOUNDATIONS 


81. E. C. Berkeley: A pplication of symbolic logic to punch card oper- 
` ations. i 


This paper discusses the analysis of operations with punched tabulating cards, 
and also to some extent operations with handwritten cards, as taking place in a large 
life insurance company, for purposes of valuing policies, computing, recording, and , 
summarizing payments, and so on. The chief instrument of analysis is a system of 
coding, constructed using symbolic logic and other techniques. The system of coding 
is exhibited in part, and examples of the coding are given. Some related problems of 
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practical and theoretical nature are described and discussed. (Received November 21, 
1941.) 


82. G. D. W. Berry: On formalising semaniscs. 


Two alternative formalizations of semantics may be distinguished. Quine’s Matke- 
matecal Logic (New York, 1940) with modifications, provides the logical and syntacti- 
cal components of each. In each, designation is primitive, denotation and truth de- 
fined. Besides including statements specifying that all designated expressions are 
elements, that only abstracts designate, and that nothing designates more than one 
thing, the axioms of both systems include all statements formed from ‘If — is desig- 
nated, then ‘~’ designates it’ by replacing the blanks with any constant term. The 
peradoxes of Grelling, Richard, Konig, and Epimenides each requires an hypothesis 
of the form, ‘— is designated.’ In the first system, which has only one designation- 
relation, eech paradox becomes a reductio ad absurdum argument for the existence of 
an undesignated entity. The argument of the Epimenides, in particular, establishes 
the existence of non-Tarskian statements, or statements equivalent to the denial of 
their truth. Some axioms of the form '— is designated’ are adopted. Others may be 
added piecemeal, when needed, at the investigator's risk. In the second system, which 
has infinitely many designation-relations, each statement of this form is an axiom 
for some appropriate designation-relation. Classes undesignated and statements non- 
Tarakian relative to one such relation are respectively designated and Tarskian rela- 
tive to another. (Received November 26, 1941.) 


83. Alonzo Church: On sense and denotation. 


The title is intended to translate Frege's Uber Sinn und Bedeutung. The donota- 

lion of a proper name (including descriptions, class abstracts, also sentences as proper 
names of truth-values) is that of which-it is a name. One may waderstand a proper 
name in the sense of knowing its meaning linguistically, yet not know its denotation. 
This linguistic meaning is the sense. In particular, the sense of a sentence is the propo- 
sition. Two proper names coinciding in sense must have the same denotation—al- 
. though to determine the denotation, given the sense, may require settling a question 
of extra-linguistic fact. If a constituent part of a proper name is replaced by another 
having the same sense, the sense of the whole is not altered; if it is replaced by another 
of the same denotation, the denotation of the whole is not altered, but the sense may 
be. Thus is solved, in particular, Ruseell’s puzzle about “the author of Waverley.” As- 
suming tacitly'‘that names have only one kind of meaning, the denotation, Ruseell 
concluded that a logically sound language cannot employ descriptions: sentences con- 
taining descriptions must be reconstrued as mere convenient abbreviations of sen- 
tences of a different form. This seems to be tenable but is less elegant that Frege’s 
solution of the same problem. (Received November 21, 1941.) 


84. Nelson Goodman: Sequences. 


The only method hitherto available for defining sequences on the basis of clase 
theory results in identifying'’a sequence of components with a certain class # 
types higher than thoee components. By this method, the sequence x - - * x, becomes: 
g{(sG1: Cm. V.n Cs.n mA) VOER: 8 Crs. V .t: Cums A) V+ ++ (sn: 
s Caa. V xa C2. 2a 74 A)}. The method works for a sequence of finite length »# in a 
universe containing at least #-+1 elements of the type of members of components of 
the sequence. That the components must be classed can be shown to be no actual re- 
striction. Any component a of a sequence Q is defined as: 3{s€ p'(K(\0). V .p'(KC\Q) 
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=A.s€s'(K{\Q)}. The above schemata may be supplanted by formal definitions of 
the clase of sequences and of the Ath component of any sequence. Every clasa of classes ` 
is correlated to some one sequence by a definable relation we call the “establishment” 
of the sequence by the class. A class that establishes a sequence having the members 
of the class, and the null class, as its components is called “self-ordered.” (Received 
November 21, 1941.) 


85. S. C. Kleene: On the interpretaiton of tntusisontsisc number ike- 
ory. 


A closed existential statement (Hx)A (x) can be interpreted from the constructivist 
standpoint as a partial communication of a more explicit statement which gives a 
number x such that A(x) holds, together with such further information as is required 
to complete the meaning of A(x) for that x. Likewise, a closed generality statement 
(x).A (x) can be interpreted as the assertion of the possibility of describing an effective 
general method for obtaining, to any given x, such information as will complete the 
meaning of A(x) for that x. These ideas are made precise in a truth-definition for the 
clase of statements formed from given general recursive predicates of natural numbers 
by the operations of the predicate calculus. The definition will be used to obtain some 
metamathematical results for the intuitionistic predicate calculus and number theory. 
Typical clauses, for closed statements: If A(#) is realized by a, (Ex)A (7x) is realised 
by 2": 3%, (x).A(x) is realised by the Gödel number e of a general recursive function (x) 
such that, for every =, (n) realizes A(n). AB is realised by the Gödel number ¢ of 
a partial recursive function (x) such that, whenever a realizes A, ¢(a) realizes B. 
Then A is realizable, if there is a number a which realizes it. (Received November 21, 
1941.) 


86. Barkley Rosser: The Burals- Forts paradox. 


Four basic principles of the theory of ordinal numbers and well-ordered series are: 
(1) To every well-ordered series there corresponds a unique ordinal number. (2) The 
series of ordinal numbers is well-ordered. (3) If x is a term of a well-ordered series S, 
then the series consisting of all terms of S which precede = is also well-ordered, and 
has a smaller ordinal number than S. (4) Any ordinal number, a, is the ordinal number 
of the series of all ordinals which precede a. The Burali-Forti paradox is the statement 
that these four principles are incompatible. To avoid the paradox, two devices have 
been tried. One is to adopt some form of a theory of types which will invalidate (4). 
The other device has the effect of invalidating (1) in certain critical cases. In his book, 
Mathematical Logic, Quine proposed a device which is essentially a combination of the 
two aforementioned devices. Unfortunately Quine’s device does not invalidate (4) and 
fails to invalidate (1) at certain critical points, and so the Burali-Forti paradox ap- 
pears in Quine’s book. This is shown in detail in the present paper. (Received Novem- 
ber 24, 1941.) 


87. A. R. Schweitzer: On the genests of the algebra of logic in the 
foundations of geometry. 


Following his theory of geometrical relations (American Journal of Mathematics, 
vol. 31 (1909), p. 400), the author separates descriptive s-space (w= 1,2,3,--- ) into 
2+1 compartments C( ), C(ai), C(ai), < ©- , Claas: + + aay) by means of two n-sim- 
plexes Tı and T, such that Ti ajay: + + dap with sides prolonged is in the interior of, 
and cut off by, Ts Then >| (I) denotes the reflexive formal sum of all C's; >) (a) is 
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the sum of all C's containing œ as argument, and so on; > ,(A:) is the sum of all C’s not 
containing t, and so on. Then C{ J= Od: m Ai Cla) = (ads ee rot) and 
so on. The C's are replaced by their corresponding expressions in terms of >. and the 
subsequent development follows that of an earlier paper reported in this Bulletin (ab- 
stract 47-9-430). The preceding provides a representation R, for the latter exposition; 
R; is equivalent to the so-called Euler diagram which in turn is topologically equiva- 
lent to the figure of a triangle in a descriptive plane extended in accordance with the 
author’s system °K, (ibid., p. 395, Axiom 12). Rs is topologically equivalent to the 
- figure of a trifoliate curve inscribed in a circle. Another basis for the algebra of logic 
in the author’s theory is found in a simple modification of his axioms for a linear 
“permutation” (ibid., p. 370). (Received November 24, 1941.) 


STATISTICS AND PROBABILITY 


88. R. D. Gordon: An application of the Cauchy integral to a problem 
in probabsliy theory. 


The author was consulted about interpretations of certain data on biological popu- 
lations. The problem aims at obtaining error corrections on the data. The classical 
basis of the Bayes-Laplace formula is chosen: (x)(s/x)=(m)(x/s) where the nota- 
tion has the usual meaning in probability theory. The probability (#/x) is known 
through its generating function. The distribution (x) of the parameter x, an integer, 
is taken on reasonable grounds to be (x) =1/b+1, for 0 Sx 3b; (x) =0 otherwise. Then 
(a) => (x) (8/x) is determined. An “observation” results in a value mo of the stochastic 
variable #. The problem: to determine the distribution (/me) =>, (s/x)(x/mo). We 
actually obtain the generating function for the moments of (s/o). Simple manipula- 
tions result in the Cauchy-integral equation (x)Gcasy(t; 2) =1/22tf(mGrar{t/s) - 
E(s; x)ds/s where the G's represent generating functions for the probability distribu- 
tions indicated in their subscripts, and E(s; x) represents an saknown generating 
function for probabilities (x/m) with respect to x. The problem is solved by applying 
standard generating-function operators to this equation and integrating over the 
circle [s| =j, (Received November 14, 1941.) 


89. G. F. McEwen: On the probability thai a ratio of random num- 
bers will depart from a-harmonic ratio by less than a given amount. 


The ratio of two numbers is called harmonic if it equals the ratio of two small in- 
tegers, one figure numbers, for example. In practical applications both numerator and 
denominator are subject to error and their ratio accordingly departs from perfect 
harmony. Accordingly, it is necessary to estimate the probability P of getting by 
chance a ratio departing less than a given amount from perfect harmony. This problem 
of determining the proportion, among all possible combinations of numbers, that have 
a ratio departing from perfect harmony less than this amount, is equivalent to that of 
finding the probability P that the ratio of any two numbers drawn at random 
will depart by an amount X or less from the harmonic ratio N/M. The solution is 
Pm 2(M?/N)X/ [1 —(M/N)2X2], where N>M. (Received October 27, 1941.) 


TOPOLOGY 


90. W. W. Flexner: Noncommutative chains. LI. Preliminary report. 


Extending the author's recent work (Duke Mathematical Journal, vol. 8 (1941), 
pp. 497-505) to a finite convex 3-complex, 2-dimensional noncommutative chains and 
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a “homology group” Ils are defined. The 2-chains C are products of basic 2-chains 
Q=aFa~! where E is a 2-cell or its inverse and a is a noncommutative one-chain 
such that FQ=—a(FE)a—, where FE is the boundary of E, is a continuous closed 
“path” beginning and ending at a fixed point w. The group of 2-chains is subject to 
the relations CC’C~!= (FC)C’(FC)~1. The subgroups Za, of cycles, and Fs, of bound- 
ing cycles, are then defined much as in the commutative case. If a= Z1/4s, it is com- 
mutastive and subdivision invariant. (Received November 24, 1941.) 


91. D. W. Hall: On a theorem of E. E. Bets. 


In a recent paper (American Journal of Mathematics, vol. 63 (1941), pp. 127-135) 
E. E. Betz has studied compact locally connected continua M which satisfy the follow- 
ing conditions: (a) no two points of M separate M, (b) every simple closed curve J 
of M separates M into at least two and at most a finite number of complementary 
domains. He has obtained a rather general accessibility theorem for these continua. 
Using the result of Betz the present paper shows that if M be any compact locally 
connected continuum satisfying (a) and (b) and if G is any open subset of M, then 
there is an open subset R of M contained in G which is homeomorphic with an open 
2-cell. (Received November 25, 1941.) 


92. R. C. James: Linearly arc-wise connected topological groups. 


The definitions of arc-wise connected, locally arc-wise connected, and simply con- 
nected topological spaces are given ip terms of a continuous function with real num- 
bers as arguments and values in the topological space. For topological groups, one can 
add the restriction that the function be linear (additive and continuous) and obtain 
definitions of linearly arc-wise connected and locally linearly arc-wise connected topo- 
logical groups. In this paper certain of these properties are used as conditions for a 
topological abelian group to be a linear topological space. It is shown that a topologi- 
cal abelian group which is simply connected and locally linearly arc-wise connected 
either has no nonzero elements of finite order or a dense set of elements of the sth 
order (for each #>1). Several necessary and sufficient conditions for a topological 
abelian group T to bea linear topological space are found, two of which are: (1) T be 
connected, locally linearly arc-wise connected, and have no nonzero points of finite 
order; (2) T be simply connected, locally linearly arc-wise connected, and have a 
neighborhood of the identity which contains no elements of the second order. (Re- 
ceived October 24, 1941.) 


93. R. C. James: Normable topological abelsan groups. 


Several equivalent definitions have been given of bounded sets and convex neigh- 
borhoods of a linear topological space. In this paper these concepts are generalized to 
topological groupe, and are used with linear arc-wise connectedness (connectedness by 
paths defined by a linear function of a real variable) to find conditions that a topologi- 
cal abelian group be normable and that it be a linear topological space. It is shown 
that a convex, linearly arc-wise connected topological abelian group which has no non- 
zero elements of finite order is a convex linear topological space, and that a normable, 
linearly arc-wise connected topological abelian group is a normable linear topological 
space. A theorem of Komogoroff’s on the normability of linear topological spaces is 
generalized to linearly arc-wise connected topological abelian groups. (Received Octo- 
ber 24, 1941.) 
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94. Saunders MacLane and Samuel Ejilenberg: A theorem on group 
extenstons. 


An abelian group extension of a group G by an abelian group H is customarily 
represented either by means of a factor set of H in G, or by means of a multiplication 
table for the generators of H. The latter depends essentially on the representation of H 
as a factor group H= F—B of a free group F. The exact equivlaence of these two de- 
scriptions of a group extension turns out to be important in the study of homology 
groups (abstract 47-11-487). It may be stated as follows: If F is a free group, and 
H= F-—B, then the group Fact {G, H} of (abelian) factor sets of H in G modulo the 
transformation quantities is isomorphic to the group Hom {B, G} of all homo- 
morphisms of B into G, modulo the subgroup of the homomorphisms of B into G 
which can be extended to F. If G is topological, so is this isomorphism. (Received 
November 24, 1941.) l 


95. Harlan C. Miller: On irreductible continua. 


This paper is concerned with properties of compact continua which are irreducible 
between some two points, and especially of those which are unicoherent. Some of the 
resulta are: If Misa compact atriodic unicoherent continuum, and Hand K are proper 
subcontinus such that M=H-+X, then Hand K are unicoherent. If Af is a compact 
hereditarily decomposable continuum irreducible between some two points, then M 
contains two mutually exclusive continua, A and K, such that (1) in order that M be 
irreducible between two points it is necessary and sufficient that one of the points 
belong to H and the other to K, and (2) M—(H+-X) is strongly connected. If Misa 
compact hereditary decomposable continuum irreducible from point A to point B, 
there exists an upper semi-continuous collection, G, of mutually exclusive continua 
filling up M such that if Hand K are the elements of G containing A and B, respec- 
tively, then with respect to its elements, G is an arc from H to K; in order that M be 
unicoherent it is necessary and sufficient that G be a continuous collection. (Received 
November 25, 1941.) 


96. Knox Millsaps: Fsrst order differentials of functtons with argu- 
menis in topological groups and values sn topological abelian groups. 


A first order differential is defined for a function F(x) with arguments in a topologi- 
cal group G and values in a topological abelian group A and increments in the central 
subgroup of G with a relativized topology and a generation postulate. The fundamen- 
tal theorems on uniqueness for increments in the central subgroup, continuity, linear 
combinations, and the iterative function K(F(x)), where X(y), has arguments and 
values in t.a.g.'s and is M,-differentiable (see Michal, Revista de Ciencias), are then 
proved. (Received October 24, 1941.) 


97. M. E. Shanks: Irreducthle transformations of the dtscontsnuum 
inio continua. Preliminary report. 


A continuous transformation T of the Cantor discontinuum C into a continuum is 
strongly irreducible on a closed subset homeomorphic to C. Imeducible transforma- 
tions of C into locally connected continua are studied in particular with special refer- 
ence to the one-dimensional case, Certain results are obtained which indicate a simple 
structure for T in special one-dimensional cases. (Received October 24, 1941.) 
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98. R. H. Sorgenfrey: Some theorems on co-terminal arcs. 


“The following results have been established: If H denotes the sum of two arcs 
with common end points and K denotes their common pert, then every component 
of H—K is a subset of some simple closed curve lying in H—X. If three arcs have a 
common end point and no one of them is a subset of any other, then one of them fails 
to be a subset of the sum of the other two. If three arcs have two end points in com- 
mon then there are two of them neither of which is a subset of the sum of the remain- 
ing two. (Received November 25, 1941.) 


99. P. M. Swingle: Topological foundations of an uncertain mathe- 
maltcs. 

In this paper a probable origin is given to point sets, as in quantum physics, in a 
universe of inceasantly moving electrons. Philosophical consideration is given to the 
origin of ideas in such a universe and the conclusion reached that there is little reason 
for the certainty that exists in traditional mathematics. The nature of a probability 
topology is considered, a degree of certainty being reached in an abstract topology 
having an interpretation in what is called‘a diophantine space, whose points are 
“cube”-units. (Received October 27, 1941.) 


100. P. A. White: R-regular convergence spaces. 


In this paper a hyperspace X, of a compact metric space M is considered, which 
consists of all closed locally 7*-connected (s Sr) subsets of M. An infinite sequence 
{ti} CK will be said to converge to p CK provided the corresponding subsets {P,} 
of M converge s-regularly to P, (sr). This definition of convergence is used to define 
limit point, closed set, and open set in the obvious manner. It is shown that the origi- 
nal definition of limit point is equivalent to an open set definition, and that K will 
be a regular Hausdorff space satisfying the first axiom of countability with these open 
sets as neighborhoods. It is also shown that unless M is finite, K can be written as 
the sum of a countable number of sets which are both open and closed, and that not 
more than one of these sets can be compact. (Received November 24, 1941.) 


101. G. W. Whitehead: Homotopy groups of spheres and thetr rota- 
tton groups. 


In this paper relations between the homotopy groups of the #-sphere S and 
those of its rotation group Ra are studied. The relationship between these groups 
is established as follows: to each map f(.S™XS*) C_S™ there is associated a mapping 
f*(S=t="1) C S*+1, This operation is a generalization of one introduced by H. Hopf 
(Fundamenta Mathematicae, vol. 25 (1935), pp. 427-440), and induces a homo- 
morphism of ra(Ra) into Tapa pl S"t!)., For m=1, 2 this homomorphism is an iso- 
morphism. This isomorphism is used to construct a counterexample to a theorem 
stated without proof by H. Freudenthal (Proceedings, Akademie van Wetenschappen 
te Amsterdam, vol. 42 (1939), pp. 139-140). In particular, Freudenthal’s construction 
of mape of St*-! on S* with Hopf invariant 1 fails if sm2 (mod 4). (Received Novem- 
ber 24, 1941.) 
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THE PROBLEM OF BOLZA IN THE CALCULUS 
OF VARIATIONS 


M. R. HESTENES 


1. Introduction. The problem of Bolza can be described briefly as 
the most general problem in the calculus of variations for which there 
exists at the present time a theory of relative maxima and minima 
that is comparable in completeness to those of the simpler problems 
in the calculus of variations. This completeness has been brought 
about in the last few years and it is the purpose of the present paper 
- to discuss in some detail the results that have been achieved and the 
methods that have been used in obtaining them. It is impossible to 
give here an adequate discussion of the various aspects of the problem 
of Bolza. Nor is such a discussion necessary, inasmuch as three ex- 
cellent reports have been given already which were concerned in 
whole or in part with the problem of Bolza. The first of these reports, 
given in 1936 by Professor Bliss [14],} is devoted to the study of the 
evolution of problems in the calculus of variations and, in particular, 
the evolution of the problem of Bolza. Professor Bliss pointed out 
that even Euler and Lagrange formulated problems that are of essen- 
tially the same generality as the problem of Bolza. Moreover, they 
derived in a formal way the Euler-Lagrange equations that the solu- 
tions of the problems must satisfy. The second report was given in 
1937 by Professor Reid [17] and was concerned with boundary value 
problems and their relations to problems in the calculus of variations. 
In particular, he pointed out the various relationships between the 
problem of Bolza and boundary value problems. The third and final 
report was given in 1938 by Professor McShane [22] who outlined the 
progress that had been made in the calculus of variations during 
the preceding twenty-five years. Here the essential achievements 
in the theory of the problem of Bolza were described but nothing 
was said as to how these results were obtained. It is the purpose of 
the present paper to discuss certain interesting and important aspects 
of the theory of the problem of Bolza that Professors Blias, Reid and 
McShane of necessity had to omit or describe inadequately in their 
reports. In particular I shall deacribe to you the basic ideas involved 
in the sufficiency proofs for relative minima. The progress made in 


An address delivered before the Chicago meeting of the Society on April 11, 1941, 
by invitation of the Program Committee; received by the editora June 2, 1941. 
1 Numbers in brackets refer to the list of papers at the end of this paper. 
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‘the technique of sufficiency proofs not only has enabled us to obtain 
better sufficiency theorems but also has in a sense unified the suffi- 
ciency proofs of the fixed end point problems and the variable. end 
point problems. 

There are certain phases of the problem of Bolza that I too must 
omit in the present report. I shall not discuss the parametric case; nor 
shall I have the occasion to describe the Hamilton Jacobi theory and 
the interesting approach to the theory of the problem of Lagrange 
made by Carathéodory. I shall not describe how the theory can be 
modified so as to take care of discontinuous solutions and many prob- 
lems that are essentially of Bolza type. Finally I shall omit the im- 
portant topic of existence theorems for the problems of Bolza and 
Mayer developed by Graves, McShane and others. References to 
these and other topics can be found in the papers listed at the end 
of the present paper. 


2. Formulation of the problem. The problem of Bolza can be formu- 
lated in a number of ways, each of which has its peculiar advantages 
and disadvantages. One of the most useful formulations is the one 
given by Professor Bliss [4] in 1932. This formulation closely re- 
sembles the original one given by Bolza [1] in 1913 and can be de- 
scribed briefly as follows: Consider a class of arcs 


(1) y,(x), viS rS rajt l,o, 


in (xyi © * Ya)-Bpace satisfying a prescribed set of differential equa- 
tions and end conditions 


(2) (z, Y, Y) = 0, y=1, -,m<nĦ, 
(3) "AE y(x), Tr, y(za)] = 0, H = l : ps 2n + 2. 


We seek to minimize in this class a function of the form 


(4) I = elt, y(x1), Ti, ylz) | + imc Ys y dx. 


The case when g=0 is the so-called problem of Lagrange and when 
f=0 we have the general problem of Mayer as formulated by Bliss. 
These three problems are equivalent in the sense that each can be 
transformed into either one of the other two types. Of the three prob- 
lems, the problem of Bolza appears to be the most convenient. 

The formulation of the problem of Bolza just described has been- 
one of the most popular ones in recent years and for many purposes 
it is the most convenient one. However, there is a second formulation 
that appears to be more useful for the purposes of the present report. 
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It ip a modification of one given by Professor Morse [3] and can be 
described as follows: Consider a class of arcs 


(5) Gr, ¥i(2), %SeSxmjh=1,--- rptH 1c + ym, | 


in axy-space whose components a, are independent of x and which 
satisfy conditions of the form 


(6) (a, x, y, yY) = 0, = [,---,m<n, 
(7) Ta = 2,(a), ¥(%) = yu(a), s=1,2;¢51,-5-,m 


We seek to minimize in this class a function of the form 


(8) r= gla) +] So, z, y, ¥)dx 


This formulation differs from the one first described in that certain 
components of our arcs, denoted by ay, are known to be constante. 
If we consider these constants as functions a,(x) satisfying the differ- 
ential equations ay (x) =0 and if the a's appearing in the functions 
x(G), Yula), g(a) are replaced by a,(x1), the problem becomes one of 
the type formulated by Bliss. On the other hand, the first formulation 
can be transformed into one of the second type by a simple device. 

I remarked a moment ago that the formulation of the problem of 
Bolza just described is a modification of one given by Morse. It differs 
from the one given by Professor Morse in that we have introduced 
the parameters a, in the functions f and ¢,. Although no generality 
is gained by this change, it has been made for the following two rea- 
sons: In the first place in the study of Mayer fields one is led in a 
natural way to the study of an auxiliary problem in which the param- 
eters a, appear in the integrand. Thus by introducing these parame- 
ters in the original integrand one is able to apply at once to the 
auxiliary problem the results previously obtained. This procedure is 
analogous to the one introduced by Bliss in the study of the second 
variation and simplifies the arguments that have to be made. A sec- 
ond trivial advantage is that the class of problems that are immediate 
special cases is enlarged, although the class of problems that can be 
transformed into one of Bolza type is unaltered. 

No discussion of the problem of Bolza would be complete if it did 
not include a consideration of the isoperimetric problem of Bolza [24, 
25]. This problem differs from the one just described in that the arcs - 
(5) are required to satisfy, besides equations (6) and (7), a set of igo- 
perimetric conditions 
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(9) 1 = 5a) +f fasya p= tyro yb 
A. 


Although this problem can be reduced to one of Bolza type, the pres- 
ent theory for the problem of Bolza does not give adequate sufficiency 
theorems for this problem. An additional argument is needed. I shall 
discuss this point later. I would like to point out, however, that once 
one has obtained a satisfactory theory for the isoperimetric problem 
of Bolza, these results can be applied at once to a large variety of 
problems. In particular, they can be applied to the usual isoperimetric 
problems and to the more complicated problem of minimizing func- 
tions of integrals. The latter problem was proposed by Euler and has 
been studied recently by Brady [23]. 


3. Normality. One of the most important advances in the theory of 
the problem of Bolza has been in the elimination of undesirable as- 
sumptions of normality. The concept of normality arises when one 
considers the problem of imbedding a particular arc E satisfying equa- 
tions (6) and (7) in a one-parameter family of arcs 


(10) a(t), yaz, 2), x) SxS a(t), 


satisfying these equations. If the family (10) contains E for #—0, its 
variations 


(11) a. = Gx (0), mlz) = Jafa, 0), TiS tSt, 
along E are solutions of equations of the form 


(12) $, (a, T, N, 7) me Pra, hh + Day M + Pyr == 0, sia 1, t M, 
(13) NLL) = Cohn, sal? scd 


Unfortunately, not all solutions ay, 7, of these equations are neces- 
sarily variations (11) of a family (10) that satisfies equations (6) and 
(7) and contains E for t=0. Perhaps the simplest criterion that will 
insure this property is the existence of a set of 2m solutions aay, 7:;(x) 
(g=1,---, 2m) of equations (12) whose determinant 

(14) nil z1) ~ Cilk; 

RER ww Cilk Ok] 
is different from zero. If this criterion is satisfied, the arc E is said 
to be normal relative to the end conditions (7). It is clear that E will 
be normal if the determinant (14) can be made different from zero 
by a set of 27 solutions ay,, n(x) of equations (12) having aaj=0. 
If this stronger condition is satisfied, the arc E is said to be normal on 
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the interval xixa, inasmuch as this criterion is a condition of normality 
for the fixed end point problem obtained by holding the a’s fast. An 
excellent discussion of the concept of normality and its consequences 
has been given by Bliss [21]. 

Until recently the concept of normality was either ignored or else 
strong normality assumptions were imposed. In fact, it was customary 
to suppose that the arc under consideration was normal on every sub- 
interval and in the sufficiency proofs it was further assumed that an 
extension of the arc had this property. The effect of these normality 
assumptions was that the arguments used for simpler problems could 
be carried over to the problem of Bolza with the obvious modifica- 
tions. Unfortunately the minimizing arcs of many important prob- 
lems that are of the Bolza type are necessarily abnormal on every 
subinterval. For example, this is true for the problem of Mayer. Thus 
the earlier theories for the problem of Bolza were not applicable to 
these special cases. A further objection to normality assumptions is 
that it is dificult in a particular case to verify these assumptions. It 
would be desirable to proceed without the use of hypotheses of nor- 
mality and much has been done in this direction. The sufficiency 
theorems that are now known involve no assumptions of normality. 
Moreover McShane [26] has shown that a minimizing arc necessarily 
satishes (with multipliers l 20, 1,(x)): (I) the Euler-Lagrange equa- 
tions and the transversality condition; (II) the condition of Weier- 
strass; (III) the condition of Clebsch, even if the arc is abnormal. 
Graves [5] had shown earlier that these results were true for arcs 
that are normal relative to the end conditions (7) but are not normal 
on every subinterval as was previously supposed. He also gave rather 
complicated analogues of the Weierstrass condition for abnormal arcs. 
As yet it appears to be necessary to assume that the arc under con- 
sideration is normal relative to the end conditions in order to obtain 
an adequate discussion of the fourth necessary condition involving 
the non-negativeness of the second variation. However, McShane 
[31] has announced recently that the fourth necessary condition 
holds when the maximum rank attainable for the matrix (14) is 2n—1. 
Moreover he states that by means of an example it can be shown that 
the fourth necessary condition in its present form does not hold if 
this determinant is always of rank at most 2n—2. 


4. Conditions for a minimum. Consider now a particular arc E 
without corners that minimizes the function T subject to the condi- 
tions (6) and (7). If E is normal, it has associated [24] with it a 
unique set of multipliers be) with which it satisfies the Euler-La- 
grange equaitons 
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(15) (d/dx)Fy,= Fy, $= 0, 
and the transversaltty condstton 


3 74 
(16) dg + [(F — yiF pdz +F; dy.) -+ f F adad z = 0. 
8} 


j 
Here F=f+1,(x)¢, and equation (16) is an identity in da, when the 
differentials dxi, dy, dxs, dya are expressed in terms of da, by means 
of equations (7). This is known as the first necessary condttton (I) 
for E. Moreover E must satisfy the condetton (11) of Weserstrass, that 
is, at each element (a, x, y, y’, J) belonging to E the inequality 
(17) E(a, x, 9, yY, Y) 2 0 
must hold for every admissible solution (Y’) of the equations 
(a, x, y, Y’)=0, where 

E = F(a, x, y, Y’, D — F(a, 2, 9, Y, D 

— (Y; Ken, y, )F x(G, T, Yı y, t). 

From this result one concludes that the further inequality 
(19) Fyrr, = 0 l 


—— 


(18) 


must hold on E for every solution (x) of equations bay.x¢=0. This 
condition is known as the condsiton (III) of Clebsch. As a fourth neces- 
sary condition (IV) the second variation 


` 23 
(20) Isla, n) = briag +f 2w(a, FN ndz 
* 


of I along E must be non-negative for every solution ay, n; of equa- 
tions (12) and (13). The last condition can be replaced by conditions 
involving broken extremals for the second variation. 

A solution 


(21) Gk, y(x), L(x), xy S zs +4, 


of equations (15) is called an extremal. It is said to be nonsingular if 
the determinant 

F yi ys Pry; 
Pay, 0 


is different from zero at each point on it. Every normal minimizing 
arc E determines a unique extremal, also designated by E, satisfying 
the necessary conditions described above. When these conditions are 


(22) 
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suitably strengthened they will insure a minimum. For a proper 
strong relative minimum it is sufficient that E belongs to a nonsin- 
gular extremal satisfying the transversality condition (16); the 
strengthened conditions: (IIx) of Weierstrass which requires the in- 
equality (17) to hold for all solutions (a, x, y, y’, Dof 6, =0 in a neigh- 
borhood N of those on E, and (IV’) which requires the second 
variation (20) to be positive for all non-null solutions a, 7,(x) of 
equations (12) and (13). If the Weierstrass condition (ILy) is replaced 
by the Clebsch condition (III) described above, a set of sufficient 
conditions for a weak relative minimum is obtained. In either case 
the condition (IV’) can be replaced by conditions involving broken 
extremals for J3(a@, 7). A detailed account of these and other condi- 
tions can be found in-the papers of Bliss [13], Hestenes [10, 16], 
Morse [11] and Reid [12]. 


5. A consequence of the sufficiency conditions. The sufficiency con- 
ditions just described hold even if the arc E is not normal. However, 
it was pointed out by Professor Bliss that these conditions are essen- 
tially a set of sufficiency conditions for a normal problem obtained 
by enlarging the class of comparison arcs. Thus as far as sufficiency 
conditions are concerned there is no loss of generality in assuming 
that the problem is normal. The sufficiency conditions described 
above also have a further startling consequence. It is clear that our 
problem will be unaltered if the integral J to be minimized is replaced 
by an integral of the form 


J = i+ | Ele, z, y, jda, 


where F is of the form 


P= f+ (a, £, Y, ¥ by. 


If an arc E satisfies the sufficiency conditions described above, the 
multipliers m, can be chosen so that E affords at least a proper weak 
relative minimum to J in the class of all neighboring arcs satisfying 
the end conditions (7) but not necessarily the differential equations 
(6). Thus in a sense the differential equations ¢,=0 can be discarded. 
The essential step in the proof of this result was supplied by Professor 
‘Reid [25], who showed that by taking m, of the form cd,, where c 
is a large positive constant, the quadratic form F,','xar; can be made 
positive definite along Æ. It remains to show that these multipliers m 
can be further modified so that the second variation of J is positive 
definite for all non-null admissible variations ay, 7, satisfying the end 
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conditions (13) irrespective as to whether or not they satisfy the dif- 
ferential equations (12). That this can be done is an immediate con- 
sequence of the sufficiency proofs for the problem of Bolza given by 
Reid [25] and Hestenes [24] as we shall see in a moment. 

As one would expect, a similar result holds in the finite case. Con- 
sider the problem of minimizing a function f(x) =f(x1,---+,#,.) ona 
surface ¢,(x) =0 (y=1,--+,m<n). For a proper relative minimum 
at (x)= (a) it is sufficient that there exist a function F=f+J,¢, such 
that at (x) = (a) one has F,,=0, 6,=0 and F,,.,4,4;>0 for every solu- 
tion (4) (0) of the equations ¢,,,4,=0. For a sufficiently large con- 
stant c the function G = F-+c$,¢, will have G,,=0 and Gss, hih; posi- 
tive definite at (x)= (a). The point (x) = (a) will accordingly afford a 
proper minimum to G(x) relative to all points in a neighborhood of 
(x) = (a). Clearly G(x) =f(x) when ¢, =Q. 


6. Mayer fields. We come now to the consideration as to how the 
sufficiency theorems can be established. Consider first the case when 
g=0 and none of the parameters a, is present. Then our problem be- 
comes the problem of Lagrange with fixed end points. The method 
for this case is classical. It consists of constructing a Mayer field. By 
a Mayer field 7 is meant a region 7 in xy-space together with a set of 
siope functions and multipliers p:(x, y), (x, y) on F such that 
d(x, y, p) =0 and the Hilbert integral 


(C) = f Fle, y, p, Dde + (dyi — paana y p, D 
C 


is independent of the path in 7, where F=f+1,¢,. For any arc Cin F 
on which ¢,=0 one has the relation 


(23) 1(C) = I*(C) + f Bla, y, bah Nae 


the last integrand being the Weierstrass E-function (18). For an arc E 
in F on which y; =p, the relation I*(E)=I(E) holds. Thus if an 
arc C (satisfying ¢,=0) in J joins the end points of E, one has 
KO zI*(C) =I*(E)=I(E), provided the #-function is non-negative 
along C. Consequently #'is a minimizing arc when the Weierstrass 
condition (IIx) holds. 

Returning now to the problem at hand let us recall the sufficiency 
proof given by Bliss [4] in 1932. This proof combines results that had 
been established previously by Mayer and Hahn. It consists of three 
steps: Given an arc Eo satisfying the criteria for a minimum it is 
shown first that there is a neighborhood 7; of Es such that every 
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extremal Æ in Jı affords a minimum to J(C) in the class of arcs C 
in Jı joining its end points and having ¢,=0. Next it is proved that 
I(E») is a minimum on the class of extremals in Jı satisfying the end 
conditions (7). Finally it is shown that the end points of an arc C in 
a smaller neighborhood F of Eo can be joined by an extremal £ in 7;. 
Hence if C satisfies equations (6) and (7) one has J(C) 2 I(E) 2 I(E»), 
as desired. A similar method applied to broken extremals was used by 
Morse [3] in 1931. 

The method just described had to be abandoned because the end 
points of an arc C cannot in general be joined by an extremal £ unless 
restrictive normality conditions are satisfied. For example, the 
method is not applicable to the problem of Mayer. In order to 
remedy this situation Bliss and Hestenes [7, 8] devised a method 
that is applicable to the problem of Mayer, but it too was based on 
undesirable normality assumptions. A new method accordingly had 
to be devised. The new method consists essentially of enlarging the 
concept of Mayer fields. Curiously enough it can be considered to be 
a generalization of the method used by Bliss, although to the casual 
observer there may appear to be no connection between the two 
methods. 

Consider now a region 7 in axy-space and a set of slope functions 
and multipliers p,(a, x, y), h(a, x, y) on F. Set 


(24) J(C) = g(a) + [ Fe, x, Y, ¥ dx, 


(25) IHC) = g(a) + | “FM, =, y, yda, 


where F=f+L4, and 
Fe ri F(a, x, Yı $) T (y an pF yi(a, x, Y, p). 
One then has the formula 


(26) IC) = JC) + | Ele, z, y, y)dz 


analogous to (23), in which the last integrand is the Weierstrass 
E-function E= F— F*. For a solution C of the equations y; =p; the 
relation J(C)=J*(C) holds. If ¢,=0 on C then J(C)=J(C), where 
I(C) is the function to be minimized. Clearly we can suppose that 
I(C)mJ(C) as far as the problem of Bolza is concerned. 

The region 7 and the slope functions and multipliers p,(a, x, y), 
l(a, x, y) will be said [24] to define a Mayer field F if the Hilbert 
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integral J*(C) is independent of the path in 7 in the sense that 
J*(C) =J*(C’) for any two arcs C, C’ in F having the same end values 
la, x1, y(x), x2, y(xa)]. A solution ay, y(x) of the equations y{ =p, 
defines an extremal Æ of J(C) and is called an extremal of the field F. 
The sufficiency proof consists of showing that if an admissible arc Eo 
satisfies the criteria for a minimum, it is an extremal of a Mayer field 
having the following two properties: The Weierstrass H-function 
F— F* is non-negative for every solution (a, x, y, y’) of ¢,=0 having 
(a, x, y) in 7. The arc Hy minimizes J*(C) in the class of arcs C satis- 
fying the end conditions (7). Thus if an arc Cin F satisfies equations 
(6) and (7) one has, by virtue of formula (24), the desired relations 
J(C) 2 I*(C) z J*( Eo) = J (Ep). In fact if our problem has been modi- 
fied so that the quadratic form -F,',’x,x; is positive definite along Eo, 
as Professor Reid has done, then the arc Es not only minimizes J(C) 
in the class of arcs Cin 7 satisfying conditions (6) and (7), but affords 
at least a weak relative minimum in the class of all arcs in 7 satisfying 
the end conditions (7). This establishes the remarks made in $5. 

I remarked a moment ago that the method just described can be 
considered to be a generalization of the method used earlier by Bliss 
[4]. Bliss imposed sufficient normality conditions so that the end 
points of every arc Cin F can be joined by an extremal Æ. Under these 
assumptions the field can be chosen [19] so that the relation 
J*(C) =J(E) holds, provided C satisfies the end conditions (7). Thus 
the inequality J*(C) 2 J*(E») becomes the criterion that Ho minimize 
J(£) in the class of extremal arcs satisfying the end conditions of our 
problem. 

In order to carry out the method just described it must be known 
under what conditions the arc Eo affords a minimum to J*(C) sub- 
ject to the end conditions (7). In the theory of Mayer fields we are 
led therefore to the consideration of an auxiliary minimum problem. 
In this new problem the parameters a, will in general appear in the 
integrand of J*(C) even if the original function I(C) does not have 
this property. Thus by introducing the a’s in the original integral I 
one can apply at once the theory of the first and second variation to 
our new problem. Nothing new is obtained from the first variation of 
J*(C). The second variation Ji (æ, 7) of J*(C) along Es is the Hilbert 
integral for a Mayer field for the second variation J;(a, 7) along Eo. 
The slope functions and multipliers rla, x, n), \,(a, x, n) of this field 
are the variations along Æo of the slope functions and multipliers p, 
L, of the original field. In this accessory field the second variation 
J3(a, n) of J(C) along Eo plays the role of J(C) and is connected to 
J#¥(a, n) by the formula 
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ae | 
27) Jla = Fela n) f Pagli — 1) — rds 


corresponding to formula (26). This formula in a somewhat modified 
but equivalent form is known as the Clebsch transformation of the 
second variation. Thus the theory of Mayer fields has a counterpart 
in the theory of the second variation. If a Mayer field exists for the 
second variation, then E can always be imbedded in a Mayer field 
whose slope functions and multipliers have as their variations along 
Es the slope functions and multipliers of the given Mayer field for 
the second variation. The existence of Mayer fields therefore has been 
reduced to the question of existence of Mayer fields for the second 
variation. A nonsingular extremal satisfying the transversality con- 
ditions and on which the second variation is positive is always an 
extremal of a Mayer field 7 having the properties described above. 


7. Expansion proofs. The question naturally arises as to whether or 
not Mayer fields are essential in the sufficiency proofs for the problem 
of Bolza. At present I am familiar with only one sufficiency proof 
for a strong relative minimum that is not based directly on the theory 
of Mayer fields. This proof is an expansion proof given by Reid [18, 
20, 25| and is a modification and extension of one given by Levi for 
free problems. Although the expansion proof does not make direct 
use of the theory of Mayer fields, there is a close relationship between 
the two methods. In order to emphasize this relationship I shall in- 
terpret for you the methods used in the expansion proofs in such a 
way that one can see more clearly wherein it differs from the more 
classical method of constructing Mayer fields. 

Consider now an extremal Eo, 


(28) Gro, Y0(2), bols), aS 2S x, 


satisfying the criteria for a strong relative minimum. We can suppose, 
with Reid, that the integrand f has been modified so that the quad- 
ratic form, F,'y,x a, is positive definite along Eo. Then there is a con- 
stant b>0 such that at each element (a, x, y, y’, Ð in a neighborhood 
N of those on Eo the inequality 


(29) Ela, x, y, y, h Yh & ally’ — yla + lr- ylh 


holds whenever ¢,(a, x, y, Y) =0, where |ly’|| =(y/9/)™. This for- 
mula also holds whenever (a, x, y, Y’, D is in N, if N is sufficiently 
small. Let x,(a, x, 7), Ay(a, x, 7) be the slope functions and multipliers 
for a Mayer field for the second variation of I whose Hilbert integral 
J$(a, 7) is positive for every admissible variation (a, 7) (0, 7) satis- 


68 M. R. HESTENES [February 


fying the end conditions (13). Let F be a neighborhood of Eo in axy- 
space and select slope functions and multipliers ,(a, x, y), },(a, x, y) 
on F such that ~,=y.0, h=} along Ey and a,, A, are the variations 
of p,, h along Eo. As in the theory of Mayer fields construct the func- 
tions J(C), J*(C) by means of formulas (24), (25). The integral J* 
is now no longer independent of the path but its second variation 
along Eo is the Hilbert integral Js*(a, 7) of the Mayer field for the 
second variation. The formulas (26) and (27) hold as before. Consider 
an admissible arc C in 7 satisfying the conditions (6) and (7). By the 
use of Taylor’s formula for J*(C), the properties of J (æ, 7) and the 
inequality (29) one finds after considerable manipulation that the re- 
lation 


(30) IHC) — J*(B) + f zaz > 0 


holds, provided 7 is taken sufficiently small. By the use of equations 
(26) and J*(£,) =J(Eo) this inequality becomes J(C)—J(Eo) 2&0, as 
desired. 

The expansion proof given by Reid was presented in quite a differ- 
ent manner. However, from the above interpretation it is seen that 
it has much in common with the theory of Mayer fields. In particular 
it is seen that the basic property for J*(C) is that its second variation 
along Evs is the Hilbert integral for the second variation of I(C) and 
is positive for all variations (a, 7) (0, 7) satisfying the variational 
end conditions (13). As far as the problem of Bolza is concerned it 
appears that the theory of Mayer fields is the simpler. However the 
expansion method has the advantage that it appears to be applicable 
to problems for which Mayer fields fail to exist. 


8. Further results. The inequality (29) has many applications. For 
example, it can be used to prove the following analogue of Osgood’s 
theorem: Let Eo be a nonsingular extremal satisfying the criteria for 
a strong relative minimum described above. There exists a neighbor- 
hood 7 of Eo in axy-space such that corresponding to every neigh- 
borhood F7 of Eo interior to 7, there is a constant e>0 such that the . 
inequality [(C) = I(E) +e holds for every arc C in 7, not in 7’, which 
satisfies equations (6) and (7). This result was established by Reid 
[25] by expansion methods. It can also be proved by the use of Mayer 
fields with the help of the relations (26) and (29). 

There is a second important result that is a consequence of the in- 
equality (29). It is a generalization by Reid [25] of a theorem of 
Lindeberg which states that if Eo is a nonsingular extremal (28) satis- 
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fying the condition (IIy) of Weierstrass, and p is a positive constant, 
there is a neighborhood F of Es such that J(C)}— J (Es) > p/2 holds for 
every admissible arc C in ¥ for which one has 


J El, = y, 96, de > p, 
C 


where yg (x) are the slope functions of Ho. By the use of this result 
and one other, that I shall not describe here, Reid was able to obtain 
an elegant proof of the sufficiency theorems for the isoperimetric prob- 
lem of Bolza. The sufficiency conditions for this problem are analo- 
gous to those for the problem of Bolza. Only two changes need to be 
made. First, the new function F appearing in the various conditions is 
now of the form F=f+),(x)h++rnif,, where Amts (p=1,-°-,) are 
constants. Similarly g is to be replaced by g+Anipg,. The second dif- 
ference is that the variations œa, 7, must satisfy besides the conditions 
(12) and (13), the additional conditions 


pon 


Jala, n) = Epad F [fitnar] 


pm] 


(31) f3 
+ S Unat fin + Jost Jd = 0 
=i , 
where the functions J,:(a@, 7) are the variations along Eo of the func- 
tions J, appearing in the side conditions (9). A second sufficiency 
proof for the isoperimetric problem of Bolza has been given by Hes- 
tenes [24]. 


9. Indices of extremals. Returning now to the problem of Bolza let 
us consider a normal nonsingular extremal Es satisfying the end con- 
ditions (7), the transversality condition (16) and the condition (III) 
of Clebsch. If the second variation of J is positive along Eo, then Eo 
affords at least a proper weak relative minimum to J(C). The question 
naturally arises as to whether or not Eo has certain minimizing prop- 
erties even if the second variation is not positive along Hy. The answer 
is in the affirmative. The extremal Es is a minimizing arc for a normal 
isoperimetric problem of Bolza obtained by adjoining conditions of 
the form (9). The least number k of side conditions of this type which 
will determine an isoperimetric problem of Bolza for which (Eo) isa 
minimum will be called the index of the extremal Eo (cf. [15]). The 
condition that the problem remain normal is an essential one since 
otherwise one could adjoin the trivial condition J(C) =I (Eo) and the 
concept of index would not be a useful one. Clearly the index of Eo is 
zero if and only if Ee is a minimizing arc for the original problem of 
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Bolza. Except in certain degenerate cases the adjoined side conditions 
can be taken to be of the special form 


3 
Iila, Nes C) = Fahy + Farre], 


32 
i ) +f i {Faoat Font Fyn} dz = 0 


where aay, 1, (9 =1,-~-:, &) form a set of k variations satisfying the 
equations (12) and (13) and the elements (a, x, y, y’) are those be- 
longing to C. The expression Ii(a, n; Eo) is the first variation of I 
along Zo and is zero for all variations satisfying the conditions (12), 
(13). 

In order to determine the index k of Ey it is sufficient to select the 
fewest number of conditions (9) or (32) preserving normality which 
are such that the second variation Js(a, 7) is positive along Zp for all 
non-null variations ay, 7, satisfying the conditions (12), (13) and (31). 
For then the criteria for a weak relative minimum will be satisfied. 
It will be seen in the following sections that the second variation in 
general can be made positive if the variations ay, 7, are required to 
satisfy, besides the conditions eae and (13), a set of k additional con- 
ditions of the form 


rq 
(33) Dy hp; +f | waans ay Wa Tee + Wyte | Ox = 0, P= f; es rt k, 
t 


where aa,, Ni, are k solutions of equations (12) and (13). The fewest 
number of conditions (33) that are effective in this manner is called 
the index of Iy(a, 7) and in general is equal to the index of Es. This 
follows because the equations (33) are the variations along Eo of the 
equations (32). 

10. Indices of the second variation. In order to discuss the index of 
the second variation it is convenient to change our notation somewhat 
and return to the formulation used by Bliss. We consider the class D 
of all continuous arcs 


7: n(x), my SrSmjt=ail,---,n, 


having piecewise continuous derivatives that satisfy differential equa- 
tions of the form 


(34) Dln, 7) = Mam + Nant = 0, yol,---,m<n, 


whose coefficients are continuous functions of x on xxs. On this class 
there is defined a quadratic function 
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(35) Ome On J “i 


where 2g is a quadratic form in the end values 7,(x1), 1n,(x2) of 7 and 
2w = Py x)niny + 20,,(2)nng + Riflen n. 


It is assumed that the functions P;;=P,, Qu, Ri, = Rn are continuous 
on xx: and that the determinant 


is Na 
Ny; 0 


is different from zero. The bilinear form J(£, 7) associated with J(7) 
is given by the formula 


(36) 





(37) J (Es n) = Gaybs(41) + gatlt) + S CA? + Wyts ldx 


and isidentical with the first variation of J (n). We have J (E, 7) =J(n, £) 
and J(n, 7)=J(n). Finally let E be the class of all variations 7 in D 
satisfying end conditions of the form 


(38) Wal) = Gah x1) + buz) = 0, p= 1l,---, p S2n. 


We are interested in the properties of J(n) on E. Other classes E are 
also of interest. The problem of the second variation Js(a, n) of I de- 
scribed in the preceding sections is readily reduced to one of this 


Many of the results that follow are equally applicable to a quad- 
ratic function on an arbitrary linear space. However as we shall be 
interested in the interpretations of these results in the problem of 
Bolza, I shall restrict myself to the problem here described. The re- 
sults here given are a combination of the results obtained by Birkhoff ` 
and Hestenes [15] and Hazard [29]. 

Two arcs € and 7 will be said to be J-orthogonal if the relation 
‘ J(, 7) =0 holds. An arc £ will be said to be J-orthogonal to a subclass 
€* of D if it is J-orthogonal to every arc in E*. J-orthogonal classes 
are defined similarly. By the J-complement of a subclass E* of Ein € 
will be meant the totality of arcs in 7 in E that are J-orthogonal to E*. 
Similarly by the J/-complement of an arc $ in E will be meant the set 
of all arcs in € that are J-orthogonal to £. The condition that be an 
extremal is that it be J-orthogonal to the class of all arcs 7 in D 
vanishing at x: and xs. This is equivalent to the definition of extremals 
given previously if one identifies extremals which differ only in their 
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multipliers. An extremal is seen to satisfy the transversality condition 
used in the previous sections if and only if it is J-orthogonal to E. 

In the last section the index of the second variation was defined in 
terms of an isoperimetric problem of Bolza. There is a second defini- 
tion of index that is a more convenient one and which is more easily 
understood. The index of J(7) on E will be called the J-index of €E. 
By the J-index of a linear subclass E* of D will be meant the dimen- 
sion of a maximal linear subclass of €* on which J(n) is negative 
definite. 

This number is easily seen to be well defined. In view of the non- ' 
vanishing of the determinant (36) the J-index of € will be finite 
if and only if the Clebsch condition (III) holds. We shall be inter- 
ested only in the case in which J-indices are finite. We shall accord- 
ingly assume that the Clebsch condition holds. 

In order to see that the index here defined is identical with the one 
given earlier, let &,---, & be a minimal basis for a maximal linear 
manifold €- in E on which J(n) is negative definite. Then an arc 7 
- in Eis J-orthogonal to E> if and only if the conditions J (Ea, 7) =0 
(a=1,--:, k) hold. It follows from our choice of E- that J(7) 20 
for every arc in E satisfying these isoperimetric conditions. Moreover 
no fewer conditions have this property. The two concepts of index are 
therefore identical. There is a further defining property of the J-index 
of a class &*. The J-index of E* is equal to the dimension of a maxi- 
mal linear subclass of €* on which J(7)S0 and which contains no 
arc 70 that is J-orthogonal to €*. This is a very useful criterion 
for the determination of indices. 

One of the basic problems is the determination of the relations be- 
tween the J-index of € and that of a linear subclass €* of €. This 
problem can be completely solved if E* is related to © in a special 
way. For want of better terminology, these subclasses will be called 
special subclasses of €. Let E* be a linear subclass of E€ and denote 
by Eë the set of all arcs in E* that are J-orthogonal to €*. The class 
E* will be called a special subclass of €E if every arc 7 in €E that is 
J-orthogonal to Es is a sum +72 of an arc 7 in E* and an arc m 
that is J-orthogonal to E*. For example the subclass E° of all arcs in € 
vanishing at xı and xy is a spectal subclass of ©. Here the condition 
that E° be a special subclass of E is equivalent to the condition that 
the end points of every arc 7 in € that is J-orthogonal to the extremals 
that vanish at x; and x, can be joined by an extremal. Every linear 
subclass of € containing E° is a special subclass of ©. In fact any 
linear subclass of E of finite dimension or which is the J-complement 
of such a class is a special linear subclass of €. 


1949] : ‘THE PROBLEM OF BOLZA 73 


The principal result upon which the determination of indices and 
upon which many comparison theorems are based is the following one: 
Let &* be a special linear subclass of E€ and as before denote by Eë the 
class of all arcs in €* that are J-orthogonal to €*. Let m be the dimen- 
sion of a maximal linear subclass of Eë whose non-null arcs are not 
J-orthogonal to €. If the J-indices of €* and its J-complement in € 
be denoted by the symbols k* and k’, respectively, then the J-index k 
of E is given by the formula k=k*+k’+m. 

As a first example of the application of this result let us consider 
the problem of determining the J-index of the class €? of all arcs 7 
in D vanishing at x, and xs. For convenience of description it will be 
assumed that 750 is the only extremal that vanishes identically on 
any subinterval of xxs. This is a normality condition and need not 
be assumed if one modifies the definition of conjugate points given 
below. A point xs on xı <x <x, will be said to be conjugate to x, if 
there is an extremal +40 that vanishes at xı and x3. The number 4 
of linearly independent extremals in a maximal set that vanish at x 
and x, will be called the order of xs as a conjugate point of xı. Let 
tr, & be a maximal set of linearly independent arcs in €° that 
are identically zero on a subinterval xx, of xix, and are identical with 
an extremal on x13. The number of these arcs is equal to the sum of 
the orders of the conjugate points of xı between x, and xs. These arcs 
form the basis of a special subclass E* of €° whose-index is zero. No 
arc x0 in €* is J-orthogonal to ©°. Moreover the index of its J-com- 
plement in €° is also zero. The J-index of €? is accordingly equal to 
the dimension m of €* and hence is equal to the sum of the orders 
of the conjugate points of x; between x; and x3. 

Returning now to the original class E we observe that its J-index 
ig the sum of three quantities. The first of these quantities is the index 
of the class E° just described, that is, the sum of the orders of the 
conjugate points of x, between x: and xs. The second quantity is 
the J-index of the class of extremals in €, that is, the J-index of the 
J-complement of €’ in €E. The third quantity is the dimension of a 
maximal linear class of extremals vanishing at x, and x, which con- 
tains no extremal 0 that satisfies the transversality conditions 
for E. 

As a third example consider the class E* of all arcs in E form- 
ing the J-complement of the class of all arcs vanishing at a set of 
points fp=a41<hj< ++: Ltr <t =x. These points can be chosen so 


close together that the index of the J-complement of E* is zero and. 


such that every arc in €* that ia J-orthogonal to E* is also J-orthogo- 
nal to €. The J-index of € is therefore identical with that of €*. 


\ 
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Moreover the class: €* is composed of the totality of broken extremals 
in E with corners at the points h,---, #. This result identifies our 
index with the one introduced by Morse. 

Examples of this type can be multiplied in many ways so as to ob- 
tain comparison and oscillation theorems which relate the J-indices 
of various subclasses of E. Other oscillation and comparison theorems 
are also easily obtained. For example, if a second quadratic function 

J*(n) satisfies the condition J*({n) 2 J(n) on €, the J*-index of E can- 
not exceed its J-index. 

Boundary value problems arise in the calculus of variations when 
one wishes to obtain relationships between J(n) and a second quad- 
ratic functional J*(n). The function J*(n) is usually taken to be of 
the form 


I*a) = 2gh(n) + f ” Eulajin de. 


We shall assume that J*(n) is positive on D although this assumption 
is not essential. An arc £0 in © will be called a characteristic arc if its 
J*-complement in E is identical with its J-complement in ©. If Eis a 
characteristic arc, there is a value ø such that J(£, n) =oJ*(E, n) on €E. 
In fact e= J(£)/J*(E), and £ is an extremal for J —eJ*. The number 
of linearly independent characteristic arcs in a maximal set deter- 
mining the same characteristic value o will be called the order of ø. 
It can be shown that the J-index of E is equal to the sum of the orders 
of the negative characteristic values. Thus it is seen that the theory of 
indices here presented is closely related to boundary value problems. 
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THE ANALYSIS OF LINEAR TRANSFORMATIONS 
F. J. MURRAY 


1. Introduction. If T is a closed additive transformation with do- 
main dense (abbreviated c.a.d.d.) between Hilbert spaces, there 
exist two resolutions of the identity, E (À) and FQ) such that 
FxAQ)TCTE,(). These resolutions are defined for OS)< œ, and if 
O<a<fB T is an isomorphism, when contracted to the range? of 
E ()— Ela). This is important in applications, since only under an 
isomorphism is the convergence of a sequence of elements equivalent 
to the convergence of the images. This property compensates for the 
lack of compactness of Hilbert space. 

These resolutions also permit us to express T as a denumerable 
sum of such isomorphisms.* Each isomorphism in turn can be ex- 
pressed in terms of the values of T on an orthonormal set complete 
in a certain subspace. Thus T is analysed into components which de- 
termine it by addition and closure. Another interesting property of 
these resolutions associated with T is the fact that if f is such that 
for every gE MUA) (the range of F,(A)), lf+g| z Ifl and if Tf exists 
then | Tf+Tg| 2| Tf]. 

When one considers a c.a.d.d. T in a general reflexive Banach 
space,? many properties lose their significance, but those mentioned 
above do not. Since they indicate a complete analysis of such trans- 
formations one is led to consider the possibility of generalizing the 
notion of a resolution of the identity and the association of two of 
these with a c.a.d.d. 7. 

At least five such generalizations are possible. However, the com- 
plete analysis given above cannot be carried through in genera! linear 
spaces at present because of various unsolved problems of these 
spaces. In the present talk, we show the dependence of this analysis 
upon these problems and classify the problems from this point of 
view. It is hoped that this will result in a more systematic develop- 
ment of the theory of linear spaces. 


2. Projections. The difficulties appear in attempting to generalize 
the notion of a projection. Let us consider the usual notion of a pro- 


An address delivered before the Washington meeting of the Society on May 2, 
1941, by invitation of the Program Committee; recerved by the editors July 18, 1941. 
1 Cf, [11, chap. 9], or [8, $5, pp. 312-318, in particular Theorem VI, p. 315]. 

3 Cf. [8, loc. cit. ]. 
3 We shall follow the notation of [1]. A reflexive space is one such that B= %9. 
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jection in Hilbert space and endeavor to express its properties in 
terms which generalize to Banach spaces. This can be most readily 
done in terms of the range M of E and the set Jt, of f’s such that 
Ef=0. The following properties are present: 1. For every f in Q, there 
isa gin M, (g= Ef) and an k in N, such that f=g+h. 2. M-N= {0}. 
3. M and Yt are closed additive sets.‘ 4. A in Jt and g in Mt, imply 
[Ate] 2|]. 

In Hilbert space, given M, these properties determine a unique 
self-adjoint E, with domain © and bound 1. In suitably restricted 
spaces given a closed additive set, Mt, 1 and 4 will determine M.’ 
Property 2 will hold but not 3 since Yt in general will not be additive.’ 
One may then abandon 4. If we are given 2, let us call an Mt satisfy- 
ing 1, 2, 3, a complement to 2. If M has a complement, Yt, the corre- 
sponding £ is a bounded linear transformation?! with £?=F. Such a 
transformation we will call a bounded projection on Qt. Since 4 is 
lost, E is not unique for Pt, but this is not the worst difficulty. It can 
be shown that there exist manifolds Yt, which do not possess bounded 
projections.’ 

One may, however, be willing to substitute for the boundedness 
of E just closure. If we substitute for 1, the Property 1’: for a ‘dense 
set of f's, f=g+th, EM, ACN (Ef=g), we will call an R satisfying 
1’, 2, 3, a quasi-complement to M. The corresponding E is closed and 
if we have ac.a.d.d. E with E’ = E, and range M, then M has a quasi- 
complement.!* The following problem arises: 


PROBLEM I. In a linear space, does every It possess a quass-comple- 
ment pit 


If M does not have a complement it must be “infinite,” that is, 


4 Properties 2 and 3 insure the uniqueness and additivity of the resolution given 
in 1, 

s The Condition 4 implies that M and # are orthogonal, since | 4-+i¢|*z | &|* for 
any complex / implies (A, g)™0. Thus E is the orthogonal projection on 9. Cf. [13, 
Theorem 1.23, p. 22 and Definition 2.16, p. 70] or [11, chap. 2, §5, Theorem VI and 
chap. 6, $1, Definition 1]. 

* Cf. Appendix I, remark preceding Lemma 4 

™In Appendix I, is the set of Ao’s such that F(ko) = | F| - |he| for an FED. 
We may make this correspondence more precise by letting | F| = | As|. Even when this 
correspondence is one-to-one as say in Lp or l, (p42) it is not linear and ¥t the image 
of a linear set will not be linear in general. 

t Cf. D proof of Lemma 1.11]. 

* Cf. [10 

1¢ The proof of these statements is similar to that of [10, Lemma 1.11]. 

1 These problems are of greatest interest when © is reflexive. 
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_infinite-dimensional and having no finite complement. We also ask: 


PROBLEM II. Do there exist Banach spaces such that every infinie 
manifold has no complement (quast-complement)? 


Since the Banach space % and any closed additive subset Mt in it 
are abelian groups, we may consider H/M the quotient group of B 
by M. This is the set of classes of elements of B, mod M, that is, two 
elements fı and fa in 8 belong to the same class c, if fi —-fh EM. B/M 
is a normed linear space if addition and scalar multiplication of 
classes result from the corresponding operations! of B mod M and 
| o| =g.1.b. (|f| , fEc). If B is reflexive, B/M is complete.” We say 
that B® has been resolved abstractedly into M and B/M. 

In Hilbert space, each class c of G/M contains a unique k of PË, 
with |4| =|c| and this correspondence 4~v is linear. In a reflexive ®, 
the existence for every M of a complement with these properties 
would imply that 8 isa Hilbert space.“ However, if additivity is 
dropped, we have for reflexive convex spaces an orthogonal Jt as we 
have mentioned above. 


3. Bounded transformations. Let us now consider the association of 
projections with bounded transformations. If T is bounded and M 
and Jt are complements then T takes M into an additive set TM 
and Jt into TY. If f=g+h, gem, AGN, Tf—Tg+Thk. Thus every 
element Tf of Rr, the range of T, can be expressed as a sum of ele- 
ments of TPM and TR, f’=g'+h’. If T- exists, we see that this resolu- 
tion is unique, for g’=TET-}f’. 

Thus £ has the corresponding operation TET! in the range space. 
But even in Hilbert space, this transformation may be unbounded 
and may even have no closed extension. Thus a bounded T may not 
preserve the relation of complementation or quasi-complementa- 
‘tion, even when 7~! exists. 


2 The statement about the norm is the moet interesting but is not particularly 
difficult. The closure of W insures that if |o] 0, o contains 0 and is precisely 1, the 
0-class for addition, modulo M. Obviously |ao| = |a| - |o] and the triangle inequality 
is obtained by a simple «proof. 

4 Ci. Appendix I, Lemma 6. 

M Since hu (1—E)f and |4| s|f|, we see that 1—E has bound 1. But (1—)* 
wt 1—A*, which would also have bound 1. We have supposed that ®© is reflexive and 
thus to every DY CH, wecan find a MCB, such that M+ —M’, Hence every M’ CB 
has a projection of bound 1 on it. This implies that 3% is a Hilbert space and that 
B -B (cf. [4] or [13]. 

u Cf. Appendm II. 
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; 
However, for the special resolutions £,(A) and EA) associated with 
T asin §1, in Hilbert space, we do have that complementation is pre- 
served.!® Also in Hilbert space, if M is such that T is an isomorphism 
on M, then a bounded T preserves complementation for at least one 
complement.’ Thus we are interested in the It, for which T preserves 
complementation. 

To obtain a precise statement of our problem; let us find the exact 
conditions under which the equation TE:= FT determines a trans- 
formation F. Now let g be given such that there is an f for which 
Tf=g. Then TE,f= Fg defines a transformation F, if Tfi;= Tf, im- 
plies TE f= TAs f or if TGi—fs) =? implies TA, Gi—f,)=0. Thus we 
will have an F determined by T and E if E projects the set of zeros 
of T, Nr, onto part of itself. If Ry, D Mer or Nz, Nr then this con- 
dition is certainly fulfilled. 

Now a bounded projection, £1, will be said to be associated with a 
bounded T (abbreviated F, b.A.b. T) if Rs, DNr or Ny DM and if 
the corresponding F has a bounded extension (which will be a bounded 
` projection Ey). We suppose that Sir is dense in By. - 


PROBLEM II];. Given a bounded T, find the set of bounded projections 
associaied wtih ti. 

One can associate a closed projection with a bounded T in an analo- 
gous manner (E c.A.b. T) and one has a corresponding Problem ITI3. 


4. Closed transformations. Let us consider the similar problems for 
_c.a.d.d. transformations. A closed transformation is characterized by 
the fact that the “graph,” the set of pairs {f, Tf} in B10%s, f in Dr; 
is closed.}8 

Given a projection Æ the resolution in 81, f=g-A, yields a resolu- 
tion of the graph of a bounded T, {f, Tf} = {g, Tg} + 4, Th}. The 
graph of a bounded transformation with domain %, is isomorphic 
to Bı, and thus this latter resolution will be determined by a projeœ 
tion E, which is defined by the equation Fis{f, Tf} ={Hif, TEJ}. 

The situation is different in the case of a c.a.d.d. T. Since Dr is 
no longer 81, it may not include Ra, whether Æ is bounded or closed. 
` Thus if E is a one-dimensional projection on an element not in Dr, 
the resolution cannot be imported into the graph. 

This difficulty appears even in Hilbert space. When one is forced 
to deal with it in defining reducibility, one appends the condition: 


16 Cf, [8, §5, pp. 312-318]. 

1! Cf, Appendix ITI. 

18 The graph is discussed in [16, pp. 299-301], [8, pp. 302-307], [9, pp. 88-91], 
and [11, chap. 4]. 
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“fCD-r implies EfEDr.” When this condition is applied to either a 
bounded or closed!*® E, in B, one sees that Eis must be defined 
throughout the graph and hence is bounded.”° 

On the other hand, if one starts with a bounded projection Ei, in 
the graph, Fis {f, Tf} = fg, Tg}, then the equation £,f=g may not 
determine a transformation with a closed extension.™ Even if both 
E, and Fi, are bounded, however, the F defined by the equation 
TE= FT may not have a closed extension." 


DEFINITION. A bounded projectton, E,, wth be said to be assoctated 
withac.a.d.d.T, (i, b.A.c.T) tf Re Mer or Ne Mr and Ests bounded. 
A closed projection wsh be said to be associated with a c.a.d.d. T 
(Eı ¢.A.c. T) tf ReDMer or Ne Dr, Eina is bounded and Fa has a 
closed extenston. 


We then have Problems III; and I], analogous to IH and IIs, 
with T closed rather than bounded. 


5. Abstract resolutions. We have discussed the preservation by T 
of complementation and quasi-complementation. Let us now con- 
sider abstract resolutions. 

If T is c.a.d.d. and I is a manifold such that Dr is dense in M, 
and Qt’ is the closure of the set of Tf's with f in M, then we can 
consider a transformation T from 8,/M to B/M’, defined as follows. 
Let cE G/M and fEc. Then TfEc’EB:/M'. Now if fı is also in c, 
TfiGec’, and thus o’ depends only on c and we define Tpge=c’. 

Now Tg is readily seen to be additive and its domain is dense in 
G/M. In general, however, it is not closed,™ although for T bounded, 


19 For E, closed the existence of Ef for fin Dr is implied. 
| M When E, is defined by the equation Fi aff, Tf} = { Eyf, TEf} and E; satisfies 
the given condition, then E, is bounded. For let 91,2 be the set of pairs {f, Tf} for 
which f is in M, the range of E, and let Shi, be the set of {g, Tg} with g GM. We 
that E; s is bounded by showing that Wi, and Sh: are complementary (cf. 
Footnote 8). The Conditions 2 and 3 on Mi, Sı, follow from the corresponding con- 
ditions on Mı, Rı and 1 follows from the given condition on Ei. 

1 This is true even in Hilbert space. Let % be realized as the space %&4 on the inter- 
val (0, 2). The set of pairs, {exp(inx), —# exp(inx)}, n=0, +1, +2,--- and 
{exp(x)—exp(2n—x), i(exp(x)-+exp(2x—x))}, are orthogonal. Let © denote the 
manifold determined by these pairs in SQ G. It is readily seen that T is the graph of 
a transformation T, that is, of {6, g} is in Z, then gm8. Now if Ei, is the projec- 
tion of Œ onto the manifold determined by the pair {exp(x)—exp(2r—x), é(exp(x) 
+exp(2x—2x))} then the corresponding E, has no closed extension. This is an im- 
mediate consequence of the fact that E, is zero on the dense set determined by the 
exp(sax) for n™=0, +1, +2,-:° 

= Cf. Appendix IV. š 
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Tm is bounded. On the other hand,” Tg and T on M% do not deter- ° 
mine T. ; 

But suppose T and Qt are such that if f is in Dr and in cCBi/M, 
then c contains a minimal element k, which is also in Dr and Th is 
minimal in Tec. We say then that T preserves minimality relative 
to M. For reflexive convex spaces, Te itself. is then closed.™ 

We will say that the abstract resolution of a manifold I is associ- 
ated with a closed T if T preserves minimality relative to Mt. 

In Hilbert space, the resolutions associated with T are precisely 
those which break T, that is, those which reduce™* (7*7)“2. Thus 
this criterion determines the manifolds more precisely than the pre- 
vious ones. 


PROBLEM IV: (IV3). Given a bounded T (c.a.d.d. T), find the abstract 
resolutions associated with tt. 


In Hilbert space the answer to these problems is known. In general 
linear spaces the answer is not so interesting but we will consider 
other generalizations of the manifolds which reduce (7*T)*/*. 

Notice that if the abstract resolution with respect to Dt is associ- 
ated with T, the latter can be regarded as resolved into linear com- 
ponents of T on M and Ty. This notion is particularly interesting 
for M=Nr, whose abstract resolution is associated with T. 


6. Bases. We now consider the general problem of reducing T to 
linear components, rather than to the special case in which there are 
only two components. One such resolution is given by any basis for 
the graph and thus we may consider the basis problem. 

Banach defines a basis [1, p. 110] as a sequence of elements {f,} 
such that to each fE%, there exists a unique sequence of numbers n, 
such that f=) knf: This definition implies that 7,= F,(f) is an ad- ' 
ditive linear functional of f [1, p. 111]. 

q 

PROBLEM V. Does every separable Banach space have a basis? 


The graph of a bounded transformation is isomorphic to the do- 
main space and thus a basis in 8, determines a basis in X, and hence 
a resolution into irreducible- linear components. For a closed trans- 
formation one must consider the graph directly. 

3 A two-dimensional example will make this clear. Let Ta be defined by the equa- 
tion Ta{x, y} = {x+ay, y}. If M is the set of vectors {x, 0}, one sees that Ta on M 
and Te do not determine Ta. ; 

~ Cf. Appendix V. 

u Cf. [8, $5, pp. 312-318]. 
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For a bounded T, given a subsequence of a basis {f,.} such that 
> nafs converges for every f one would consider the corresponding 
projection Ef=)> nif. However, it is not known whether every in- 
finite subsequence of a basis series is convergent. When every such 
` subsequence is convergent, we will call the basis an absolute basis. 
The existence question for these is also important and we shall call 
it Va. We also have this problem: 


PROBLEM Vli. Is every basis an absolute basis? 


7. Resolutions of the identity. A basis can be regarded as a special 
case of a resolution of the identity. One way of defining the latter 
notion is given by Lorch [5, Definition 4, p. 226]. This is the most 
restrictive way. A family of projections E(A) is said to constitute a 
resolution of the identity: 1. if 0 and 1 are in the family; 2. if AZ p, 
EME =E(u) = HW) EQ); 3. if there exists a constant K, such that 
for any real numbers a; b, @=1,--:,n) witha:Sdis -> Sa, Sb, 
S -oe Sa,, ba and for any complex numbers u; with FA <1, the 
bound of the operator Y 2-ihe(E(ba)—E(āa)) does not exceed K. 

One may point out that if one replaces the condition | pal si by 
|l = 1, the new Condition 3’ is equivalent™ to 3. This type of resolu- 
tion will be referred to as an absolutely bounded resolution of the 
identity. Other definitions of a resolution of the identity may be ob- 
tained by replacing the Condition 3 or 3’ by any one of the follow- 
ing: 3’’, There exists a K such that for every A, the bound of E(\) is 
leas than or equal to K. 3’”. The F(A) exist and are bounded except 
possibly on a denumerable, nowhere dense set of points. 31. Each 
EQ) is closed. The corresponding resolutions will be termed, respec- 
tively, bounded, essentially bounded, and closed. To make our exist- 
ence problem definite we also introduce the definition. 

If fEB, and ai, b, ---, ay, ba are as in Condition 3 above, let HW, 
denote the set of g's for which there are ħa’s such that g =) 2. ;Aa(E(b.) 
— E(a.))f. If there is an f, such that Ay is dense, then we say that the 
resolution of the identity has a simple spectrum. 


ProsieM VII, Does every separable Banach space contain an abso- 
luiely bounded resolutton of the identity with a simple spectrum? 


For bounded, essentially bounded or closed resolutions, we have 
the corresponding Problems VII} VH, VIL. 


30 A proof of the equivalence of 3 and 3’ can be outlined as follows: If |u| 31 
(u real), then |f-+ug| Smax(|f+g|, |f—g|). This can be used to show that for a 
given set of u's and an f, we can find a set of e's with | a| =1, such that |Z u, (E(b.) 
— E(a,))f| a |$ aE) —E(a,))f|. This can be used to show that the least K of 3’ 
is greater than or equal to the least K of 3. 
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Now corresponding to a basis, we can find a bounded resolution of 
the identity.*”7 A basis is absolute if and only if the corresponding 
resolution is absolutely bounded.?* Thus we may generalize Problem 
VI: to the following problem: 


PROBLEM VI;. Is every bounded resolution of the identity absolutely 
bounded? 


8. Resolutions and transformations. We need to consider only reso- 
lutions such that £,(A)=0, if X\<0. A resolution EQ) will be said to 
be associated with a transformation T: 1. if E(0) is the manifold of 
zeros of T. 2. If the resolution E() is absolutely bounded, bounded or 
essentially bounded and H(A) is bounded, then T and F(A) are as- 
sociated as in Problems III: or IIJ;. If the resolution is considered 
simply as closed, then T and H(A) are associated as in Problems ITI; 
or III. 3. If the resolution £(A) is absolutely bounded, bounded or 
closed and 0<a@<f then T is an isomorphism on the range of 
E(8)—E(q@). If F(A) is essentially bounded and 0<a<§ and there is 
no singular point between æ and $, then T is an isomorphism on the 
range of E(8)— E(a). 

A special case is that in which T takes the range of E(8)—E(a) 
into itself. (Here certain of the above restrictions may be ignored.) 
Lorch has shown that if T is associated in this way with an absolutely 
bounded resolution, then one has an operational calculus for T [5] 
and the converse of this is quite simple. 

On the other hand one can show that there exist bounded trans- 
formations which are not associated with any absolutely bounded or 


7 Given a basis, Tı, %1,---, with the corresponding functionals, fi, fa -+:,a 
resolution of the identity can be obtained as follows: Let {à;} be a sequence of poai- 
tive numbers such that 0< <M < +++ <1, and M, „=à, 1. Let m(A) =0, for A <Ar, 
w(d) moe if Xn SA <Any and ford 21, #(A) m o, Then fors) =a let H(\)y—) paf (yes 
Since the partial sums of a convergent biorthogonal series are uniformly bounded, the 
E(\)’s are readily proved to constitute a resolution of the identity. 

28 In the construction of the preceding footnote given any finite subset 21, +++, tw 
of the x, xs, ++- and corresponding functionals, f/,---, fa, we can find a set ai, dy 
such that > (E(b;) —E(a:))y—=>_ oy fi (y)x¢. Thus if the corresponding resolution is 
absolutely bounded, the partial sums of the subsequences are also uniformly bounded 
and the basis is absolute. The proof of the converse is longer but not essentially more 
difficult. In >> us(H#(b,) —E(@;)) we consider the real and imaginary parts of the sum. 
In either part, we can replace the corresponding pert of m by either +1 or —1 and 
at most increase the bound. Thus it can be shown that the bound of the given sum 
does not exceed the sum of the bounds of four sums in the form $} _E(b,) ~ E(a,). The 
uniform bound of the latter is of course determined by the uniform bounds of the arbi- 
trary partial sums if the given basis is absolute (cf. [6, pp. 564-566]). 
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‘even bounded resolution of the identity.?" However we may still ask 
this question: 


PROBLEM VIIL, Does every bounded transformaiton possess an es- 
sentially bounded resolutson r?’ 


A similar Problem VIII; arises when we simply ask for a closed 
resolution. A closed transformation determines a bounded transfor- 
mation from the graph to the domain space A {f, Tf} =f. It is readily 
seen that if A possesses a resolution, T will also. Thus we need not 
consider closed transformations. 


9. Abstract resolutions and transformations. One may also attempt 
to define the notion of association, relative to the abstract resolu- 
tions on a family P(A) of manifolds. Here again we need only concern 
ourselves with bounded T's and a tentative definition is: 1. M(0) 
is Nr. 2. MA)CMu) for \<p. 3’. MA) is associated with T as in 
Problem IV. 

What is desired here is a generalization of the notion of the resolu- 
tion of the absolute value of the transformation and a consideration 
of examples with finite-dimensional domain spaces shows that here 
this definition does not yield the desired result. Nevertheless in these 
cases the usual “choosing the maximum” construction does yield a 
family MA) for O0<A<C, C being the bound of T with the Proper- 
ties 1, 2 and 3. T has bound A on MAA), and 4. The family MA) is 
maximal, that is, if f Dt(A), there exists a A’2A, for which fEM(r’) 
implies that 2 or 3 is false. 

For our general discussion, we introduce the following definitions: 
M will be said to be an over-A-manifold if {EM implies | Tf| ZA f|. 
NC¥ will be said to be a coverover-A-manifold if | Tf] 2A|f| implies 
that there is an Fin Jt with F(f) 0. Similarly we define an under-A- 
manifold and coverunder-A-manifold. 

In Hilbert space there are manifolds which are both over-A-mani- 
folds and coverover-A-manifolds. Since in more general spaces, these 
are in different spaces, one can’t expect this result to generalize read- 
ily. However it may happen that MA), for A <0, may have a com- 
plement or quasi-complement which is an over-\’-manifold for X> 0. 
We say then that the resolution J?(A) is conjugated and thus we have 
this problem: 

26 Cf. Appendix VI. 

* If an e.b. resolution is associated with T, it is not in general unique. However 
if the answer to Problem VII, is yes and one e.b. resolution exists for T, then there is 


also one with simple spectrum. In generel, each Problem VIII can be referred to the 
projection situation for Styr and the answers to Problems V or VII. 
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PROBLEM IX. Do there exist transformations T which do not possess 
a confugaied mansfold family? 


One can establish without great difficulty, the existence of a family 
of manifolds MA) with the Properties?! 1, 2, 3, 4. The definitions 
yield that if M is a maximal under-A-manifold, DY is a minimal cover- 
over-A-manifold. 


10. Comment. The above discussion shows clearly the approach to 
the analysis of a specific transformation T. For instance, let us con- 
sider the problem of determining the projections Æ, which are associ- 
ated with a given T as in Problem IIl. Suppose 7—! exists. This 
association is equivalent to the statement “TET! is bounded.” Sup- 
pose the bound is &. Let M be an under-A-manifold for T and an over- 
g-manifold for E. Then EM must be an under-kA/o-manifold for T. 
For, a bounded E a similar condition is sufficient. Thus the problem 
can be referred to the A-manifold. 


PROBLEM X. Given T, find the various \-mansfolds. 


While this discussion does not present an exhaustive list of the 
problems one meets in this field, the others are apparent from the 
given considerations. 


APPENDIX I 


We establish certain results which are essential in the theory of ab- 
stract resolutions. We consider a vector space 8 and M a closed linear 
set in B. Let B/M be as in §2 and Bz denote the conjugate space to 
B/M. 


LEMMA 1. PY and Ba are isomorphic. 


Let us correspond to a functional G in Sp, a functional F on B de- 
fined by means of the equation F(f)=G(0) if fGo. One can readily 
show that F is linear with | F| =|G| and FEM. On the other hand, 
given an FEY, we see that F(f) is a function of the class, modulo M, 
of f, that is, F(f}=G(c), fEo, for some GE Bg. Thus the correspond- 


z Suppose that the bound of T is 1. To obtain the manifolds RA), we proceed 
as follows: It is easy to prove that if M is under-\, there isa maximal under-d- 
manifold which contains it. Thus we may take ¥2(1/2) as a maximal under-1/2- 
manifold which contains Rr, M(3/4) as a maximal under-3/4-manifold which contains 
9R(1/2), M1 /4) as a maximal under-1/4-manifold contained in 92(1/2) and con- 
taining Kr, and so on. For other values of A between 0 and 1, IR(A) is the intersection 
of the manifolds defined for larger values of X. The resulting family can be shown to 
have the Properties 1, 2, 3, 4. 
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` ence, F~G is one-to-one between M and Bp and metric preserving. 
Finally one observes that it is additive and hence Sy and Pt are 
isomorphic. 


LEMMA 2. Suppose B ts reflexive. Given an element oop B/D, there 
extsis an ho CB such that if FCD corresponds to GE Bg, as in Lemma 
1, then F(ho)=G(ce) and | ho| = | col. 


Each co in G/M determines a linear functional K»(G) of the GE Bg, 
with K»(G)=G(c»). Correspondingly, we have an Ho defined on Yr" 
such that H,(F)=K.(G). Now Hes has an extension H defined on $ 
with || =| A| and such that for FEM, Ha(F)=H(F) [1, corol- 
lary p. 29]. (For the extension giving complex homogeneity refer to 
[2]. A similar proof is given in [9] for 8=L, which can be readily 
generalized.) Since 8 is reflexive, there exists an 45€©% such that 
F(he) = H(F) for all FES. Thus if F~G as in Lemma 1, G(co) = Ko(G) 
= H,(F) = H(F)= F(ho) and |co| =| Ko] = | Ho] =| A| =| hol. 


LEMMA 3. The ho of Lemma 2 ts in co and minimal in co, thal ts, 
ho is such that |ho+g| Z | ho! for every g in M. 


If fEoo and FEM, we have a GE Bg, such that F(f)=G(co) 
= F(ho). But F(f)=F(Ao) or F(f—ho)=0 for every FEM implies 
fh E (WM). Now (D) =M since B is reflexive. (Cf. [9, proof of 
Theorem 1.3, p. 85].) Thus f—hkoGM, which implies, since fEcp, that 
ho Goo. Since | ko| = | co! , | ko| Sf! for every fGeo. Furthermore ho+g 
is in co for g— Mt and thus we have shown the second statement. 

A space is said to be strictly convex, if f+! <|fl +|¢| when f 
and g are not linearly dependent. 


-LEXA 4. The minimal ho ts unique, if B ts strichy convex. 


If |oo| =0, the minimal element is precisely 8. Suppose |co| »40 and 
that Ay and %4 are distinct minimal elements. It is readily seen that ko 
and & are linearly independent and that also 4(ho-+A) is in co. Since 
strict convexity implies that |4(Ao+h)| <4$|ho| +4/4| =|o0|, we 
have a contradiction and only one minimal element is possible. 

J. Clarkson has shown that if ® is uniformly convex (cf. [3, Defini- 
tion 1, p. 396]|) then each ce contains a minimal element Ay. This re- 
sult is unpublished and is less general than that given above (cf. [8] 
or [12]|). In this connection one should also mention the result of 
Clarkson [3, p. 413], that any separable Banach space can be assigned 
an equivalent norm, which is strictly convex. 

In the cases in which the minimal element is unique, conditions 1 
and 4 of §2, determine precisely the set Jt of minimal elements. 
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Lemma 5. The set of elements ho, minimal relative to M, ts the set of 
elements h for which there is an F0 und CM, such that | F| -|h| 
= F(h). 


Suppose F0 and CPt and kh are such that |F| . |h] = F(k). Thus 
if gM, F(g)=0 and | F| -|A+¢| 2 F(A+g)= F(h)=| F| -| A]. Hence 
|A+-g| =|4| and kis minimal relative to M. On the other hand sup- 
pose Ay is minimal relative to Dt and hyEcy. There is a GopE Bm, such 
that Gox0 and | Go| -| col = Go(co). (Cf. [1, chap. 4, §2, Theorem 3, 
p. 55].) By Lemma 1, we have an FEM, with | F| =|G| and 
F(ho) = Go(co) =| Go| -|co| =| F| -|4]. Thus Ap is an 4 for which there 
is an FCP such that F(A)) =| F- | hol . This completes the proof of 
the lemma. | 

Another result is this lemma: 


Lemma 6. If B ts reflexive, then G/M has the same property and tn 
particular is complete. 








Proor. Let i(G) be a linear functional on the set of linear func- 
tionals on B/M. Correspondingly there is a functional #’(F) on De. 
This can be extended to Y and hence ?’(F)=F(k) for some k of &. 
If c is the class of k, we have i(G)=2#’(F)= F(k)=G(c). Thus B/M 
is the set of linear functionals on a complete space and is readily 
proved to be complete. 


APPENDIX [J 


Let M and Jt be orthogonal complements in Ø. Let T be bounded, 
+ dense and such that 7! exists. We shall show that there exist T's, 
M's and Jt’s such that the closure M’ and MN’ of TM and TH are’ 
neither complementary nor quasi-complementary and if Æ is the prq- 
jection on M, TET~! does not have a closed extension. 

Suppose we have a complete orthonormal set œo, di, +++ and a se- 
quence of numbers A; >0, with D/A, < œ. Let 8;= (1-23). Define 
a transformation T’’ by means of the equation 77’$;=A,.A.6141+- Bid) 
and let T’ be defined as the least additive extension of J’. (Cf. [15, 
p. 45, Theorem 2.10] or [11, Definition 4, p. 32].) 

T” is bounded. For the domain of T” consists of those f’s in the 
form > otp: and each a, is such that | a, | s |f . Then | Tf | 
=|>2.4.7¢:| S20] al | Td.) SRF] AS EIN] scl. 
Since T” is bounded, it possesses a bounded extension, T with domain 
the full space. (Cf. [15, p. 57, Theorem 2.23] or [11, p. 10, Theorem 
IT ].) | 

For T, we have that Tf=0 implies f= 6. For let f=) taap.. Then 
T=) aA Apnth =A Apap Aaa Thus Tf 
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= implies Nia,1=Ofors#=1,2,--- ora,=0fors=0, 1,---.Hence 
f=6 and T has an inverse. 

Rr is dense, for Rr contains A.g.41+6.¢0 and since A,—0, 8,1, 
the closure [Rr] must contain ġe. Subtracting B.¢o, we can show that 
[Rr] also contains p, for #=0, 1,-- +. Hence [Ry] contains a com- 
plete orthonormal set and is the full space. (Cf. [11, p. 21].) 

Let M be the closed linear manifold determined by the ¢,’3 with 
even subscripts, Jt by those with odd subscripts. Mand N are orthog- 
onal complements. It is readily seen that [TM] and [TN] both con- 
tain dp and thus are not even quasi-complementary. 

If E is the orthogonal projection on M, TET—'= F does not have a 
' closed extension. For let fa = Aup +Bupo, then Ff =f and fy—do. 
Hence if F has a closed extension |F] then [F]@o would exist and 
equal ġo. On the other hand, if gu=AsyidaistBudo, we have Fg,=6 
and geo. Thus if [F] exists, we would have [F] =0. This contra- 
diction shows that [F] does not exist. 

While the above argument is given only for Hilbert space, it can be 
readily extended to any space having a basis, ¢o, di, ++ for which 
there is a k such that f=) oap: implies |a,| Sk f]. 


APPENDIX III 


Let T be a bounded transformation from §; to Hor in © and let M 
be a closed linear manifold such that T is an isomorphism on M. We 
shall show that T preserves complementation for at least one comple- 
ment to M. 

Let WH=T be the canonical resolution of T where H is self-ad- 
joint definite, W partially isometric. (Cf. [16, Theorem 7, p. 307] or 
[8, Theorem 1.24, p. 312] or [11, chap. 9, p. 95].) Let H have the 
form fo AdEi(A). We suppose, as we may, that ©, is precisely the 
closure of the range of T. 


LEMMA 1. There exists a c.a.d.d. transformation T” from $ to Hi, 
whose domain ts Rr and whose range ts the range of 1 — E,(0) and whick 
is such that TT” C1, T’T=1—£,(0). 


If kERr, there is a unique g in Mi-w, (0) such that Tg=h. hERe 
implies that there is an f such that Tf=sA. Let g=(1—E,(0))f. 
TE,(0)=0 implies 7f= Tg=h. This g is uniquely determined by k. 
for if Tgı=h= Tg, we have that T(g:—g:) =6. Thus g:—gzs is in the 
range of £,(0) and 1—£,(0) and hence is 0. Let T’’h=g, 

From the above, we see that if A is in Rr, then TT’A=Tgok 
and thus 77’’C1. For g in Riso T’’Tg=Th=g and if f is in 


1942] LINEAR TRANSFORMATIONS 89 


Nr=Ni mo T’Tf=T''0=6. The linearity of T’’T yields that 
T'T=1—-E,(0). 


LEMMA 2. Let F bea projectton M=Rr, N=Nr, ROM. If TFT” 
ss bounded, sts closure 4s a projectton and Tt'and MN’ are complementary. 


F,=TFT" has domain Rr which is dense. Thus [| has domain 
Hai. Since Nr DN, FE1(0) =0 and F(i—#,(0)) = F. Thus TFT’ TFT” 
= TFC —Fi(0)) FT = TET" = TET". Thus FF = Fy. This yields 
[F,]*= [Fx], since Fis bounded. Thus [| is a projection. 

Rr, = TM for Fx= TFT" implies Rr, TM while if gC TM, g=Ty, 

fEM and 
Fag= TFT''Tf=TF(1—E(0))f=TFf=Tf=¢. 


Thus for gETM, Fag=g. Thus Rr,=7Mt and Rir = Mi’. 

A similar discussion will show Ytr,=TYt since NDNr. Now if 
LERr= Dr, then g=Ayth, KETM, MECTM and Fag=hy. Now if 
[Fs |f=6, there must be a sequence of such g’s approaching f with the 
corresponding kıs approaching 0. Thus f is also the limit of the Ay's 
and hence is in Jt’. Thus N =N ir. ; 

Since F is bounded theee facts show that Dt’ and N’ are comple- 
mentary. 

Lemma 3. Let T be an isomorphism on M. Then there exisis a dy >0, 
such that 1 — E: Ao) when contracted to M is also an tsomorphism. 


Since T is an isomorphism on Wt, there exists a constant C such that 
for JEM, |T| z Cif]. (Cf. [1, chap. 3, Theorem 5, p. 41] or [11, 
p. 50, Theorem IV]|:) This may be written 

| TEC/Df + TU — Ex(C/2)f|" = Ci] FI". 


Since T preserves orthogonality for manifolds which reduce H [8, 
§5, Definition 1, p. 312 and Theorem IV, p. 313], we get 


| TEs(C/2)f |? + | TA — Ex(C/2))f|* 2 C*] sfe. 
This implies, if Cı is the bound of T, 
(C/2)*| Ex(C/2)f |t + Ch| (1 — Ex(C/2))f|* & C*| y|. 
Using | £1(C/2)f] *= |f| *— | (1-Ei(C/2))f| 2, we get 


(ci —c'/4)| (1 — Ex(C/2)) f|"= Gac r. 


Thus there exists a constant K such that |(1—E.(C/2))f|*2 K?|f\|? 
for all f in Dt. Since -1 — H(C/2) is bounded this establishes the result. 
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Let B be the contraction of 1—£,(C/2) with domain M. From the 
above we see that B~ exists and has bound K~. B is closed since it is 
defined on a closed linear manifold. Since Bu! exists and is bounded 
T= Rx» is also closed. MCRiLe cm, CRi#,.0), and PM ONr. 


LEMMA 4, T Exo) T” and T(1 — ADT” have bound 1. 


We have TE o) = FANT and T(1—Fi(do)) =(1—Fa(vo))T (cf. 
[8, $5, Definition 1, p. 312 and Theorem IV, p. 313]). Applying T” 
first we get TEA 9 T” CE0) and T(1—~ By) T C1 — Eo) and 
hence TH,(Aj)7’’ and T(1—Ex(Ao))T” have bound 1. 


Lemma 5. If M=Rz ts included in the range of 1—E:(\c), \e>0, 
then TET" is bounded. 


If E is the orthogonal projection on M, E = E(1—Ei(,)). The trans- 
form is TET’ = TE(1 — EQD T” = TEA — E0) (1 — EA DT” 
= TETTO —E QT”. T is an isomorphism on the range of 
1—E:Mo) and hence the complementation of M and GOMA) OM 
relative to GODA) must be preserved as a complementation rela- 
tion relative to the range of 1 — Fao). Thus TET” is bounded rela- 
tive to the range of 1 — Eao) which includes that of T(1 — EA DT”. 
Since T'(1— £;(\o)) Tis also bounded, TET"T(1— EAT” = TET" 
is bounded. 


Lema 6. TBOT’’ exists and +s bounded. 


First we establish that the domain of TB~'T”’ is TM. For Drmmr 
= Drar. Since T and T” are in an inverse relationship relative to 
R18, (a), Which includes M, TM =T Rp = FOr = Darr. 

For fEMCRimay, we have | Tf| ZAo| f|. Since T” and T are in- 
versial for gE TM, | Tgl s (1/A0)| gl. Since B~?! and T are bounded 
this yields the desired result. 


LEMMA 7. BE is a projection with range It and manifold of zeros 
pr. 

Since ES1—Ei(Ao) and BC1—E;(Xo), we have EB“ =g for g in 
tz =M= = Rg =Dp. Thus ZB-C1 and (BE) (BE) =B3E. BOR 
is bounded and has domain the full space since Rè = Ds. Hence it is 
a projection. Since Rg=De, Raeryy=Ret=Da=M. Merg= Wy 

We are now in a position to obtain our result. For TBOET” 
= TB-(1—E,(0) JET” = TB“T" TET" = (TB“T")(TET") which is 
bounded by Lemmas 5 and 6. Since Q DNr, Lemma 2 shows that T 
preserves the complementation of M and Mr’. 


x 
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l APPENDIX IV ` 
We give an example in Hilbert space of a closed T, whose domain 
includes a cl. 1 Dt, for which Tp is not closed nor has a closed exten- 
sion. We first prove the following lemma. 


D 3 Gan, -` }} denote a sequence of sequences with 
the property that malar | 20, as kw, and for a K independent of 
k, >i | yhs2*|*< K. Then Juil a] 40, as Row. 


Proor. No clarity is lost if we suppress k. Let c;=-a,82'. By hy- 
pothesis, > 9721) ¢.|2<K. Now Dt pilal =f p2 e| < E2343, 
by Schwarz’s inequality. Our hypotheses also imply that for every 
N, > |a| i0. These results imply that lim sup >of,/a;|-4 
<K2-%31/2 for every N. Hence Sela a,| 4—0. 

Let ġo, $1, - - - be a complete orthonormal set in §, let Ya =¢ġsı—1, 
for k=1, 2, «+ - and w= ġa for k=1, 2, ---. We define a trans- 
formation T” by the equations T” ps=da, T” w= —k23h s-t keo, 
k=1, 2,- -. T” has a linear extension T”. f is in the domain of T”, 
if f=) n0t iba and T f= (Fiia )po t2 (bitia, 

The condition that 7” have a closed extension T is that whenever 
{ fom is a sequence in the domain of T” such that | Ff | 1—0 and 
T’f—g, then g =0. Suppose we have such a sequence of f's and let 
£=) och. We shall show that g=0. 

To do this we first show that co=0. Suppressing the superscript we 
let f determine a, and b, as above. Then » eit, Co. Now we have 
since f—6 and Tf—g, that Jila 1+2 7.:/8,|20 and that there 
i 7 ia,2'|?<K. Since the $ ı|b,|? are 
bounded we may even infer } a| 1a,2'|!< K; for a constant Kı. Our 
lemma now tells us that $£ ia, —0 and thus co=0. 

Since for #21, we have (6,—42‘s,)—c,, we must also have c,=0 for 
42,1. Hence g =0. Thus T’ has a closed extension T. 

If M is the closed linear manifold determined by the Ya, TW is the 
set determined by ¢1, $2, -> . Let ca denote the class of (1/k)w, 
relative to M, which is also the class of hy=24%.+(1/R)ws. Now 
Th, = T'ha = 2p — 2th tHo =o. Hence Thy= ġo. Let Co be the class 
of ġo relative to TY. Then [ea] =1/k and hence c0. Also Tyre, 
=Co— Co, with | co] = {Í since ġo is in (TM)*. Hence Tm does not have 
a closed extension. 




















APPENDIX V 


We suppose that each &, is separable, regular (%, reflexive), and - 
strictly convex. If T is closed and preserves minimality relative to 
WM, then Tg is closed. 
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For suppose fo} is a sequence of V/M such that c, and Two, are 
convergent to oand c’, respectively. Let 4, be the minimal element of 
c; A that of o, g'that of o’. 

There is a linear functional G defined on 8ı/M such that G(c) 
=|G|-|c|. As in Appendix I, there corresponds an FED with 
|F|=|G|, F(h)=G(c)=|G|-|e|=|F| |4|. Also F(A.) =G(0,) 











—G(c)=F(hk). 
The [A,| = le, are bounded. Thus there is a subsequence of the k, 
which is weakly convergent to an A’ with | A’ | < lim |h, = lim |c, 











=|c| =|h| or |A’| S| |. Also | F|- |k] 2 F(A!) = F(A) =| Fl - fA. It 
follows that |4| =|h’| and F(k’)= F(A). It can be shown that this 
implies that A=h’, if the space is strictly convex.” 

Thus if {c,} is convergent to c, then a subsequence of their mini- 
mal elements is weakly convergent to the minimal element of c. Thus 
we can choose a subsequence of the 4,’s which converges weakly to k 
and of these a further subsequence can be chosen so that the Th, 
approach g. Thus Íh, g} is the weak limit of a subsequence of the 
{h,, Th,}. Since the graph is a closed linear set, it is weakly closed. 
Thus {>}, g} is in the graph of T and Th=g. Hence Typo exists and 
equals oc’ and Tw is closed. 


; APPENDIX VI 


We give here an example of a transformation, which is not associ- 
ated with any absolutely bounded resolution in the sense of Lorch or 
with any bounded resolution in the sense of §8. 

For if T= f _oP()dE(A), in Lorch’s notation for an absolutely 
bounded resolution, H(A), then the set Nr of zeros of T has a projec- 
tion of bound K on it. This is also true if, in the sense of $8, T is asso- 
ciated with a bounded resolution. Thus it will be sufficient for our 
purposes if we construct a T such that Nr does not possess a bounded 
projection. Í 
` Let us consider the construction given in [10, p. 152] of a manifold 
without a projection and in particular the terminology used there. 

We regard J, as a sum > @/,,. Let F, be the projection of J, on the 
nth term in this sum, that is, on the}, ». Let E, be the projection of 
hw on Ma. Let A, be such that \,(/,—£,/,) has bound 1. It can 


* One shows that if & is such that F(A) =| F|-|A| and g is such that F(g) =0, then 
[A+g] lel. For | F|-|A+g|2|FG+e)| = Fs) = |F|- |k]. Thus kand 4’ are mini- 
mal relative to the set of g's for which F(g) =0. Since F(k’ —h) = F(k’)— F(A) =0, they 
are in the same class relative to this set. For a strictly convex space this minimum 
in a class is unique. 
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readily be shown that T=} MA, (F.—E,F,)has bound 1 and that 
the zeros of T form the set H, which has no bounded projection on it. 
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CONFORMAL GEOMETRY OF ONE-PARAMETER 
FAMILIES OF CURVES 


ROBERT COLEMAN, JR. 


A single regular analytic arc in the plane has no conformal differ- 
ential invariants. The conformal theory of curvilinear angles was ini- 
tiated by Kasner, and has been elaborated by him and others. The 
present paper is concerned with conformal differential invariants of a 
real one-parameter family of regular analytic arcs in the plane. We: 
assume that the family is defined in some region R of the (x, y)-plane 
by an equation of the form: u(x, y)=constant, where u is a single- 
valued function which satisfies the conditions: (1) « is analytic in 
the region R, (2) u assumes real values for real values of x and y, 
(3) +14 does not vanish in R. By a conformal transformation we 
shall mean a real conformal transformation, nonsingular in R. Our 
principal results are: When a family u =c is transformed conformally 
into a family U =c, the parameters of the two families being the same, 
the quantity A = (tss + uyy)/ (u+), and certain conformally invari- 
ant derivatives of A are unaltered. There exist rational functions of A 
and these derivatives which are independent of the parameter in 
terms of which the family u =constant is expressed. We obtain a geo- 
metric interpretation of the invariants and apply the results to a gen- 
eralization of isothermal families. 


1. The invariants. Let U(X, Y)=c be a one-parameter family in 
the (X, Y)-plane. Let this plane be mapped conformally on the (x, y)- 
plane by the transformation 


(1.1) X = X(x, 7), Y = Y(z, y), 
where 
(1.2) Xe=YV,y, X= —Yn Xost Xny = Vout Voz = 0. 


The family U(X, Y)=c is transformed into u(x, y)=c where u(x, y) 
= U|X (x,y), Y(x, y) |. By differentiating this last identity we obtain: 


(1.3) UxyX,+ Urs = us, UxX,+ UYY; = thy. 
These equations togéther with (1.2) give 
(1.4) nE Reem I E Uy), where J = yx, 


Received by the editors April 6, 1941. 
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Differentiating the first of (1.3) with respect to x and the second with 
respect to y, and making use of (1.2) we obtain 


(1.5) “ss sige = (Ue + Urr). 
This equation with (1.4) gives — 


1.6) eet yy Urr +t Urr 
aty Fy 
Hence the quantity A = (Urr + Urr)/(Uł+ U$) is unaltered. 
Let dS denote the linear element of the (X, Y)-plane, and ds that 
of the (x,'y)-plane. Under the mapping (1.1) we have 


(1.7) dS? = Jds?, 


Let Q(X, Y) be a differentiable function defined in a region R’ of the 
(X, Y)-plane, C’ any arc with continuous tangent in R’. Let dQ/dS 
denote the directional derivative of Ọ along C’ at some point P’. 
Let Cand P be the images of C’ and P’ under the mapping (1.1), and 
suppose that under the mapping we have Q[X (x, y), V(x, y) | mq(x, y), 


then 
(=) = yaa) l 
aS / p ds/p— 


This equation together with (1.4) gives 


(1.8) a ey ee meee 


(Ty + UY dS (A HA) ds 


Equation (1.8) holds in particular when d/dS denotes differentiation 
along a curve of the family U=c. In what follows we give d/dS this 
meaning. The curve U=cp is so oriented that if 0 denotes the angle 
from the positive direction of the X-axis to the positive direction of 
U=, then 


cos 9 = Ur[Ux + Ur], sind=—Ux[Ur+ Ur] ”. 


Since angles are preserved by the mapping (1.1), equation (1.8) 
holds if the derivatives are taken along orthogonal trajectories of 
U=c and u=c. The trajectories are so oriented that the angle from 
the positive direction of U = ce to the positive direction of its orthogo- 
nal trajectory is r/2. We shall use the symbol d/d N to denote differ- 
entiation along an orthogonal trajectory of U =c. 

Suppose that (Ux, Uy, Urr, -- + ) is any differentiable function of 
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‘ the derivatives of the first » orders of U(X, Y) which is unaltered by 
the mapping (1.1), that is, 


I(Uxz, Ur, Urx, +++) = I(un ty, Won, °°): 

Then from (1.8) we see that the quantities 
1 al 1 dI 
[u+ o as [UL +o aN 


will also be unaltered; furthermore, they depend only on the deriva- 

tives of U of the first n+ 1 orders. We have seen that A is unaltered. 

Hence from A we may obtain an infinite number of other invariant 

functions of the derivatives of U by repeated application of the opera- 

tors 
d 1 d d 1 d 


— E a} nn EER eee 
dd [0% + Uy jus ds ddy - [ur + Ur, | aN 
If O(X, Y) is any » times differentiable function we will write 
an) 
PE m Qia) De E= O (pay): 


From (1.4) and (1.7) we obtain [U}+ U}]dS? = (48+12§)ds?. Sup- 
pose that Pi, Py are two points on the same curve U =c and Pi, Pa 
are the corresponding points on the curve #=¢o. Since the trans- 
formation is nonsingular, by hypothesis, we have 





Peg y Pi s 31/ 

f, [Uz + Ur] ‘as = f (e+ uy) ds 
P; Pi 

where the integrals are taken along U = cand u = cn respectively. We 

have this theorem: 


THEOREM 1. When a family U =c is transformed by a conformal 
transformation inio a family u =c, the quanisites 


Pii 2.1/2 
(1.9) f , (Ux + Ur) dS; A, Away cay on)... 


Py 
are invariant, M 
It is to be noted that the quantities (1.9) are expressed in terms of 
a particular parameter, and are not independent of changes of param- 
eter. For isothermal families, Aand its derivatives in (1.9) vanish iden- 
tically when the parameter is suitably chosen. For other families we 
have this theorem. 


1942] CONFORMAL GEOMETRY 97 


THEOREM 2. For non-isothermal families, there exisi rational func- 
tions of the quantities (1.9) which are independent of the parameter in 
terms of which the family ts expressed. 


To establish this theorem we note first of all that since Uy + U0’ 
by hypothesis, X, Y may be expressed in terms of U, V where V=k 
gives the orthogonal trajectories of U=c. We have l 





1 [v _ A d 
D eeaeee oo —— we ? 
U AUL Tax T aY] dy 


(1.10) 
0 ð ð 
e a Regt E 
1 ð ð d 
eE 
where, 
Vy Vx 
pene 


Suppose now that the parameter of a non-isothermal family is 
changed by means of the equation 7=h(U). Then if we denote by 
A(P’) the value of A at a point P’ we have 


= d 
(1.11) gA(P’) = Pr (log $) + A(P9, 


where @=dh/dU and the bar refers to the parameter U. With a point 
P'(U, V) we may associate a second point Pë on the same curve 
U =c, as follows. Let V = ko be some fixed orthogonal trajectory cut- 
ting every curve U =c in the region R’; then Pd is the point (U, ko). 
From (1.1) we have 


(1.12) e[A(P) — A(Pi)] = ACP) — ACP). 
From (1.10) we obtain 


d 


(1.14) j 
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Now let L(P'; Pg) be any rational function of A and a finite number 
of the derivatives in (1.9). Let Z(P’; Pg) denote the same function 
of the corresponding quantities for the parameter 17, and suppose 
that L and L satisfy 


(1.15) gL (P’; Po) = LP’; Pi), 


then we can obtain two other such functions involving the derivatives 
in (1.9) up to the (p-+1)th order if Z involves them up to the pth 
order. For (1.14) and (1.15) give @*t)}2;=J,. Hence LZ, is one such 
` function. Secondly, (1.13) and (1.15) give 





d 
grtiLe + ngl — (log ¢) = Lo. 
dU 
This, by virtue of (1.11) and (1.15) is equivalent to 
gril = M, 


where 
MeIgt+nla(P), MealIg+xFap), 


so that M is a second such function. Now from (1.12), A(P’)-A(P?) 

ig one function of the type L above. Hence for each of the derivatives 

in (1.9) we can obtain a function rational in it and the lower deriva- 

tives which satisfies a relation of the type (1.15). The function ¢ in 
(1.15) can be eliminated as follows. We have seen that 

| r 2 2 

MP) m | , [Ux + Ur 


Pe 


yas 
where the integral is taken along a curve U =c, is invariant. Clearly 


MP) = AMP) 
so that 


AD = DAL. 
This completes the proof. 


2. Geometric interpretation. We have seen that when a family 
u(x, y) =c is transformed conformally into a family U(X, Y)=c, the 
quadratic form : 


(2.1) (us + wy)(dx + dy) 


ia invariant. We may associate with the family u=c a surface 2, 
whose linear element is (2.1). 2 undergoes an isometric transforma- 
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tion when the (x, y)-plane undergoes a conformal transformation. The 
surface È is in conformal correspondence with the (x, y)-plane, corre- 
sponding points having the same coordinates (x, y}, so that the family 
u(x, y)=c in the plane is the conformal image of a family u(x, y)=c 
in X. Suppose that we have a family U(X, Y)=c in the (X, Y)-plane, 
with associated surface 2’. If there'is an isometric mapping between 
x and 2 carrying w=c into U=c, then this mapping induces a 
conformal transformation between the two planes which carries the 
family u =c into U =c. Hence we have the following theorem: 

THEOREM 3. A necessary and sufficteni condtiton that two families be 
conformally equivalent is that they admsi parameters such that their asso- 
ciated surfaces are ssomeiric, with the images of the families in the sur- 
faces corresponding. 

From (1.10) we obtain 





i 
2.2 dx? + dyi = du? ~tdrt). 
(2.2) Ana A Ae ) 
Hence the linear element of È is 
(2.3) do? = du? + do, 


Using a standard formula for the geodetic curvature of a curve u=c 
in 2 we obtain? 


1 1 
(2.4) — a (18) : 
P M/s x 
By virtue of (1.10) this is equivalent to 
1 1 
(2.5) —= (10¢— ) =. 
p ple 


As a consequence of this equation we have this theorem: 


THEOREM 4. The geodetic curvature of a curve u = co through a point P 
of È is measured by the value of A at P. The operators d/d, d/ddyn de- 
note differenistaiton with respect to the arc length of the curves u=c and 
their orthogonal trajectortes respectively. 


If K denotes the Gaussian curvature of $ we have K = —p [ut les. 
By virtue of (2.5) this is equivalent to 


(2.6) — K = å? + Ay. 
* Eisenhart, Dif srenkal Geometry, 1909, p. 134. 
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THEOREM 5. The Gaussian curvature of È and tts vartous rates of 
change along the orthogonal net determined by uc=c is measured by ra- 
tonal funcitons of A and sts dertvatives in (1.9). 


If two families are conformally equivalent, then for a suitable choice 
of parameters, the equations U(X, Y)=u(x, y), V(X, Y)=n(x, 7), 
where V=K,v=k give the orthogonal trajectories, define a conformal 
correspondence. If the associated surface of U =c has the linear ele- 
ment dU?+ M'a V? then by (2.3) we have that M(U, V)eau(U, V). 
Conversely, if M(U, V)=u(U, V), the families are equivalent by 
Theorem 3. The function u is an integrating factor of —u,dx+u,dy=0. 


THEOREM 6. Let the famtltes u=c,0=k form an orthogonal net. Lei 
U(X, Y)=c, V(X, Y)=K form a second such net. If (u, v) is an in- 
tegraiwng factor of —u,dx-+usdy =0, then a necessary and sufficient con- 
dition for the conformal equivalence of the families u=c, U =C is that 
_ there exist parameters U = F(U), V=G(V) such that — Urd X + Uxd Y 
= 0 admits an tniegrating factor of the form u(U, V). 


The reciprocal relationship between a family and its associated sur- 
face is given by this next theorem: 


THEOREM 7. The orthogonal trajectories of a famiy u=c are con- 
formal images of a system of geodesics of the surface È associated with 
u=c. Conversely, if È is a real surface which admits conformal represen- 
taiton on the plane such that a family of tts geodesics corresponds to the 
orthogonal trajectorses of a family u=c, then the family u=c can be so 
parameterized that the associated surface is isometric with £. 


The first part of the theorem is an immediate consequence of equa- 
tion (2.3). Now suppose u(x, y)=c is a family in the plane, with or- 
thogonal trajectories v(x, y)= k. Let £ be a real surface which can be 
mapped conformally onto the plane so that a system of its geodesics 
=b go over into the family v=k. We may take on Z a system of 
geodesic parameters consisting of 8=5 and their orthogonal trajec- 
tories, =a, and the linear element of È takes the form d#?-+-¢(#, Dda. 
The conformal correspondence between È and the plane may be writ- 
ten §=<f(v), #=g(u). But these equations define a change of parame- 
ters in the (x, y)-plane, so that if we change the parameters of the 
families #=c and v=% in accordance with these equations we have 
dx*+-dy?= (a, d) [da?+¢(a, 8)d5?|. Because of (2.2) 


1 
(g, 8) = e+e f(a, 8) = [u(a, ge 


y 
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Hence if we express the family u=c in the form #=a4a we see from 
(2.3) that the linear element of the associated surface is given by 
do*=da?-+{(4, $)dt?. This completes the proof. 


3. Generalization of isothermal families. Isothermal families are 
characterized by the fact that they admit parameters such that À m0, 
so that when an isothermal family is referred to such a canonical 
parameter the associated surface is of constant zero curvature. We 
shall determine those families which admit parameters such that the 
associated surface is of constant curvature. Such families are of spe- 
cial character and will be referred to as famslses of constant curvature. 

Given a family u(x, y) =c. Let the parameter be changed to #=h(1). 
Denote by K and K the curvatures of the corresponding associated 
surfaces. By use of equations (1.11), (1.13), and (2.6) we obtain 


dh 


d’ 
[log ¢(u)]), $ = —> 


d 
(3.1) [e(o] E = K — A— [log e(o] -77 du 


It follows from this equation that when a family of constant curva- 
ture is referred to an arbitrary parameter, A satisfies an equation of 
the form 


d qd? 
Ay + A? + A— (log ¢) + — (log $) + ag? = 0 
du duit 


where a is a constant. This equation together with the fact that 


than T tyy ð 1 | ð -] 


Am ; — = p= E 
“w tHe ðu u ta = a By 





shows that the function u(x, y) must satisfy a special differential 
equation of the third order. The family u =c is consequently of special 
character. We may distinguish three classes of families of constant 
curvature: (1) flat families, which admit a parameter such that K =0; 
(2) spherical families, non-isothermal families which admit a real pa- 
rameter such that K =1; (3) pseudo-spherical families, non-isothermal 
families which admit a real parameter such that K = —1. A family of 
constant curvature belongs to one and only one of these three classes. 
This fact is a consequence of (3.1) and the fact that a family u =c for 
which Assf() is isothermal.’ The determination of all families of con- 
stant curvature is given in the following theorems. 


THEOREM 8. The orthogonal trajectorses of any one-parameter famiy 
? Eisenhart, op. cit., p. 96. 
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_ of straight lines ts a flat family. Conversely, every flat family can be re- 
duced conformally to the orthogonal trajectories of some one-parameter 
family of siratght lines. 


THEOREM 9. The orthogonal trajectories of any non-isothermal one- 
parameter family of circles of the form (x—ayP+(y¥—-ay=1+d+d ts 
a spherscal famsly. Conversely, every spherical family can be reduced con- 
formally to the orthogonal irajectorses of some one-parameter family of 
such circles. 


THrorem 10. The orthogonal trajeciorses of any non-tsothermal one- 
parameter family of circles of the form x°+(y—a)=d is pseudo-sphers- 
cal. Conversely, every pseudo-spherscal family can be reduced conformally 
to the orthogonal irajectortes of some one-parameter family of such circles. 


The proofs of these theorems are quite similar. Consider, for ex- 
ample, Theorem 9. Let E denote the unit sphere £?+-7°+f?=1. If Z 
be referred to its minimal‘ lines, a=c, 8=d, then any real one-param- 
eter family of its geodesics is given by Caf + (4 —iB)a+ (A +4B)8 
—C=0, where A, B, C are real functions of a real variable #. The 
equations X +4Y =a, X —+Y= 8 define a real conformal correspond- 
ence between Z and the (X, Y)-plane, the family of geodesics of È 
corresponding to C(X!+ ¥2)+24X+42BY=C. In general C0, so . 
that the images of the geodesics of È are the circles 


e (A EE 


From Theorem 7 it follows that the parameter of the orthogona! tra- 
jectories of the circles (3.2) can be so chosen that the associated sur- 
face for thèse trajectories is isometric with D. This proves the first 
part of Theorem 9. Suppose, conversely, that we are given a spherical 
family u =c, referred to a parameter such that K =1, then Z is the 
associated surface. By Theorem 7 the orthogonal trajectories of u =c 
are conformal images of a family of geodesics of È. As before we may 
map 2 conformally on the (X, Y)-plane so that its geodesics go over 
into the circles (3.2). This mapping clearly induces a conformal corre- 
spondence between the (x, y)-plane and the (X, Y)-plane so that the 
orthogonal trajectories of u =c go over into the circles (3.2). This com- 
pletes the proof. The proofs of the two remaining theorems are en- 
tirely analogous. 
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SOME THEOREMS ON SUBSERIES 
J. D. HILL! 


1. Absolutely convergent series. A simple calculation reveals that 
the arithmetic mean value of all subsums (including the void sum) 
of a given finite sum S, =U + Hat --- +, is equal to s,/2. In this 
section we shall show (see Theorem 1 below) that an integral mean 
value can be found, consistent with the preceding, for the sums of all 
infinite subseries of a given absolutely convergent series u, =s. We 
begin by defining a one-to-one correspondence between the set of all 
infinite subseries of a given absolutely convergent real series ) m =s; 
and the set of all points on the interval T= (0 <¢ <1). If is any point 
of I then $ admits a unique nonterminating binary representation of 
the form 


(1.1) E = Oaar ++ ape 
_ where . 
(1.2) of, = 1 US k< huis t+=1,2,3,---); a, =O otherwise. 


To the point ¢ shall correspond the infinite subseries itia, Con- 
versely, if >) etis, (1 Sk, <k) is a given infinite subseries of > ts, we 
shall place it in correspondence with the point & of I defined by (1.1) 
and (1.2). 

We now define a function $(£) by setting ¢(0) =0 and 


(1.3) a aad, -  ocest, 
deni 


where 0.aiascy -œa is the nonterminating binary rtpresenta- 
tion of £. In view of the above correspondence the set of all functional 
values #(§) for £ on J is evidently identical with the set of the sums of 
all infinite subseries of } u». This fact leads us to investigate the in- 
tegrability of the function ($) and we find that the following lemma 
holds. 


j LEMMA 1. The integral 


(1.4) f Ox 


exists in ihe sense of Riemann, and has the value s/2. 


Received by the editors February 25, 1941. 
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“Before proceeding with the proof we may observe that this lemma ` 
ishes a generalization of the fact mentioned above for finite sums. 
ay therefore express Lemma 1 in the form of the following theo- 






IT HEOREM 1. In the sense of the integral (1.4), the mean value of ihe 
ms of all infinite subsertes of a given absolutely lla Sia Series 45 
to one-half the sum of the sertes. 


PROOF OF LEMMA 1. We introduce the partial sums of the series in 
(1.3) and thus form a sequence of functions CAO } forn=1, 2, 3, - 
where ¢,(0) 0 and 


(1.5) Pal) = Dy antes, O< Sl. 
heal 
For each fixed n it is possible to choose the set of digits ai, as, © °> , Qa 
in 2" distinct ways. We denote these choices by au, Ats °° , Ons 
(1=1, 2,3,- -- , 2"). Then for each fixed ¢ the set of all numbers £ of 
the f6rm O.q@iaa, + > On@api%ei2'-* O,--- (nonterminating) com- 
prises the interval Zn m (0. &in, © © >a. LESO. AA e Aaltie ) 
of length 2~*. The intervals J,, (1=1, 2, - - - ,2*) are mutually disjoint 


and collectively exhaust the interval J. On the interval J,, the func- 
tion @,(£) has the constant value > /2_ ante. Therefore ¢.(£) is a step 
function. 

Since [¢(&)|SD0]u| and [¢(€)—¢.(€)| SEn] us| for all 
n=1, 2, 3,--- and all $ (OS£S1), it follows that $(£) is the uni- 
form limit of a uniformly bounded sequence of step functions. This 
implies that (1.4) exists as a Riemann integral. To find its value we 
notice that #(£)-+4(1 —£) =¢(1) =s for all values of — except those in- 
the denumerable set T composed of all points having the form k-27* 
for k=0, 1, 2,---, 2%; m=1, 2, 3,---. If we denote by S the set 
I—T, we have in the sense of Lebesgue, 


J s@ae +f 0G — dt = s. 


Since each integral on the left has the same value as the integral (1.4), 
the proof is complete. 

By considering the series of real and imaginary parts it is easily 
seen that Lemma 1, and hence Theorem 1, remains valid for abso- 
lutely convergent series of complex terms. 

In addition to the properties of the function ¢(£) already men- 
tioned we may in passing call attention to some further properties 
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that it possesses. In the first place it is apparent that each of the step 
functions $,(£) is continuous everywhere in the interval 0S £1 ex- 
cept perhaps at points of T, and that each is continuous on the left 
everywhere in this interval. On account of the uniform convergence - ’ 
of { ba(€) } to P(&) it is clear that @(£) possesses the same properties. 
Moreover, it is not aie to see that at each point of T, say. 
fo=O.010a >- OLEI -- -:, the saltus | (o) — limmg -t +Ø (È) | is equal 
to |tu wa i It follows at once that $(&) is continuous every- 
where if and only if u, is of the fórm a-2~-* (k=1, 2,3, -- +), in which 
case $(£) =a. Finally, by means of the property oE +a- E) =s for 
fin S, we can easily ann the equagon 


1 p uH a J 

= eQdt=—, ` 0<881/2 

28 J 2-4 , 2 ' : 
This shows that the mean value of the function $(£) is s/2 in every . 
subinterval of (0, 1) whose midpoint is 1/2. i 


2. Conditionally convergent series. Throughout this section >, 
will denote a conditionally convergent real series. For series of this 
type the corresponding sequence of functions (pal) } defined by (1.5) 
- will again be a sequence of step functions. Moreover, if > «és, 
(ki<kis) denotes formally a given infinite subseries of `u, it is 
clear that the behavior as n— œ of the sequence {9 7_1s,} is identi- 
cal with the behavior of the corresponding sequence {@a(t)}, where £ 
is defined by (1.1) and (1.2). In studying the character of subseries 
we may therefore confine our attention to the sequence {@,(£)}. 

An interesting subset of I is the set G of all points £ which corre- 
spond to convergent subseries of $ u.. We shall prove that G is a set 
of the first category by establishing the following stronger result. 


THEOREM 2. For all posnts Ł of I except those in a = H of the first 
category we have 


@.1) imita- e, limgupa(@) = + e. 


Proor. We recall the sets T and S as defined above in the proof of 
Lemma 1. We may regard S itself as a metric space S* by conserving 
the euclidean notion of distance. It is clear that S* is of the second 
category on itself. Furthermore, since all points of discontinuity for 
the step function ¢,(£) are included in the set T it follows that each 
of these functions is continuous on SS”. 

Let A denote the subset of S* of all points £ for which lim sup, $.(£) 
< œw, The points of A correspond to all subseries whose partial sums 
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are bounded from above, except those in correspondence with points 
of T. 

The set A 4s of the first category on S*. To establish this fact let Aa 
(m=1, 2, 3,---+) be that subset of A of all points & such that 
¢.(£)Sm for all n=1, 2, 3,---. Then A=) aim, and each of 
the sets A,, is closed in S* since },(£) is continuous in’S*. To obtain 
a contradiction we assume that A is of ‘the second category. Then at 
least one of the sets Aa, say A,, must be' such that its closure, namely 
, A, itself, contains all points of S* which lie in a certain subinterval 
of I. We may assume this subinterval to be of the form , 


(2.2) 0.818: <- By <- < 0.8i183--- By + 2, 


in the binary scale. We now define the point h=0.81Bs - - - BY rY ms 

-yat by setting y,=1 if m20 and y,=0 if Del (k=p-+1, 
i, -++),. By a familiar property of conditionally convergent se- 
ries, infinitely many of the y» are 0 and infinitely many are 1. Since 
the nonterminating representation of each point in T is ultimately 
comprised wholly of {’s, it is clear that & belongs to S*and 
moreover, lies in the interval (2.2). On the other hand we have 
lim, $.(£) = + œ, since the subseries corresponding to & is divergent 
to +o. It follows that & cannot belong to A,, and this contra- 
diction completes the argument. 

From the fact just established we conclude that A is likewise of 
the first category on I. 

We now let B denote the subset of S* of all points & for which 
lim inf, @.(£) >— ©. The set B evidently coincides with the set A de- 
fined with respect to the series X (—u,). Thus B is also of the first 
category on T. 

Finally, the set T, being denumerable, is of the first category on I, 
and we observe that at each point of T the sequence { ba(E) } is COn- 
vergent. 

It follows that H2A-+B-+T is a set of the first category, and that 
all points of J for which at least one of the relations (2.1) fails to hold 
are contained in the set H. This completes the proof. As a concluding 
remark we may observe that the set G, defined above, is of the first 
category since it is a subset of H. 

Theorem 2 was suggested by a theorem of the same general type 
established recently by Agnew? in connection with rearrangements 
of conditionally convergent series. The domain space J of Theorem 2 
occupies the role played by Agnew’s metric space E in which a point 
x<sa{k,} is a rearrangement of the sequence (1, 2,3,---) of positive 


2 Agnew, On rearrangemenis of serses, this Bulletin, vol. 46 (1940), pp. 797-799. 
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integers and the distance (x, y) between the points xm f k,} and 
ya fh} of E is given by the formula of Fréchet 


2.3 : Rae i aa 2 ee 
(2.3) | (2, 9) = n tlh hl 


The analogous approach for subseries of conditionally convérgent se- 
ries may be employed to yield a further theorem (see Theorem 3 be- 
low) of the same nature as Theorem 2. To this end we denote by D 
the metric space in which a point x is a strictly increasing infinite 
sequence {%,} of positive integers and the distance (x, y) between the 
points x and ym fh;} is given by (2.3). 

Unlike the space E of Agnew, the space D is complete, and there- 
fore, by the Baire thebrem, of the second category. The proof of com- 
pleteness is entirely straightforward and may be left to the reader. | 
It is likewise a simple matter to verify that the sequence {xa} CD 
converges to x»CD, where x, {Rr} forn=0,1,2,---, if and only if 
integers N, exist such that kf =k} for all n>N; (¢=1, 2, 3,---). We 
shall use this fact presently. 

To each x in D there corresponds an infinite subseries >-.u, of 
> us, and, of course, conversely. If for each x in D we set 


(2.4) fala) = Zun, % z f 2, a ore 
m] 


we may then state the following analogue of Theorem 2. 


THEOREM 3. For all poinis x of D except those in a set W of the first 
category we have 


(2.5) lim inf f(x) = — œ, lim sup fa(z) == 4- œ 


Proor. Let U denote the set of all xin D for which lim 8UPa falx) < œ, 
and let Um (m=1, 2,3, --- ) denote the subset of Uon which fa (x) Sm 
for all n=1, 2, 3, - - - . Then U=} w1 Un. Moreover, each of the sets 
Um is closed. For let xom {}?} be any point of the derived set Uw, 
and let {xy} be an arbitrary sequence in Um converging to xo. If 


X, m T for p=1, 2, 3, -- - , then, by the remark made above, there 
exist integers N, such that APA? for all p> N: (¢=1, 2,3, ) H` 
we let P,mmax (Ni, Na, ©- , Na), then f.(x,) =f,(x0) for all p> Pa. 


Since falx sam (n, p=1, 2, 3,---) it follows that f(x.) Sm 
(n=1, 2, 3,---). Thus x belongs to U, and Uw is therefore closed. 

If we assume that U is of the second category at least one of the 
closed sets Uw, say U,, must contain a sphere K = [(x, xa) <r ] of posi- 


~ 
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tive radius r. Let the center x» be the sequence {49}, and let s be 
chosen so large that 2-7-1 2-24 --- <r. Nowa point Xea{j,} of 
D exists such that lim, fa( X) = + ©, and such that jau ><A). If we de- 
fine xı as (ki, Ay, +++, Rey Jess, out, +), then x, belongs to K and 
lima falx) = + ©. Consequently x, cannot be a point of U, and this 
contradiction establishes U as a set of the first category. 

In a similar fashion it may be shown that the set V of all x in D for 
which lim inf, f,(x) > — © is likewise a set of the first category. Hence 
if we set Wee U-+- V the theorem follows. 

Finally, let >>, be a convergent series of complex terms for which 
Dolu =-+ ©, and for this series let ġa(¢) [f,.(x)] be defined as in 
(1.5) [(2.4)]. We may consider the series of real and imaginary 
parts in the light of Theorem 2 [Theorem 3] and thus show that 
the set of all £ on Z [x in D] for which we have lim sup, | ba(£) | <% 
[lim sups|fa(x) | < œ ] is a set of the first category. 


MICHIGAN STATE COLLEGE l 


A FORMULA FOR THE DIRECT PRODUCT OF 
CROSSED PRODUCT ALGEBRAS 


SAUNDERS MacLANE AND O. F. G. SCHILLING 


1. Introduction. In this note we wish to present a uniform treat- 
ment of certain properties of crossed products. A crossed product over 
any field F is an algebra determined by a finite, separable, normal 
extension N of F, with a Galois group T, and a certain factor set! h of 
elements Agr in N, for automorphisms S and T in I’. The crossed 
product (N, I, A) consists of all sums S usss, where the coefficients sg 
lie in N, and the fixed elements ug have the multiplication table 


(1) ter, = terkgr, Big = #855, gin N. 


Let K be a normal subfield of N, corresponding to the subgroup A 
of the Galois group I’. A factor set g in N is called symmetric in A if 
£s.r=f£0,y whenever SU~ and TV~— are in A. 


Presented to the Society, May 3, 1941; received by the editors March 31, 1941. 

1 Definitions are given in A. A. Albert, Structure of Algebras, American Mathemati- 
cal Society Colloquium Publications, vol. 24, 1939. Theorems cited below without 
explicit source all refer to this work. 
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THEOREM 1. A crossed product (N, T, h) is spin by a normal subfield 
K of N if and only sf sts factor set h is associate to a A-symmetric factor 
set g, where A ts the subgroup of T corresponding to K. ' 

Part of this result may be stated more explicitly, using the factor 
group T/A as the Galois group of K over F. 

THEOREM 2. A factor sei g is A-symmetiric if and only sf there ts a 


factor set G of elements Gen in K, where c, r are in T/A, such thai, 
for S in the coset o, T in the coset r, 


(2) E8.T = Gar 
Furthermore the corresponding crossed products are similar, 
(3) (N, T, 8) ~ (K, T/A, G). 


An equivalent of these theorems was stated by Deuring.? Since 
they were not used in Albert’s Colloquium Lectures, Deuring’s some- 
what obscure proof is apparently the only one available. We give 
here a new proof. It is based on the simple observation that the stand- 
ard proof? of the formula 


(4) (N, r, 8) X (N, I, h) mes (N, T, gh) 


can be extended to treat the case (N, T, h) X(K, T/A, G). From this 
formula we obtain the theorems above, as well as a general formula 
for the direct product of two crossed products built on any two normal- 
fields. In a systematic treatment, this proof has the advantage that 
it involves practically no more trouble than the proof of the ordinary 
product formula (4), and includes this as a special case. 


2. Idempotents of matric subalgebras. It seems convenient to use 
the following restatement of known results about possible total ma- 
tric subalgebras of a simple algebra. 


THEOREM 3. Let the untty element of a simple algebra A be represented 
as a sum 1 =e1+tes+ +--+: +e: of pairwise orthogonal idempotents. Then 
A has a total matric subalgebra M with a bastis e,;, 4,3 =1, <- , +t, kav- 
ing the usual muliiplication table, t,£, = Cu, Cila =Q for jm, and so 
consirucied that e, =en, fort=1,---,t, if and only tf A has for each i 
an automorphism which maps e, on e. 


"2M. Deuring, Algsbres, Ergebnisse der Mathematik und ihrer Grenzgebiete, 
vol. 4, no. 1 (1935), pp. 62-64. 
3 Given in Albert, partly in Theorem 2.27 and partly in Theorem 5.6, and, orig- 
inally, in somewhat different form, in H. Hasse, Theory of cyclic algebras over an alge- 
bratc number field, Transactions of this Society, vol. 34 (1932), pp. 191-194. 
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ProorF. If A contains M, then A = M XC, where C is the centralizer 
of M (Theorem 1.17). The algebra M has an inner automorphism 
mapping êu on 6n, and this can be extended, so as to be the identity 
on C, to all of A. This proves the necessity of our condition. 

Conversely, suppose each idempotent e¢, has the form e*’, where 
e=¢;, 0 is a suitable automorphism. Decompose e into primitive pair- 
wise orthogonal idempotents of A (Theorem 2.16), as e=fi1+ ---+f,. 
One then computes that the unity of A can be decomposed into the 
pairwise orthogonal primitive idempotents 1=)_f;, where the sum is 
taken over all 7=1,--+-, r and over all o needed to give the idem- 
potents 6%. The structure theorem (Theorem 3.19) then asserts that 
A=MXD, where M isa total matric algebra with basis ¢;;, and where 
the diagonal elements es are the given idempotents fj. Each of the 
original idempotents e; is the sum of exactly r idempotents f;. Hence in 
M we select a subalgebra consisting of those matrices which are con- 
structed from blocks of r Xr scalar matrices. This subalgebra is itself 
a total matric algebra, and its idempotents are the given ¢. 


3. The product formula. We now prove the following theorem: 


THEOREM 4. If K is a normal subfield of a normal field N, belonging 
to the subgroup A, then the dtrect product of two crossed products to N and 
K ts given by 
(5) (N,T, h) X (K, T/A, G) ~ (WN, T, Ag), 


where g is the A-symmeirsc factor set obtained from the given set G for 
T/A by the extenston (2). 


ProoF. Let C denote the direct product on the left of (5); since C 
has a unity element, we may regard F as a subfield of C. By the defini- 
tion of a direct product, C is generated by a subalgebra isomorphic to 
(N, T, A), which we can identify with this algebra, and another sub- 
algebra isomorphic to (but not identical with) the second factor 
(K, T/A, G); so we may write‘ C, as 


(6) C = (N, T, h) X (K’, T/A, G), 


where the subfields K’ and N have only the elements of F in common, 
where K is equivalent to K’ over F under a correspondence yey’, 
and where G” is the map of G under this isomorphism. Each coset of 


1 In (5), we simply use the ordinary convention, writing the direct product of two 
algebras not necessarily disjoint; in (6) we have C represented more explicitly as the 
direct product of two of its subalgebras. The distinction is a familiar one. 


1942] : CROSSED PRODUCT ALGEBRAS 111 


T/A may then be interpreted as an isomorphism of K’ under the 
natural correspondence 


(7) (y = (45), yin K, S in the coset v. 


The crossed product (N, T, A) is determined by the formulas (1), 
while (K’, T/A, G’) is determined by similar formulas ` 


i » 
Ddr = DerGe,r; VO = 0Y", yin K. 


The automorphisms S and g may be extended to the whole algebra C 
of (6) by the formulas 


8 —1 e =] 
(8) a = tg Oteg, O = 0, Ole, 


for any ain C. In a direct product, any term in one factor commutes 
with any term in the other, hence S leaves fixed all elements of K’ 
and e leaves fixed all elements of N. 

The direct product C contains the commutative subalgebra N XK’; 
since .V is separable, this algebra is semi-simple (chap. 3, §7) and as 
such is the direct sum of fields L, with idempotents e,. Since 1 =) fy, 
L; has the form ¢,(NXK’). Let L be one of these fields, with idem- 
potent e. Then the mapping s— ez carries the elements s of N homo- 
morphically into L; since both are fields, this must be an isomorphism 
of N to part of L. For similar reasons, y’~ey’ maps K’ isomorphically 
on part of L. These two mappings agree on the common subfield F of 
N and K’. Therefore L contains the two fields eK and eK’, which are ' 
equivalent over eF because K and K” are equivalent over F. Since K 
is normal over F, this implies that eK =¢eK’. This identity means that 
for each element y in K there exists an element y* in K’ such that 
ey =ey*, and such that the mapping y—y* is an equivalence of K to 
K’ over F. Now two mappings yy’ and y—* of K to K’ can differ 
only by an automorphism a of K’ over F, so that we may write 
y'=y*1, One may then compute that the replacement of e-by the 
idempotent e* simply replaces y* by y’ in the equation ey =ey*. Fur- 
thermore, e” is the unity element of the field LZ’, which is a direct 
summand of NX K’ because a, as defined by (8), is an automorphism 
of this algebra. Now change the notation, writing L for L’, e for e"; we 
then have in NX XK’ a direct summand L with unity e such that 


(9) cy = ey’, Yy in K, 


where y—y’ is the given equivalence of K to K’. Furthermore, L=eN, 

though we do not need this fact. ` 
The idempotents e”, for g in T/A, are all distinct. For suppose this 

were.not the case; then e*=e for some g1, so that e*y=sey=ey’ 


~ 
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=ety’, On the other hand, one computes by (9) that 
(10) oy = 0, eny = 0, (e9) = (ey oe = EY, 


so that ey’ =e*y’*. Since the correspondence y’—¢*y’ is one-one, this 
gives y =y" for all y’, which means that ø is the identity, contrary 
to assumption. The distinct idempotents e* belong to & distinct sum- 
mands L* of NK’, where & is the degree of K over F. Since each 
summand L* has at least the degree of N, these summands include 
all the direct summands of NX K’. Hence every primitive idempotent 
in N XK’ is one of the idempotents e“. 

If Sis in the coset g, then (e%)*=e; for one may compute the effect 
of multiplying (e4)* by an element x8 of K, getting 


eers = @Se ge = (ex) 80 = (ex) = Segl Be = Seale = ee ga)! 


where the last transformation uses the definition (7) of the auto- 
morphism ø. Since any element y of K can be written in the form 
y =x, this proves that e%*y=e5*y’, for every y. On the other hand, 
e5% is a primitive idempotent, hence is ef for some r in T/A. Asin (10), 

one then computes that e5*y =e"y =e’y’". Compared with the previous 
~ equation, this means that y’ =y’, hence that 7 =1, hence that e5* =e, 
as asserted. 

The conclusion e4*=e may be reinterpreted in terms of the defini- 
tions (8) of the extended automorphisms S and o. It then becomes 
the assertion that e commutes with the product ugo,. If S is in the 
coset o, we write wg for ugt., and have 


(11) EWg = Wal, Wg = Wgd,. 


The idempotents e, e°, e',+-- of NXK'’ are all conjugate in the 
given algebra C of (6); hence Theorem 3 provides a total matric subal- 
gebra M of C of degree k and with basis e, where eu =¢6, en =e", - °° 
This algebra is a direct factor of C (Theorem 1.17); 80 


(12) C = (N, T, h) X (K', T/A, G) = M X B, 


where B is the C-centralizer of M. By the structure of a total matric 
algebra eCe will be a subalgebra equivalent to B. This subalgebra con- 
tains a subfield eNe=eN isomorphic to N, with automorphisms 
ez++ez5, and also contains elements ewge=ewg of (11), one for each 
automorphism. The multiplication table for these elements may be 
computed, using the fact that eG =eG’; it is 


(ex)(ews) = (ews) (es), (ews) (ewr) = (ewsr) (ehs, TGe,r), 
where S and T lie respectively in the cosets e and.r. Since the whole 


f 
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algebra eCe has the same degree as N, this means simply that eCe is a 
crossed product to eN and the factor set shg,rG,,, (Albert, p. 67). 
Therefore (12) proves that C is similar to a crossed product B of the 
desired form. 


4. Properties of symmetric factor sets. We now return to the proof 
of Theorem 2 of the introduction. Given a factor set G of elements in 
K, one proves at once that the definition (2) for g does yield a factor 
set for I’. Conversely, if a given factor set g is A-symmetric, the asso- 
Ciativity conditions EBR, TRET,R = pgr, rgs, r)E for Rin A become 


£s TET, 1 = Esr, algse. 


But the associativity conditions with R=1 make gri=ggr, 80 the 
result above becomes (gs,r)¥ =gs,r; hence each element gs,r of the 
factor set lies in the subfield K. One may then define G,,, by (2), and 
show that G is a factor set for K. For G so defined, the formula of 
Theorem 4 gives 


(N, T, g) X (K, T/A, G) ~ (N, T, 4% 8) ~ (WT, 1) ~ 1. 


Multiplying by (N, T, g), one concludes that (K, T/A, G)~(N, T, 8), 
as in the formula (3) of Theorem 2. 

Theorem 1 now follows formally from Theorem 2. For, if an algebra 
(N, T, A) is split by the normal subfield K, it is similar* to a crossed 
product (K, T/A, G), and by Theorem 2 the latter algebra is in turn 
similar to (N, T, g), where g is the A-symmetric extension of G. But 
(N,T,A)~(N, T, £) gives h~g (Theorem 5.5), so h is the associate 
of a A-symmetric factor set g, as asserted. Conversely, if A is associate 
to a A-symmetric factor set g, then 


(N, T, h) ~ (N, T, 8) ~ (K, T/A, G), 


and the latter algebra is indeed split by K. This completes the proof 
of Theorem 1. 


5. Arbitrary direct products. Now we consider two crossed prod- 
ucts to any two given fields K and K’ which are finite, separable, and 
normal over a common base field F. The composite N=KUK’ of K 
and K’ is uniquely determined; we may regard K and K’ as subfields 
of N. The Galois group T of N/F is determined in terms of the groups 
Zand 2’ of K/F and K’/F as follows.’ 


s Because any normal simple algebra A split by a field K normal over F is similar 
to a crossed product to this field K. This well known fact is contained in the proof of 
Theorem 5.1. 

* This result is known, although explicit citations are rare. To prove it, observe 
that any S induces and is determined by o and g’, and then count the numbér of al- 
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LEMMA. Let a field N be the join of two subfields K and K', each finite, 
separable, and normal over a common base field F, so that N ts also 


finite, separable, and normal over F. If 0, 0' are automorphisms of K, K’, 


respectively, which have the same effect on each element of the intersection 
KOK’, then there exists one and only one automorphism S of N/F which 
induces the given automorphisms o and a’. Every automorphism S of 
N/F may be obtained in this way, and the correspondence S(a, a’) 
maps the Galois group of N/F tsomorphtcally on a subgroup of the direct 


product of the Galots groups of K/F and K'/F. 


Our most inclusive result on direct products now is the following 
theorem: 


THEOREM 5. Let (K, È, G) and (K’, D’, G^) be any two given crossed 
products to fields K and K' normal over F. Let Soo(c, o') and T(r, 7’) 
be any two automorphisms of the composite field, determined, as in the 
lemma, in terms of automorphisms of K and K', and extend the given 
fador sets G and G” to factor sets for KU K’ by the formulas 


(13) gsr =Gen gar =Gerer, S>), To(r,7). 
Then the dired product of the two given crossed products ts 
(14) (K, B; G) x (K’, Ži G^) m (K U K’, rT, gé’). 


In the special case when K and K’ are disjoint, the Galois group of 
KWK” is just the direct product of the two groups Z and 2’ and the 
formulas (13) mean simply that the matrix of gg’ is the Kronecker 
product of the matrices G and G’. This case has already been con- 
sidered by one of us.” In the case when K is a subfield of K’, the for- 
mula (14) specializes to the formula derived in Theorem 4. This 
special case gives a proof of (14) in general, for observe that (F, 7’) ¢ 
maps I‘ homomorphically on Z, so that the formula (13) really ex- 
tends G to be a factor set for T which is symmetric relative to a suit- 
able subgroup A. Therefore (K, 2, G)~(KUK’, T, £) by (3). The 
analogous result for K’ then gives (14). 
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lowable pairs (c, o’). If K, K’ and Kf \K’ have over F the respective degrees k, k’: 
and d, then the degree of K\/K’ over Fis kk’/d, and the number of pairs (e, e^) which 
agree on the intersection Kf \K’ is also kk’/d. Hence every (e, o’) is realized as an 
automorphism S of K\UK’. ; 

1 O. F.G. Schilling, Ths structure of certain rational infinite algebras, Duke Mathe- 
matical Journal, voL 3 (1937), p. 305. 


CONNECTED AND DISCONNECTED PLANE SETS 
AND THE FUNCTIONAL EQUATION 


- Jæ fy) =f +y) 
F. B. JONES 


Cauchy discovered before 1821 that a function satisfying the equa- 
tion 


Fœ) +O) =f +9) 


is èither continuous or totally discontinuous.! After Hamel showed 
the existence of a discontinuous function satisfying the equation,? 
many mathematicians have concerned themselves with problems aris- 
ing from the study of such functions? However the following ques- 
tion seems to have gone unanswered: Since the plane image of such 
a function (the graph of y=f(x)) must either be connected or be 
totally disconnected, must the function be continuous if its image 
is connected? The answer is no.‘ The utility of this answer is at once 
apparent. For if f(x) is totally discontinuous, its image obviously 
contains neither a continuum nor (in view of Darboux’s work) a 
bounded connected subset even if the image itself is connected. As 
a matter of fact, if f(x) is discontinuous but its image is connected, 
then the image, its complement, or some aimple modification thereof, 
serves to illustrate rather easily many of the strange and non-intui- 
tive properties of connected sets now illustrated by numerous com- 
plicated examples scattered through the literature. Thus this class 
of sets is a useful tool in studying connectedness and disconnect- 
edness. A few illustrations are given, particularly in connection with 


Presented in part to the Society, November 23, 1940, under the title Totally dis- 
continuons linear functions whose graphs are connected; received by the editors April 2, 
1941. 

1 Cours d'Analyse ds l Ecole Royals Polytechnsqus, part 1, Analyse Algébriqus, 
1921. This is Volume 3 of the 2d Series of Cauchy's Complets Works published by 
Gauthier-Villars et Fils, Paris, 1897, p. 99. Darboux in his paper, Sur la composition 
des forces en stakiqus, Bulletin des Sciences Mathématiques, vol. 9 (1875), p. 281, 
showed (using Cauchy's methods) that if f(x) is bounded in some interval, then f(x) 
is continuous and of the form Ax. 

7G. Hamel, Eins Basis alisr Zahlen und des unsfeligen Losungen der Funkitonal- 
tleichung: f(x-+-y) =f(x)+f(y), Mathematische Annalen, vol. 60 (1905), pp. 459-462. 

3 See in particular the early volumes of Fundamenta Mathematicae. 

4 Tt is odd that Sierpinski overlooked this, since about the time he published his 
papers on this subject he also published in Volume 1 of Fundamenta Mathematicae 
an example of a connected punctiform subset of the plane. And at this time he raised 
with Mazurkiewicz the question of the existence in the plane of a connected set con- 
taining no bounded connected subset. 
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linearly ordered metric spaces. However, such sets are of no use in 
connection with inner limiting sets. 


Convention. Throughout this paper f is used to denote a single-val- 
ued real function of a variable, whose range is the set of all real 
numbers, such that if x and y are real numbers (distinct or not) then 
f(x) +f) =fl(«+y). The graph of the equation y=f(x) in a cartesian 
plane E will be denoted by J; and called the tmage of f (in E). A verts- 
cal line in E will be understood to mean the graph of an equation of 
the form «=a, where a is a real constant. 


1. Preliminary theorems. The following two properties are easily 
established * (1) f(rx) =rf(x) if r is zero or rational (positive or nega- 
tive) and (2) if three vertices of a parallelogram in E belong to Iy, 
then the fourth vertex also belongs to JI;. 


THEOREM 0. For each f, Iy ts esther connected or totally disconnected. 
THEOREM 1. If f is discontinuous, then I; is dense in E. 


THEOREM 2. Suppose that f is discontinuous. In order for I; to be 
connected, sb 1s necessary and suffictent that I; intersect every continuum 
sn E not lying wholly in a veriscal line. 


Proor. Suppose that J; is connected and that M is a continuum 
in £ not lying wholly in a vertical line. Then M contains a compact 
subcontinuum M, containing two points Pı and P, which lie in dis- 
tinct vertical lines. Let D denote the connected domain of E lying 
between these two vertical lines. It follows from Theorem 1 that if M, 
contains a domain, then Iy contains a point of Mı. On the other hand, 
if M, contains no domain, then D— D. M, has more than one compo- 
nent. Again by Theorem 1, the segment of J, between (but not in- 
cluding) Pı and P, contains a point of every component of D~D-M, 
and hence contains a point of M. Therefore the condition is necessary. 

To see that the condition is sufficient, suppose that J; is the sum of 
two mutually separate sets H and K. Let D denote a component of 
E— K, let B denote a point of K, and let w denote the point at infinity. 
The outer boundary (in E+w) of D with respect to B is a compact 


t For constructing connected inner limiting sets see Theorem 118 on p. 309 of 
R L. Moore's Foundations of Pointi Set Theory, American Mathematical Society 
Colloquium Publications, vol. 13, New York, 1932, and Theorem 3 of E. W. Miller’s 
Some theorems on continua, this Bulletin, vol. 46 (1940), pp. 150-157. Moore has in- 
advertently omitted the stipulation that the elements of the postulated collection be 
mutually exclusive. 

t See the works referred to in Footnote 2 
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continuum M lying in E+w and containing no point of Iy.” Hence 
M—vw is a continuum? in E which separates D from B in E. Conse- 
quently either M —w is an entire vertical line or M —w is not a subset 
of a vertical line. In either case A4f—w contains a point of J, which is 
a contradiction. 


_ THEOREM 3. There extsis a function f such that f is discontinuous 
and I, +s not connected. 


Proor. Leta, 8, Y, -++ denote a Hamel basis for the real numbers.’ 
Hence every real number x can be expressed uniquely in the form 
x=aa+bB8-+-cy+ +--+ where the numbers a, b, c, +- are either zero 
or rational and at most a finite number of them are different from 
zero. Hamel has shown that f may be arbitrarily defined for each of 
the numbers a, 8, y, ++- provided that ifx=aa+df+cy+:-- then 
f(x) =af(a) +f) +(y)+ ---. So let f(a) =1 and f8) =f(y) =f(8) 
= .. =3(), Sincea, b,c, -> are rational, it follows that for each real 
number x, f(x) is either rational or zero. Hence I; is totally discon- 
nected. 


THEOREM 4. There extsis a function f such that I; intersects every 
perfect set in E not lying in the sum of a countable collectson of vertical 
lines. 


ProoF. Since the collection of all perfect sets in E not lying in the 
sum of a countable collection of vertical lines is of power c (the power 
of the continuum),!® there exists a well ordering T of this collection 
such that the number of elements of T preceding an element of T is 
less than c. Let (xı, y1) denote a point of the first element of T such 
that x:-0. Define f(a) to be yı; and if x=9r1x1, where rı is zero or ra- 
tional, define f(x) to be rif(x.). Each element of T must contain points 
of c distinct vertical lines, and f(x) is so far defined for less than c 
values of x. So let (xs, y+) denote a point of the second element of T 
such that x50 and f(xs) is not defined. Define f(x) to be ys; and if 
x =f% +rsxs, where rı and rf, are zero or rational, define f(x) to be 
rif (x1) +raf(xa). In general, this process may be continued c times this 
way: If y is an element of T such that f(x) has been explicitly defined 
(as already indicated) by some point of each set of T preceding Y in I, 


T See p. 193, Theorem 23, of R. L. Moore's Foundatsons of Point Sst Theory, 
loc. cit. 

t Ibid., p. 195, Theorem 25. 

s G. Hamel, loc. cit. 

1 Sierpinski's Introduction to General Topology, translated by C. Cecilia Krieger, 
The University of Toronto Press, Toronto, 1934, p. 63. 
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then let (xy, y,) denote a point of y such that x, 0 and f(x) has not 
been defined. Define f(x) to be y, and if x =rıx1+rsat ---, where 
not more than a finite number of the rational numbers 7, fan 73, °° - 
are different from zero, define f(x) to be rif(ai)-+raf(aa)+ -+ . By 
arguments similar to those of Hamel, it may be shown that this proc- 
eas defines a single-valued function f. Evidently Iy intersects every 
perfect set in E not lying in a countable number of vertical lines. 


THEOREM 5. There exists a function f such that f +s discontinuous but 
I; is connected} 


Theorem 5 follows from Theorems 2 and 4. 
THEOREM 6. If f is discontinuous, I; is punctsform.™ 


Proor. If I; contained a nondegenerate continuum, then J; would 
contain a bounded nondegenerate continuum and f would, therefore, 
be continuous for some value of x. But if f were continuous for some 
value of x, f would be continuous for aH values of x, which is contrary 
to hypothesis. 


THEOREM 7. Suppose that G +s a collection of subsets of E such that 
every veritcal translaiton in E of a set of G produces a set which also be- 
longs to G. If I; contains a poini of every element of G, then I; does nat 
contatn an element of G. 


Theorem 7 may be easily proved by an indirect argument. 


THEOREM 8. If the subset M of E is punctsform, then E— M 4s con- 
nected and locally connected."* 


2. Properties of J, when f is discontinuous but Z; ia connected. 
Let f be discontinuous, let I; be connected, and for simplicity let J 
denote I,. The following properties of J follow almost immediately 
from the preceding theorems and the elementary properties of f. 


Notation. The symbol w will be used to denote the point at infinity. 
If M is a point set and b is a real number, 4+) denotes the point 
set obtained by adding 6 to the ordinate of each point of M, the ab- 
scissa remaining unchanged. 


u Tf f is discontinuous and J; is connected, by Theorem 2, Jy must intersect every 
contineasm not lying in the sum of a countable collection of vertical lines But I; need 
not intersect every perfect set not lying in the sum of a countable collection of vertical 
lines. I hope to include such an example in a paper pertaining more specifically to 
function theory and the Hamel basis, 

it A set is said to be puncisform if it contains no nondegenerate continuum. 

13 See the argument on pp. 236 and 237 of Knaster and Kuratowski’s, Sur les en- 
sembles connexes, Fundamenta Mathematicae, vol. 2 (1921), pp. 206-255. ` 
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PROPERTY 1. Both I and E —I are connected and, hence, nether sepa- 
rates the piane. 


PROPERTY 2. (1) I contains no nondegenerate continuum, and (2) 
E—I contains no continuum noi lysng in a vertical iene. 


PROPERTY 3. The set I contains no bounded (nondegenerate) con- 
nected subset.” 


PROPERTY 4. Let I+ denote the set of al points of I with postive 
ordinales. Although I+ is totally disconnected and every quast-component 
of I+ is degenerate, [+ 1s quast-connected."* 


PROPERTY 5. Let L denote a non-veriscal line in E. Then I—I-L 4s 
totally disconnected and every quast-component of I — I L 1s degeneraie 
but (I —I. L) +o 4s biconnected. sd 


PROPERTY 6. Let H denote an interval of I. Then H 4s punctiform, 
connected, and irreducible between tts end pornis.'* 


Remark. By Theorems 4 and 7, f exists so that J need not contain a 
perfect set. If this were the case, the sets (7 —/-L)+wand Hin Proper- 
ties 5 and 6 respectively would contain no perfect subset of E or E-+w.'* 


Property 7. Let K denote >) (I-+r), where r ranges (vertically) over 
the set of ratsonat numbers. Then both K and E —K are punctsform, con- 
nected and locally connected sets.” 


Remark. If, as is shown to be possible by Theorems 4 and 7, J con- 
tains no perfect set, it follows from Theorem 7 that the set K in 


u Cf, Sierpinski, Sur un ensemble puncsforme connexes, Fundamenta Mathematicae, 
vol. 1 (1920), pp. 7-10. 

6 Cf. Mazurkiewicz, Sur Pexistence Cun ensemble plan connexes no contenani aucun 
sous-ensemile connexc, borné, Fundamenta Mathematicae, vol. 2 (1921), pp. 96-103. 

u Cf. §3 of Mazurkiewicz, Sur les ensembles quast-connexes, Fundamenta Mathe- 
maticae, vol. 2 (1921), pp. 201-205. 

1 Cf, R. L. Wilder, A point set which has no trus quast-componenis which becomes 
connected upon the addition of a single poimi, this Bulletin, vol. 33 (1927), pp. 423—427. 
Cf. Example a of $5 of Knaster and Kuratowski, Sur les ensembles connexes, loc. cit. 

18 Cf., ibid., §5, Example £. 

u Cf., ibid., §5, Examples y and 8. For a function whose image is a punctiform, 
connected, inner limiting (Gj) set, see page 306 of Kuratowski and Sierpinski, Les 
fonctions ds classe 1 et ensombles connexes puacthformes, Fundamenta Mathematicae, 
vol. 3 (1922), pp. 303-313. 

™ Cf. R. L. Moore, A connected and regular point set which contains no arc, this 
Bulletin, vol. 32 (1926), pp. 331-332; R. L. Wilder, A connected and regular point set 
which has no subcontinusem, Transactions of this Society, vol. 29 (1927), pp. 332-340. 
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Property 7 contains no perfect set.?! Furthermore, since the set of 
real numbers contains a subset R such that every perfect subset of 
the real numbers contains a number in R and a number not in R, it 
is clear that if J contains no perfect subset of E and the range of r 
is R (instead of the rational numbers), then the sets K and E—K in 
Property 7 are both connected and locally connected but neither con- 
tains a perfect subset of E.” 


PROPERTY 8. Let S denote a space whose points are the posnis of I 
and in which “limi posni” has the same meaning thai +t does in E. Then 
(1) Sts metric, connected, convex, and separable, bui contains no compact 
nondegenerate conitnuum; (2) S 4s linearly ordered and continuous with 
respect to this order; (3) S 4s the sum of countably many totally discon- 
nected, arbstrartly small domatns; (4) if F denotes the points of S belong- 
ing to a cèrcle in E and M denotes the potnis of S which are on or inside 
this circle in E, then akthough M coniains no nondegenerate quast-com- 
ponent, M ss not the sum of two nonvacuous mutually separate sets one 
of which contains F; (5) S contasns a totaly disconnected closed set of 
which not every potni +s a limi point of ts complement. 


Property 8 gives rise to a number of questions. Particularly, is 
every point of a totally disconnected closed subset of a connected and 
linearly ordered complete metric space a limit point of its complement? 


`3. Plane geometry. If one defines a line (in the cartesian plane) 
to be the set of all points (x, y) satisfying an equation of either the 
form x =a (where a is a constant) or the form y =f(x)+mx-4+-b (where 
m and b are constants which may be different for different lines, but f 
is the same function for all lines of this type and J; is connected), then 
one gets a curious approximation to euclidean plane geometry. In this 
geometry translation would be a rigid motion but rotation would not. 
Also in this geometry a triangle would cw the plane but would not 
separate the plane. 


THE UNTVERSITY OF TEXAS 


"Cf. Knaster and Kuratowaki, A connected and connected im kloinen point set 
which contains no perfect set, this Bulletin, vol. 33 (1927), pp. 106-109. 

n Cf. Mazurkiewicz, Sur la décomposition dun domains on deux sous-ensembles 
punchformes, Fundamenta Mathematicae, vol. 3 (1922), pp. 65-75. It follows from 
Theorem 8 that Bernstein’s (Berichte der Saechsischen Akademie der Wissenschaften, 
Leipzig, vol. 60 (1908), pp. 325-338) decomposition of the plane into two mutually 
exclusive sets such that every perfect set contains a point of each of them, as random 
as this procese is, always produces two connected and locally connected sets. This fact 
is certainly known to many mathematicians and has probably been pointed out else- 
where. 
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A REMARK ON THE CARDINAL OF LIMIT SPACES 
| WALTER S. SNYDER 


In this note we show that any nonvacuous set can be topologized 
to form a compact L* space,! and thus the cardinal of such spaces is 
unrestricted. l 

If S is normally ordered and the order has a last element we may 
define lim sup {ay} to be the first element of the order which precedes 
only a finite number of the terms of {a,}, and lim inf {a,} to be the 
first element of the order which is preceded by, or equals, infinitely 
many terms of {a,}. We term a sequence {a,} convergent if and, 
only if lim inf {aa} =lim sup {aa}, and the common element is de- 
fined to be the limit. The reader will verify that this defines a com- 
pact L* space. Our result thus appears as a consequence of the well 
known Zermelo theorem to the effect that any set can be normally 
ordered. 

Our result can be obtained, however, without the use of normal 
ordering, though the topologization is perhaps less natural. 

Let S be a given set and x a fixed element of S. We define the class 
of convergent sequences together with their limits to consist of: 

(a) All sequences {a,} for which a,=c for sufficiently large n, and 
the limit is a. 

(b) All sequences {a,} in which x is the only element of S occur- 
ring infinitely often (including the case in which no element of S$ 
occurs infinitely often), and the limit is defined to be x in either case. 
It is easily verified that this defines a compact L* space in S. 


Onto STATE UNIVERSITY 


Received by the editors April 11, 1941. 

1 An L* spece is a limit space in which certain sequences are designated as con- 
vergent, and a limit assigned to each in such a way that 

(1) a, a, a,+ ++ converges to a. 

(2) “{a.} converges to a” implies “every subsequence of {a.s} converges to a.” 

(3) If {an} does not converge to a there exists a subsequence of {an}, say {da}, 
such that no subsequence of {ba} converges to a. The space is compact if every 
sequence has a convergent subsequence. (See Kuratowaki, Topologis, vol. 1, p. 76, or 
Fréchet, Les Espaces Abstracts.) ’ 
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A NOTE ON REPRESENTATION BY POLYGONAL NUMBERS 
L. W. GRIFFITHS 


1. Introduction. The universal functions of polygonal numbers of 
order m-+2 were determined in an earlier paper.! In each universal 
function the number s of variables was at most m+2. The minimum 
value N of n, for each integer m23, will be proved in this paper to 
be the integer N defined by (3). It will also be proved that there is a 
unique universal function having n=WN if and only if m=3, 4, 
2N—3 2, 2¥-2_ J. A universal function having n= is given by the 
integers (4). At least one universal function different from this func- 
tion is given by the integers (6) if m3, 4, 2%-?—2, 24-?—1, and if 
(7) and (8) hold. 


2. Proofs. In the notations of the paper to which reference has 
been made m was an arbitrary but fixed integer greater than or equal 
to 3. The coefficients a1, a3,---, Ga in the universal functions were 
positive integers to be determined, and 1Sa,S --- Say. Also, by 
definition, w =a + +--+: +a, (1 Sk <n). It was proved that no func- 
tion is universal if w.<m+2, and that if w, =m+2 then the func- 
tion f is universal if and only if f is one of the following: 


(1) (1,1, 1,1, 1) or (1,1,1,2), with m = 3 and w, = m + 2, 
(2) (1,1, 1, Gat <, On) Wa =m +2 >55 aa S mi-14Sk SX»), 
but s > 5 and a; Æ 3 if a, = 1. 


Thus N=4 if m=3. It will be proved that if m>3 then the minimum 
m is the integer N uniquely defined by 


(3) 2-3 — 1 <m SQN 1. 


Consider the sequence of integers 1, 1, 1, 2, 2?7,---,2*%,-+-+- in 
which the tth term is 2** if 123. The sum of the first + terms is 
2*-4-+-1 if #23. Now let f be a universal function which satisfies (2). 
Then it is easily proved by induction that a,52*~* and wmS2'*-+1 
(S$SkSn). Hence if n<N this would imply in particular that 
m+2=w,92*'?+152" +1. This contradiction of (3) when n< N 
shows that nè N. Furthermore N25 since m>3 in (3). 


Presented to the Society, April 11, 1941, under the title The mintmum number of 
cartables tn universal functions of polygonal numbers; received by the editors April 11, 
1941. 

` 1L, W. Griffiths, A generalization of the Fermat theorem on polygonal numbers, 
Annals of Mathernatics, (2), vol. 31 (1930), pp. 1-12. 
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That N is the minimum value of n will be proved now, by exhibit- 
ing a function satisfying (2) and having n= N. This function has as 
its coefficients the integers 


4 


(4) 1,1, 1, 2, 2%,---, 20 m + 1 — 273 


after they have been arranged in order of increasing magnitude. This 
can be done because by (3) with N = 5 there is a unique integer J such 
that OSJSN—3 and 27 Sm-+1—2-<27+1, It is easily verified that 
the rearranged integers (4) satisfy all the conditions in (2). 

The function defined by (4) is the only function satisfying (2) and 
having n= N if m=4. This is also true if 


(5) Sm = 24-2 — 1 or 24-2 — 2, 


Then m+1—2*- is 27 or 2%-§— 1 respectively, and the integers (4) 
require no rearrangement. Now if f ia a function which satisfies (2) 
with n=N and is different from this exhibited function, then there 
is a coefficient a;< 27 with jS N—1. Then wy_1S 2" and ay S27 
— 1, and hence m-+2=wy S2%-?—1. This contradicts (5). - 

The function defined by (4) is not the only function satisfying (2) 
and having n= WN if m4, 2%-%—2, 2%-1—1. This will be proved by 
finding conditions on the integers b and c which are necessary and 
sufficient that the sequence 


(6) 1, 1, I, 2; a, rin eg alee b, G 


yields, after rearrangement in order of increasing magnitude, the co- 
efficients of a function satisfying (2). Then values of b and c will be 
exhibited such that these conditions are satisfied and that the set of 
integers (6) is not the set (4). | 

Let 6 be any integer such that 


(D (m+ 1 — 2¥-4)/2 S b S (m+ 1 — 29-4*)/2, b s DI, 
and let c be defined by | 
(8) c=m+1—2"4— 8, 


It is easily seen that (8) is equivalent to the sum of the integers (6) 
being m-+2, and that the second inequality in (7) is equivalent to 
bsc. If in b Sc the integer b is replaced by its value from (8), and if 
(3) is applied, it is seen that c2=1+2"—. Hence c is the last integer 
after rearrangement of (6). Now the first inequality in (7) is equiva- 
lent, by (8), to the fact that c+1 is at most the sum of the preceding 
integers in (6). By the last inequality in (7) it is easily verified that 
the rearranged integers (6) satisfy the remaining conditions in (2). 


124 H. L. GARABEDIAN [February 


Now, if m is odd, then (m+1—2%-*)/2 is an integer which may be 
taken as the value of b since it satisfies the conditions (7). It is easily 
seen that the set (6), in which b=(m+1—2%-)/2 and c is deter- 
mined by (8), is not the set (4). However, if m is even and not equal 
to 273, then b =(m-+2—2%—) /2 and c determined by (8) are integers 
which satisfy (7) and yield a set (6) which is not the set (4). But if 
m=2"—, then N26 and 6=2 satisfies the conditions (7) on b and 
yields a set (6) which is not the set (4). 

An interesting choice of integers b and c is that given by 
b= (m+ 1 — 2") /2 if mis odd and leas than or equal to (2% ++ 2¥-3—1), 
but by b=(m—2%"-+)/2 if m is even and less than or equal to 
(2% ++.2"—-%), Then (6) require no rearrangement, and c is respec- 
tively b or 6+1. The resulting integers (6) differ from (4) when 
mx QNAL INA 1, NAL ON, 
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HAUSDORFF METHODS OF SUMMATION WHICH INCLUDE 
ALL OF THE CESARO METHODS 


H. L. GARABHDIAN 


1. Introduction. The transformation! 
on = DD Cm nA "Ca" Sa, 
w= 


where Ca = f urdolu) and tsa} is a given sequence, defines a regular 
method of summation of the sequence {s,} provided that ¢(«) is of 
bounded variation on the interval 03431, continuous at u=0, and 


0 if #=0, 
o(u) =11 if w= 1, 
lelu — 0) + ¢(¢+0)] if OS <1. 
If these conditions of regularity are fulfilled the sequence {c,} is said 
to be a regular moment sequence (briefly a regular sequence), the mass 
function ġ(u) is said to be a regular mass function, and the method of 
summation involved is called a Hausdorff method of summation ([1] or 
[2]) and is designated by the symbol [H, ¢(x) ]. 
Presented to the Society, February 22, 1941; received by the editors April 8, 1941. 


1 To define the symbolism used here we write Cu. (m—1) > -> (m—n-4-1)/nl, 
Gao 1; Ade mex, — Crt t Cesta oc. 
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By properly specializing the mass function (1) it is possible to ob- 
tain various well known methods of summation. For example, the 
mass function (u) =1—(1— u)“, a>0, defines Cesàro summability 
(C, a). The regular ene associated with this mass function is 

Ce l Cais a (n=0, 1, 2, -). 

It is the object of this note to exhibit new Hausdorff methods of 
summation which have the rare property of including Cesaro sum- 
mability of all real and positive orders. 


2: A mass function ¢(u) independent of o for which [H, ¢(x) | 
D(C, g), ¢>0. In order to exhibit a regular mass function ¢(«) inde- 
pendent of o for which [H, ¢(u)} D(C, e), ¢>0, we write a theorem 
first stated by E. Hille and J. D. Tamarkin [3] which provides neces- 
sary and sufficient conditions in order that [H, ¢(u)]D(C, n) 
(n=1, 2, 3,-+-+). This theorem has recently been restated and proved 
in a paper by E. Hille, H. S. Wall, and this writer [4]. 


THEOREM 1. Necessary and sufficient condsttons in order that 
[H, (u) | D(C, n), n2z1, are 

(i) olu) ts absolutely continuous and has absolutely continuous de- 
rsvaisves of order equal to or less than n—1 for O<ussl, 

(ii) pœ) (u) has a finite right-hand derwatiwe (u) for O<u<i, 
and a finite left-hand derivative 6” (u) for O<uS1, 

(iit) (u), up’ (u), "ta up» (y), upa (u), up” (u) are of 
bounded variaison on the interoal (0, 1), i 

(iv) 1—(u), p’ (u), +++, POY (u) tend to sero as ut, 

(v) p(s), ug’ (u), am | utp (mY (u), urp (u), up (u) tend to 


sero as u—>0. 


The simplest regular mass function which we have been able to find 
which fulfills all of the five conditions of Theorem 1 for all values of 
n & í is the function 


(2.1) de(u“) = 1 — exp {#/(# — 1)}. 
We observe that this function is monotone increasing on the interval 
(0, 1). If we modify (2.1) by writing 

o(w) = [1 — exp {— aæn/(1 — #¥} Y, ‘a, P, y > O, 
we obtain a mass function which also fulfills the conditions of Theo- 
rem 1 for all mei. 


3. A theorem due to Hausdorff [1, p. 90]. If a regular mass func- 
tion }(#) is continuous on the interval (0, 1), and if furthermore we 
set u=¢e-*, then the associated regular sequence takes the form 
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(3.1) o& = Í s ™**b(x)dx, a= 0,1,2,-- 
g 


where ®(x) =e" (e*) = ud'(u). Hausdorff has proved the following 
theorem, involving the function ®(x) instead of the mass function 
(u), which is closely related to Theorem 1 of the preceding section. 


THEOREM 2, If the functions B(x), P(x), P” (x), - - - exast forx>0,4f 
they are absolutely integrable on the interval (0, œ), and tf they tend to 
sero as x—>0, then the sequence (3.1) defines a regular method of summa- 
tion which includes all of the Cesdro methods. 


The hypotheses of this theorem imply that all of the functions in- 
volved tend to zero as x—-+ œ. With this observation it is readily 
verified that the mass function 


ton f La(oed)a 


when (x) satisfies the conditions of Theorem 2, fulfills the conditions - 
of Theorem 1 for all nz1. 

Examples due to Hausdorff of functions which fulfill the conditions 
of Theorem 2 are: 


(xz) = A exp { — ax — b/x} or), a, b > 0; ` arbitrary, 
(x) = BES») pL, b>0;\ <0, 


where A and B are normalising factors which make œ=1. If in particu- 
lar we have (x)= Ytsy—3/3/(2x13), the associated moment se- 
quence is Ca =e ™", (n =0, 1,2, ---), and the associated regular mass 


function is 
1 fei a 
— e 1/4 log +} { log — dt. 
a ; xp {1/ og t} ( tog— ) 


Like the function ¢.(u) of (2.1), the function ¢»(u) is a monotone in- 
creasing function on the interval (0, 1). 

In comparing the mass functions ¢,(#) and ¢y(u) we notice that 
Palu) is much simpler in form than ¢,(4). On the other hand the regu- 
lar sequence associated with ¢,(u) has a simple form, while the regular 
sequence associated with ¢.(%) cannot be computed in elementary 
terms. 


4. The difference matrix. In a recent paper [5] H. S. Wall and 
this writer have discussed properties of the diference matrix 





p(w) = 


i 


A 
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A = (A"c„), where {cn} is a regular sequence. In particular it was ob- 
served that 


(4.1) Ate = f ra = 9) d0(w), 


and hence that the sequence (A"q, A™c, A*g, +--+) is an essenttally 
regular sequence, the associated mass function being /§(1—é)"do(é). 
We observe now for the first time that m need not be a positive in- 
teger, the integral in (4.1) affording a definition for the fractional 
differences involved here. 

If, for example, the mass functions ¢.(%) and d,(s) are inserted in 
the difference matrix new methods of summation arè generated which 
have the property of including all of the Cesàro methods. The method 
of summation thus generated by the mass function ¢,(u) has the mass 
function 


polu) = afa — į)? exp f4/(i — 1)} di, c2z O, 


where A is a normalizing factor which insures that ¢,(1)=1. On the 
basis of known results arising from inclusion problems in the differ- 
ence matrix |5] we make the conjecture that summability [H, ¢,(«) | 
increases in efficiency with increasing c. 
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A CHARACTERIZATION OF THE RADICAL OF AN ALGEBRA 
SAM PERLIS 
1. The first main result. We shall prove the following result. 


THEOREM 1. Let F be any field and A an algebra over F with a unsty 
element. Then the radical of A consists of all elements h such that g-th 
4s regular for every regular g. 


Let H be the set of all elements A defined in the theorem. It is easy 
to see that H is a linear set over F. We shall prove now that if A is 
simple, H=0. 

Let g and gı be any regular ‘elements of A and A be in H. Then 
grtg +h is regular so that g+g,A is regular. Hence gh is in H and 
similarly Ag, is in H. An arbitrary element a of A has! the form 
a=) tgs with regular elements g, so that ah =) gh is a sum of ele- 
ments g;h of H. Thus ah, and similarly Aa, is in H so that A is an ideal 
of A. If H¥0 then H=A since A is simple. But A contains the regu- 
lar element —1, and (—1)+1 is not regular so that 1 cannot be in H, 
whence HA. Hence H=0. 

Next we shall prove that H=0 whenever A is semi-simple. Now 
A=A,+Ai+ --- +4: where the A, are simple, and each x of A 
has a unique expression «==d;+d3-++ --- +a; with a, in A,. Fur- 
ther, x is regular if and only if each a, is a regular element of A,. 
Let g=git--- +g; be regular, A=A, +--+ +h, be in H, so that 
— gth=(gith)+ «++ +(geths). Then g+h is regular for every regu- 
lar g if and only if g:+h, is regular in A, for every regular g, of A,. 
By the proof above for simple algebras every 4,=0 so that h=0 and 
H=0. 

In considering the case of a general algebra A, we show first that 
the radical R is contained in H. Let g be regular and r lie in R. Then 
g-+r is regular if and only if 1+g-¥4 is regular. Now g-¥ is in R, 
(g—r)*=0 for some integer #, (g—4r)*#t1+1=1. If A is an indeter- 
minate, A-+1 is a factor of A?7*!-+-1 so that g~4+1 is a factor of 
(g7'7)t#+1-+.1 =1; hence, p~4r-+1 is regular, g +r is regular, r is in H, 
and R is contained in H. 

It remains to prove that R contains H. Since A — R is semi-simple, 
the set H, defined for A —R, similarly to H for A, is the zero set. If g 
is regular in A and k isin H, the class [g+A] in A —R is a regular ele- 
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" ment of A—R. But [g+h]=([g]+ [4], and [g] varies over all? regular 
elements of A —Rso that [4] must be in H= [0] =R. Hence kisin R, ' 
H is contained in R, H=R, and the proof of the theorem is complete. 


2. Extension to arbitrary algebras. The theorem above is applicable 
to algebras A» without a unity element in the sense that by adjoining 
a unity element to Ao we do not alter its radical. To see this, let Ro | 
be the radical of As and R the radical of the corresponding algebra A 
with a unity element. Every element of A has the unique form 
G@=a-+do with a in F, do in Ao. If ro is in Ro then aro =afo+aofo is a 
sum of elements of Ro, aro is nilpotent, ro is properly nilpotent in A, 
so that RyoSR. Conversely, let r be in R so that r'=0 for some in- 
teger t, r=o-+So with o in F, So in Ao, r'=o'+s,=0 with sı in Apo. 
Then s,;=0,¢=0 so that r=sy in Ag. Butr is properly nilpotent in A, 
hence in Ao, hence ris in Ro, RS Ro, R=Ro. 

While the fact just proved enables one to apply Theorem 1 to arbi- 
trary algebras, nevertheless it is desirable to obtain a criterion not 
dependent on the unity.element, as Professor Marshall Hall has 
pointed out to the author. The remainder of this section is devoted to 
this purpose. 

If A is an algebra without a unity element, the symbol‘A’ will be 
used throughout the paper to denote the algebra obtained from A by 
adjoining a unity element. If A has a unity element, A’ is defined 
to be A. 


DEFINITION. An element x of an algebra will be called “quast-regular” 
sn case there ts an element y in the algebra such that 


(1) ` x+ vy F- i ao 0, 
and then y wH be called the “quasi-snverse” of x. F 


Since (1-+x)(1+y) =1+x+2xy+y, we see at once that if an element 
x of A is quasi-regular in A, then 1+7 is regular in A’; and conversely, 
if 1+x is regular in A’ for x in A, then x is quasi-regular in A’, and 
actually in A as the following result shows. 


Lemma 1. Let A be an algebra over F. If A=A’, a quanitty of A ts 
regular 4f and only sf t has the form 1+x where x +s quast-regular. If 
AA’, a quantity of A’ is regular if and only sf H is expressible as 
a(i+x) where ats a nonzero element of F and x is a quast-regular ele- 
ment of A. ` 

t For, if [b] is any regular element of Á — R, then [blc] =[1], bc =1-+r with r in 
R. Since we have already proved RSH it follows that 1 -+r is regular, bc is regular, so 
that 6 is regular. f 


` 
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The case 4 =A’ is completed by the remark above the statement 
of the lemma. In the case AA’ the same remark shows that if x 
is quasi-regular in A, then 1+ is regular and so is a(i+zx). Con- 
versely, let g=a-+x be any regular element of A’ with ain F and xo 
in A. We readily find that a+ 0 sọ that g =a(1 +x), 1+ 2 is regular, 
and 


(i+ x)(B+ y) = 6 + (Bx + zy + y) = 


for some $ in F and y in A. Since Bx-+xy+y is in A and £ is in F, we 
must have B=1, x+xy-+y=0, so that x is quasi- regular. 

Observe that this lemma provides unique A CALOR for the regu- 
lar quantities of A’. 

If x is quasi-regular in A, its quasi-inverse is the unique element y 
such that 1+y is the inverse of 1+. Moreover, 


(1+«)(1+y) =1=(1+y)(1+2), 


whence xy=yzx. Finally, the inverse 1+-y of the regular element 1+ 
is known to be a polynomial in 1++-x so that y is a polynomial in x. 


Lemma 2. If x 4s a quast-regular element of an algebra A, sts quasi- 
inverse is unique, is a polynomial in x, and commutes with x. 


We now obtain the following main criterion. 


THEOREM 2. Let A be an algebra over a field F. Then an elemeni r 
of A ts in the radical of A tf and only tf x+ar is quast-regular sn A for 
every x of A which ts quass-regular and every a of EF. 


If x is quasi-regular and r is in the radical, ar is in the radical of 
both A and A’, 1+< is regular in A’, and thus 1+2-+ar is regular 
by Theorem 1. By Lemma 1 the element x-++ar of A must be quasi- 
regular. Conversely, suppose that r is an element of A with the prop- 
erty stated in the theorem. Any regular element g of A’ has the form 
g =a+ax, a*0 in F, and x quasi-regular in A. By hypothesis x+a-¥4 
is quasi-regular so that 

h=itae+a-¥ 


is regular, and ak =g-+r is regular. By Theorem 1 the element r is in 
the radical of A’, hence in the radical of A. 

A common characterization of the radical is that it consists of zero 
and all properly nilpotent elements. It may be noticed that this char- 
acterization is strongly in contrast with the present ones which are 
phrased in terms of addition rather than multiplication and are con- 
cerned with preserving regularity rather than nilpotency. 
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3. Some applications. As an application let us consider bound alge- 
bras which have been studied by M. Hall.’ In his Theorem 3.6, Hall 
found that a bound algebra A contains three pairwise orthogonal , 
idempotents e3, ¢, e, with the following properties. If A,=e,de, 
(¢=1, 2, 3) and R is the radical of A, then 

(1) A is the supplementary sum 4 =4,+42+(Asz, R); 

(2) Re=0, aR=0; 

(3) A; and As are semi-simple. 

We shall prove: 


I. If A has a untty element e, then 6=e, +e. + 4. 


For proof, let es=e—(er:tes-+es) so that eo is either zero or an 
idempotent orthogonal to each e,. By property (1) we have 6o =01 +4 
+(a3+7) with a, in 4;, r in R, and we may always assume, without 
loss of generality, that either a,=0 or else a; is not in R. By the or- 
thogonality of the e, and property (2) we have eo = 0 = a1, treo = 0 = da. 
Now ¢9=Gatr, ¢o¢3=0=G3-+7re3, G= —re; in R so that m=0. Then 
éy=r in R so that g, cannot be idempotent and we have ¢).=0. 

Next we again assume that A has a unity element and prove: 


Il. If #=a,;=a.+(as+r) is any element of A, a, in A,, rin R, then 
x is regular tf and only if each a; ts regular in A.. 


Since r is in R, x is regular if and only if y=a,-+a,+-a; is regular. 
If 3=bi ++ (bits) is an element of A, b, in Ay, sin R, then 


ys = 415, + Grba + d3b3 + 51, siin R, 


and ys=e=etetes if and only if aibı=¢,, abi =e, Gibi = 6 — S. 
Hence a; and as must be regular in their respective algebras. The third 
equation above shows that sı must be in A; as well as in R, bence in 
the radical of Ay. Then ¢;—s, is a regular element of Az, +b; is regular 
in As, so that a; likewise must be regular in As. Conversely, if each a, 
has an inverse b, in A,, it is clear that bı+bı+b: is the inverse of 
Gi +t ta. 

An analogue of II not requiring a unity element will now be ob- 
tained. ‘ 

III. Let x=a,+as+-(a3+r) be an element of a bound algebra A. Then 
x 4s quast-regular sf and only sf each a, ts quast-regular in A,. 


3 The position of the radical in an algebra, Transactions of this Society, vol. 48 
(1940), pp. 391-404. A “bound algebra” A with radical R is an algebra with the 
property that if x<R=Rx=0 for xin A, then xis in R. Hall has reduced the structure 
theory of arbitrary algebras to that of bound algebras and semi-simple algebras. 
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By Theorem 2 the element x is quasi-regular if and only if x —r =y 
=6,-+43;-+a;3 is quasi-regular. If each a, has a quasi-inverse b, in A,, 
then g; = 5,-+,-+, has the property that ys, =G1b1-+63)3-+G3)3 80 that 
y-+yso-+so=0, and y is quasi-regular. Conversely, suppose that y has 
a quasi-inverse 3=},-+-b,.-+-(63+5) with s in R and b, in A,;. Then 


. 3 
(2) ytysts=0= Di (utab Hb) +y Hs, 
iml 


(3) Gy + abs t bs + ys+s=O, a, + ab, + 6, = 0 


for +=1, 2. Thus a; and a, are quasi-regular in A; and Ay, respectively, 
and the quantity 


(4) GC = h + Gibs + 63 = — 5 — Ys 


is in Ay, gC = c= — OS — eys = — 6,5 —Gy5 = — (eg-+G3)s. Since y com- 
mutes with its quasi-inverse (Lemma 2), we haye y+sy-+-s=0 and 
as in (4) we are led to the equation 


(5) c = h + bya, + bi = — 5 — SY. 
Hence c!/=c'e = sgag G3). We have proved 

(6) c= — Gi a3)5, c = — sle, + ay). 
Now (¢s-+Gs3) (¢3-+-53) == ¢3-+¢ =e, — (es-+ay)s so that 

(7) © (es + aa)(ea + bi + 5) = es. 
Likewise, by forming (¢3+-b3) (es-+-a3) =e3-+-c’ we find 
(8) ` (63 + bs + s)(es + Ga) = es. 


Since e; is the unity element of A;, the results (7) and (8) show that 
the element e3-+a; of A; is not a divisor of zero in A;. Thus ¢y-+ay ig a 
regular element of A; so that a; must be quasi-regular. This completes 
the proof. l 

One may observe that property (3) is an immediate consequence 
of the fact III and Theorem 2. Suppose that 7; is in the radical of A1 
and x=d1-+a3-+(ads-+r) is any quasi-regular element of A. Then a; is 
quasi-regular in Ai, @1-+-ar, is quasi-regular in A; for every «æ of F, 
and x-+-ar, = (a1-+-ar1) +a3-+(a3+r) has the requisite form for a quasi- 
regular element of A. By Theorem 2 the quantity 7; is in R as well 
as in A,;. But then r;=0 by property (1). Thus A, is semi-simple, and 
similarly A, is semi-simple. 
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AN EXTENSION OF A THEOREM OF WITT 
BURTON W. JONES 


_ 1. Introduction. If, +++ , ua i8 a set of vectors such that tuy =U 
„are numbers of a field K fors,7=1, 2,--- , n, all linear combinations 
of these vectors with coefficients in K constitute a vector space 


S = (Unte ue) 


over K and the symmetric matrix A = (uw,) =(a,,;) is the multiplica- 
iton table for the basis u1,--°-, ua. The inner product of two vectors 
Sox, and > yau is the bilinear form 


Dd, (u,v, = DS ary 


and the norm of a vector is the inner product of a vector and itself; 
it can be expressed as a quadratic form. 

If © is a nonsingular transformation with coefficients in K and 
(toee, ta)\@—(n1,---:, Da), the bs will constitute a new basis of 
the same space © and the multiplication table for the new matrix is 
G/M. This has the same effect on the matrix of the quadratic form 
$a xæ, as the transformation (xr, ---, %a)’=@(y1,---, ya)’. The 
quadratic forms fı and fs are equivalent (in K) if one may be taken 
into the other by a nonsingular transformation with coefficients in K. 
Then the corresponding vector spaces are said to be egusvalent (in K). 
We write fifa and 6,6. 

It should be noted, in passing, that two vector spaces may be equiv- 
alent without being identical. For example, if #=3 and 


1 0 0 

A= 0 1 0 

0 0 1 
it is true that (u1, t) (it, us). However, an isomorphism may be es- 
tablished between two sets of vectors having the same multiplication 

table. ; 

Two vectors u and v are orthogonal if uv =0. Two vector spaces are 
orthogonal if every vector of one is orthogonal to every vector of the 
other. Two subspaces, ©, and ©, of © are complemeniary if every 


vector of & is the sum of a vector of ©, and a vector of ©. If ©, ' 
and ©, are complementary orthogonal subspaces of © we write 
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S= 646. This is a direct sum if © has no radical, that is, if its 
multiplication table is nonsingular. 

Ernst Witt! proved a theorem which we shall state in two different 
ways. K is a field of characteristic not equal to 2 and the spaces have 
no radicals. 


THEOREM A. If ©, ©, and ©, are vector spaces over K and ©, and ©, 
are orthogonal to ©, then ©); + Gg. S14+ Gy implies Og S6. 


THEOREM B. If f ss a quadratic form in xı, -` , x, and g and 
h are quadratic forms in Xr: `>, ta (with coeficients in K) then 
,f+HeS=f +h implies gh. | 


If the field K is replaced by a ring R we may make definitions analo- 
gous to thosé above. The vector space then becomes a vector lattice, 
g (in the old-fashioned sense), and the transformations € of the bases 
must, together with their inverses, have elements in the ring. Witt’s 
restriction of convenience that the space shall have no radical is not 
necessary here except that any result stated sn terms of quadratic forms 
assumes that the forms are not equivalent to forms of fewer variables. 

This paper proves that Witt’s result also holds for vector lattices 
over any ring of p-adic integers for which p is odd. We shall call such 
a ring an odd p-adtc tnteger ring and denote it by R,. The case p=2 
presents difficulties all its own which we hope to resolve in a later 
paper. The completion of such a result would establish the theorem 


that if fis a quadratic form in 1, ---,#,and g and 4 quadratic forms 
IN Xai, © © t, Æna, then f-+-g and f+A are of the same genus if and only 
if g and k are. 


The machinery which Witt set up for fields breaks down completely 
in at least two essential points when applied to R,. Hence our Lem- 
mas 3 and 4 have no analogues in Witt’s theory. 

It will be recalled that if a, b and c are integers in a p-adic field, 
asab (mod c) means that (a—6)/c is a p-adic integer; in other words, 
the highest power of p dividing c is a divisor of the highest power of p 
dividing a—b. Also it is true that if a and b are p-adic integers and if 
for q an arbitrary power of p there is a p-adic integer x such that 
ax {b (mod q) then there is a p-adic integer x such that ax =b. When 
we say that a set of vectors are Isnearly independent or dependent we 
mean independence or dependence (mod p). 

It was surmised by a referee and has been established by the author 
that with only trivial and obvious modifications the lemmas and final 


1 Theoris der quadraiischen Formen in behebipen Körpern, Journal fur die reine und 
angewandte Mathematik, vol. 176 (1937), pp. 31-48. 
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result of thts paper hold equally ‘well for vector latisces over any ring of 
adic integers when P ts any ideal prime to 2 in a field of algebratc 
numbers. The multiplication tables (that is, the matrices of the quad- 
ratic forms) as well as the transformations of bases and their inverses 
will have, of course, integers of the ring as elements. 


2. Lemmas. We now prove the following lemmas: 


LEMMA 1. Let an n-dimenstonal lattice R with coeffictents in a p-adic 
snieger rang be defined by the vectors Un -<> , Us, et Dy oe , vp ber 
linearly sndependeni (mod p) vectors of thts latisce. Then there extst vec- 
tors Ory te, Ua defining a complementary orthogonal laktsce to 
(On, De) in £ if and only if the highest power of p dividing the 
determinant of the first r columns of matrix X (or B) below ts a divisor 
of the'g.c.d. of all determinants formed by replacing one of the first 
r columns by one of the last n. 


i , 
Di te Dbe Dilly ++ + Diin 
A = i 
b,b -++ by Dri ++ * Delle 
2 0 Os. 4 
Br - +: DD, DiDr41 -e DD, 
B= 
a 0 0 
UDr -e > Dy DpDpp1 °° * DpDa 
where Whi +: , Ue define a complementary (not necessartly orthogonal) 
space to (w, --, 0p) sn Q. For this lemma tt ts not necessary ihat p be 
odd. 


Proor. First note that there is indeed a complementary lattice 
(of.1,---, bs). That one may use A or Y follows from the fact that 
the last n —r columns of the latter are linear combinations with coefh- 
cients in the ring of the last n columns of the former and the last n 
columns of the former are linear combinations of the # columns of 
the latter. 


Set 
\ r 0 ‘ 
Da = >, bi, + Ds, kR=rti,--+,a. 
tan Í. 
“Then 
: 0 
bad, = >, brb Di + DD j=l, e,r. 
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For any k we can choose r integers by, 80 that wp, =0 forj=1,---,r 
if and only if the conditions of the theorem hold, using matrix B. 


Lema 2. Every n-dimensional lattice £ in a ring R, of p-adic tn- 
‘tegers (p odd) has a basis ti, -> , Us such that 


g = (m) +--+ + (ts). 


This is a rather well known result.? 

In the lemmas that foWow, t, ©- Unisa Sanna basis of a lattice 
2 over the p-adic integer ring, p odd, that is, = (m1)+ «>> + (Uy). 
The c’s are integers of the ring. 


Lexma 3. If p=catta-+ -© +cat, Gnd c13,,m0 (mod cat) for 
$=2, 3,- , n—1, there exists a Do=Collat +--+ +Coglt, Such that 
bod ==0 and Yo has an orthogonal complementary space in (us, ~~ + , Us) 
unless for each k such that 2S5kSn—1 one of the following holds: 

1. Cepl 0 (mod pemg) and c0 oe Deni). Thas tmplees 
u0 (mod py). 

2. Us [Urp and Ch/Ce+1 are untis and 

2 2 


es 





= () (mod $). 


t 
Chill kii 


Furthermore, such a Vo can be found tf 2 holds for two successive values 
of k. 


Proor. Throughout this proof it is understood that 2SkSn—1' 
Choose Yo = Clty+ Uma. Using Lemma 1, we seek to determine c so that 
(1) DoD = copie tt crass = 0 and (2) Salers and Dolly = cl, are =0 
(mod w) where t= udy1+ c'it. 

1. Suppose cauti m0 (mod pew) and cy4.1—0 (mod cy). Choose c 
so that (1) holds and have ' 


2 2 Ch+1 Cities 2 
Cu, = Usp E 0 (mod bus) 








Ch call? 


which implies 03340 (mod pun). Also a= —cryu2yi/c=0 (mod 
ut) and hence condition (2) holds. 
© 2, Suppose cailin /(cua) is a unit. Choose c so that (1) holds and 


4See, for example, Lemma 8 of C. L. Siegel's Uber die analytische Theorie der 
quadraisschen Formen, Annals of Mathematics, (2), vol. 36 (1935), pp. 527-606. In 
the statement of this lemma there is a misprint. R, should be replaced by G,. The 
corresponding theorem for $-adic integers is in the third paper of the same series, 
Annals of Mathematica, (2), vol. 38 (1937), p. 240. 
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see that c is a unit. If ṣ=0 (mod pudy1) or 12,10 (mod pug), (2) is 
seen to hold. We then have difficulty only if the first two parts of 
Condition 2 of the theorem hold and if in addition 1, +c m0 (mod 
puž). Then (1) implies 














2 å 
3 1 Cepia 
c Uik = 
cy 
and thus 
2 ii 
c 
1p E = 0 (mod $) 
Gu | 
For the final remark notice that 
Pt 2 o A i 
1 + ——— = 1 + m 0 (mod 9) 
Cpe tats wiatnen 
implies 
ile 
c l 
1 - ——— = 0 (mod 9), 
Ch tla ! 


and replace ttsi1 Dy Usa to have the existence of Yo. 


Remark. Condition 1 of the above lemma may be weakened but 
only by making the statement more complex and less manageable. 
That there is not always a Vo orthogonal to v and having a comple- 
mentary orthogonal space is shown by the following example: 

Let 1ġ=1, ug=p" and v= pus +u. We show that no vo= bsla + bius 
exists for which voy =0 and which has an orthogonal complementary 
lattice in (us, us). Now Do0 =0 implies b= — pb3and since vocan have 
a complementary orthogonal lattice only if b, is prime to p, we take 
b= 1 and have vo= — pia+uy. Now (gills-+ galts)00 = — gip+g2p?= 0 im- 
plies g:=0 (mod p). Hence 





— $ 1 
| m © (mod $) 
Bi. g2 
and vo has no complementary orthogonal lattice. 
LEMMA 4. Jf (Dee, DOS, «+--+, ua) are two canonical latisces 


with w=) and 


Di = Cia + Calla +--+ + Calle 
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while wn— cu, has the property that, for each k for which 2SkSn—1, 


esther 1 or 2 of Lemma 3 holds and sf 2 does noi hold for two successive 
values of k, then 


(Os, ad , Da) Se (ita, meee 5 Ma) 
Proor. The lemma is obvious if n= 2: Henceforth assume n= 3. By 
renumbering 1y,---, Ua, if necessary, we can have cuf =0 (mod 
cit) for¢=2,+++,n—1 asin Lemma 3. 


We may write ),=)_7.1¢,,u; where c1j=c; and the determinant of 
the coefficients is prime to p. Write 


Cy Ou 
A, = 
Cys + Cat 
We know A,0 (mod p). Assume (what we shall soon prove) that 
cı=cu 0 (mod p). We now show that we may renumber by, ©- +, Da, 


if necessary, to make A,A0 (mod p) for 2SiSn. Assume A;_1 580 
(mod p); the Laplace expansion of A, shows that the matrix Jt; com- 
posed of the first s columns of A, is of rank +. The firsts—1 rows of Dt; 
are linearly independent and not all the remaining »—+s-+1 rows of 
Wt, are linearly dependent on them. 

Notice that v.by=cucniit «++ + CnC alg and v, {0 if ij. 

We next proceed to prove some preliminary results. 

I. cuzm0 (mod cuf). Suppose the contrary were the case, that is, 
cyt; mO (mod poi). We have, by Lemma 3, two cases to consider. 

Case 1. If cufm0 (mod peng) and @=0 (mod pe,) for all #>2, then 
tb.=0 implies cyacauyem0 (mod pcg) and hence cam0 (mod p) for 
¢>1. Since if n& 3, cam0 (mod p); and hence A,m0 (mod $), which is 
false. : 

Case 2. If ca =0 (mod pe) and a0 (mod pe,) for +>3 while 
Condition 2 of Lemma 3 holds for k=2, then »,3,=0 implies 
cachean a0 (mod pcen?) (for += 1, Condition 2 of Lemma 3 im- 
plies the congruence). Hence 4,0 (mod p), contrary to fact. 

II. c:=¢y 940 (mod p). (This shows 4,50 (mod p),+=1,--+, 7.) 
We know vi—cuim0O (mod cg). Hence vi- cdu = w- aun 0 
(mod cut) and =O (mod en). i 

III. For &>r2i it is true that 


3 s 3 
Cal E -oeo E Cill E 0 (mod 14,4). 


If r22 we know that in all cases of the previous lemma u},,=0 
(mod u2). Hence for r21 we have for each k >r, 
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2 2 2 . 
bat, PR CpG H oeo E Crille | 0 (mod trpi) forj=i,--“-,y7, 


and since A,s40 (mod p) we have the desired result. 
IV. If u2,:m0 (mod puf) then u34:50 (mod puf) for 2SsSr and 
III implies 


Cyn 5a: -> mm cy, E 0 (mod p) for each k >r. 


V. cm0 (mod p) for all k>2 or >3 according as f= 0 (mod pu 
or not. A glance at Lemma 3 shows 


3 $ 2 
DaD E Cyril, F CesCalla + Ceacslly #3 O (mod pestis). 


If ug=0 (mod puz) then csugemO (mod peaug) and IV shows cm, and 
hence by I, cm are congruent to 0 (mod p) for k>2. Otherwise u{=0 
(mod pug) while u3/uf and cs/c are units; then IV implies cu and cu 
and hence cu are congruent to 0 (mod £) for k >3. This also holds for 
all k & 2, if perchance au =0 (mod pu’). 

We now have two cases to consider corresponding to the two cases 
of Lemma 3. In what follows 4 is some fixed one of 2,3, ---,2.In the 
first place we assume that either +=2 and Case 1 holds for k=2, or 
+>2 and Case 1 holds for k=4 and k=4—1; we then show that 
(v =u}. In the second place we assume that Case 2 holds for k=4; 
then, with one exception which is dealt with separately, we show that 
(Di, Dig) S¥ (Uy, W441). 

Case 1. Suppose ¢4412,;=0 (mod pca), cymO (mod pci) and 
u#,;=0 (mod pu?) for all j for which 1SjSn—6, while cf{m0 
(mod per-pla), ¢..,00 (mod pc,) and 12m0 (mod pu) for all j for 
whicht—22j21.If4>2 taker=¢—1and k=+, in IV above and have 
Cam + ++ mc, 10 (mod p) and V shows that c,,.m=0 (mod p). Hence 
A,40 (mod: p) implies c,,40 (mod $). If s=2, n&3 implies «=0 
(mod $) and 4:540 (mod p) implies cn2340 (mod p). Hence in both 
cases Cu p40 (mod p). 

In II above put r=¢—1, k=4 and have 


3 2 
Cilly Mu >- o- Cy ty m 0 (mod w). 


But vymca(cuu)+ +++ +Health) (mod pu’) and hence we have 
shown W =0 (mod 13). If ¿>2 we have shown above that cnm -- 
Scum) (mod $) and hence bedu (mod put). If ¢=2, wiccan 
+ CaCeattg 0 (mod pot) and cm0 (mod p) implies ca = — CaCeattg/ (cut) 
(mod poauz/u?). Hence 

. a 

canl = cy ie calla (mod penis) 
cui 
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and cmQ (mod b) shows dm 0 (mod p13). In both cases, then, we 
have eadi (mod 13) which implies =dua} (mod q) is solvable 
for q, an arbitrary power of p. Hence there exists a unit b in R, such 
that pj = btu. 

Case 2. Suppose 3Ss-+isn, wi/was and c/c are units, 
1+ Ani (chun) =0 (mod p), ciii m0 (mod peat), c0 (mod 
Pcia), U2,;2:0 (mod piñ) for all j for which »—+2722. Also cuh m0 
(mod pc, anys); um 0 (mod put) for all 7 such that ne) <t—1. Re- 
call I and IT above. 

Taking r=+—1 in IV and using V we have 


Ch M+ + E Cui EO (mod $) fork = 4,4+-+1 ands > 2. 
This with 4:0 (mod p) implies 


! Ost Cis+1 


By = pf 0 (mod 7). 





Ciis Ciit 


The last holds even if ¢+=2 unless n=3 and cam 0 (mod p) since n>3 
implies cmc, m0 (mod p). We postpone this exceptional case. 
Take r=4—1 in III above and have f 


Cell m e. = Cpl, m 0 (mod u) fork = 4,4-+ 1, 


Now 


t 
Ds = calcani) op os Cong (Caeyalleys) (mod pu), 
and 
Ch + Mt Chi ot O (mod $) fork=4,++1l1and1 > 2 
implies 
3 2 3 
Y; = calcati) F Cinare) (mod Hui), 
Vrp m Copss(Copre Us) F Cia aleta entte) (mod pis), 
DiDep1 Sa caulet) + Cui lci E = () (mod puni). 


The argument in Case 1 for $= 2 may be used here to show that the 
three congruences above hold even when +=2 except in the case post- 
poned above. In fact, if {m0 (mod put), III implies cu = cn =O 
(mod ~), B40 (mod ~) and the argument used in Case 1 carries 
through to show that the three congruences hold. We thus postpone 
the case in which # = 3, cycgmh0 (mod p) and 13/11 is a unit. 

Divide the three congruences by uJ; let d=132,:/1j. The resulting 


1942] ' A THEOREM OF WITT 141 


situation is covered by the next lemma which shows that there are 
p-adic integers a, b, c, e such that ae —bc is prime to p and 
b. a (au, T bi), Dept “a (cu, F ehy), 
(au, + bta, + eua) = 0. - 


Hence (04, Do E&i, Wig). 

It remains to consider the postponed case 2=3, cacg##0 (mod p) 
and 13/1 is a unit. Then Gugt+@Quj=90 (mod pui) implies that 
vimciu;=0 (mod puf) and hence ci 0 (mod p), contrary to fact. 


LEMMA 5. If the congruences 
xt + dy" m g, (mod p), s? -+ dé m gs (mod $), xs + dyt om gs (mod p), 


` wiih d0 (mod p), have solutions xo, Yo, Zo, fo with Xoto— 3oyo m0 
(mod p), then there are p-adic integers x, y, 3, E such that x?+dy'*= f, 
g?-+-dt =g, xz-+dyt=g; and xt—sy 40 (mod p). 


Proor. To prove the lemma, assume that xo, Ye, Zo, fe i8 a solution 
of the congruences with p replaced by g. We seek an x, y, s, #80 that 


(xo + gx)? + d(yo + gy)? = g1 (mod $9), 
(zo + gs)? + d(to + gt)? m gs (mod $q), 
(xo + qx)(o + qs) + d(yo + qy)(to + gt) = gs (mod pq). 
That i8, 
xox + dyoy m hy (mod $), 
SoS + did = hy (mod $), 
zos + sox -+ d(yot + toy) = hy (mod $), 


for some integers kı, hs and Ay. The matrix of the coefficients on the 
left is 


0 0 zx. db 
žo diy 2% dyo 
which is of rank 3 (mod 9). 
3. Final results. We have the following theorems. 


THEOREM 1. If (w, +++, ds) Gnd (th, ++, Un) are two equivalent lat- 
lices in a ring R, of p-adic integers (p odd) and tf wi=uix0 and 
nD, =u, = 0, t1, then 
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(Da, oo , Dn) SY (ute, n> » Uy). 


Proor. Assume the theorem true for all’ lesser values of #. Also, 
(De, +++, Da) and (ue, - ++, Ua) may be considered to be in canonical 


form. Lemma 4 establishes the theorem unless Lemma 3 applies. We 
then have the existence of a vector Yo such that Dodi = Dotty =O and Do 
has an orthogonal complementary space in “is,---+, Wa) and hence 
such a space, (Do)*; in g= (t, Se ey Us), that is, = (Do) + (Do)*. Then 
(9)*& (v1) +B) -HU where? B and U are the complementary or- 
thogonal spaces of (m) and (1), respectively, in (vo)*. By the hypothe- 
sis of the induction BÈU and LSt(bo)+ (m) + BV (bo) + (m) +U im- 

plies 
(Oa, ee, Da) = (Do) + BS (bo) + U = (ita, - , We). 

THEOREM 2. If lattices %, and Ra over a ring R, of p-adic integers 
(p odd) have no radical, then 


HULSE 
implies 
2, & 


This theorem is easily established by induction using Lemma 2 and 
Theorem 1. It may also be stated in terms of quadratic forms in a 
manner analogous to Theorem B. 


CORNELL UNIVERSITY 


3 The existence of % (and similarly of 11) follows from Lemma 1 since Yf is a divisor 
of the product of w by any vector of 2 and hence of (1)*. 


EXPANSIONS IN SERIES OF NON-ORTHOGONAL 
FUNCTIONS 


R. V. CHURCHILL 


1. Introduction. Let ¢,(x) (t=1, 2,---) be the normalized charac» 
teristic functions of the Sturm-Liouville problem 


a 
dx\ dz 


Ap (0) + Bop(0) = 0, 4# (1) + Big(1) = 0, 


in which the functions P, Q, and R are continuous, and R>0, P>0, 
when 0Sx3S1. The set of functions {¢,(x)} is closed with respect to 
the class L?(0, 1), in the sense that Parseval’s relation, 


Í pds = >| J “Pras |, 


is satisfied by every function f of that class. This fact can be deduced 
readily from a theorem by Kellogg! on the completeness of the set of 
solutions of the self-adjoint problem of the second order. It can also 
be obtained from a result found by Dixon.? 

In terms of two functions f and G of the class L?(0, 1), Parseval’s 
relation can be written 


1 oo 1 i æ 1 
f PfGdz = =f Pfédz f PG¢,dx = } a Í PG¢,dzx, 
6 1 9 Q 1 6 


where c, are the Fourier constants of f. If Gag/P when 0<x<# and 
G0 when #<x<1, where the function g belongs to £7(0, 1), it follows 
that 


t w t 
(1) f feds = 2, a f gdz, OsSist. 
0 1 0 


Presented to the Society in two parts, the first under the title On an exisnsion of 
the Sturm-Liowctle development on April 14, 1939, and the second under the title 
Term-wise tategraiton of Sturm-Liowuville expansions on April 12, 1940; received by the 
editors April 25, 1941. 

10, D. Kellog, Note om closure of orthogonal sets, this Bulletin, vol. 27 (1920), 
pp. 165-169. 

2A. C. Dixon, Om the series of Sturm-Laouvills, as derived from a pair of funda- 
manial integral equations instead of a differential equation, Philosophical Transactions 
of the Royal Society of London, (A), vol. 211 (1912), pp. 411-432; pp. 431, 432. 
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- The convergence of this series is uniform with respect to ¢ (0 £4351). 
For, according to Cauchy’s inequality, 


f gdz S l 3 ci 2 (S edz) | n>m. 


But the Parseval relation is true for the function G, so that 


E(f esda) - f| Eas f Se 


Since the series )_1°@ converges, the uniform convergence of the series 
in (1) becomes apparent. 

Hence the generalised Fourier series > ich, (x) corresponding to f can 
be muliiphied by g and integrated term by term to give the uniformly con- 
vergent representation (1). 

It is our purpose to use this integration process to derive an expan- 
sion in series of the characteristic functions of the following problem: 


y+ A+ g)y = 0, 

(2) aoy(0) + y (0) — bay” (0) = 0, 

ary(1) + y) + by” (1) = 0, 
in which the function g is continuous in the interval (0, 1); the a’s 
and 6’s are constants, and 6920, 6120. Problems of this type arise 
in a variety of boundary problems in partial differential equations.’ 


In view of the differential equation, the boundary conditions can 
be written 


(3) 








y (0) + [ao + bog(0) + ber] ¥(0) = 0, 
(1) + [e — big(1) — BA] (1) = 0, 


thus showing how the parameter \ is involved in those conditions.‘ 
If A; and A; are two distinct characteristic numbers of the system (2), 
and y, yz the corresponding characteristic functions, it follows by a 
familiar procedure that 


4 See, for example, R. E. Langer, A problem in deffuston or in the flow of heat for a 
solid in contact with a finid, Tohoku Mathematical Journal, vol. 35 (1932), pp. 260- 
275; S. Timoshenko, Vibration Problems in Enginoering, 1928, pp. 209, 217. Expansion 
theorems for the case gm0 will be found in the first of these references; also see 
A. Kneser, Integralgletchungen, 1922, pp. 117-121. 

4 Theories have been developed, under hypotheses that are quite different from 
those with which we are concerned here, applying to general boundary value problems 
which have the form (2) as a special case. See, for Instance, W. T. Reid, American 
Journal of Mathematics, vol 54 (1932), pp. 769-790, and J. Tamarkin, Mathe- 
matische Zeitschrift, vol. 27 (1927), pp. 1-54. 
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d. 
(4) ae (Vis — W697) = Ag Ae 


Hence, in view of (3), the characteristic functions of (2) satisfy the 
modified orthogonality relation 


(5) B(ya Yı) = 0, i% j, 


where 


ETE J yayda + Boy.(0)y,(0) + Bry.(1)9,(1). 


2. An associated Sturm-Liouville problem. Since b20 and 5:20, 
problem (2) has an infinite set of real characteristic numbers M 
(¢=0, 1, 2,-++ 5 Xo<A1<Ag< +--+), and the corresponding charac- 
teristic function y; has exactly ¢ zeros in the interval 0<*<1.5 Ac- 
cording to the conditions (3), none of the functions vanishes at either 
boundary. We assume henceforth that the sign of yo(x) has been so 
adjusted that yp >0 when 0Sr 3S1. 

Now let the functions Y; be defined as follows: 


V(x) = | 2), EE E ee 
yo(x) 
Then, in view of (4), 


d 3 
Ja (YoF.) = (Ay — A) YoY 
¢ 
and therefore 
dfTid 
6) “|<: < cir) | E EE 
Y d 


Replacing y; by yo Y, +0 y./yo and yi’ by ye Yl +290 Yityd’ Y:/Yo 
in the first boundary condition 


Goys(0) + yi (0) — boyi” (0) = 0, 


we find that the resulting coefficient of y,(0) is [aayo(0) +y (0) ` 
— boyd’ (0)|/¥e(0). This vanishes because ys satisfies the boundary 
condition. Proceeding in the same way to express the second bound- 
ary condition of (2) in terms of Y,, and rewriting the differential equa- 
tion (6), we find that the functions Y;(x) (¢=1, 2,+--) are the 


5 See, for instance, E. L, Ince, Ordinary Differensial Equations, 1927, pp. 231-238. 
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characteristic functions of the following Sturm-Liouville problem: 





d / dY, 
L(a ? c) + [Ayo — dove — 2(4¢) + 2yoyd’ JY, = 0, 


(7) 
boyo(0) F? (0) — [yo(0) — 2boyd (0) ]¥4(0) = 0, 


bryo( 1) Vi (1) + [yo(1) + 2b.yd (1) ]¥.(1) = 0. 


The characteristic numbers Ai, As, +++ of problem (2) are clearly 
the characteristic numbers of (7) that correspond to the characteristic 
functions Yı, Ys,---. Except possibly for A», every characteristic 
number of (2) must also belong to this new system; but since all those 
of (7) are known to be real, all characteristic numbers of (2) must be 
real. 

In order to show that Y;,(x) are the only characteristic functions 
of (7), let U(x) denote a solution corresponding to the value u of the 
parameter written as A; in (7). Let u(x) be defined as follows: 


/ 


(2) = sa| [ver +c], 


where C is a constant yet to be determined. Since d(u/yo)/dx= U, it 
is easily seen that 
| w+ (autau 1d 


= — — (yo =) 
a ile ) 


The derivative of the second member of this equation is zero, accord” 
ing to (6); therefore 
u” t- (u + q)“ = Kyo, 


where K is some constant; also, 
1 s 

OME v+ utu- Uds + C) = 
0 0 


If u=ħo, there is one value of C for which K 0; for if x=0 in (8), 


yo (0) 
Yo(0) 

By reversing the steps used to obtain the boundary conditions in 
(7), we find that u(x) satisfies the boundary conditions of the original 


problem (2). Since u” +(u+q)u=0 when C has the above value, 
p must be one of the characteristic numbers A, (¢=1, 2,--- ) of (2). 








Caa : —| 0°00) nE, vo |. 


i 
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Now suppose w= Apo. Let the corresponding function U be denoted 
by U». According to-(8), . 


yo (x) yo (0) 











(9) Ug (x) +2 U(x) = Us (0) + 22 (0). 
Yo(x) Yo(0) 
Since U; satisfies the frst boundary condition of (7), it follows that 
1 d : U,(0) 
— — (YoU o) = if bo + 0, 
yd (YoU o) 7 0 
: = Ud (0) if bo = 0, 


and, after multiplying through by y3 and integrating, we obtain 


I 


ya(1) Uo(1) = Uo0) [0 + = f ‘yas | tte, 


(10) 


1 
U4 (0) f yoda if by = O. 
8 


Suppose 6)>£0. In view of the boundary conditions of (7), equation 
(9) with x=1 reduces to U,(0)/bp= — Ue(1)/d1, if b10. Therefore 
U(0) and U.(1) must be of opposite sign, in contradiction to (10). 
If d:=0 then U,(1)=0; but U»(0)+0 so that (10) is again contra- 
dicted. 

When b)=0 we find in like manner that Uy (0) = — U)(1)/hh, if 
bı=*0, and this is contrary to (10). If d:—0 also, then U»(1)=0, and 
since Ug (0)+£0 the contradiction again appears. 

Therefore A, cannot be a characteristic number of the system (7), 
and the following theorem is established: 


THEOREM 1. Let Xo, M, Aa, «+ + be the set of characteristic numbers 
of problem (2), and yo, Yun Ya, >>- the corresponding characterssistc func- 
tions (yo>0). Then for the Sturm-Liouvtile problem (7), the complete set 
of charactertsc numbers consists of M, M, ++ - , and the corresponding 
charactertsisc functions Yı, Ys,--- are related to those of the first prob- 
lem sn the folowing way: 


ys(x) = yo( x) (J Pas F E) | t a 1, 2, ry oy 


where 








= -———|¥: yd (0) «|= y(0) 
-aL * y0(0) 
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3. The expansion theorem. Let f(x) be such that the function 
a(f/y0)/dx belongs to the class £7(0, 1). The generalized Fourier series 
corresponding to the latter function, with respect to the functions Y;, 
i8 


5 A.Y,(2), 
1 


i 1 d 
af yF dx g J Yo 45) Y,dz, t= 1, Ži A 
0 0 a@x\y¥ 


The formula (1), with g=1, applies to this series. Therefore, in view 
of the above relation between Y; and y,, we can write 


(11) f =()as = È | 2 -2~|, OSxS1, 
o x \ yo i y(x) yo(0) 

This is an expansion in terms of the non-orthogonal characteristic 

functions of problem (2). The convergence of the series is uniform. 

In order to improve the form of this result, we now assume that 

the derivative f'(x) exists and is bounded when 032x391, and that it 


belongs to the class Z(0, 1). The derivative of f S/Y then belongs to 
L?(0, 1), and (11) can be written 


where 





(12) Oa) — fO) y(r) = 2 Aslyo(0)9.(2) — y,(0)yo(2)]. 
We can multiply all terms here by yo(x) and integrate over the in- 


terval (0, 1). The member on the right then becomes, in view of the 
modified orthogonality property (5), 


w 


— È Au{ B69. 99)(0) + hyD a0 — y0)yl1]}. 

Using Saunton Gd) with ek Here cca re te eee as 
e Bon 3) È 4.90) — bryo(1) [yo(0)f(1) — f(0) 90(4)], 

aiat the resi cor oo opemuonaninon eE 
OBU, 90) ~ NOB 92) = — Bly, 96) È Avy). 


Hence the series appearing here converges and can be written 


) 
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1 


(13) 2. 4.30) = (0) — Aoyo(0), 
where 
dos BS, Yo) Yo) 
Bye, Bye, Yo) 


The expansion (12) becomes, in view of (13), 


f(z) = Sano OS 281. 


The convergence is uniform, since the series in (13) converges and the 
series in (12) is uniformly convergent. 
To express the formula for A, (¢=1, 2, - - - } in terms of y,, we write 


f ya (5 Yidz = |4 (yor, — vs) | + (A, — Yo) [ras 


Eliminating the boundary values of the derivatives with the aid of 
(3), we find that the second member here is equal to 


i) BY, yi). 


Finally, by replacing f - Y, we obtain at once the corresponding ex- 
pression for /qy,¥idx. Therefore 
l B 
(14) Á= BY) ree | ae Oey eee 
By, 9) | 
We have included +=0 here since this formula agrees with the one 
above for Ag. 
Our result can be stated as follows: 


THEOREM 2. Let f(x) be any function whose derivative f'(x) extsis 
throughout the interval (0, 1) and for which f'(x) is bounded and L-tnte- 
grable sn thai interval. Then f(x) admits the represeniaiton 


f(z) = >) A(z), OS281, 
0 
where y.(x) are the characteristic functions of the differential system (2), 


and the coefictents A, are defined by (14). Moreover the convergence of 
thas series to f(x) is uniform in the tnierval OSxS1. 


THe UNIVERSITY oF MICHIGAN 


ON CONVEX SETS IN LINEAR NORMED SPACES 
TRUMAN BOTTS 
M. Ejidelheit has proved! this theorem. 


THEOREM. In a linear normed space two convex bodtes (thai ts, convex 
seis with inner points) having no common inner potnts are separated’? 
by a plane. 


The purpose of this note is to present a quite different and some- 
what simpler proof of this result. 
It is known‘ for linear normed spaces that 


(1) Through every boundary porni of a convex body there passes a 
plane supporting the body. 


A convex cone with the point x, as vertex is defined as a convex 
body C containing at least one point x x») and such that for each such 
points in C, 

ax + (1—a)m EC, a & 0, 
It is easily seen that 


(2) Every supporting pline of a convex cone C oe through the 
vertex x, of the cone. 


For, let L(x) —b =0, where L(x) is a linear functional and b is a con- 
stant, define a plane of support of C passing through a boundary 
point y of C. Suppose for definiteness that 


E(x) —bS 0 


holds for all points x in C. Then since every point of the form 
ay-+(1—a)xo (420) is a boundary point of C, 


Liay + (1 — a)m%) — b < 0, ae, 0, 


Presented to the Society, September 5, 1941; received by the editors May 6, 1941. 

1M. Eidelheit, Zur Theorie der homvexen Mengen in lincaren normterten Rimmen, 
Studia Mathematica, vol. 6 (1936), pp. 104-111. 

1 Two sets are separated by a plane provided they lie in opposite closed half- 
spaces of the plane. 

? Added in proof: There has recently been brought to my attention another proof 
of Eidelheit's theorem by S. Kakutani, Proceedings of the Imperial Academy of 
Japan, vol. 13 (1937), pp. 93-94. The first part of the present proof is closely related 
to the first part of Kakutani's proof. 

‘See S. Mazur, Uber konvexen Mengon in lincaren normicrion Rdumen, Studia 
Mathematica, vol. 4 (1933), p. 74. 
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whence by the linearity of L 


a(L(y) — b) + (1 — ao (Llr) — 5) SO, a & 0. 
But L(y) —b—0. Hence 
| (1 — a)(E{s) — 8) < 0, 220, 
and since the factor (1 —a) can change sign, we must have 
L(x) — b= 0. 


Let K, and K, be convex bodies with no common inner points, Let 
xı and x, be inner points of K, and Ks, respectively. There are unique 
boundary points x/ and xý of Kı and K, on the segment xx. Con- 
sider the (perhaps degenerate) segment 

La Tı xy : : 
Let Lı be the set of all points x€Z such that no segment joining x 
to an inner point of Ki contains an inner point of Ky. The set Ly is 
non-empty, since xf €L. Furthermore, since the complement of Ly 
in L is clearly open in L, Ly is closed in'L. Likewise, if L4 is analogously 
defined, Z4 is a non-empty set closed in L. 

Suppose there exists a point x CL — (Lı+ La). Then it is possible to 
join x to inner points yı and ys of Kı and Ka such that there exist 
inner points s; and z, of K, and Ky lying on the (open) segments 


temm n aeee 


TYI eis 


respectively. But then the segments 


Jsu yı 
intersect in a point z which is interior to both K, and Kg, contradicting 
the hypothesis. Hence the supposition that L — (Lı + L4) is non-empty 
18 false, and L = lat la. 
It now follows from the connectedness of L that there exists a point 
xpCLy-Ly. Let Ci and C, be the sets consisting of all points on rays 
from x» through the inner points of K, and Ka, respectively. 


(3) The sets Ci and Ca are convex cones having no common potnts ex- 
cept Xo. 


The fact that Ci and Cy are convex cones is evident. If Ci: and G 
had a common point y xo, then on the ray from x through y there 
would have to be a point interior to Ki and a point interior to Ka, 
contradicting x€ Lai- La. 
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Take the point xo to be the origin 8. Let Cy denote the reflection 
in the point 8 of the cone Ci: that is, Cr is the set of all points of the 
form —x, x€ Ci. The set CT is a convex cone with @ as vertex. Let C 
denote the set of all points of the form: 


ax + (1 — a)y, 
where xC Cy, yECy, and0Sasil. 


(4) The set C ts a convex cone with 0 as vertex. Furthermore, C con- 
tains no poini intertor to Ci. 

The first statement in (4) is easily verified. That the second holds 
is seen as follows. Any point of C is of the form 


s=ax+(1— a)y, zECn yEC,, a€ (0, 1]. 


Let x: be an inner point of C,. From (3) it follows that on the segment 
xx, there is a boundary point xf of Cı. Now by (1) C, has a supporting 
plane H, passing through xr. Since the point xf of H; is on the seg- 
ment x,x, the points x; and x lie in opposite closed half-spaces of Hy. 
Since x, is interior to Ci, x; lies in the half-space of Hi containing Ci. 
Hence the set Cı and the point x lie in opposite closed half-spaces 
of Hı; that is, Cı and x are separated by Hı. By (2) 9G Hi, so that Cy 
and y aré separated by Hi. Hence H, separates the sets Cı and xy, 
and the point zg, which is contained in xy, cannot be interior to Ci. 

From (4) and (1) it now follows that C has a plane of support H 
passing through the point 0. But A is then a plane of support of Cs. 
Likewise it is a plane of support of Cr and hence of Ci. Since Cr and 
C, are on the same side of H, Cı and Cy are separated by H. Therefore 
Kı and Ky are separated by H: 
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FORCED OSCILLATIONS OF CONTINUOUS 
DYNAMICAL SYSTEMS 


W. H. INGRAM 


t 


Introduction. The system of differential equations and boundary 
conditions 


ou, a 
(a) = Zaz) = — + Eb,,(2)u, Z faved) + l = 


(4,7=1,2,---,%, rer has application in the theory of the elec- 
trical transmission line, the diffusion of heat along thin rods and 
around thin rings and, when some of the u's are employed to designate 
rates of change of other 4’s, to vibrating strings, bars, air columns and 
other dynamical systems. The system of total differential equations 


(b) Y'(x) = (wA +BY, W.¥(a) +W) = 0, 


where ef = (a4), B = (b.;), Wa = (ary), Ws = (Bi), and where Y is a col- 
umnar matrix of n elements each a function of x, may be obtained as 
the result of the Bernoulli-Taylor substitution u(x, t) = ety,(x) into 
(a). 

The system (b) has been the starting point for many researches 
centered around the problem of expressing an arbitrary function f or, 
more generally, a set of functions {f,}, in terms of its characteristic 
solutions. A solution of this problem in the simple case, having appli- 
cation to the uniform dissipationless vibrating string, was first ob- 
tained by Daniel Bernoulli about the year 1732 and a solution having 
application to the nonuniform string was first obtained by Liouville! 
one hundred years later. A purportedly more rigorous treatment of 
Liouville’s problem was given by Kneser? in 1904. Since that date 
a great many papers have appeared, having to do with the system 
(b) under one restriction or another, the most comprehensive of which 
are the papers by Bliss,’ who obtained uniform convergence in his 
expansion theorem by requiring (b) to be “definitely” self-adjoint and 
by imposing a restriction on the functions fẹ and Birkhoff and 
Langer‘ who considered the general case. 

Recetved by the editors May 7, 1941. 

1 Liouville, Journal de Mathématiques Pures et Appliquées, vol. 1 (1836), pp. 253, 
269. 

$ Kneser, Mathematische Annalen, vol. 58 (1904), p. 108. 

? Bliss, Transactions of this Society, vol. 28 (1926), p. 576. 

í Birkhoff and Langer, Proceedings of the American Academy of Arts and Sei- 
ences, vol. 58 (1923), p. 100. 
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In their paper, Birkhoff and Langer show how the biorthogonal 
properties of the characteristic solutions of the system (b) and of its 
adjoint can be used to obtain the coefficients c+ in the representation 
F(x) =Zcy¥i(x), where the columnar matrices F, are the character- 
istic solutions. This representation, with the scalar c,’s computed as 
stated, is one which well might be expected to be as satisfactory from 
the viewpoint of convergence as it appears to be from the viewpoint 
of computation, but it is admittedly formal in general. Whether there 
are any problems of practical importance that can be treated success- 
fully by Birkhoff and Langer’s theory and that, at the same time, do 
not come within the scope of the paper by Bliss is not known. It does 
not seem possible to find a proof that the coefficients computed with 
the use of the adjoint characteristic functions give an expansion that 
approximates the function in any satisfactory sense in the general 
case. Use of the characteristic solutions themselves, or of their real 
parts, gives an expansion which represents the function in the sense 
of least squares in certain cases but, since the characteristic solutions 
of the system (b) do not in general form an orthogonal set, the com- 
putation of the coefficients requires here the solution of a presumably 
infinite system of linear equations in the coefficients. The Bernoulli- 
Fourier problem, that is, the problem of system response to an arbi- 
trary external stress impressed upon a continuous dissipative dy- 
namical system, essentially an expansion problem, thus has had no 
solution in the general case up to the present. For a nearly arbitrary 
stress, that is, for a stress for which the Burkhardt transform can be 
represented by a linear combination of characteristic vector solutions 
of (b) assumed to have a Green’s matrix, a solution is given in the 
following pages, not only to the Bernoulli-Fourier problem for a sys- 
tem (a) having-a Green’s matrix but also to the Heaviside problem, 
that is, the problem of the behavior of a dynamical system subsequent 
to the sudden imposition of the external forces. The two problems are 
treated in §§1 and 2, respectively. 


Notation. A column matrix, or vector, of elements u1,, Hn, ° °°, Mas 
is designated #,:. A line matrix of elements 0,1, Du, --- , tin is desig- 
nated v; By W, [w], or (w,,) will be understood a square matrix 
with element w,,; in the ¢#th row and jth column. In vector equations, 
a column of zeros forming the columnar matrix 0: is written simply 0. 

The complex number u=a+ıw is called a modal number. The u's 
usually are called characteristic numbers but Hilbert prefers this 
name for their reciprocals. Since the ws enumerate the modes of mo- 
tion of a dynamical system, the name modal number seems prefer- 
able to “proper number,” *Eigenwert” or “characteristic number.” 
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1. Sustained external forces. A matrix of elements G,,(x, £) which 
are continuous in x except possibly at x =£ and which have continu- 
ous first derivatives in x except at a finite number of points in the 
square a Sx Sb, a SẸ <b is called a-Green’s matrix if it satisfies the 
steady-state equations for the system (a) and if the elements have the 
property: Gy(E+0, £)-—Gyu(E—0, £).= ô,. The existence and unique- 
ness of the Green’s matrix for the system (b) in which -4(x) and B(x) 
are matrices of piecewise continuous elements can be established by 
a slight and obvious generalization of the proof given by Birkhoff and 
Langer! where the elements off and B are assumed to be continuous. 
A necessary and sufficient condition for the existence of a Green's. 
matrix is that the system (b) with 7» =0 have no solution other than 
yY =Q. l 

The derivative of the Burkhardt transform of an integrable vector 
requires a more detailed discussion. After both sides of the equation 


b s— wt 
f Gepu@a= f Ge DvO- f Ge. DUH: 


in which U: is any columnar matrix of integrable elements continuous 
at x have been differentiated, there results 


d f? > dG(zx, £) 
-f G(x, U(E dE = J ITED ye :at + G(x, *—0)U(z—0): 
— G(x, z+ 0)U(z + 0):, 


an equation in which the last two terms, as a consequence of the conti- 
nuity of the G’s, may be replaced by 


G(x + 0, x) U(x): — G(x — 0, x) U(x): = U(x): 
to give the identity 
d f? bd 
an of Gla, DU@:a = J 59 DUO: + ve): 


which will be referred to as Lemma I. It may be remarked parentheti- 
cally that the more general result 








d+ pb b qrti 
f Ge prox- f Gla, DUE de + U(a): 


aarti dartl 


* Ibid., pp. 66-70, Every system (b) has an adjoint in the sense of Bliss but not in 
the sense of Birkhoff and Langer. In particular, the electrical transmission, line 
grounded at both ends has no adjoint in the latter sense. 
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holds when | ” 
Gis(x, £), dGi{x, §)/dx, > ++, dP -G,,(x, §)/dx7: 
(4,7=1, 2,---, #) all are continuous in x and when 
BPG, y(xe, B 
E-D — - 


and this generalization has application in those cases (for example, 
the vibrating string) where fewer equations of individually higher 
order are taken instead of.(a) and for which U: satisfies the equation 


Ulz, ): = Í G(x, {eA(AU(E, N:+ AOUE, H+- Jd. 


For the existence of modal functions in such cases it is necessary, as 
can be shown, to assume certain relationships between the e£’s with 
the result that the analysis-is not more but less general than that of 
the equation (1.2) below. In any case, one arrives at the equation 
(1.8) after the usual Bernoulli-Taylor substitution. 

When (a) has a Green’s matrix, any solution of the equation 


l ðU(E, 
(1.2) Ule): = f Gla, paa E Ba STEDE we, N: bat 


is a solution of the a of (a) 


Hii 
ee Banla) T Eb, (x); af e,(2, $), 
(c) ax 


hea T B,,%,(b) } = 


as may be verified from the properties* of the Green’s functions and 
by virtue of Lemma I. Hence when the arbitrary external force and 
corresponding response are assumed to have the forms 


€1(%) COB wot u(x) cos (wot — p1) 
TE i OO, aa aa 
a(x) Cos wot tt,(2) CO8 (cot — Ba) 


appropriate to a sustained periodic disturbance in a dissipative sys- 
tem governed by (c), substitution into the equivalent equation (1.2) 
yields the system of integral equations 


$ Bliss, loc. cit., p. 571. 
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Was wy Í Gls, Belt) X(t) dE + F(a):, 
(1.4) : 


x(a): = of Ge, WAOW Ora 


obtained on letting ¢ take on the values 0 and 4/2», respectively, and 
where, as matters of notation : 


#ı(x) cos By #i(z) sin Ay 
(1.5) Wia) = t(x) cos Bs xia): = t(x) sin Bs 
Hal T) cos Ay Ual T) ‘ain Bn 
b 
(1.6). F(a): = [ Gl, DEG, 0:6, 


that is, F(x): is the Burkhardt transform of E(x, 0):. 
The substitution #,(x, t)=e* cos (wi—f,)y,(x), appropriate to a 
free oscillation, into (1.2) with E:=0 gives the homogeneous system 


Wii = af K(x QW Od +o f Ke DXO: 
(1.7) J p 
X()i= -u | Kie, DWO: + a f Kie ox@rat, 


where K(x, )= G(x, EeA(E). 


The system (1.4) may be written as a single vector equation 


b 
(1.8) O(a): =u f Ka, QU@sdt + Fla): 
where U(x): = W(x): —iX (x): and p=tw and the system (1.7) may 
be written in the same way if u=a-+w, F(x): m0. 


If (x): is a solution of the homogeneous specialization of (1.8), 
that is, if d(x): satisfies the equation 


(1.9) rae oes Í Rx, Do.) d 


with u,=a,+iw, for one or more distinct modal numbers 4 
(r=1, 2,---) and if F(x): can be expressed in the form 


(1.10) F(x): = Do crde(x):, 
ræ} 
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where c, is a scalar multiplier, then a particular solution of equation 
_ (1.8) is given by the expression 


I 
(1.11) Ula): = LD —— (2), 
rel Ur — H 
where } may be any natural number no matter how great. 

When »=1 and the kernel is symmetric, the infinite sums corre- 
sponding to (1.10) and (1.11) are known to be convergent in view 
of results obtained by Schmidt,’ and equation (1.11) becomes equiva- 
lent to the particular solution of the integral equation of the second 
kind with symmetric kernel given by him. When the kernel is not 
symmetric the convergence of the infinite sums in question to the 
function F(x): has not been established in any example and, as has 
been shown by Kowalewski,’ the equation (1.9) may have no non- 
zero solution at all. It can be shown that when the solution - y¥, of 
the equation following has the property expressed by the equation 
' Y.: =ġ.:, the infinite series Zc,¢,(x): converges uniformly and abso- 
lutely and represents the Burkhardt’ transform F(x): in the sense 
of least squares, but this relationship between the y’s and @’s, al- 
. though holding in trivial cases, does not hold in general. 


If solutions ‘Yi, -Ys +- , -Yi of the equation 3 
pt 
(1.12) Wala) = ao [WOK UG, d 
exist corresponding to the modal numbers u, 4a, +- , m of equation | 


(1.9), then we have the following theorem: 
THEOREM I. If the series > licp, (x): is designated by F(x):, then 


C= EZOO / f sada 


This follows immediately from the easily proved biorthogonality of 
the sets { Y}, for: }. Thus if equation (1.9) with subscript r is pre- 
multiplied on both sides by --Y,(x) and equation (1.12) with sub- 
script s is postmultiplied on both sides by ġ,(x): there result, after, 
integration, 


1 Erhard Schmidt, Mathematische Annalen, vol. 63 (1907), p. 454. 

3 Cf. Love, Integral Equations, p. 117. 

? H. Burkhardt, Sur iss fonctions ds Green relaitoss d wn domaine d'une dimension, 
Bulletin de la Société Mathématique de France, vol. 22 (1894), p. 71. The name 
“Burkhardt transform” for an expression of the form f'G(x, E)e(E\@E is due to 
H. Bateman. 
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b b pd | 
f W(x) b,(2) idx = of f Walz) K(x, Ed CE) : ddz, 


a.13 S S 
f ETOO E f f Walt) KE, x) (2): dtda, 


two equations in which the double integrals obviously must be zero 
when u.m since they are of equal value. 

As a corollary to Theorem I we have this statement: If F(x): is an 
arbitrary vector and a set of constants ci, Ca,- -© , cı are computed with 
the formula of Theorem I, then ihe sertes sums to the functton or else the 
function is equal to no linear combination whatever of the lp's. 

This corollary says nothing about the possibility of expressing an 
arbitrary function, or even the Burkhardt transform of an arbitrary 
function, as a uniformly convergent series in terms of the modal func- 
tions, but it is nevertheless of practical importance and is quite ade- 
quate to our ‘theoretical needs in those more usual cases where only 
a limited number of modal functions are known. Suppose F(x): has 
been computed from (1.6) for a given force function A(x, 0): and 
that a set of constants cr, cs + -+ , cı has been computed by the for- 
mula of Theorem I. Then the function D(x): given by the equation 


(1.14) D(x): = LepeA(x)d(x): 


is to be compared with A(x, 0): and if sufficiently cloge to E(x, 0): 
from a physical standpoint to permit such a restatement of the prob- 
lem then the function D(x): is taken as the initially given force func- 
tion and a particular solution of the equations of motion is given by 
(1.11) with the c's as in (1.14). If D(x): is deemed an inadequate 
representation of E(x, 0): and the situation is not improved by en- 
largement of the seta di, da, -© , O1, Ya, Ya, ©- > , Yi then there is no 
solution possible of the kind considered. 


2. The Heaviside problem. It was pointed out by Bateman?® in 
1910 that the Laplace transform of the function # satisfying a partial 
differential equation of the form 


Ou ð ð ð 

ERN 

ði Ox Oy ðs 
and linear boundary conditions independent of the time will satisfy 
the same boundary conditions and in general a simpler differential 


1 H. Bateman, Proceedings of the Cambridge Philosophical Society, vol. 15 
(1910), p. 423. 
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equation provided the value of v at time t =0 be known, and applica- 
tion of the theory was made in a heat conduction problem and in a 
physical problem involving a system of linear differential equations. 
Since then the Laplace transformation has been resorted to in treat- 
ments by many authors!! of similar differential equations governing 
vibration and diffusion problems in which external forces are sud- 
denly imposed at time :=0 at one or more regions thereof. In the 
present section a solution of the problem of the behavior of a dy- 
namical system having a Green’s matrix following the sudden applica- 
tion of an external force is obtained as an inversion of a series solution 
of an integral equation satisfied by the Laplace transform. 

When the substitution #,(x, t) =e?! cos (wi —f,)y,(x) is appropriate 
to the system (a), “,(x, t) has the Laplace transform u,*(x, p) and (c) 
may be written 


du (x, u) 


d Z f uas, (2) T b,,(x) ba *(x, p) 
T 


(2.1) 
+ Za (x)u, (x, 0) + 6*(z, u), 


Z{ a. e*(a, p) =e Buri, (b, u)} = 0, 


where, as matters of notation, 
2D mta) f ela ddi, ote = f ea, Dat 
0 0 


Assuming, as in Heaviside, 





(2.3) ulz, Ò = 0, '—=o<i<0, 
de,(x, t 
(2.4) mn) 0, i> 0, 
di ! 
equations (2.1) may be written as the vector differential system 
dU: 





(2.5) ie { weA(x) + Bla) } Ue + s Ela):, 


[e] U" (a, p): T [B]U*(b, p): = 0, 


where E(x): stands for E(x, 0+): with matric elements e,(x, 0+) 
(s=1,2,---+,n). 


1 The bibliography in Doetsch’s book, Theorts und Anwendung der Laplace- Trans- 
formaiton, omits reference to papers and books by van der Pol, Philosophical Maga- 
zine, vol. 8 (1929), p. 861; Dalzell, Proceedings of the Physical Society, vol. 42 (1930); 
Humbert, Le Calcul Symbokque, Paris, 1929; Dahr, Operational Calculus, Stockholm, 
1935, and the paper by Bateman, 
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Now G(x, £) satisfies, identically in ¢, the system 


dGlz, ) 
dz 


(2.6) = B(x) G(x, 8, [a] Gia, &) + BIGH =0 


as before and ['G(x, £) {u AE U*(6): +6 E(t): }dE satisfies (2.5) 
because of the property (1.1); hence equivalent to (2.5) there is the 
equation’ ' 


+ 
2.7) UND: = Pa): taf Gle, DADU: d 
where 
b 
(2.8) F(a): = | Gle, DEE 0-+):08, 
Any solution of (2.7) satisfies (2.5) as may be directly verified. 


When F,(x): can be represented by the sum  $.1Cr(r)ġ (x):, we 
have 


HrCr(0) 


(2.9) Us(2, n): = D (2): 
' (ip — 1) 
a particular solution of equation (2.7), by the result (1.11), and 
: j sae 
(2.10) U(x, ġġ): = — e'UF(x, u)idu 
Pri 6-10 


by the Riemann-Mellin inversion formula, it being assumed that the © 
u's have negative real part. Dependence of the initial state of the sys- 
tem on the zero of time is indicated by the subscript r. 

When the constant vector Æ: initially applied at time ł=0 is 
abruptly increased at time t=r by the increment AF,(x):, the total 
response at any time >r is given, in accordance with (2.10), by the 
equation 


1 etw 
(2.11) U(x, i): ij — f [eU * (z, p): + AUS (2, p): \du 
WES emn 
in which 
prAc,(r) 
2 (ur — p)u 


It follows, as in the usual applications of Duhamel’s theorem, that 
the response to a variable vector force E(x, #):, applied abruptly at 


(2.12) AUA(x, u) = r(x):. 
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time #=0 but varying in a continuous manner thereafter, is given by 
_ the equation 


1 oti 
U(x, i): = — J eUa, n): 
Rri J w 


(2.13) ' ME 
+f (tr) ae bdu 
EEE i 
Hrcr(T) 
2.14 , Uf: = ) —_——_— : 
(2.14) a, aoe r(x) 


as before; r is the time of application of the external force. This 
result is rigorous when E(x, t): can be expressed in the form 
Ler (t) eA (x)b-(*): and when < œ. From physical considerations it 
seems probable that it is more generally correct. 

Of particular interest is the case where E(x, t): is given by 


(2.15) E(s,#): = en sin (W — Bila): | Gls, DO: d= Eagla): 
Equation (2.13) here takes the form 
(2.16) U*(x, u): = > eo sin (Q4 — B) 


so that we have 


Ule, D: = Emeta) E f iyt 
(2.17) T mae 


t 
f e* cos (Qr — B)drdu 
o 


Hrer Å 
(ur — WM P 





fo erie et 

+ Doncete(s)i— f | ———— 
2r @—iso (ur = us) 

a solution which reduces, after computation of the integrals, to 

u sin B — QcosB 


Ula, 1): = aD madla): 


(2.18) 


Hr i 
ree ae 


a result in which the steady-state and damped oscillations are easily 
identifiable and in which the characteristic phenomena of resonance 
are exhibited. 


New Yorg, N. Y. 
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NOTE ON THE COEFFICIENTS OF OVERCONVERGENT 
POWER SERIES 


J. L. WALSH 


M. B. Porter gave the first known example of an overconvergent 
power series, that is to. say, of a power series in the complex variable 
with finite radius of convergence such that a suitable sequence of 


partial sums converges uniformly in a region containing in its interior ° 


both points inside and points outside the circle of convergence. 


Bourion has recently published! a general exposition of the theory of = 
overconvergence to which the reader i is referred for rarther historical 


and technical details. 

Ostrowski established the surprising result that a power series 
Js oda8* of which the partial sums Sa, 2 94.8" exhibit overconver- 
gence, can be expressed as the sum of a power series > oa, 8* with a 
larger radius of convergence and a power series of the form 


© 


(1) > > ag's*, a!’ =0, wheneverm, < # S m 
a 0 


where n, and À are suitably chosen, with m,<Am, 0<’ <1. Here we 
have a,=a, +a/’,a,/ -a/’ =0; the partial sums sa, (3) =) ™ ae’ s* of 
(1) also exhibit a 


It is the object of the present note to employ methods already ` 


known in the literature to make Ostrowski's result slightly more pre- 
cise, especially to indicate that in series (1) the gaps cannot be 
uniquely defined with abrupt initial and terminal elements impossi- 
ble of alteration by Ostrowski’s process of writing the series as the 
sum of a series with a larger radius of convergence and a series with 
larger gaps which exhibits overconvergence. The moduli of the coeffi- 
cients a,’ must taper off gradually before the gap (mı, m,), and must 
increase gradually after the end of the gap; this remark is to be under- 
stood first in the sense that there is an upper limit to the moduli of 
the coefficients near the ends of a gap, a limit which increases as one 
moves away from the gap. 


Presented to the Society April 27, 1940, under the title Note on overcomvergont power 
sertes; received by the editors January 30, 1941, and, in revised form July 26, 1941. 
1 L' Uliracomvergence dans les Séries de Taylor, Actualités Scientifiques et Indus- 
trielles, no. 472, Paris, 1937. 
j 163 


f 


ae 


164 J. L. WALSH february 
THEOREM 1. Let the sertes 
(2) D Cag* 
af 
whose radius of convergence is unity: 
(3) ; lim sup | ca |Y" = 1, 


have the gaps (mi, ni), (Ms, n), +- tm the sense that c,=0 whenever 
my <n LAr and let the sequence of partial sums Su,(s) mY la” ex- 
hibit overconvergence. If Ro>1 ts arbitrary, there exisis o depending on 
Ry wth O<a<1 such that ; 

#(lim sup mh/as)—1 


(4) lim sup [| cal, ua S mal” S Re | 
a,y-™ 


~ 


if ro<1 4s arbstrary, there list dani on ro with r>1 such that 


r(liim inf mara) —1 


(5) Tim sup [| om], a> ma)” Sr 


The only novelty in Theorem 1 is its emphasis on (4) and (5) for 
the series (2) which overconverges and which possesses gaps, rather 
than for a series which overconverges and into which gaps may be 
introduced by Ostrowski’s process; compare Bourion loc. cit., chap. 1, 
$2. 

With the general notation 


fs) = Dea , eee È ans, ue mi) =e), 


Cauchy’s inequality yields 
(6) [max | s.(s)|, for |s] = R > 1] 2] oo], fal Ra +, | ca] Ro; 
(7) [max | r.(2)|, for | £| = ro < 1] | =| emal ro ) | cara] ro - 


Under the hypothesis of Theorem 1 we have for suitable e and r 
(these inequalities follow from the fact of overconvergence by the use 
of a suitable harmonic majorant) 


(8) lim sup [max | sa,(s)|, for |s| = Ri = Ry, 
th > 

(9): lim sup [max | r.,(s)|, for | z | = roj” = £5, 
nym 


By virtue of (6) and (8) we have 
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` 


s 


(10) lim sup [| cu | RE, m Smal” S Ri, 
ny, 


which implies (4); by virtue of (7) and (9) we have 
a) > lim sup [| ca | -re', ma > a] S ro 
Las iied 


which implies (5). Theorem 1 is established. The first member of (4) 
is less than unity so long as we have lim sip m»/us<1/0, and the first | 
member of (5) is less than unity so long as we have lim inf m,/»,>1/r. 

A further description of the tapering-off of the moduli of the coeffi- 
cients can be elaborated as follows. Under the conditions of Theorem 
1, there exists a sequence cp, with lim,,.., |c,,|/*=1; if necessary 
we change the notation of my, As, pa SO that we have also mi <nı< pı 
<M <Ar <p < +--+. Itis now more convenient to employ (10) rather 
than (4); by setting Hr =p we find 


lim inf m3/fa1 2 1/0; 


consequently the numbers m,—,_1 cannot be small relative to ps. ` 
In a similar manner we find from (11) with v= pa 


lim sup t/ Pr S 1/r; 


consequently the numbers p— n, cannot be small relative to p». It 
will be noticed that with our present notation the moduli of the coeff- 
cients do taper off from the |c,,|,:at least immediately before and 
after the gaps, because the second members of (4) and (5) are less 
than unity for pa =m, and for 7,=n,+1. But we have not shown, nor 
is it true, that the moduli of the coefficients conn taper off 
monotonically. 

As an application of Theorem 1 we prove (compare Bourion, chap. 
2, §4) the following theorem: 


THEOREM 2. Let the series (2) have the radius of convergence unsty, 
` so that (3) is satisfied. Let unity be an tsolated limst point of the set 
{|cu|/*}. Let one of the following conditions be satisfied: 

(a) the series has gaps of relative lengths bounded from sero, in the 
sense that c,=0 whenever Mmi <n Sny, Wih Ma <An A <Í; 

(b) for some Ry >i and e, 0<o0 <1, and for some sequence my, equa- 
tion (8) 4s valid; l 

(c) for some ro<1 and r>1 and for some sequence ny, equation (9) 
4s valid. 

Then the unst circle is a natural boundary for the sertes (2). 
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If the unit circle is not a natural boundary for the series (2), the 
function f(s) represented is analytic along some arc A of the: unit 
circle, and Ostrowski has shown that the conditions (a), (b), (c) imply 
overconvergence of ms respective sequences Su,(8), Su,(8), Sa,(3) 
across the arc A. 

Let us suppose that no limit ‘point of the sequence { cA val other 
than unity lies in some interval (1, 1—7), 7 >0; we set 


Cn = Cn, if | ca |1" > 1 — $y, 
Ca = 0, if | ca |1" S 1 — h, 
Ca! = Cy — Ce, 


Als) = Leds, fle) = als f(s) m fils) + fale). 


The series defining fa(s) has a radius of convergence greater than 


_unity; any overconvergent sequence for f(s) is an overconvergent se- 


quence for fi(s); it follows from Theorem 1 that fı(s) has no overcon- 
vergent sequence. Theorem 2 is established. 

A necessary condition that a series (2) with (3) satisfied exhibit 
overconvergence is therefore that unity be a non-isolated limit point 
of the set {|c,|/*}. 

It is instructive in considering Theorem 1 to compare such an ex- 
ample as >. [s(s+1)]*, suggested by Bourion as a special case of 
Porter’s original formulas; the function represented has the lemnis- 


. cate | 5(s-+1) | =1 as a natural boundary; the Taylor development 


i S 


. about the origin is convergent in the circle |s| <45"1— 4 =0.6; the 
coefficients exhibit the characteristics described in Theorem 1. | 


HARVARD UNIVERSITY 


CORRECTION TO ‘TOTALLY GEODESIC 
EINSTEIN SPACES”! 


AARON FIALKOW 


The coordinate system (p. 427) in which H =x* for some fixed value 
of y and fa =0 exists if and only if fH. ;>0 for this value of y. 
Hence:Theorem 3.1 is valid only if this inequality holds. The remain- 
ing case, namely, 


(3.15) fH H,, =0 


for every y can arise only if c=0, as may be seen by differentiating 
(3.15) covariantly with respect to k and using (3.7). We note that, in 
accordance with (3.8) and (3.9), c=0 implies that a =b =0. To obtain 
the analogue of Theorem 3.1 for the case in which (3.15) holds, we 
proceed in a manner analogous to that in H. W. Brinkmann, loc. cit., 
pp. 131-135 or A. Fialkow, Conformal geodesics, Transactions of this 
Society, vol. 45 (1939), p. 473. By these methods, we find a coordinate 
system such that H=<x* for a fixed value of y and 


I” —_ 0, f das ae 0, prons ee i 
Jita) = O, Fiat) a1) = O, fiai) = 1, 
where s, #=1, 2,- --, #n—2. In this coordinate system, the charac- 


teristic condition (3.7) becomes 0g,,/0x*"1=0. (In the Transactions 
paper, this last equation appears incorrectly as 0g,,/0x*-!=0.) . 

If the f,; are to be the components of the metric tensor of an Ein- 
stein space E,, then, as was shown by Brinkmann, the first funda-- 
mental form of E. may be written as 


Ju = halz, x*), fm = 0, Juan = 0, . 
Jæ- = 1, Jia) = 0, Jia) (1) = O, 


where h,,dx‘dx‘ with «* constant is the first fundamental form of an ’ 
Einstein space E.s of zero mean curvature, and the components of 
the tensor h.: satisfy certain partial differential equations. According 
to Brinkmann, the conditions (3.16) are the necessary and sufficient 
conditions that E. be conformal to another Einstein space by means 
of a transformation d3}=ods with A\o=f'c,,0,;=0. We note that the 
most general solution for H of the form H=H(x", y) is given by 
(3.13). Now this solution H(x*, y) must involve x" by the hypothesis — 

Received by the editors April 4, 1941. 

1 This Bulletin, vol, 45 (1939), pp. 423-428. 
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(3.16) 
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of §3 and must also depend upon y since gH,.H,s0 and, according 
to (3.1) and (3.15), g**H,wH p=g +? (*t) (GH/dy)*. Hence the first 
fundamental form of the En} which contains the œ! isometrit E,’s is 


dst = fadada + ela(y)2" + p(y) dart 


` where the f: satisfy (3.16) and a0 and (da/dy)?-+(d8/dy)?x0. 
These remarks show that Theorem 3.1 must be modified in the case 
where (3.15) holds so that the phrase “Ar 0” is replaced by the 
phrase “Aio=0.” Both cases may be included in the theorem: 


THEOREM. A one-parameter famtly of isomeiric En s may be smbedded 
as Œœ! nonparallel, totally geodesic hypersurfaces of an Eny: 4f and only 
sf each E, may be mapped conformally on another Einstein space. If a 
and b are the mean curvatures of Ey and E, respectsvely, then 
nb =(n—1)a. 


BROOKLYN COLLEGE 


t 


ae. SUMMER MEETING AT CHICAGO 
we S CONFERENCE REPORTS 


"CONFERENCE ON ALGEBRA AND TWENTY-THIRD COLLOQUIUM 


The Conference on Algebra at the 1941 Summer Meeting of the 
Society in Chicago was held in three sessions. The first dealt with ab- 
stract algebra, especially with lattice theory, and the lectures were 
given by Professors John von Neumann and Garrett Birkhoff. The 
session was preceded by the first Colloquium Lecture of Professor 
Oystein Ore on the allied topic of Mathematical Relations and Struc- 
tures. The second session was concerned with topics in linear algebra 
and the theory of matrices and the speakers were Professors Nathan 
Jacobson and. N. H. McCoy. General arithmetic notions came to the 
fore in the third and final session, with talks by Professors J. F. Ritt 
and Oscar Zariski, and Dr. O. F. G. Schilling. There was considerable 
discussion, both organized and spontaneous, after all the talks. 


1. Abstract algebra and latices 


A number of different algebraic systems can be subsumed under 
the notion of a lattice-ordered group (or an /-group). Professor Birk- 
hoff’s talk dealt with the structural properties of such groups. By 
definition, an /-group is a group which is also a lattice and which has 
the “homogeneity” property (x £y implies a+xSa+y and x«+aSy 
+a). Examples include the additive groups of ordered fields, par- 
tially ordered function spaces (Kantorovitch and others), and the 
lattice of all ideals in an integral domain (Clifford, Lorenzen, Krull). 

After discussing the elementary properties of /-groups and the 


variety of possible postulate systems, Birkhoff turned to their struc- ` 


ture theory. The study of homomorphisms of /-groups leads natu-. 
rally toa concept of an }-ideal. The lattice of all --ideals is distributive. 
A central result asserts that every -group with a chain condition is 
either directly decomposable, or has exactly one maximal proper 
l-ideal. 

Many of the results known for abelian l-groups hold without serious 
change for non-abelian groups. However, any /-group in which there 
is a Chain condition for the elements is necessarily abelian. There is a 
number of unsolved questions: Does there exist a non-abelian /-group 
which is complete, in the sense that every bounded set of elements 
has a least upper bound? Is there a theory of brings? Are there simple 
(non-abelian) groups which are not simply ordered? 

von Neumann began by a comparison of classical and quantum 
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mechanics. Any ‘two operators (observables) of classical mechanics 
can be added and multiplied together. But in quantum mechanics, 
the observables, being hermitian operators, can be added but not 
multiplied together, unless they are permutable. Hence they form a 
commutative group only, and not a ring. This group is partially 
‘ordered if the positive semi-definite operators are called “positive.” 
Unfortunately, this ordering does not have the lattice property, 
again unlike classical mechanics. By assuming the lattice property 
of classical mechanics, but not the ring property, we get a physical 
background for the study of complete lattice-ordered abelian groups 
which are not rings. 

These have very special structure. Consider the complete modular 
lattice M of all subgroups of such a group G. In M, the Lideals of G 
form a distributive sublattice D, closed in M with respect to unre- 
stricted unions and intersections. The closed /-ideals form a comple- 
mented sublattice B of D (hence a Boolean algebra), which is closed 
in D under unrestricted intersections, but only under finite unions. 

Furthermore, using B and the representation theory of Boolean 
algebras, due to Stone, by bicompact totally disconnected topological 
spaces, one can obtain a representation theory for G by real functions 
on such spaces. In this representation, addition corresponds to addi- 
tion; however, a function is to be called positive if the set on which it 
assumes negative values is nowhere dense. At any point, a function 
may assume either all integral or all real values. 


2. Linear algebras and matreces 


Many of the properties of matrices ordinarily proved only for 
matrices with elements in a field can actually be stated and proved, in 
appropriate form, for matrices whose elements lie in more general 
rings. McCoy’s conference lecture was concerned with results of this 
character, especially for noncommutative rings. One of the accomp- 
lishments of the E. H. Moore General Analysis. was a definition of a 
determinant for a hermitian matrix whose elements are quaternions. 
‘The same technique can be applied to define the determinants of suit- 
ably restricted matrices over much more general noncommutative 
rings. However, the proofs of some of the appropriate properties of 
these determinants require new devices. 

The determinant can be used to define a characteristic polynomial 
of a matrix A and to prove the analogue of the Cayley-Hamilton 
theorem that every matrix satisfies its characteristic equation. The 
minimal polynomial of an ordinary matrix is replaced by a suitable 
minimal ideal, composed of all polynomials of which the matrix is a 
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root. In terms of the elements of the adjoint matrix’6ne can determine 
a condition of the usual form that a polynomial belong to this mini- 
mal ideal. The theorems of Phillips and Ostrowski about equations 
satisfied by several matrices, can also be generalized to matrices with 
elements in a ring. 

Jacobson’s talk dealt with Lie Algebras. Let A be an associative 
algebra of characteristic p. It is well known that the elements of A 
form a Lie algebra if one defines [ab] =ab—ba. Jacobson pointed out 
that in addition, the following identities hold 
(D (a + b)? = a? + br + s(a, b), 

(1) [+++ [[ob]b] --- 5] = [ad], 

provided s(a, b) is a suitably defined, but complicated, Lie polynomial 
in a and b. He defined a restricted Lie algebra of characteristic p as 
a Lie algebra with operation a—a” which satisfies (I}-(II) and (aa)? 
=a?aP, i 

He mentioned, as other examples of restricted Lie algebras, the 
skew-symmetric elements of A under any anti-automorphism of A, 
and the “derivations” of any algebra (associative or not). A deriva- 
tion is a linear operator D which satisfies, for all x, y, (xv)D=(xD)y 
+x(yD), and corresponds, over the real field, to an infinitesimal 
automorphism. . | 

Conversely, Jacobson showed that any restricted Lie algebra L 
cauld be realized by a Lie subalgebra of a suitably constructed associa- 
tive algebra Uz. (The corresponding result for ordinary Lie algebras 
was known.) Sharper results were given. The subalgebra consists pre- 
cisely of those elements of Uz which are skew under a certain ¢nvolu- 
iton of L. Moreover, if L has a finite basis, then so does Uz; hence L 
has only a finite number of inequivalent irreducible representations 
by matrices. If, in addition, every element of L is nilpotent, then Uz, — 
is a nilpotent associative algebra. 

Finally, Jacobson showed that every derivation of Uz induced a 
“restricted” derivation of L, in the sense that x>D=[--- [«D, x] 

-- +x], and conversely, every restricted derivation of L was induced 
by some derivation of Uz. These results have impelled him to the 
conclusion that restricted Lie algebras of characteristic ~ are closer 
analogues of Lie algebras of characteristic œ than ordinary (unre- 
stricted) Lie algebras of characteristic p. 


3. General arstthmeistc 


The theory of polynomial ideals is concerned essentially with the 
manifold of solutions of polynomial equations in many variables, 
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but there has been. developed a parallel theory for formal differential 
equations and the corresponding manifolds of solutions. Ritt’s lecture 
` gummarized some of the recent results in this theory, emphasizing 
the respects in which this theory diverges from the polynomial case. 

Starting with a form F which is a polynomial in the unknowns 
Yu `° * s Ya and their derivatives, with coefficients in some (differen- 
tial) field K, there is a corresponding manifold M, which consists of 
all the zeros a;, ---,a@,o0f F lying in some extension of the coefficient 
field K. There is a unique decomposition of such a manifold into 
“irreducible” manifolds, which corresponds to the decomposition of 
a “perfect” differential ideal into an intersection of prime ideals. 
However, there is no exact analogue of the ordinary algebraic theorem 
which gives a decomposition of arbitrary ideals into primary com- 
_ ponents. The dimension of an irreducible manifold can be appropri- 
ately defined, but the dimension of an intersection does not behave 
properly. Among the irreducible components of the manifold of a 
form, one is essential, in the sense that it does not occur in the mani- 
folds of other forms. Ritt quoted theorems giving conditions that a 
given manifold be essential for a form in one variable. These con- 
ditions, originally found by analytic methods, have been derived in 
part by purely algebraic arguments, in a recent paper by H. Levi. 
The discussion after the lecture concerned some new basis theorems 
for systems of forms over fields of prime characteristic. 

The famous and difficult problem of the reduction of the dapian: 
ties of an algebraic manifold by birational transformations was the 
subject of Zariski’s conference lecture. An r-dimensional manifold is 
given by a field of algebraic functions of r independent variables. 
Any n elements x1, **', £a which generate this field determine a 
projective model of the manifold in the n-dimensional projective 
space with the (nonhomogeneous) coordinates x1, ---, xs. The 
problem consists in finding some model of the manifold in which 
there will be no singular points. 

Zariski has published an algebraic solution of this problem, for two- 
dimensional manifolds. His talk discussed the generalization of this 
attack to higher dimensions. Two steps are necessary. The first is 
that of local uniformization of the “places” of the manifold. A place 
is essentially a valuation of the associated field of algebraic functions. 
The uniformization theorem asserts that there is a projective model 
of the manifold on which -the “center” of the valuation is a simple 
point. This step has been carried out for r-dimensional manifolds. 

The second step is that of getting this uniformization to hold simul- 
taneously for all places. Zariski discussed the procedures available 
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here, which consist essentially in a suitable application of locally 
quadratic transformations. He announced that his methods now 
were sufficiently powerful to solve the problem of reducing the singu- 
larities of a three-dimensional manifold, in the case where the field of 
coefficients is the complex number field. 

Schilling’s talk dealt with a generalized Hilbert theory for fields 
with a valuation. The original Hilbert theory concerns the successive 
stages in the decomposition of a rational prime $ into prime ideals in 
a normal algebraic number field. Alternatively, one may start, not 
with the field of rational numbers, but with the associated p-adic 
number field. In the general case the prime $ is replaced by a valua- 
tion, and one requires that the field F be relatively complete with 
respect to this valuation (this assumption is more appropriate than 
the stronger requirement of topological completeness). Any normal 
extension of such a field F may be obtained in two uniquely deter- 
mined steps. The first step is an “inertial” extension, in which the 
valuation is unramified (that is, the corresponding prime ideal is not 
decomposed). The second step is a completely ramified extension, in 
which the residue class field is not extended. There is a corresponding 
decomposition of the Galois group into two parts. The whole theory 
can be carried through for infinite extensions, and the resulting Galois 
groups can be explicitly characterized. In case the residue class field 
is finite, and the order of the group is a power of a prime, the reverse 
problem can be solved: one obtains necessary and sufficient conditions 
that a given group can be realized as the Galois group of a normal ex- 
tension of the given base field. The whole theory is analogous to a 
generalized “Kummer theory” for function fields. 


4. The CoNoquium Lectures 


The object of these lectures is to make a general study of the prop- 
erties of mathematical relations as they occur in the various mathe- 
matical theories. One may illustrate such relations by various ex- 
amples, for instance, the relations: one element contains another, a 
point is middle point between two given ones, a set is the closure of 
another set. One finds that a more general type of relations may be 
considered as correspondences AR, between sets, where the set Ra 
corresponding to a set A may depend not only upon the elements in 
A, but also upon a certain grouping and ordering of the elements in 
A, as, for instance, in the case of noncommutative or non-associative 
multiplication. If an element a in a set S belongs to the subset Ra 
it is convenient to write this as a relation aRA. Such relations may be 
combined in various ways and certain normal forms of relations may 
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be introduced. Particularly interesting is the problem of finding auto- 
morphisms or endomorphisms of a relation R, namely those one-to- 
one or many-to-one correspondences @ such that any relation aRA 
is taken into another valid relation a" RA", The determination of all 
automorphisms is connected with the problem of finding all corre- 
spondences commuting with a given correspondence. It should also 
be mentioned that these problems lead to a study of the so-called 
monomial groups and to problems connected with a general Galois 
theory, extending the ordinary Galois theory of equations. 

Of particular importance are the so-called binary relations aRb 
between two elements a and b. As examples, one may think of a 
greater than b, a equivalent to b, a orthogonal to b, a divides b, and so 
on. The theory of such binary relations may be conceived of in many 
ways. The first systematic theory of such binary relations was given 
by Peirce and by Schroeder. In their formulation one can say that 
the theory appears as a theory of matrices over a Boolean ring. An- 
other method of representing the binary relations consists in conceiv- 
ing the relation as a graph, joining two vertices a and b by an edge 
from a to b whenever aRb. The symmetric relations are those for 
which aRb imply bRa. They correspond to the symmetric matrices 
or to graphs in which the edges are considered undirected. 

When the relations are considered to be matrices one can also 
unite their theory with vector spaces over special rings. For the rela- 
tions one can define various operations: sum and intersection, mul- 
tiplication and dual multiplication. Thus it becomes possible to in- 
troduce a ring and ideal theory of binary relations and certain parts 
of the ordinary theory of linear algebras carry over to relations. In 
other ways the theory of relations differs considerably from ordinary 
matrix theory. Also here one is interested in the automorphisms and 
endomorphisms of the relations. It turns out that the automorphisms 
correspond to the permutation matrices which commute with the re- 
lation matrix, and this property may be used for the determination of 
automorphisms. 

Of particular interest in the theory of relations are the transitive 
relations for which 


aRb, bRc implies aRe. 


These relations may be characterized in the ring of all relations in 
various ways, for instance, by the property RCR or also as certain 
units or as certain sum relations. They are closely associated with the 
idempotents of the rings of relations. Any transitive relation can be 
broken up in an equivalence relation and a partial order relation. For 


f 
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the equivalence relations a number of important algebraic problems 
can be solved completely, and the interest is therefore centered upon 
the partially ordered sets. These sets have gained an increasingly im- 
portant position in mathematical! theories, and a number of useful 
properties of these sets are known. Only certain aspects of these the- 
ories are discussed in detail in these lectures. 

Among these partially ordered sets the lattices or structures are 
particularly important. In these systems there exists a unique mini- 
mal element gb containing any two elements a and b, and a unique 
maximal element af\b contained in both. These elements ab and 
af\b may also be considered to be the result of two algebraic opera- 
tions with certain simple properties. Recent investigations have 
shown that many mathematical theories may be formulated in terms 
of such structures, and the systematic use of these concepts gives a 
unification and a simplification of the various theories. As special 
instances one may mention the set theory of Stone (Harvard), pro- 
jective geometry by Garrett Birkhoff (Harvard) and von Neumann 
(Institute for Advanced Study), euclidean and non-euclidean ge- 
ometry by Menger (Notre Dame), algebraic theories by the lecturer. 
Among the- many other recent contributions to lattice theory, one 
can mention papers by Dilworth (Yale) and Ward (California Insti- 
tute of Technology) on multiplication in such systems, by MacLane 
(Harvard) on certain types of lattices applicable ‘to chains in algebraic 
systems, by Glivenko on metric lattices, by Jacotin-Dubreils on 
equivalence relations. In these lectures only certain specific problems, 
mainly of an algebraic nature, can be discussed with some complete- 
ness. 

GARRETT BIRKHOFF 
SAUNDERS MacLANE 
OYSTEIN ORE 


CONFERENCE ON THE THEORY OF INTEGRATION 


The sessions of this conference were held concurrently with those 
of the Conference on Algebra. The following paragraphs give a rela- 
tively inadequate summary of the lectures, which provided a very 
illuminating introduction to the researches of the various speakers, 
especially in their relation to the historical development of the 
theory of integration. 

The first session was devoted to theories of integration in abstract 
spaces, and both speakers were concerned with extreme generaliza- 
tions of the notion of the upper and lower integrals of Darboux. Pro- 
fessor Bochner, in his lecture entitled Infegratton and parisal ordering, 
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_ discussed the problem of extending the domain of a positive and 
finitely additive operator M on V to Y, when V, V’ and Y are par- 
tially ordered vector spaces with VC V’, and FY is also assumed to be 
a complete lattice. For an arbitrary element ¢ of V’ the extension 
Meo satisfies the inequalities 
M,¢ = sup Mf S Mo S inf Mf m M4, 
S&e fee 

where f ranges over V. The largest subset of V’ on which the exten- 
sion of M is uniquely determined is the set V on which M*@= Mad. 
The space V is complete in the Riemann-Darboux sense, that is, if 
8 in V’ and ¢, and y, in V are such that 


Pa s bait S 6 s Yayi sS Ya, sup Mon = inf M Yan 


then 6 belongs to V. In certain special cases, when the elements of 
V’ are point functions, and the space V contains sufficiently many 
step-functions for purposes of approximating to Mẹ for arbitrary 
¢ in V, the operation Mẹ may appropriately be considered as an in- 
tegral {o@(x)du(x). Bochner showed how the theory may be applied to 
a generalization of the classical moment problem, that is, to secure a 
representation of a completely monotone function f(x) with values in 
Y in the form 


fe) = f eridu(i). 


Among other applications mentioned was the spectral resolution of a 
bounded hermitian operator in Hilbert space. The discussion of 
Bochner’s paper was initiated by Dr. R. S. Phillips. 

Professor Price, in his lecture entitled Integration and convex op- 
erators, began with an historical discussion of the use of the upper and 
lower sums of Darboux, leading up to the generalization of this no- 
tion in the “integral range” of Garrett Birkhoff. Later developments 
in this direction by Price himself required the use of a generalized 
convex operator. In the present discussion the speaker showed that 
the notion of a convex operator is entirely unnecessary. In contrast to 
the approach of Bochner outlined above, Price assumes a “measure 
function” 7, given in advance, in terms of which an integral operator 
M(f) = ffdT is constructed. No partial ordering of the domain or the 
range of M is used. The integral range is constructed as follows. Let 
V be a vector space, S a class of elements g, aud f a function of ø 
whose values are subsets of V. Let T,, for each o in S, be an additive 
transformation of V into V, let A denote a finite subset (01, --*, On) 
of S, and let D be a class of such subsets A which constitutes a directed 
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set in the sense that it is partially ordered and has the composition 
property. The integral range of f associated with A is defined by the 
formula 


I,A) = Do [Tafit +--+ Ta slot], 

AZA i 
where A’ = (of, > o ), >, denotes the logical sum, and -+ denotes 
the addition of complexes. This integral range obviously has the 
following properties: (1) Ay>A; implies J(f, As) CIC, Ai); (2) Iit fa, 
ACI, A)+7(U/s, A). No topological properties of the space V enter 
into the definition of I(f, A). However, the method of defining a class 
of integrable functions and an integral /fdT associated with the class 
of integral ranges [I(f, A)| depends on the topology in V. If Visa 
Banach space, we may say that f is integrable in case the lower bound 
of the diameters of its integral ranges is zero, and /fdT is then the 
unique element common to the closures of the integral ranges of f. 
The integral has the usual properties when suitable restrictions on the 
basis are made. The speaker indicated the solution of this topological 
problem of integration also in the case when the space V is a space 
(L) of Fréchet. Professor Nelson Dunford initiated the discussion of 
this paper. 

Professor Hildebrandt began his keue on The anad integral 
of E. H. Moore by pointing out the three-fold character of Moore’s 
investigations into theories of integrals. Moore first interested himself 
in improper integrals of the Harnack type and then in his two forms 
of general analysis. The central feature of both forms is the introduc- 
tion of a completely unrestricted range $ on which is defined the class 
M of complex- (or real-) valued functions to be discussed. The first ` 
form of general analysis, a group of postulational theories, was an 
attempt to correlate certain theories of linear equations, including 
the Fredholm theory. In one formulation of this analysis two classes’ 
M, and M, of the type mentioned above are considered, and the 
integral is a bilinear, continuous operator, continuity being defined 
with respect to a relative uniform convergence topology. In the case 
M: =M, the operator J may be taken to be properly positive and 
hermitian and is thus the forerunner of the basis of a general Hilbert 
space. 

To illustrate how the second form was developed Hildebrandt dis- 
cussed the Schmidt theory of the system of equations 


2o Fits Yi t= V 
taml 


Ft 
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and then indicated the extension to the case when the variables $ and 
j have general ranges. For functions u, us of a class of “modular func- _ 
, tions” an integral Jf, is defined which is a bilinear, properly posi- 


tive and hermitian operator. If Jfiys is taken to be the inner product - ” 


(Hı, Ha), the space of modular functions is seen to be a generalized | 
Hilbert space (with no restriction on the dimension number). Among’ 
the important features of Moore’s general analysis from the point . 
of view of present day mathematics are his use of a completely un- 
restricted domain $ for his modular functions, his conception of an 
integral as a bilinear operator, and his exploitation of the Moore- 
Smith limit, which has led to the modern use of directed sets. In dis- 
` cussing the paper Professor Barnard, among other things, developed 
the modular space determined by functions f(x — y) of a type discussed 
in the previous lecture by Bochner. 

Professor Jeffery began his discussion of Non-absolutely convergent 
sntegrads with a brief historical summary of the early work of Denjoy 
and Perron, recalling that it was not until 1924 that Alexandroff and 
Looman showed the equivalence of the Perron integral with the spe- 
cial Denjoy integral. The problem of formulating an integral of Per- 
ron type equivalent to the general Denjoy integral was solved by Rid- 
der in 1933. The speaker gave Ridder’s definition and an outline of the 
equivalence proof. He next discussed the approximately continuous 
integral of Burkill-and also his “Cesaro-Perron” integral of the first 
order, of all positive integral orders, and finally of all real orders, with 
a brief description of the application of Burkill's work to Fourier 
series. For a list of Burkill’s papers on these subjects the reader is 
referred to volume 11 of the Journal of the London Mathematical 
Society. 

In conclusion Jeffery discussed an approach to the problem of non- 
absolutely convergent integrals which was originated by himself and 
M.S. Macphail. A function F(e) of the measurable sets ¢ on the in- 
terval (a, b) is absolutely-additive relative to the closed set Æ if it is 
completely-additive over E and if for the intervals (œ, 8,) comple- 
mentary to E, >) F(ab) = F[>>(a,,B,)]. F(e)is generalized absolutely- 
additive on (a, b) if this interval can be covered by a denumerable 
sequence of closed sets relative to each of which F(e) is absolutely- 
additive. Let f(x) be measurable and let s,(x) be a sequence of sum- 
mable functions tending to f(x) such that fẹ s, dx tends to a limiting 
function F(x). There is thus associated with F(x) a function F(e) 
=lim/f.s.dx, provided this limit exists. If it turns out that F(e) is 
generalized absolutely-additive on (a, b), then F(x) is the non-abso- 
lutely convergent integral of f(x). This integral is equivalent to the 


¢ 
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general Denjoy integral. The approach lends itself to a simple and 
. brief treatment which quickly brings out all the main facts about non- 


- absolutely convergent integrals. It is also easily adapted to integrals 


of the Stieltjes type, and to a formulation of a theory of non-abso- 


E lutely convergent integrals in abstract space. The discussion of Jef- 


fery’s lecture was led by Professor McShane. 
In introducing his talk on Measure in statistical mechanics Pro- 


. ~ fessor Wiener considered a measure-conserving mapping T of the 
‘ interval (0, 1) into itself and remarked that the set Z of points P 


‘for which a, < T*P <b, (¢=0, +1, +2, +-+- , +) is measurable. As 
a consequence, then, of the ergodic theorem, it follows that lim y= 
(Number of values of k in (1, N) for which 7*P is in 2)/N=mzZ and 
for almost all values of P this will be irue for all such sets Z simultane- 
ously. A sequence { x4} (k=0, +1, 42, +--+) is called by Wiener a 
lume sertes, and it is termed regular if the number of values of k in 
(—N, +N) for which 4, Sz} <b, (¢=0, +1, +2, --+, tn), when 


divided by 2N, tends toa limit for every selection of the a,, bı. It was 


indicated above. how the time series 7*P (¢=0, +1,- - ) is regular. 
Next Wiener showed how every regular time series generates a meas- 
ure of time series together with a transformation under which this 
measure is invariant, or in other words establishes a situation under 
which ergodic theory may be applied. It may be shown that almost 
all time series are regular and generate the same measure among time 
series. Thus with respect to this measure, translation in time is 
metrically transitive. It can be shown that any measure-preserving 
transformation may be broken up into metrically transitive compo- 
nents. One of the greatest needs of ergodic theory is the technique of 
producing measure-preserving transformations with desired spectrum 
characteristics. It is generally desired that these transformations be 
mutually transitive. One of the easiest ways of producing such trans- 
formations is the explicit formation of regular time series. Wiener’s 
theory of Brownian motion was in essence nothing but a proof that 
almost all Brownian motions generate the continuous analogue of a 
regular time series. Another interesting application of time series is 
in the theory of almost periodic functions. Wiener next gave a par- 
ticularly interesting example due to himself and Kurt Mahler to show 
the existence of time series with non-absolutely continuous spectra. It 
is known that the metrically transitive transformation generated by 
this example is not even mixing in the weak sense, that is, the dis- 
tribution of xs, >- , Xm,;is not even on the average independent of 
that of zan «* +, Xeyr-3, where }>j. On the other hand, let { p,} be 
an increasing sequence of primes. Represent a number N in the form 


180 SUMMER MEETING AT CHICAGO [March 


Aot > "Ati: + + ba (Ap<poy1) and let xi,= [[7us4*(n >0), where 
w, i8 a primitive pth root of unity. Then the time series x, will be 
regular and the translation operator will be metrically transitive with 
respect to the measure thus generated. It will in addition be weakly 
mixing but is not strongly mixing. Wiener concluded his address by 
conjecturing that a slight generalization of such methods may be used 
to derive strongly mixing transformations which will be such that the 
spectrum (in the sense of his generalized harmonic analysis) of some ` 
sequence f(TY P) will be non-absolutely continuous. This would indi- 
cate that not all mixing transformations are isomorphic. The discus- 
sion was initiated by Professor von Neumann. 

The talk on Product integrals by Professor Garrett Birkhoff began 
with a brief discussion of the solution, in terms of a product integral, 
of a system of ordinary linear differential equations, as developed by 
Volterra and Schlesinger. Here the matrix product replaces the or- 
dinary sum in the definition of the integral. Birkhoff has generalized 
this notion, defining a product integral for functions whose values 
are in a complete normed vector ring with a unit. Thus, let V(t) be 
defined on the interval (a, b), and let If be a partition (Ai, As, °>, 
A,) of this interval. Then the Riemann product integral is defined by 
the equation 


f ? V (é)dt = lim[V (AOV (h) MO «+ + OV (ha)âal, 


where f, is in A;, provided the limit exists in the Moore-Smith sense. 
The ring operation O must be distinguished from the “scalar multi- 
plication” by Ay. It should be noted that when the operation O is in- 
terpreted as ordinary addition, the process of product integration 
just defined reduces to integration in the ordinary sense. Birkhoff 
indicated that while the notion of product integral may clearly be 
applied to linear operators on any Banach space, it may also be so 
interpreted as to apply to non-linear operators. In this case two norms 
are needed in the space of operators. The distributive law which holds 
in any ring may be replaced by approximate distributivity (that is, 
differentiability) near the unity element. In the finite-dimensional 
case, this permits the integrands to have values in any Lie group; the 
matrix-valued integrands of Volterra and Schlesinger are thus in- 
cluded as a very special case. In the infinite-dimensional case, the 
values can be in any “analytical group” (see Birkhoff’s paper in Jour- 
nal of Mathematics and Physics, vol. 16 (1937), pp. 104-132). An 
extension of the notion of product integral indicated above to one of 


1942] “CONFERENCE REPORTS 181 
Lebesgue type was discussed by the speaker. Certain properties have 
been secured, but many other problems remain to be elucidated. The 
connection between product integrals and the fundamental group in 
the simplest case of a surface was exhibited by Professor Rainich, 
whose remarks were communicated in a letter read to the conference. 

The lecture on A pplscattons of the theory of tntegraiton to the study 
of near operators by Professor Dunford stated some of the unsolved 
problems as.well as the known facts about one type of representation 
of linear maps between Lebesgue spaces, and also gave an outline of 
the method of Dunford and Pettis for attacking these problems. If 
y= U¢@ is a bounded linear map of L*(T) onto Lt(S), where S and T 
are finite intervals of the real axis, it has a representation of the form 


(1) joa f ED 
$ =z; 7 s, i)o f 


In case p= 1 and the map U is weakly compact (that is, U takes the 
unit sphere into a set whose closure is weakly compact), it has the 
simpler representation 


(2) K= J Kea 


However, in case p=q=1 there are maps of the form (2) which are 
not weakly compact, and a topological characterization of the inte- 
gral operator (2) between L spaces is unknown. One of the results 
stated by Dunford in this connection asserts that (2) (with p=1 <q) 
takes weakly compact sets into compact sets. This shows that the 
product of two weakly compact operators in L is a compact operator 
and makes it clear why certain aspects of the Fredholm theory hold 
for linear equations involving a weakly compact operator in L. 

A fundamental class of problems concerning the operators (1) and 
(2) involves the characterizing in terms of the kernels H and K of 
those operators U which are bounded, weakly compact, compact, lat- 
tice convergence-preserving, and so on. These problems have for the 
most part been solved in case p=1q even in the case of abstract S$ 
and T, but in all other cases very little is known. One method of 
investigation which has proved fruitful in the case p=1 consists of 
the following three steps: first, represent the operator U as an abstract 
integral Ud = [ep(#)x(#)dt; second, find the relations between the set 
I= [(1/] el )fx(#)dt] and the set of values x(T) of the kernel; third, 
express the abstract integral as a numerical integral, that is, fax(#)dt 
= {,K(s, idt where x(#)=K(-, t). For bounded operators U on L to 
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X the first:problem is solvable with a Gelfand integral in case X is 
the adjoint of a separable space and with a Bochner integral (for 
arbitrary X) in case U is weakly compact. The principal result under 
the second problem is that for measurable Pettis integrable functions 
there is a null set EoCT such that x(7—£,) and J have the same 
closed convex hull. The representation desired in the third step always 
holds for Bochner integrable functions and at least for those Gelfand 
integrable functions arising in the representation of linear operations 
on L(T) to L.S). Clearly, it is the second step above which allows 
us to state the topological properties of the operator (at least those 
which are invariant under the operation of convex closure) in terms 
of the kernel. A partial list of those papers treating the problems men- 
tioned above is contained in a paper by Dunford and Pettis appearing 
in the Transactions of this Society, vol. 47 (1940), pp. 323-392. Dun- 
ford’s paper was discussed by Professor J. W. Calkin. 

H. H. GOLDSTINE 

L. M. GRAVES 


THE ANNUAL MEETING OF THE SOCIETY 


The forty-eighth Annual Meeting of the American Mathematical 
Society was held at Lehigh University, Bethlehem, Pennsylvania, 
from Monday, December 29 to Wednesday, December 31, 1941, in 
conjunction with meetings of the Mathematical Association of Amer- 
ica, the Association for Symbolic Logic, and the National Council of 
Teachers of Mathematics. l 

There were two general-and seven sectional sessions of the Society 
at which three addresses and seventy-nine research papers (forty- 
four in person) were given. All sessions were held in Packard Labora- 


tory. 

Arrangements for the meetings were made by a committee of which 
Dean Tomlinson Fort was chairman and Professors Everett Pitcher, 
G. E. Raynor, and W. M. Smith were the local members. Through 
the generosity of Lehigh University, rooms were available in the 
University dormitories. 

The attendance was about three hundred fifty including the follow- 
ing two hundred fifty-six members of the Society: 


C. R. Adams, R. B. Adams, R. P. Agnew, Leon Alaoglu, C. B. Allendoerfer, 
H. A. Arnold, H. P. Atkins, Frank Ayres, H. M. Bacon, N. H. Ball, I. A. Barnett, 
F. S. Beale, A. A. Bennett, Stefan Bergman, A. H. Black, W. A. Blankinship, Selomon 
Bochner, H. F. Bohnenblust, J. W. Bower, C. B. Boyer, J. W. Bradshaw, C. C. 
Bramble, R. W. Brink, H. W. Brinkmann, F. L. Brooks, R. H. Bruck, N. R. Bryan. 
S. S. Cairns, W. D. Cairns, P. A. Caries, M. E. Carlen, I. S. Carroll, W. F. Cheney, 
Claude Chevalley, D. E. Christie, Alonzo Church, Randolph Church, R. F. Clippinger 
I. S. Cohen, L. W. Cohen, Nancy Cole, J. B. Coleman, Esther Comegys, R. H. Cook, 
Richard Courant, A. P. Cowgill, H. B. Curry, E. H. Cutler, D. R. Davis, J. E. Davis, 
L. J. Deck, F. F. Decker, C. H. Denbow, R. P. Dilworth, L. L. Dines, Jesse Douglas, 
T. L. Downs, Arnold Dresden, J. C. Durand, J. J. Eachus, Samuel Eilenberg, W. E. 
Ferguson, F. A. Ficken, N. J. Fine, W. W. Flemmer, M. M. Flood, L. R. Ford, Tom- 
linson Fort, R. M. Foster, J. S. Frame, R. E. Gaskell, H. M. Gehman, H. P. Geiringer, 
F. J. Gerst, B. P. Gill, A. M. Gleason, J. S. Gold, Michael Goldberg, H. H. Goldstine, 
Cornelius Gouwens, H. S. Grant, C. H. Graves, L. J. Green, Lewis Greenwald, F. L. 
Griffin, Theodore Hailperin, D. W. Hali, P. R. Halmos, H. H. Hartzler, G. E. Hay, 
Alan Hazeltine, E. R. Hedrick, A. E. Heins, M. H. Heins, Edward Helly, Erik Hem- 
mingen, Coleman Herpel, J. G. Herriot, H. C. Hicks, E. H. C. Hildebrandt, D. L. 
Holl, T. R. Holleroft, Witold Hurewicz, W. A. Hurwitz, E. D, Jenkins, Fritz John, 
Evan Johnson, H. A. Jordan, Mark Kac, G. K. Kalisch, William Karuah, J. L. Kelley, 
A. J. Kempner, R. B. Kershner, S. C. Kleene, R B. Kleinschmidt, J. R. Kline, P. A. 
Knedler, T. L. Koehler, H. L. Krall, W. C. Krathwohl, H. N. Laden, K. W. Lamson, , 
O. E. Lancaster, R. E. Langer, V. V. Latshaw, Solomon Lefschetz, Joseph Lehner, 
Norman Levinson, F. W. Light, M. I. Logsdon, E. N. Lorenz, C. I. Lubin, R R. R, 
Luckey, J. J. McCarthy, N. H. McCoy, J. C. C. McKinsey, E. J. McShane, C. C. 
MacDuffee, G. W. Mackey, Saunders MacLane, H. M. MacNeille, H. F. MacNeish, 
P. T. Maker, V. S. Mallory, W. T. Martin, A. E. Meder, H. L. Meyer, E. R. C. 
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Miles, F. H. Miller, H. C. Miller, Deane Montgomery, Richard Morris, Marston 
Morse, E. J. Moulton, F. D. Murnaghan, C. A. Nelson, C. O. Oakley, Oystein Ore, 
E. G. Olds, F. W. Owens, H. B. Owens, J. C. Oxtoby, S. T. Parker, B. C. Patterson, 
G. W. Patterson, E. K. Parton, E. W. Pehrson, J. W. Peters, C. R. Phelps, H. B. 
Phillips, R. S. Phillips, Everett Pitcher, J. C. Polley, Willy Prager, G. B. Price, A. L. 
Putnam, H. A. Rademacher, Tibor Radó, G. Y. Rainich, J. F. Randolph, C. H. 
Rawlins, G. E. Raynor, Maxwell Reade, O. H. Rechard, Haim Reingold, Moses 
Richardson, R. G. D. Richardson, R. F. Rinehart, E. K. Ritter, M. S. Robertson, 
R. E. Root, J. T. Rorer, Barkley Roeser, S. G. Roth, Hans Samelson, S. T. Sanders, 
L. J. Savage, S. A. Schelkunoff, I. J. Schoenberg, Abraham Schwartz, C. H. W. 
Sedgewick, I. E. Segal, Abraham Seidenberg, R. W. Shephard, Seymour Sherman, 
C. A. Shook, M. E. Sinclair, C. H. Siem, L. L. Smail, D. M. Smiley, M. F. Smiley, 
P. A. Smith, T. L. Smith, W. M. Smith, Virgil Snyder, I. S. Sokolnikoff, R. H, 
Sorgenfrey, V. E. Spencer, G. W. Starcher, E. P. Starke, C. N. Stokes, R. W. Stokes, 
R R. Stoll, A. H. Stone, Alvin Sugar, J. L. Synge, Otto Srász, J. D. Tamarkin, 
Alfred Tarski, R. M. Thrall, J. I. Tracey, W. R. Transue, A. W. Tucker, J. W. Tukey, 
J. L. Vanderslice, Oswald Veblen, R. W. Wagner, T. C. G. Wagner, R. J. Walker, 
P. R. Wallace, Henry Wallman, J. L. Walsh, André Weil, Alexander Weinstein, 
B. A. Welch, M. E. Wells, G. W. Whitehead, A. L. Whiteman E. A. Whitman, 
P. M. Whitman, Norbert Wiener, Audrey Wishard, W. D. Wray, Oscar Zariski. 


The meetings of the Society opened Monday afternoon with two 
sections, Analysis and Algebra, at which Professor Tibor Radó and 
Dr. R. M. Thrall presided. Tuesday morning there were three sec- 
tions, Analysis, Topology and Geometry, and Applied Mathematics, 
with Professors Norbert Wiener, L. W. Cohen, and L. R. Ford pre- 
siding. l | 

Tuesday afternoon was devoted to a Symposium on Applied 
Mathematics, Professor F. D. Murnaghan presiding. Professor L. V. 
Bewley spoke on The mathematical theory of traveling waves and Pro- 
fessor I. S. Sokolnikoff on Some new methods of solutton of two-dimen- 
sional problems in elasttctty. The discussion leaders were Professors 
Alan Hazeltine, Ernst Weber, D. L. Holl, and J. L. Synge. 

The annual business meeting and election of officers was held on 
Wednesday morning, President Marston Morse presiding. This was 
followed by the award of the Frank Nelson Cole Prize in the Theory 
of Numbers to Professor Claude Chevalley for his paper La théorte du 
corps de classes, published in Annals of Mathematics, (2), vol. 41 
(1940), pp. 394-418. Professor Oscar Zariski then gave an address on 
Normal vartettes and birattonal correspondences. 

Wednesday afternoon there were two sections, Mathematical 
Logic, a joint session with the Association for Symbolic Logic, at 
which Professor A. A. Bennett presided; and Analysis and Algebra, 
at which Dr. Jesse Douglas presided. 

Sessions of the Mathematical Association of America were held on 
Thursday morning and afternoon, those of the Association for Sym- 
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bolic Logic on Wednesday afternoon, and those of the National 
Council of Teachers of Mathematics on Wednesday and Thursday. 
There was a Pi Mu Epsilon luncheon on Thursday. 

On Tuesday afternoon, the mathematicians and guests were enter- 
tained at a tea by the ladies of the Department of Mathematics of 
Lehigh University. 

The attendance at the annual dinner held in the Hotel Bethlehem 
was two ies emai The toastmaster, Professor W. H. Smith, 
introduced President C. C. Williams of Lehigh University who gave 
a brief address of welcome. This was followed by “In a Persian Gar- 
den” based on the Rubaiyat of Omar Khayyam sung by a quartet 
with piano accompaniment. Professor Virgil Snyder then read resolu- 
tions, prepared by a special committee appointed by the Council, in 
appreciation of the excellent services of Professor R. C. Archibald as 
Librarian of the Society for twenty-one years. These resolutions were 
adopted unanimously by a rising vote. They had been beautifully 
embossed on parchment for presentation to Professor Archibald. Pro- 
fessor J. R. Kline, Secretary of the Society, spoke of the work of the 
Society, its role in the present emergency and of plans for the future. 
- The program continued with a pleasing and well executed mathe- 
matical skit written by Dean Tomlinson Fort and presented by a 
cast of nineteen characters, revealing how Confusion has been de- 
throned by Mathematics. Following a cello solo by Professor K. W. 
Lamson, Professor I. S. Sokolnikoff presented resolutions expressing 
the appreciation of the mathematicians and guests to the President 
of Lehigh University, the members of the local committee and all 
who had assisted them for the excellent arrangements, pleasing enter- 
tainment, and cordial hospitality. At midnight, 1942 was welcomed 
with songs and New Year greetings. 

Since the meeting, the local committee has reported that after all 
expenses of the meeting were paid, a small sum remained which was 
donated to the Red Cross. 

At the meeting of the Board of Trustees at 6:00 P.M., December 29, 
1941, in Lamberton Hall of Lehigh University, there was no quorum 
present, An adjourned meeting, therefore, was held on January 2, 
1942, at 1:00 P.M. in the Faculty Club of Columbia University, New 
York City. There were two meetings of the Council, one being a joint 
session with the Board of Governors of the Mathematical Association 
of America. The joint session was held at 6:00 P.M. and the regular 
meeting of the Council at 8:20 p.m. on December 30, 1941 in Lamber- 
ton Hall. 

At the joint meeting of the Council and Board of Governors, Presi- 


1 


186 AMERICAN MATHEMATICAL SOCIETY [March 


dent Marston Morse presented the report of a subcommittee of the 
War Preparedness Committee (T. Y. Thomas, Chairman) which has 
been studying the problem of the Supply and Demand for Mathe- 
maticians in those institutions which confer the doctorate in mathe- 
matics. This study showed that in these institutions during the past 
year there has been a decrease of 23% in the number of graduate stu- 
dents and an increase of about 2% in the number of teachers of 
mathematics. It was reported also that there were indications of an 
increased demand fòr mathematical instruction of undergraduates. 
On the basis of this report, the Board of Governors and Council voted 
that steps should be taken with the proper authorities to have mathe- 
maticians employed as teachers in accredited colleges and universities 
and certain qualified graduate students recommended for individual 
occupational deferment. 

The Secretary announced the election of the following thirty-nine 
persons to membership in the Society: 


Mr. Gaynor Jefferson Adams, State Highway Department, Linden, Ala.; 

Mr. Neal Russell Amundson, University of Minnesota; 

Mr. Charles Cornelius Andersen, Jr., Chicago, IIL; 

Mr. Henry John Barten, Baltimore, Md.; 

Mr. John Keppler Baumgart, Cumberland College, Williamsburg, Ky.; 

Dr. Stefan Bergman, Brown University; 

Mr. Robert George Blake, Hernando High School, Brooksville, Fla.; 

Professor Harold E. Bowie, American International College, Springfield, Masa; 

Professor Mary L. Brady, College of Mount St. Vincent, New York, N. Y.; 

Mr. Joseph Francis Brennan, Pacific Gas and Electric Company, San Francicso, 
Calif.; 

Professor Myrtle Cyrena Brown, North Texas State Teachers College, Denton, 
Tex; 

Professor’ Irving Wingate Burr, Purdue University; 

Mr. Edward Caleb Coker, Jr., Clemson College, Clemson, S.C.; 

Mr. Douglas Richard Crosby, Royal Canadian Air Force, Rivers, Manitoba, Canada; 

Dr. John A. Daum, Agricultural and Mechanical College of Texas; 

Professor James E. Davis, Central Y.M.C.A. College, Chicago, IIL; 

Mr. James Riley Ellis, Booker T. Washington High School, Tulsa, Okla.; 

Mr. Sidney Fernbach, Frankford Arsenal, Philadelphia, Pa.; 

Mr. Marvin George Harrison, Curtiss Propeller, Caldwell, N.J.; 

Mr. William R. Harvey, Bell Telephone Laboratories, New oe N.Y.; 

Professor John Henry Hett, Manhattan College; 

Mr. Franklin Ferguson Hopper, New York Public Library; 

Mr. Walbert C. Kalinowski, St. John’s University, Collegeville, Minn.; 

Professor John Joseph McCarthy, St. John’s University, Brooklyn, N.Y.; 

Professor Rusele Hindman MacCullough, Defiance College, Defiance, Ohio; 

Mr. Joshua Matz, Yeshiva College, New York, N.Y.; 

Dr. Harlan C. Miller, Winthrop College, Rock Hill, S.C.; 

Mr. Hugh Jordan Miser, Ohio State Univeraity; 
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Professor Ernest Nagel, Department of Philosophy, Columbia University; 

Mr. George R. Rich, Tennessee Valley Authority, Knoxville, Tenn.; 

Sister Mary De Pazzi Rochford, Briar Cliff College, Sioux City, Iowa; 

Professor Paul Anthony Samuelson, Massachusetts Institute of Technology; 

Mr. Harry J. Sternberg, Stuyvesant High School, Brooklyn, N.Y.; 

Miss Helen Farnam Story, St. Petersburg Junior College, St. Petersburg, Fla.; 

Sister Mary Placide Thomas, Mt. Saint Agnes Junior College, Baltimore, Md.; 

Dr. Peter Thullen, Departamento Actuarial del Instituto N. de Previsién, Quito, 
Ecuador; 

Mr, Marvin Lewis Vest, West Virginia University; 

Mr. Thomas Charles Gordon Wagner, University of Maryland; 

Dr. Alexander Weinstein, Univeraity of Toronto. 


It was reported that the following had been elected as nominees 
on the Institutional Memberships of the institutions indicated: 


Brown University: Mr. Marshall Evans Munroe, Professor Willy Prager. 

Bryn Mawr College: Miss Josephine Margaret Mitchell. 

University of California at Los Angeles: Mesers. Paul Arnold Clement and Bill C. 
Moore. 

University of Chicago: Mr. Roy Dubisch, Miss Anne Louise Lewis, Mr. J. Ernest 
Wilkins, Jr. 

College of the City of New York: Mr. Harvey Cohn. 

Columbia University: Miss Louise Comer, Mr. Leonard Gillman, Professor Jacques 
Hadamard, Memeras. Meyer Karlin and Ernst Gabor Straus. 

Cornell University: Mesers. W. H. Durfee and R. R R. Luckey. 

Duke University: Mr. Bruce Elwyn Meserve. 

Equitable Life Insurance Company of Iowa: Mr. Alton O. Groth. 

Harvard Unrversity: Mesers. Edwin Hewitt, E. N. Lorenz, and A. L. Putnam. 

University of Illinois: Mr. J. C. Bell, Miss Frances E. Ewing, Messrs. W. A. Fer- 
guson, H. F. Gingerich, and N. M. Ginsberg, Miss Corinne Haican, Mr. F. F. 
Helton, Misses Janie C. Lapsley and Naomi M. Livesay, Messrs G. S. Mapes, 
E. B. Shanks, M. D Springer, O. P. Staderman, and J. C. Stewart. 

Indiana University: Miss Barbara Howe. 

Institute for Advanced Study: Dr. Felix Adler, Professors Subrahmanyan Chand- 
rasekhar and Kenneth Stewart Cole, Dra. Hans Samelson and Arthur Harold 
Stone. 

Iowa State College: Mr. Ralph H. Tripp. 

The State University of Iowa: Messrs. Louis Garfin and Edwin Halfar. 

The, Johns Hopkins University: Messrs. Richard Bellman, Seymore Abraham 
Fenichel, and Leslie G. Peck. ‘ 

University of Kentucky: Mr. Paul W. Derthick. 

Lehigh University: M~. John Alden Pond. 

Massachusetts Institute of Technology: Messrs. B. G. Farley, W. S. Loud, and O. G. 
Owens. 

University of Michigan: Messrs. Wade Ellis, Albert A. Grau, and Jack Irwin 
Northam. 

University of Minnesota: Messrs. William S. H. Crawford and William D. Munro. 

Northwestern University: Mr. Herbert J. Greenberg. 

University of Pennsylvania: Mr. Erik Hemmingsen. 
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Stanford University: Mr. Paul Charles Rosenbloom. 

Swarthmore College: Professor André Weil. 

Syracuse University: Mr. Robert C. Simpeon, Jr. 

University of Toronto: Mr. Wallace Charles Gordon Fraser, 

University of Virginia: Mesera. Richard R. Bernard, William Aubrey Blankinship, 
and Mariano Garcia, Jr. 

University of Washington: Mr. Arthur Henry Jerbert, Miss Dorothy Jeanne Mor- 
row. 

Wellesley College: Miss Alberta Schuettler. 

Wesleyan University: Mr. Myron Edward White. 

Yale University: Miss Martina Elizabeth Doyle, Mr. David McCray Merriell, Miss 
Mary Kent Peabody. 


The following appointments by President Marston Morse were 
reported: as representative of the Society at the inauguration of 
Henry Elisha Allen as President of Keuka College (Keuka Park, 
N.Y.) on November 7, 1941, Professor W. B. Carver; as tellers for 
the election at the 1941 Annual Méeting, Professors E. R. Lorch and 
L. L. Smail; as new members of the Committees to Select Hour 
Speakers: for Annual and Summer Meetings, Professor M. H. Stone 
(committee now consists of Professors J. R. Kline, chairman, M. H. 
Ingraham, and M. H. Stone); for Eastern Sectional Meetings, Profes- 
sor Salomon Bochner (committee now consists of Professors T. R- 
Hollcroft, chairman, C. R. Adams, and Salomon Bochner); for West. 
ern Sectional Meetings, Professor T. H. Hildebrandt (committee 
now consists of Professors W. L. Ayres, chairman, T. H. Hildebrandt, 
and W. J. Trjitzinsky); for Far Western Sectional Meetings, Pro- 
fessor G. C. Evans (committee now consists of Dean T. M. Putnam, 
chairman, Professors G. C. Evans, and T. Y. Thomas); as representa- 
tive of the Society on the American Year Book for a period of three 
years, 1942—1944, Professor J. F. Ritt; as a new member of the Com- 
mittee on Places of Meetings for a period of three years, 1942—1944, 
Professor P. R. Rider. 

The Secretary reported that the ordinary membership in the So- 
ciety is now 2,453, including 228 nominees of institutional members 
and 76 life members. There are also 87 institutional members. The 
total attendance of members at all meetings in 1941 was 1,574; the 
number of papers read was 474; the number of invited addresses was 
38; the number of members attending at least one meeting was 949. 

At the annual election which closed on December 31, and at which 
492 votes were cast, the following officers were elected: 

Vice Presidents, Professors C. C. MacDuffee and J. D. Tamarkin. 

Associate Secretartes, Professors W. L. Ayres and M. H. Ingraham, 
Dean T. M. Putnam. 
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Librartan, Professor Arnold Dresden. 

Members of the Edstorsal Committee of the Bulletin, Professor A. A. 
Albert, Dean Tomlinson Fort. 

Member of the Edstortal Committee of the Transactions, Professor 
Oscar Zariski. 

Member of the Edstorsial Committee of the Colloqusum Publications, 
Professor M. H. Stone. 

Members of the Edstorial Commitee of Mathematical Reviews, Pro- 
fessors O. E. Neugebauer, J. D. Tamarkin, and Oswald Veblen. 

Members-ai-large of the Council, Professors G. A. Bliss, Nelson 
Dunford, W. T. Martin, Gabor Szeg6, and S. S. Wilks. 

The Council adopted the following resolutions concerhing the work 
of Professor R. C. Archibald as Librarian of the Society: 


The members of the American Mathematical Society take this opportunity to 
express their appreciation of the services of Raymond Clare Archibald on the occa- 
sion of his retirement from the post of its librarian. 

During the twenty-one years in which he held this office he has greatly increased 
the size and usefulness of the library until it has become an important source of refer- 
ence to all mathematicians. His conduct of this work has been marked by whole- 
hearted devotion, extraordinary ability, and laudable economy. 

The Society presents this memorial, attested by the signatures of its officers 
with assurances of the gratitude and affection of its members, with the hope that the 
Society may continue to receive the benefit of his advice and of his scholarly work 
for many years to come. 


In an appendix to this report are excerpts from the Report of the 
Treasurer for the fiscal year 1941 as verified by the Auditors. ‘A copy 
of the complete report will be sent, on request, to any member of the 
Society. The Board of Trustees adopted a budget for 1942 showing 
authorized expenditures of $49,050, This includes an appropriation of 
$1,000 for Mathematical Reviews from the Marion Reilly Fund. 

The Librarian reported that the Library of the Society now con- 
tains 9,983 volumes of which 7,159 are bound volumes. Twenty-one 
years ago when Professor Archibald assumed the librarianship the 
corresponding numbers were 5,862 and 4,360. There are now over 150 
periodicals on our exchange list corresponding to the earlier 123. 

The American Journal of Mathematics, which is published jointly 
by The Johns Hopkins University and the Society, and to which the 
Society contributes an annual subvention of $2,500, printed 888 pages 
during 1941. 

It was reported that a temporary editorial board consisting of 
Professors J. L. Walsh (chairman), A. A. Albert, and F. D. Mur- 
naghan had been appointed in connection with the new series of books . 
entitled Mathematical Surveys. 


\ 
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It was announced that copies of the recent report of Professor W. L. 
Hart (Chairman, Subcommittee on Education for Service) entitled 
Mathematscal Education for Defense had been distributed in October 
to approximately 3,700 superintendents of schools FEFOURHOUE the 
country. 

Times and places of meetings during 1942 were set as follows: Fall 
Far Western Meeting at the University of California at Los Angeles 
on November 28 and the 1942 Annual Meeting in New York City on 
December 28-30. 

Certain invitations to give hour addresses were announced: Dr. 
R. P. Boas and Professor George Pólya for the April, 1942, meeting 
in New York City; Professor Salomon Bochner for the October, 1942, 
meeting in New York City. 

Professor A. D. Michal was appointed Acting Associate Secretary 
for the far west during the period of Dean Putnam’s illness. 

Two books were accepted for publication in the Colloquium Series: 
Algebraic Topology by Professor Solomon Lefschetz and Analytsc 
Topology by Professor G. T. Whyburn. 

The Secretary announced that the Board of Trustees, upon recom- 
mendation of the Council, had adopted temporary regulations con- 
cerning the dues of those who are serving as enlisted men in the armed 
forces of the United States or Canada. The following provisions are 
included: (1) enlisted men who were members in good standing at 
the time of their induction may have their dues fixed at $1.00 per 
year during the period of their enlistment; (2) if they were subscribers 
to the Transactions or Mathematical Reviews at the time of their 
induction, they may continue to subscribe at the rate of $1.00 per 
year for the Transactions and $1.00 per year for Mathematical Re- 
views during the period of their enlistment. It is hoped that these 
men may thus be enabled to continue their contacts with mathemat- 
ics while in the service. Full details of these regulations were mailed 
to members of the Society on January 1. 

The Secretary announced that February 15 had been set as the 
final date for the receipt of orders for microfilm reading machines in 
connection with three-year subscriptions to Mathematical Reviews. 

The Executive Committee of Mathematical Reviews reported that 
the subscription list of that journal, as of December 1,1941, was 1,400. 

Dean G. D. Birkhoff was elected Chairman of the Emergency Com- 
mittee for the International Congress of Mathematicians, ‘to replace 
Professor W. C. Graustein, deceased. It was announced that the 
Rockefeller Foundation had extended its appropriation for the In- 
ternational Congress to December 31, 1946. 
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President Marston Morse appointed as the Committee on Nomina- 
tion of Officers and Members of the Council for 1943, Professors 
F. D. Murnaghan (chairman), A. A. Albert, H. A. Rademacher, 
W. M. Whyburn, and R. L. Wilder. 

Titles and cross references to the abstracts of papers read at the 
regular sessions follow below. The papers were read as follows: Papers 
1-5 in the section for Analysis on Monday afternoon; papers 6-12 in ' 
the section for Algebra on Monday afternoon; papers 13-18 in the 
section for Analysis on Tuesday morning; papers 19~25 in the section 
for Topology and Geometry on Tuesday morning; papers 26-33 in 
the section for Applied Mathematics on Tuesday morning; papers 
34-39 in the section for Mathematical Logic on Wednesday after- 
noon; papers 40-44 in the section for Analysis and Algebra on 
Wednesday afternoon; and papers 45—79, whose abstract numbers are 
followed by the letter #, were read by title. Dr. Mickle was introduced 
by Professor Tibor Radó, Dr. Bergman by Professor T. R. Hollcroft, 
Dr. Miller by Professor R. L. Moore, Dr. Theilheimer by Professor 
R. E. von Mises, Professor Prager by Dean R. G. D. Richardson, Dr. 
Weinstein by Professor J. L. Synge. Paper 3 was presented by Pro- 
fessor W. T. Martin, paper 4 by Dr. G. E. Reves, paper 7 by Professor 
Smiley, paper 8 by Dr. Dilworth, paper 11 by Professor Barnett, 
paper 12 by Professor MacLane, paper 18 by Dr. Reade, paper 21 
by Professor Weil, paper 41 by Professor MacLane, paper 43 by Dr. 
Phillips, and paper 44 by Dr. Thrall. 

1. E. J. Mickle: Associated double integral variation problems. (Ab- 
stract 48-1-44.) 

2. P. T. Maker: The Cauchy theorem for functions on closed sets. 
(Abstracts 48-1-43.) 

3. Salomon Bochner and W. T. Martin: A class of removable singu- 
lartites in several complex variables. (Abstract 48-1-32). 

4. G. E. Reves and Otto Szász: Some theorems on double tragonomet- 
ric series. (Abstract 48-1-53.) 

5. Stefan Bergman: On operators in the theory of partial differenisal 
equattons and their application. (Abstract 48-1-31.) 

6. R. H. Bruck: Isotopy of algebras with a principal untt. (Abstract 
48-1-8.) p 

7. M. F. Smiley and W. R. Transue: Metric latisces as singular 
meiric spaces (Abstract 48-1-20.)- 

8. Marshall Hall and R. P. Dilworth: The imbedding problem for 
modular laittces. (Abstract 48-1-12.) 

9. C. C. MacDuffee: On the composition of algebratc forms. (Ab- 
stract 48-1-15.) 
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10. Tomlinson Fort: Generalizations of the Bernoulls polynomials 
and numbers and corresponding summation formulas. (Abstract 47-11- 
456.) 

11. I. A. Barnett and C. W. Mendel: A property of the traces of a 
square mairex. (Abstract 48-1-5.). 

12. Saunders MacLane and O. F. G. Schilling: Groups of algebras 
over an algebraic number field. (Abstract 48-1-16.) 

_ 13. R. B. Kershner: The continuity of aay of many variables. 
(Abstract 48-1-39.) 

14. Mark Kac: On convergence of certain series of functions. (Ab- 
stract 48-1-38.) l 

15. W. R. Transue: Conirtbuttons to the theory of subharmonic fung- 
tions. (Abstract 48-1-59.) 

16. J. W. Bradshaw: On a certain class of continued fractions. (Ab- 
stract 48-1-33.) 

17. Otto Szász: On a theorem of Hardy and Latilewood. (Abstract 
48~-1-56.) 

18. E. F. Beckenbach and Maxwell Reade: Mean-values and har- 
monic polynomials. (Abstract 48-1-30.) 

19. J. L. Vanderslice: Invartani theory of vector pencil fields. (Ab- 
stract 48-1-79.) 

20. J. W. Peters: The euclidean geometry of the n-dimensional sim-. 
plex. (Abstract 48-1-78.) 

21. André Weil and C. B. Allendoerfer: A general proof of the Gauss- 
Bonnet theorem. (Abstract 48-1-80.) 

22. W. W. Flexner: Noncommutaisve chasns. II. Preliminary report. 
(Abstract 48-1-90.) 

23. G. W. Whitehead: Homotopy eer of spheres and ther rotation — 
groups. (Abstract 48-1-101.) 

24. Harlan C. Miller: On trreducsble continua. (Abstract 48-1-95.) 

25. J. L. Kelley: Symmetric product spaces. Preliminary report. 
(Abstract 48-3-139.) 

26. P. M. Whitman: Note on a certain representation of lattice ele- 
menis. Preliminary report. (Abstract 48-1-24.) 

27. Feodor Theilheimer: The potential of curvilinear dtsiribuitons. 
(Abstract 48-1-72.) 

28. J. L. Synge: On the theory of the atrfosl of finite span. (Abstract 
48-1-71.) 

29. A. E. Heins: On the transformation theory of the solution of par- 
tial differential equations. II. Preliminary report. (Abstract 48-1-65.) 

30. Willy Prager: Fundamental theorems of a new mathematical 
theory of plasticity. (Abstract 48-1-70.) 


oo 
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31. Alexander Weinstein: On the flexural center and the center of 
twist. (Abstract 48-1-74.) 

32. R. E. Gaskell: On longitudinal vibrations of a bar. (Abstract 
48-1-64.) 

33. Henry Wallman: On the reducthton in harmonsc distortion due to 
high frequency pre-emphasis. Preliminary report. (Abstract 48-3-123.) 
34. Alonzo Church: On sense and denotation. (Abstract 48-1-83.) 

35. S. C. Kleene: On the interpretation of intusitonsstic number 
theory. (Abstract 48-1-8 5.) 

36. G. D. W. Berry: On formalising semantics. (Abstract 48-1-82.) 

37. Nelson Goodman: Sequences. (Abstract 48-1-84.) 

38. Barkley Rosser: The Burali-Forti paradox. (Abstract 48-1-86.) 

39. E. C. Berkeley: Applscaiton of symbolic logic to punch card 
operations. (Abstract 48-1-81-2.) 

40. I. S. Cohen: A generalisation of Macauley's theorem on unmixed 
ideals. (Abstract 48-1-9.) 

41. Saunders MacLane and Samuel Eilenberg: A theorem on group 
extenstons. (Abstract 48-1-94.) 

42. G. Y. Rainich: Faciortsation of polynomials, in a ring, with ap- 
plication to partial diferential equatsons. Preliminary report. (Abstract 
48-1-51.) 

43. Salomon Bochner and R. S. Phillips: Absolutely convergent 
Fourier series in noncommutative normed rings. (Abstract 48-1-6.) 

44, R. M. Thrall and C. J. Nesbitt: On the modular represeniahons 
of the symmetric group. (Abstract 48-1-21.) 

45. Reinhold Baer: Inverses and sero-divisors. (Abstract 48-14-#.) 

46. E. F. Beckenbach: Patnlevé’s theorem and the analytic prolonga- 
tton of a minimal surface. (Abstract 48-1-29-t,) 

47. R. H. Bruck: Certain numerical invariants of polyadtcs. (Ab- 
stract 48-1-7-#.) 

48. Leonard Carlitz: ¢-Bernoullt numbers and polynomials. (Ab- 
stract 48-1-26-é.) 

49. N. A. Court: On the theory of the P (Abstract 48-1- 
77-4.) 

50. L. L. Dines: On the mapping of n quadratic forms. (Abstract 
48-3-104-4.) 

51. J. L. Doob: Topics tn the theory of Markoff chains. (Abstract 
48-1-34-4.) 

52. H. J. Ettlinger: The theory of the Riess integral. (Abstract 
48-1-35-t,) 

53. Abe Gelbart: On functtons of two complex variables with bounded 
real parts. (Abstract 48-1-36-#.) 
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54. D. W. Hall: On a theorem of E. E. Bets. (Abstract 48-1-91-t.) 

55. F. B. Hildebrand: Note on the tntegro-differenisal equation of a 
problem in the theory of plane stress. (Abstract 48-1-66-4.) 

56. F. B. Jones: A certain non-metric Moore space. (Abstract 48- 
3-138-.) 

57. Irving Kaplansky and O. F. G. Schilling: Some remarks on 
relatively complete fields. (Abstract 48-1-14-#.) 

58. H. N. Laden: An tnterpolatton polynomial tnvoloing iaptoaihines 
of a prescribed function. (Abstract 48-1-40-t.) 

59. Joseph Lehner: The Ramanujan identities and congruences for 
powers of eleven. Preliminary report. (Abstract 48-1-27-é.) 
60. E. J. McShane: On Perron tntegraiton. (Abstract 48-1-41-#.) 

61. E. J. McShane: The derivative of the indefinite Lebesgue integral. 
(Abstract 48-1-42-2,) 

62. S. B. Myers: An existence theorem for a self-adjoint system of 
second-order, linear, homogeneous differential equations. (Abstract 48- 
1-46-t.) 

63. N. M. Oboukhoff: The Asstorscal development of total differenisal 
as the principal part of the tncrement of a functton of several variables. 
(Abstract 48-1-47-2.) 

64. J. F. Paydon and H. S. Wall: An extenston of the Stieltjes con- 
tinued fraction theory. (Abstract 48-1-49-1.) 

65. Samuel Perlis: Normal bases of cyclic fields of prime-power 
‘degree. (Abstract 48-1-18-¢.) 

66. Maxwell Reade: Some remarks on subharmonic functtons. Pre- 
liminary report. (Abstract 48-1-52-#.) 

67. W. H. Roever: Geomeirsc statement of a fundamental theorem 
for four-dimensional orthographic axonometry. (Abstract 48-3-133-2.) 

68. O. F. G. Schilling: Normal extensions of relatively complete 
fields. (Abstract 48-1-19-t.) 

69. H. M. Schwartz: On sequences of Stieltjes integrals. (Abstract 
48-1-55-#.) 

70. A. R. Schweitzer: On the genesis of the algebra of logic + the 
foundations of geometry. (Abstract 48-1-87-i.) 

71. M. F. Smiley: Elementary similarity transformations and the 
rational canonical form of a matrix. (Abstract 48-3-107-é.) 

,12. R. H. Sorgenfrey: Some theorems on co-terminal arcs. (Abstract 
48-1-98-t.) 

73. E. W. Titt: A method for integrating the linear hyperbolic equa- 
iton tn three independent varsables. (Abstract 48-1-58-2.) 

74. W. J. Trjitzinsky: Analyite theory of parametric linear ere. 
differential equations. (Abstract 48-1-60-+.) 


t 


1942] THE ANNUAL MEETING OF THE SOCIETY 195 


75. S. M. Ulam: A geometrical approach to the theory of represenia- 
tons of topological groups. Prelimjnary report. (Abstract 48-1-61-2.) 
76. A. D. Wallace: Chains and structure of continua. (Abstract 
48-3-140-4.) 
71. T. L. Wade and R. H. Bruck: The charactertsitc function of a 
2p-tensor. (Abstract 48-1-22-t.) 
78. P. A. White: R-regular convergence spaces. (Abstract 48-1- 
100-4.) i 
79. L. R. Wilcox: Extensions of semi-modular lattices. III. (Abstract 
48-1-25-#.) 
T. R. HOLLCROFT, 
Associate Secretary 
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APPENDIX — 


EXCERPTS FROM REPORT oF TREASURER! 


December 15, 1941 
To THE BOARD oF TRUSTEES OF THE 
AMERICAN MATHEMATICAL SOCIETY 
Gentlemen: 

I have the honor to submit herewith the report of the Treasurer for the fiscal year 
ended November 30, 1941. 

Surplus account shows a balance of $9,048.08 as compared with $6,966.39 at the 
beginning of the year. Two of the facts which contributed to this unanticipated in- 
crease may be mentioned here: (1) A considerable gain in the membership of the 
Society resulted in additional revenue from Initiation Fees and Dues; (2) Income 
from Investments exceeded the estimate by more than $1,000. 

The market value on November 29, 1941 of the securities in the Pool was $7,613.09 
less than book value. This is to be compared with the total amount, $4,201.96, held 
in accounts Reserve for Investment Losses and Profit and Loss on Sale of Securi- 
ties. The market value on November 29, 1941 of securities in General and Re- 
stricted Funds was $963.00 less than book value. Profit on the sale of securities for 
General and Restricted Funds amounting to $295.73 is being carried as a reserve 
against losses to these funds. ' 

Income earned by General and Restricted Fund Investments during the year 
amounted to $1,547.08. This represents a return of 14% on amounts in savings banks, 
and approximately 4% on securities. Investment Income earned by the Pool amounted 
to $7,317.85, representing a return of approximately 44%. Total Investment Income 
from all sources was thus $8,864.93, corresponding to a yield of approximately 44%. 
This income and yield may be compared with $6,909.41 and approximately 4% for 
the fiscal year 1940. 

The operating account for Mathematical Reviews continues to show receipts in 
excess of disbursements. However, this excess is due principally to advance subscrip- 
tions. 

The Endowment Fund Principal, unchanged during the year, remains on the 
books at $60,110.68. representing a depreciation of $10,395.39 from a former value 
of $70,506.07. 

During the year final settlement of the Estate of Marion Reilly brought the So- 
ciety an additional sum of $6,738.78. A gift of $1,000 from Dr. Robert Henderson 
was also received. As directed by the Trustees, the gifts have been added to the 
Principal Funds in the Pool. 

Respectfully submitted, 


BENNINGTON P. GILL, Treasurer 


1 The report of the Treasurer for fiscal 1940 will be published in September 1942 
with the biennial list of members. 
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Assets j 
November ` 
30, 1941 
GENERAL AND RESTRICTED FUND ABSETS: 
Canh a sector ecuhed Se: ae ee ..$ 19,380.05 
Investments...... .. 28,814.24 
$ 48,194.29 
ENDOWMENT AND OTHER NONEXPENDABLE FUND ASSETS: 
Caan of: hs aa a a a a? E $ 1,156 70 
LO VOEREMODES cs ai 2 uaa eae Gs OS Soa “EES 160,395.09 
$161,551.79 
TOTAL: ASIRI rad mne eoe een eek $209,746.08 
Liabilities 
GENERAL FUNDS: 
Sinking Fund.. is Seatac . $ 420.09 
Profit on Sales of Securities.. ee i 295.73 
Surplus .... . 9,048 08 
$ 9,763.90 
RESTRICTED FUNDS: 
Bécher Fund Income .. . $ 597.13 
Brown Fund Income : 101.76 
Cole Fund Income ee 659.39 
Henderson Fund Income 21.63 
Moore Fund Income .. 1,583.06 
Reilly Fund Income F 2,650.05 
Reilly Fund Principal a. “hier toe 220 ee as 3,968.13 
Bulletin Reprinting Fund j 685.23 
Transactions Reprinting Fund . 103.63 
SOUOGUINN ie. a ieee ESA EEE Vee aes 5,187.14 
Mathematical Reviews i A, GST eae 16,924,45 
Congress............ .. be ne. ome See a: te, ORS aa 
War Preperedness........ 6. cece ee cee eee 5.35 
$ 38,430.39 
$ 48,194.29 ° 
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ENDOWMENT AND OTHER NONEXPENDABLE FUNDS (POOL): 


Endowment Fund Principal . ............. $ 60,110.68 
Bécher Fund Principal .....00. 0 1 1 cae 1,188.00 
Brown Fund Princi SEP 1,000.00 
Cole Fund Princi TE 2,093 13 
Henderson Fund incipal . 1,000.00 
Moore Fund Principal. = .... 0 wa eee 2,100.62 
Reilly Fund Principal 19553.32 
Lie Meni bership e 5,191.30 
Life Subscription Reserve =. ....... 112 78 
Colloquium... 5,000.00 
Mathematical Reviews..... i ETOD cis , 000 .00 
Reserve for Investment Loses eee ; 2,728.24 
Profit on Sales of Securities. . a. ae 1,473.72 

$161,551.79 
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$ 14,624.30 
21,393.87 


$ 36,018.17 


$ 659.28 
152,549.20 


$153,208 48 
$189,226.65 





$ 290 . 80 
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SUMMARY STATEMENT OF INCOME AND EXPENDITURES 


1940-1941 
1941 1940 
Receipts Disburze- Receipls Disburse- 
DERIS monis 
GENERAL RECEIPTS 
Does....., O ENRETE EN rE Ta 814,970.19 $14,380.96 
ee ce ,040 .00 1,114.92 - 
Dues—Inetitu Memberships . 6,468.31 6,705.00 
' Inttiation Fees .. .. .. shape 515.25 $84.75 
Investment Income À . 4,147.27 3,191.46 
Miscellaneous $ 343.15 95 
GEMERAL DISBURSEMENTS ` 
Secretaries. oa‘ a a 8 6,091.29 § 5,800.00 
Treasurer... 750.00 650.00 
Officers Traveling 888.93 749.54 
Viekewaeaew: 824.50 629.82 
Expenses . .... ; 101.04 211.24 
Furniture and Fixtures 31.70 31.00 
l Gibbs Lecture... . 19.88 
ae 277 .29 287 .86 
Total..... , . $27,484.17 $ 8,984.75 $265,673.04 § 8,379.4 
Excess of General Receipts. ..... $18,499.42 $18,293.70 
PUBLICATION i 
Bulletin...... . . $ 1,755. f $11,037.14 $ 1,631.65 $12,405.21 
Bulletin Reprinting á "227.62 145.85 
Transactions . 4,816.11 8,968.10 5,411 24 8,521.05 
Transactions Reprinting 116.80 
Cofloquium.,...... oessa . 3,437.74 2,969.55 3,121.11 4,727.54 
Mathematical Reviews 3 ..,..... . 21,467.56 12,969.22 20,302.06 14,356.77 
‘ 129.29 141.39 
Amencan Journal 2,500.00 ~ 2,500.00 
é Total occus yoo honkoSe $31,833.79 $38 444.01 $30,733.22 $40,627.37 
Excess of Cost of Publication $ 6,610.22 $9,874 15 
MieCELLANEOUS 
L a te Ricca cake $ 103.72 $ 1,578.49 
Adjustment for Depreciation of Value of In- 
vesiments.....  .. 87.24 $24,804.97 
Special Funds | nate "steers? naaa 9, 526.518 $ 1,000.00 1,366.89 487.10 
Total ss. i Gos & “Ake. a eak $ 9,630.28 $1,000.00 $ 3,032.62 $25,292.07 
Difference — aen’ .$ 8,630.23 $22,259.45 
Net change in assets . . $70,519.43 $13,839.90 
ASEETS BEGINNING OF YEAR. 189,226.65 0665 35 
AMEKTS EMD OF YKKAR.. .. .... 745 08 189 , 226.65 


Fund 
1 Exclusive of 


men 


1 Incindes $6,809.37 receipts for subecriptions for 1942—1944 and $1,000 appropriation from Reilly 


$1,000 approprmation from Surplus. 
1 Includes $7,738.78 principal of gifts. 


JAMES WATERMAN GLOVER—IN MEMORIAM 


James Waterman Glover, emeritus professor of mathematics at 
the University of Michigan, died in Ann Arbor, Michigan, on July 15, 
1941. In his passing, actuarial and statistical science has lost one of its 
most distinguished pioneers. 

Professor Glover was born at Clio, Michigan, on July 24, 1868. 
He was graduated from the University of Michigan with the class of 
1892, where he came under the influence of F. N. Cole, and received 
his doctor’s degree from Harvard University in 1895, being the first 
one to do his thesis work under the supervision of Maxime Bécher; 
his thesis subject was Properties of Solutions of the Partial Diferen- 
tial Equation Ay-+-ky=0. He then returned to the University of 
Michigan as a member of the. Department of Mathematics, holding 
the various ranks, Assistant Professor in 1903, Junior Professor in 
1906, and Professor in 1911, until he retired in 1938. He was chairman 
of the Department of Mathematics from 1927 to 1934. During the 
years 1930.to 1932 he had leave of absence, and served as president 
of the Teachers’ Insurance and Annuity Association of America. He 
was a member of the Council of the American Mathematical Society 
from 1927-1929, 

Beginning in 1902 with a-course in actuarial theory, Professor 
Glover gradually developed courses in the mathematics of finance, 
life insurance, and statistics, at the University of Michigan. As a 
consequence of the training afforded by these courses, he was able to 
place hundreds of students in responsible positions with life insurance 
companies and state departments. At the time of his retirement about 
two hundred of his former students, many of them executives of 
major insurance companies, gave a dinner in Chicago honoring him. 
At this meeting a fellowship in insurance, bearing his name, was 
established. 

In his administrative capacity he not only built up the work in 
actuarial mathematics and mathematical statistics at the Univer- 
sity, but was also responsible for greatly strengthening the work of 
the Department in other branches by the addition of promising young 
men. 

His activities outside of the University were numerous. He served 
as consulting expert for the Canadian Royal Commission on Insur- 
ance in 1896, for the Wisconsin Legislative Investigation Committee 
in 1906, for the Wisconsin Joint Committee on Banks and Insurance 
in 1907, and for numerous insurance companies. From 1910 to 1929 
he served the U. S. Census Bureau as Expert Special Agent and dur- 
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ing this time the United States Life Tables were prepared under his 
supervision. | 

While Professor ‘Glover was a forceful person so far as being able 
to accomplish something he thought ought to be done, he was an ex- 
tremely pleasant person with whom to be associated. One could op- 
pose something he proposed to do, feeling certain it would not affect 
a personal friendship. He was fond of hunting and fishing and was a 
delightful companion on an outing. His accomplishments are a lasting 
monument to his memory. 

Following is a list of his publications of mathematical interest: 

1. On groups whose orders are products of three prime factors (with 
F. N. Cole), American Journal of Mathematics, vol. 15 (1893), pp. 
191-220. i 

2. Derscatton of the Untied States mortality table by osculatory inier- 
polation, Quarterly Publication of the American Statistical Associa- 
tion, (n.s.), vol. 12 (1910), pp. 85-109. 

3. A general formula for the valuation of securtttes, American Mathe- 
matical Monthly, vol. 22 (1915), pp. 82-88. 

_ 4. Some formulas connected with the calculaiton of annual dtosdends 
on the conirsbution plan, Record of the American Institute of Actuar- 
ies, vol. 5 (1916), pp. 37—43. 

5. Unsted States Life Tables: 1910, Government Printing Office, 
Washington, 1916, 65 pp., 25 life tables. 

6. Unsted States Life Tables, 1890, 1901, 1910 and 1901-1910, Gov- 
ernment Printing Office, Washington, 1921, 496 pp., 22 diagrams, 52 
graphs. 

7. Tables of Compound Interest Functions and Logarithms of Com- 
pound Interest Functions (with H. C. Carver), Ann Arbor, 1921, 77 pp. 

8. Tables of Applied Mathematscs tn Finance, Insurance, Statistics, 
Ann Arbor, 1923, 13+676 pp. 

9. Tables of Statistscal Data for the Use of Students of Mathematical 
and Economic Statistics (with H. C. Carver), Ann Arbor, 1923, 53 pp. 

10. Interpolation, summation and graduation, chap. 3, pp. 34-461, 
_ Handbook of Mathematical Statistics, Houghton Mifflin, 1924. 

11. Quadrature formulas when ordinates are not equidtsiant, Pro- 
ceedings of the International Congress of Mathematicians, Toronto, 
1924, vol. 2. 

12. Report on statssitcal teaching in American colleges and untverst- 
ites, Journal of the American Statistical Association, vol. 21 (1926). 

13. An Introduction to the Mathematics of Life Insurance (with 
W. O. Menge), New York, Macmillan, 1935, 9+190 pp. 

PETER FIELD 


BOOK REVIEWS 


Tables of Probabtiity Funcisons. Vol. I. New York, Work Projects Ad- 
ministration. 1941. 28+302 pp. $2.00. 


The earliest systematic table of the error function or probability 
integral was prepared by James Burgess and published in the Trans- 
actions of the Royal Society of Edinburgh, volume 39, Part II, 
1898, pp. 257-321. This was followed by that compiled by W. F. 
Sheppard under the auspices of the British Association for the Ad- 
vancement of Science, published by the Cambridge University Press 
in 1939, and by various other minor tables. 

The present Tables extend the range of all existing ones and pro- 
vide a smaller tabular interval. The usual control methods employed 
by the Agency to make them accurate have been used. 

Both functions have been calculated to fifteen decimal places at 
intervals of 0.0001 in the range between 0 and 1 and at intervals of 
0.001 in the range from 1 to 5.6. A short supplementary table (Table 
II) is included giving the values of M(x) and its derivative to eight 
significant figures for x ranging from 4 to 10 at intervals of 0.01. The 
procedures for direct and inverse interpolation are explained and the 
degree of approximation attained are emphasized. The method em- 
ployed for the actual computation is outlined together with the checks 
for control of accuracy. 

The pages are 9 by 4 inches, both @’(x) and H(x) appearing in 
contiguous columns. There are 51 lines on a page in blocks of five, 
the last entry on a page being repeated at the top of the following one. 

VIRGIL SNYDER 


Gutde to Tables tn the Theory of Numbers. By Derrick Henry Lehmer. 
(Bulletin of the National Research Council, Number 105. Division 
of Physical Sciences, Committee on Mathematical Tables and Aids 
to Computation, Report 1: Report of the Subcommittee on Section 
F: Theory of Numbers.) Washington, D. C., National Research 
Council, 1941. 14-+177 pp. $2.50. 


In a foreword Professor R. C. Archibald, Chairman of the Commit- 
tee, states that “In broad outline it exhibits the general plan for all 
Reports in the series. In adopting this plan the Committee desires to 
make clear that the Reports are being prepared primarily for scholars 
and others active in scientific work throughout the world.” 

Directions for the use of the Report are given in the Introduction. 
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This also contains an explanation of the practical point of view 
adopted in deciding what constituted a table in the theory of num- 
bers and what tables were worthy of inclusion. The omissions include 
old obscure tables which have been superseded by more extensive and 
more easily available ones, and short tables in which every entry 
may be easily computed. 

The rest of the Report is in three parts: 

I. Descriptive Survey. 
II. Bibliography. 

III. Errata. 

In Part I, which is about 80 pages in length, topics in the theory of 
numbers are classified under {headings a-q, with subheadings indi- 
cated by subscripts. Under each heading there is a description of what 
.tables are listed in this topic and what they contain. The pages are 
numbered at the bottom and the topic described on a page is indi- 
cated by the appropriate letter of classification at the top. 

With each table mentioned in Part I there appears the author’s 
. name followed by a number which refers to the complete bibliographic 
reference of Part II. Here the material is arranged alphabetically by 
authors. Following each reference a letter (with or without a sub- 
script) in square brackets indicates the nature of the tables contained 
in the work referred to. In addition, libraries in which the work may 
be found are given in the coding used by the Unton List of Sertals. 
For this purpose 37 representative libraries were selected, the list and 
key to the code being given following the foreword of the book. 

Thus it will be seen that if either the subject matter or the author's 
name is known the location of the table is a simple matter. This fea- 
ture in itself makes the book of great value, but even this is over- 
shadowed by Part III which collects for the first time the list of errors 
which have been discovered in the tables. The authority for correc- 
tions and a reference to the source, if published, are usually given 
after the errors. Tables in which errors have been found are indicated - 
in Part II by an asterisk. 

This report is indeed a guide to tables in the theory of numbers and 
it is, moreover, one which can be followed with ease. 

R. D. JAMES 


Waves. A Mathematical Account of the Common Types of Wave Mo- 
tton. By C. A. Coulson. Edinburgh, Oliver and Boyd, 1941. 156 pp. 
$1.50. 


This book will be welcomed by those who are interested in an ele- 
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mentary introduction to the subject of wave motion; it will also in- 
terest the experts in some one type of physical wave motion as a book 
for ready reference concerning other types of physical wave motion. 
In common with other books belonging to “University Mathematical 
Texts” this book is remarkably-informative for its size. In the first 
chapter the wave equation and its principal solutions are introduced. 
From there on are treated in succession waves on strings, waves in 
membranes, longitudinal waves in bars and springs, waves in liquids, 
sound waves, and electric waves. The last chapter contains some 
general considerations. In each chapter the equations for the particu- 
lar type of waves and the boundary conditions are derived; the 
methods of solution are illustrated by well-chosen examples. The pres- 
entation is clear and straightforward. Each chapter is followed by 
problems. 

In the words of the author, “The object of this book is to consider 
from an elementary standpoint as many different types of wave mo- 
tion as possible. In almost every case the fundamental problem is the 
same, since it consists in solving the standard equation of wave mo- 
tion; the various applications differ chiefly in the conditions imposed 
on these solutions. For this reason it is desirable that the subject of 
waves should be treated as one whole, rather than in several distinct 
parts; the present tendency is in this direction.” If one is to criticize 
the book in this connection, it is, perhaps, in order to suggest that the 
announced purpose could be served still better by giving the imped- 
ance concept the place it rightly deserves in wave theory. The original 
wave equation usually consists of two first order equations connecting 
the force and the velocity (or displacement). The solution will consist 
of a wave of force and a wave of velocity. By placing emphasis on this 
“two-wave” aspect, greater uniformity in treatment of reflection can 
be attained. It is hoped that the author will consider this point of 
view in the next edition. 

SERGEI A. SCHELKUNOFF 


Lectures in Topology. The University of Michigan Conference of 
1940, Edited by R. L. Wilder and W. L. Ayres. Ann Arbor, Uni- 
versity of Michigan Press, 1941. 316 pp. $3.00. 


This volume is a collection of the papers presented at the Univer- 
sity of Michigan Conference on Topology in June 1940. The scope of 
the book is indicated by the following list of titles of the longer 
papers: 

Solomon Lefschetz, Abstract complexes; R. L. Wilder, Uniform lo- 
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cal connectedness; N. E. Steenrod, Regular cycles of compact metric 
spaces; Samuel Ejilenberg, Extension and classification of continuous 
mapping; Hassler Whitney, On the topology of differentiable mani- 
folds; S. S. Cairns, Triangulated manifolds and differentiable mani- 
folds; P. A. Smith, Periodic and nearly periodic transformations; Leo 
Zippin, Transformation groups; Saunders MacLane and V. W. Ad- 
kisson, Extensions of homeomorphisms on the sphere; O. G. Harrold, 
Jr., The role of local separating points in certain problems of con- 
tinuum structure; L. W. Cohen, Uniformity in topological space; 
E. W. Chittenden, On the reduction of topological functions. There 
are also short accounts of nine other papers. 

As can be seen from this list, practically every phase of modern 
topology is touched upon in this collection. Many of the papers are 
of a discursive nature, with most of the proofs omitted, and so the 
total amount of ground covered is quite extensive. We heartily recom- 
mend this book to any worker in topology as an excellent source of 
information on the present status of this subject. 

R. J. WALKER 


An Introduction to Linear Transformations in Halbert Space. By FE. J. 
Murray. (Annals of Mathematics Studies, no. 4.) Princeton Uni- 
versity Press, 1941. 135 pp. $1.75. 


The purpose of this book, according to the author, is “to present 
the most elementary course possible on this subject” and at the same 
time “to emphasize those notions which seem to be proper to linear 
spaces.” Despite the assertion that these aims are not antagonistic, 
the exposition would be pretty tough going for the average graduate 
student. Although the reader is not assumed, except in an isolated 
section, to know about Lebesgue integration, and although the proof 
of such a comparatively elementary fact as that a continuous image 
of a compact set is compact is given in detail (p. 48), many parts of 
the book assume a great deal more sophistication. 

The discussion is almost entirely unmotivated: the beginner might 
like to know why one studies spectral families, or the adjoints of 
operators. Even to one familiar with the theory it requires proof that 
von Neumann’s definition of T* is equivalent to the easier one usually 
given for bounded transformations; T* is defined as the negative of 
the transformation whose graph is the orthogonal complement of the 
graph of T. 

Concerning the author's choice of the order of the material, it is 
questionable whether or not it is pedagogically advisable to aim the 
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discussion at unbounded operators from the very beginning, particu- 
larly since the main theorem (the spectral representation of self ad- 
joint operators) is first proved for the bounded case. It would seem 
better to the reviewer to expound all the easy -theory of bounded 
operators first, and thus prepared to call attention to the delicate 
considerations necessary to study the unbounded case. Also, in Chap- 
ter II we find practically the same proof used twice, once to establish 
the Riesz theorem on the representation of a bounded linear func- 
tional by an inner product (Theorem IV), and once to prove the 
possibility of projection on any closed linear manifold in Hulbert 
space (Theorem VI). The extremely elementary derivation, due to 
Riesz (Acta Szeged, vol. 7 (1934-1935), p. 37), of the former from the 
latter, could have been used here to good advantage. 

The book contains many minor slips and typographical errors 
which may cause serious confusion. Thus in the statement of the 
axioms for a linear space (p. 4) the assumption 1f=f is omitted, and 
on p. 34, Theorem I, which is stated for an arbitrary transformation, 
is proved by reference to a lemma valid only for the additive case. 
Regrettable also is the author’s reluctance to give to well known the- 
orems their usual names: Schwarz’s inequality, Bessel’s inequality, 
Parseval’s identity, and the Riesz-Fischer theorem are all indis- 
criminately referred to as Theorem n of Chapter m. 

In Chapter VII (footnotes, pp. 67—68) there are some pretty exam- 
ples of spectral families, and the Hellinger integral is treated coura- 
geously from the modern point of view and not reduced by means of 
weak convergence to the classical numerical case. The last two chap- 
ters are an excellent idea, carried out unfortunately too rarely: they 
contain quick sketches of further developments and applications, and 
references to the literature. On the whole the book is a compact and 
unified presentation of a well defined part of Hilbert space theory, 
and as such may appeal to the reader interested in learning only that 
part of the theory which even a non-specialist often needs. 

| PauL R. Hatmos 


NOTES 


Brown University is continuing during the summer (June 15- 
August 29, 1942) and the next academic year the Program of Ad- 
vanced Instruction and Research in Mechanics already in operation . 


for a year. In the summer, 80 participants will be accepted (of which ` . 


20 will be engaged entirely in research) and in the academic year 40. - 
Since this program is supported by the United States Office of Educa- 
tion, the Carnegie Corporation of New York, and the Rockefeller 
Foundation, no fees will be charged. The faculty for the summer con- 
sists of Stefan Bergman, Léon Brillouin, Willy Feller, Richard von 
Mises, Willy Prager, S. A. Schelkunoff, I. S. Sokolnikoff, and J. D. 
Tamarkin, who are offering a dozen courses with opportunities for 
research in various branches of applied mathematics, chiefly in con- 
nection with mechanics. For the next academic year eight courses are 
scheduled. Several substantial fellowships are available for highly 
qualified participants. Information in regard to each of these pro- 
grams may be obtained from the Dean of the Graduate School, Brown 
University, Providence, R. I. 


A feature of the program for the coming summer quarter at the 
University of Chicago will be a seminar on the calculus of variations. 
Professor Emeritus G. A. Bliss will return to the University to con- 
duct this seminar. Other members of the summer staff who will 
participate in the seminar include Professors Tibor Radó of Ohio 
State University, M. F. Smiley of Lehigh University, and L. M. 
Graves, M. R. Hestenes, and W. T. Reid. Those who are interested 
may secure further information by writing to Professor Graves. Pro- 
fessor Radó will also give a course on subharmonic functions, and 
as part of the defense program, Professor Reid will give a course on 
exterior ballistics, 


Connecticut College is establishing a scholarship fund in honor of 
the late Professor D. D. Leib. 


It is planned to establish an Institute of Applied Mathematics at 
New York University. 


Professor E. A. Milne of the University of Oxford has been awarded 
a Royal Medal by the Royal Society for his researches on the atmos- 
pheres of the earth and the sun, on the internal constitution of the 
stars, and on the theory of relativity. 


During 1941 several Russian mathematicians were honored by 
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awards of Stalin Prizes. These prizes were established in honor of — 
the sixtieth birthday of Joseph Stalin, and are of three classes: 
Frist Prize 100,000 rubles, Second Prize, 50,000 rubles, Third Prize, 
25,000 rubles. First Prizes were awarded to Mr. I. M. Vinogradov for 
his work A new. method in the analytical theory of numbers; to Mr. 


. P. A. Gelvich for his works On dispersion, probabtlity of hats, and 


mathematical anticspatton of the number of hüs, Theorettcal funda- 
mentals for the”elaboration of gunnery rules, and Firing at rapidly 
moving targets; to Mr. P. L. Kapitza for his work Turbodetander for 
obtaining low temperatures and tts application for obtaining liqutd atr; 
to Mr. N. I. Muskhelishvili for his work Some basic problems in the 
mathematical theory of elastectty. Second Prizes were awarded to Mr. 
A. I. Alikhanov and Mr. A. I. Alikhanian for their scientific work on 
radio; to Mr. A. N. Kholmogorov and Mr. A. Y. Khinchin for their 
works Asymptotic laws of the theory of probabshtiy, On analytical meth- 
ods tn the theory of probabtsty, and Limu laws of the sums of independ- 
ent chance quantites; to Mr. L. S. Pontriagin for his work Topological 
groups; and to Mr. S. L. Sobolev for his works Some questions in the 
theory of the expanston of otbrattons and On the theory of non-linear 
hyperbolic equations with parttal derivatives. 

Professor Theodore von Kármán of California Institute of Tech- 


nology has been awarded the American Society of Chemical En- 
gineers Medal for 1941. 


Dr. W. H. Garrett, for thirty-nine years head of the department 
of mathematics and astronomy at Baker University, has been 
awarded the doctor of science degree by Illinois College. 


Professor C. J. Blackall of the College of St. Thomas has been ap- 
pointed to a professorship at De Sales College, Toledo, Ohio. 


Dr. B. W. Brewer of the Agricultural and Mechanical College of 
Texas has been promoted to an assistant professorship. 


Associate Professor C. M. Cleveland of the University of Texas 
has been promoted to a professorship in applied mathematics. 


Dr. T. J. Higgins of Purdue University has been appointed to an 
assistant professorship at Tulane University: ' 


Dr. E. E. Ingalls of Albion College has been promoted to an 


assistant professorship. 


Dr. F. B. Jones of the University of Texas has been promoted to 
an assistant professorship. 


x 
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Dean Mary N. Keith of the University of Redlands has retired. 


Professor J. R. Kline of the University of Pennsylvania has been 
appointed Thomas A. Scott Professor of Mathematics. 


Assistant Professor E. C. Klipple of the Agricultural and Me- 
chanical College of Texas has been promoted to an associate pro- 
feasorship. 


Mr. Neil Little of Purdue University has been promoted to an 
assistant professorship. 

Assistant Professor G. A. Lyle of the U. S. Naval Academy has 
, been promoted to an associate professorship. 


Reverend P. H. McGrath of St. Peter's College, Jersey City, New 
Jersey, has been promoted to a professorship. 


Dr. C. A. Messick of Oakland City College, Oakland City, In- 
diana, has been appointed to a professorship and will be head of the 
department of mathematics. 


Assistant Professor J. E. Powell of Michigan State College’ has 
been promoted to an associate professorship. 


Dr. S. M. Ulam of the University gf Wisconsin has been promoted 
to an assistant professorship. 


Miss Margaret C. Weeber of the Teachers College of Connecticut 
has been promoted to an assistant professorship. 


Dr. H. N. Wright of the College of the City of New York will 
succeed Dr. F. B. Robinson as president of the College. 


Dr. R. B. Kershner of Johns Hopkins University has been made 


an associate in mathematics. 


Dr. H. H. Campaigne of the University of Minnesota is on leave 
to serve in the U.S. Navy. 


Professor W. A. Hurwitz of Cornell University is on leave of ab- 
sence at the Institute for Advanced Study. 


Professor Eugenie M. Morenus of Sweet Briar College is on leave 
‘for this academic year. 


Professor J. F. Ritt of Columbia University is on leave of absence 
for the spring termi. 


Dr. E. N. Shawhan of the University of Minnesota is on leave to 
do defense work in the Naval Ordnance Laboratory at Washington. 
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The following appointments to instructorships are announced: 
Central College, Fayette, Missouri: Dr. P. B. Burcham; Haverford 
College: Dr. L. C. Green, Dr. André Weil; Illinois Institute of 
Technology: Dr. Herman Meyer; State University of Iowa: Dr. 
W. D. Berg; University of Maine: Dr. Esther Comegys; University 
of Minnesota: Dr. Abraham Spitzbart; Montana State College: 
Dr. C. B. Smith; Agricultural and Mechanical College of Texas: 
Mr. C. H. Cunkle, Mr. W. B. Evans, Mr. H. W. Grant, Mr. J. R. 
Smith. 


Mr. I. O. Griffith of the University of Oxford died September 22, 
1941. 


The death of Professor Tullio Levi-Civita of the University of 
Rome has been announced. He had been a member of the Society 
since 1904. 


Professor Emile Picard, Secretary of the' French Academy of Sci- 
ences, died December 12, 1941, in Paris. He was eighty-five years 
old. ; 


Professor C. S. Atchison of Washington and Jefferson College died 
November 21, 1941, at the age of fifty-nine years. He had been a 
member of the Society since 1907. 


It is reported that Dr. J. D. Barter lost his life at sea through 
enemy action. 


The death of Mr. Robert Coleman of Wilberforce University kas 
been reported. 


Dean Emeritus W. P. Durfee of Hobart College died December 17, 
1941, at the age of eighty-six years. He had been a member of the 
Society since 1891. 


Professor Emeritus G. I. Gavett of the University of Washington 
died December 22, 1941. 


Professor E. J. Hirschler of Bluffton College died May 22, 1941, 
at the age of sixty-five years. He had been a member of the Society 
since 1926. 


Professor U. G. Mitchell of the University of Kansas died Janu- 
ary 1, 1942, at the age of sixty-nine years. He had been a member of 
the Society since 1909. 


Professor C. M. Sparrow of the University of Virginia died August 
30, 1941, at the age of sixty-one years. He had been a member of the 
Society since 1909, 
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ABSTRACTS OF PAPERS 


SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary and 
the Associate Secretaries of the Society for presentation at meetings 
of the Society. They are numbered serially throughout this volume. 
Cross references to them in the reports of the meetings will give the 
number of this volume, the number of this issue, and the serial num- 
ber of the abstract. 


ALGEBRA AND THEORY OF NUMBERS 


102. A. A. Albert: Non-assoctatsve algebras. II. New simple alge- 
bras. 


It is first shown that non-essociative algebras A with a unity quantity ¢ and order 
# have the same properties for decomposition in direct sums as do associative algebras. 
Let G be any multiplicative group of order # of non-singular linear transformations S 
on A such that 6S6, H be a subset containing J, g be a set of gs,r in A defined for 
every Sand T of G and which are not zero divisors. Then construct the crossed exten- , 
sion Z= (A, G, H, g). It isan algebra of order sm with e as unity quantity. For separa- 
ble algebras A conditions are given that E be simple and central simple. It is always 
simple (central simple) when A is and when H = [I]. Then an iterative procese results 
for extending ordinary crossed products of order r? to central simple algebras of order 
rt which are necessarily non-associative. Every central simple algebra of order # may 
be extended by the use of an arbitrary permutation group on # letters and a class of 
permutation algebras is obtained. Finally, a list of fundamental unsolved problems 
is given, (Received January 7, 1942.) 


103. R. A. Beaumont: Projections of the prime-power abelian group 
of order p” and type (m—1, 1). ~ 


A group H is the projection of a group G if there isa (1—1) correspondence between 
the set of subgroups of G and the set of subgroups of H which preserves the partial 
ordering of the subgroups. Since R. Baer has given necessary and sufficient con- 
ditions that a group H be a projection of a group G which is the direct product 
of cyclic groups of order p, in the study of the projections of the prime-power abelian 
group G of order p™ and type (m—1, 1), we may take m>2. It is shown-that if p>2, 
the only group H, essentially different from G, which is a projection of G is the non- 
abelian group of order p= containing an element of order p=. If p=2 and m>3, the 
only group H, essentially different from G, which is a projection of G 1s the non- 
abelian group {U Uz} where U; and Us are subject to the sole defining relations: 
Un = Unt, UU Urm Ue. Jf p=2 and m=3, a group H is a projection of G 
if and only if H is isomorphic to G. (Received January 16, 1942.) 


104. L. L. Dines: On the mapping of n quadratic forms. 


A transformation q, = Q, (s), (+= 1, 2, -+ - , #), in which each Q,(s) is a real quad- 
ratic form in the real variables s!, s*, -- - , s", mape the m-dimensional s-space into 
a set of points P in the #-dimensional x-space. The present peper considers properties 
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of this map 9, and on the basis of these properties determines necessary and sufficient 
conditions for the existence of linear combinations >A¢Q,(s) which are positive defin- 
ite, and also conditions for the existence of such combinations which are semi-definite. 
The conditions are, for general #, naturally not so simple as those obtained for the case 
n=2 (this Bulletin, vol. 47 (1941), pp. 494-498). But they appear to be simpler as 
well as more comprehensive than thoee obtained by Finaler (Commentarii Mathe- 
matici Helvetici, vol. 9 (1937), pp. 188-192), and by Hestenes and McShane (Trans- 
actions of this Society, vol. 47 (1940), pp. 501-512) with which they may be compared. 
The paper will appear in this Bulletin. (Received December 17, 1941.) | 


105. H. B. Mann: Proof of the conjecture on the density of sums 
of sets of postiwe tntegers. 


Let A (n) denote the number of positive integers less than or equal to # in the set A. 
If 4+BeC then it is proved in this paper that: C(#)/ngmin (4(*)/x+B(e)/x) 
for x3. The conjecture y2ai:ta+:+- +a, is an immediate consequence of this 


result. Let mi, %1,°--,%,°-:° be the gaps in C. Let B+ be the numbers of B that are 
not of the form #,—a with a in A or equal to 0. The theorem is equivalent to the fol- 
lowing statement: If for any r, re; >+a, and ru > (Bim) +1, for t—1,2,-++, 7-H, 


then B (m) =r—1. Let #,—m d; then there always exist values t, J for which «,—d, 
=a-+-b (a in A or equal to 0, b in B or equal to 0). Among all the b's found in this 
way the smallest is chosen and denoted by 61. Let B! contain all numbers ¢.+d, and N! 
all numbers #; that satisfy an equation a+¢,-+d,—",. The numbers of B! are added 
to the numbers in B and the process repeated. Thus sets B1, P, -+ , Bt are formed 
and sets N1, A”, --- , N* and it is shown that this construction can be continued until 
all values #; have been absorbed into the sets N?. The sets B? then contain r—1 dif- 
ferent oumbers of B+. (Received January 15, 1942.) - 


106. A. R. Schweitzer: Note on functions which generate an absiract 
field. 


In a previous report (this Bulletin, voL 27 (1921), p. 249) the author stated that 
the following functions each generate, under suitable postulational assumptions, an 
abstract field: (z+7)y, (1+x)y, (x —y)y, (1 —x)y. The former two functions were ob- 
tained as special instances of the function (x-++y)s which, it was stated, also generates 
a field. In this note a simple a priori proof is given by exhibiting chains of definitions 
of functions leading to the functions x+y, xy, in each instance. These chains are essen- 
tially as follows: I. (x+y): 0, 1, x+1, —x, —x+1, z—1, —(e-+9), x+y, xy. Il. 
(1+-2x)y: 0, =, —(1-+), XY, — 7, XY, x/y, x+y. II. (x—y)y: Uel — (1+7), F, 
x—1, —x+1,2-+1, x+y, xy. IV. (1 —x)y: 0, 1, l—x, xy, x/9, x—y, x+y. Reference is 
made to a report by the author, this Bulletin, vol. 26 (1920), p. 441. (Received De- 
cember 29, 1941.) 


107. M. F. Smiley: Elementary similarity transformations and the 
rational canonical form of a matrix. 


If A is a square matrix with elements in a field F and Æ isan F-elementary trans- 
formation matrix, then B= EAE" is said to be obtained from A by an elementary 
similarity transformation. A process is described involving a finite number of such 
transformations which replaces A by the matrix diag { B®, ---, BO} where the 
BO (¢mi,-+++, 4) are matrices in rational canonical form and the characteristic 
matrix of each B has just one non-trivial invariant factor. The reduction of A to 
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mr 


rationel canonical form is then easily obtained. Examples are given to support the 
contention that this process simplifies the computation of the rational canonical form 
of A. (Received December 15, 1941.) 


ANALYSIS 


108. G. E. Forsythe and A. C. Schaeffer: A remark on Toeplsts 
mairsces. 


A doubly infinite matrix (Gwa) is said ibs niece paca: {xa} with 
limit x’ the corresponding sums Yæ =? sGmets are defined for all # and have the limit 
x’. An apperently more general definition of regularity is that the sums defining +. 
exist for all sufficiently large m, depending on {xa}, and have the limit z’. Tamarkin 
(this Bulletin, vol. 41 (1935), pp. 241-243) has obtained necessary and sufficient . 
conditions for the second type of regularity. This result is obtained by elementary 
methods and related topics are discussed. (Received January 23, 1942.) 


109. H. L. Garabedian: Hausdorff integral transformations. 


This paper involves a study of the integral transformation v(x) = /"«(y)de(y/x), 
defining a method of summation (H, ¢(#)), where s(x) is bounded and continuous, 
x0, and where ¢(x) is either a Hausdocff mass function or satisfies the conditions: 
Gi) (x) is of bounded variation on the interval 0 Sr 4&1, (ii) (x) is continuous on the 
interval (0, 1) except possibly at x=—1, (iii) (0) 0, (iv) ẹ(1)=1. It is proved that 
the transformation is regular when and only when ¢(2) is a Hausdorff masse function, 
and sufficient conditions involving the Silverman-Schmidt integral equations are ob- 
tained in order that (H, ¢:(x)) > (A, ¢a(x)), in the case that ¢i(z) and ¢a(x) satisfy 


_ the conditions stated above. These results are extensions of those obtained by Silver- 


man (Transactions of this Society, vol. 26 (1924), pp. 101-112), Chas January 10, 


1942.) 


110. A. M. Gelbart: Functions of two variables with bounded real 
parts in domains not equsvalent to the bicylinder. / 


Let f(s:, m) be regular in the interior of a finite four-dimensional domain W, 
bounded by certain analytic hypersurfaces, and in general not equivalent to the bi- 
cylinder, and let f(s:, s) have a bounded real part in Wt. These domains were first 
considered by Bergman, and are termed by him, domains with distinguished boundary 
surfaces. An upper bound for |f(s:, s)| is obtained in terms of bnly max Rs f(s, s) 


in W4, f(0, 0) and the domain considered. From a formula for o=**f(s:, s:)/d8, dx, in 


924, previously obtained by the author (Transactions of this Society, vol. 49 (1941), 
pp. 199-210), an upper bound is also obtained for | a=**f(s;, n) /as, ðs, |, again in terms 
of only max Rs f(m, m) in M4, f(0, 0) and the domain. These results depend upon the 
establishment of a form of the Schwarz lemma in 9% for two variables. (Received 
January 29, 1942.) 


111. H. J. Greenberg and H. S. Wall: Hausdorff means included 
between (C, 0) and (C, 1). . 
It is shown that if (x) is any function of bounded variation on the interval 


0583+ © such that ¢(-+ ©) —¢(0) = 1, then the function e(s) = f de(u)/(1-+su) isa 
regular moment function; and that when ¢() is further restricted to be monotone 
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then (C, 0) C [H, a(s)|]C (C, 1). Conditions under which [H, a(n)] is equivalent to 
(C, 0) or to (C, 1) are obtained which are analogous to the conditions found by Scott 
and Wall (abstract 47-3-144) for the special case where ¢(u) mi for #21, $(0) =0, 
namely (C, 0)2{H, a()| if and only if 4(4+0)—#(0)>0, and.[H, a(m)] = (C, 1) if 
and only if fp dẹ(#)/u< œ. Certain transformations of moment sequences, for ex- 
ample, the Hausdorff transformation, are discussed. (Received January 14, 1942). 


112. Walter Leighton and W. J. Thron: On the convergence of 
continued fracttons. 


In the s™x-++ty plane let new coordinate axes x’, y' be obtained by rotating the 
original axes through an angle 8. It is shown that if the elements a, of the continued 
fraction 1+X(a,/1) are complex numbers and lie in a closed bounded region in the 
interior of one of the parabolic regions y" scoe’#/2(2’+-(1/4) cos*8/2),-r<f<x, 
the continued fraction converges. Further it is established that the value of this con- 
tinued fraction lies in the half-plane defined by the relation (x—1/2) cos 8/2+ 
y sin 8/250. (Received January 8, 1942.) 


113. Walter Leighton and W. J. Thron: On value regtons of con- 
tinued fractions. 


If the elements a, = pe’? of a continued fraction 1+ (a,/1) lie in a parabolic re- 
gion pS2d(1—d)/(1—coe 6) (1/2 <d <1) and if the a, are bounded in absolute value, 
the continued fraction is known to converge. It is shown, that the value s= Re“ 
of this continued fraction lies in the region R2=2d(1—d)/(1—2d-+-cos 6), —8 <0 <9; 
B=arc cos (1 —2d). Every value in this region is taken on by at least one continued 
fraction 1+X(a,/1) with elements in the described parabola. (Received December 12, 
~ 1941.) 


114, A. N. Lowan, Gertrude Blanch, and William Horenstein: Tr- 
verston of the q-sertes associated with Jacobi elispisc functions. 


In the computation of the Jacobi elliptic functions, sn, cn, and dn with the aid of 
_ the theta functions, it was found necessary to invert the expression e= (1/2)(1—k™A) 
OFRI) = (1/2)63(0, g*)/63(0, ¢*), and thus obtain g as a power series of e Weier- 
strasa had given the first four terms of this expansion (Werke, II (1895), p. 276); 
Milne-Thomson found two additional terms (Journal of the London Mathematical 
Society, vol. 5 (1930), pp 148-149). The authors have found the first fourteen terms in 
the desired expansion. This makes it poesible to compute q in terms of « with an accu- 
racy varying between seven places for «=0.4 to eighteen places or better for «30.25. 
These results were obtained in the course of work by the Mathematical Tables 
Project, Work Projects Administration for the City of New York, conducted under 
the sponsorship of the National Bureau of Standards. (Received December 17, 1941.) 


115. A. N. Lowan and Abraham Hillman: A short table of the zeros 
of the equation f(x) = Jo(x) Yo(kx) — Jo(kx) Yo(x) =0. 


The Mathematical Tablea Project conducted by the Work Projects Administra- 
tion of New York City, under the sponsorship of the National Bureau of Standards, 
has computed a short table of the first five zeros of the above equation for k=1 (0.5) 
4.0. The zeros were first computed with the aid of the method of McMahon, Annals of 
Mathematics, vol. 9 (1894-1895), pp. 23-30. Each zero was recomputed by inverse 
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interpolation from the values of f(x) for about six arguments at intervals of 0.01 in 
the neighborhood of the zero in question, As was anticipated from the fact that 
McMahon's formulae are based on the asymptotic expansions of Bessel functions, the 
accuracy of the zeros computed by the latter method increases with the order of the 
zeros. To illustrate, for 4=3, the first zero is correct to only two decimal places where- 
as the fifth rero is correct to six places. When each one of the zeros has been computed 
for a number of k's at sufficiently small intervals, it is expected that the zero in ques- 
tion for any value of & within the given range will be easily obtainable by interpola- 
tion. (Recerved December 6, 1941.) 


116. K. L. Nielsen: Some properties of functions satisfying parttal 
dtf erential equaisons of elaptic type. 


l The author considers the totality, T, of particular solutions of a partial dif- 

ferential equation, L(x) = Au+-a,0u/dx-+asdu/dytau—0, ap—as(x, y), [k=1, 2, 3]. 
Using results of operators transforming analytic functions into solutions of L(x) = 0; 
[see Bergman, Comptes Rendus de l'Academie des Sciences, Paris, vol. 205 (1937), 
p. 1360 and Matematicheskii Sbornik, vol. 44 (1937), p. 1169], it is shown that for 
certain types of L there is a subclass S of functions belonging to T with the property 
that there exists a denumerable set w(x, y)€S each of which satisfies an ordinary 
differential equation, )-344,(x, y; »)d*u(x, y)/dx* (A, being algebraic functions of x 
and y and depending on # in a simple way), and an analogous equation with respect to 
y. Every «© S, regular in +315, can be expanded in the uniformly convergent 
series ? anta(x, y) in this circle. The singularities of wOS may be branch points of the 
type that # can be decomposed into # =w, where x: is regular at the singular 
point and #; satisfies an ordinary differential equation analogous to the one above. If 
the function element u=) Amax*y*, KES, is given, the author indicates a procedure 
to determine from Awa Whether # has only singularities described above, and for the 
determination of the distances of these branch points from the origin. (Received 
January 29, 1942.) . 


117. Harry Pollard: The generalised Stieltjes transform. 


In this paper the author studies the extension to the generalized Stieltjes transform 
(1) f(z) = [7 (x+4)-?de(t) of the theory developed by Widder for the case p = 1. Specifi- 
cally, the following results are obtained: (i) It is established that f(x) is also a La- 
place-Stieltjes transform for positive x if and only if a(t) =o(t') as i— œ. (ii) The in- 
version of (1) is accomplished by means of a linear differential operator. (iii) Necessary 
and sufficient conditions are obtained for the representation of a function f(x) in the 
most general form (1). (iv) Conditions are obtained for the representation of f(x) in 
the form (1) with a(t) of preassigned type. The results (i) and (iii) are new even for 
pi. (Received January 30, 1942.) 


118. Raphael Salem: On singular monotonic functions of the Cantor 
type. 


The first part of the paper gives the construction of a singular monotonic function 
of the Cantor type with Fourier-Stieltjes coefficients of order #°V™** («>0as small as 
desired) and even #~¥°Q(s), Q(#) increasing to infinity as slowly as desired. The sec- 
ond part gives some new examples of sets of uniqueness and sets of multiplicity for 

-trigonometrical series and shows that a very simple mapping can transform a set of 
uniqueness into a æt of multiplicity. The third part gives the construction of a con- 
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tinuous monotonic function F(x) of the Cantor type such that Ji exp (s»ix)dF tends 
to F(2e) —F(0) for a sequence TA such that Hit tends to zero as slowly as desired. 
~ (Received January 27, 1942.) 


119. A. C. Schaeffer : On the oscellatson of differential transforms. III. 


It is shown that if in an interval (a, b) all derivatives of a function exist and no 
derivative changes sign more than a fixed bounded number of times in the interval 


then the function is analytic in the interval. This answers a question which was raised | 


by Pólya as a generalization of a theorem of S. Bernstein. In the case in which 
all derivatives of a function f(x) exist for — œ <x< œ and the function is of expo- 
nential growth, let g(#) be the maximum number of variations in sign of f® (x) in 
any interval of length, say, 1. If g() tends to infinity with »#, but sufficiently slowly, 
it can be shown that f(x) is an entire function of order 1. These results are obtained 
by first showing that there is a function p(s) such that the following statement is 
true: if f(x) is bounded by 1 in (—1, 1) and it» first # derivatives are continuous in 
this interval, then the inequality | f'0)| > p(m) implies that f(x) changes sign at 
least »—1 times in the interval. The preceding papers in this series have been written 
by G. Szegd and Einar Hille. (Received January 28, 1942.) 


120. L. L. Silverman and Otto Szász: On a class of Norlund 
matrices. 

The definition of a Norlund matrix depends upon a sequence of numbers fw. The 
Norlund matrix is then a triangular matrix, whose elements are the numbers pay 
divided by the sum of the numbers pu from zero to s. A Norlund matrix is defined to be 
of finite rank if pa x40 for some value of #, and pa =O for all greater #. A matrix of finite 
rank is simple if the numbers pa are all zero or unity. In this paper some general 
peoperties of matrices of finite rank, and of simple matrices are obtained. A simple 
matrix for which a the numbers $,.—1, when s<r, and for which $,.—0 when sær 
is called a Z-matrix. It is denoted by Zm. The relative inclusion of corresponding 
summability methods among themselves and with the arithmetic mean methods is 
investigated. Among the results obtained are the following: if & is a factor of & then 
Z, is included in Z»; if & is prime to k, then the only sequences evaluated by both 
definitions are the convergent sequences. A study is also made of the inverse if the 
transformation which is a linear combination of the identity and Zı. (Recetved Jan- 
uary 22, 1942.) 


121. Wolfgang Wasow: On boundary layer problems tn the theory 
of ordinary dsfferenistal equaitons. 


Given a differential equation involving a parameter p in such a way that when p 
tends to infinity a “limiting” differential equation of lower order than the original one 
is obtained. What happens then to the solution U(x, p) of a boundary value problem 
of the differential equation, if p tends to infinity? For ordinary linear differential equa- 
tions of order # depending linearly on the parameter, and for a rather general clase of 
boundary conditions not involving p, this question is answered in the paper by an 
easily applicable rule. This rule shows that in general s(x) =lim,...U(x, p) exists only 
if the # boundary conditions are not too unevenly divided between the two end points. 
If the limit function exists it is a solution of the limiting differential equation but 
satisfies no longer all the boundary conditions prescribed for U(x, p). The rule tells 
which of the # boundary conditions cease to be satisfied after the passage to the limit. 


t 
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The proof consists in an asymptotic calculation of U(x, p) based on the theory of 
asymptotic solution of ordinary linear differential equations involving a parameter, 
as developed by G. D. Birkhoff, Noaillon, Tamarkin, Trjitzinsky and others. (Re- 
ceived January 8, 1942.) 


APPLIED MATHEMATICS 


122. Stefan Bergman: Two-dimenstonal flow around two profiles. 


The study of the influence of tail surfaces on lift and pressure distribution of a 
wing can be reduced to the investigation of problems in the conformal mapping of 
doubly connected domains. The use of orthogonal functions enables one to grve simple 
formulas for the lift and the moment in the case of a uniform flow around one and 
around two profiles. In the first case the lift, L, is found to be the expression 
Lom 4(x)¥2p V2 (>, | #-(0)| )U% gin [at+e—arg rae where p is the density, 
Ve-™ the velocity at infinity, ¢,(s)=—J(¢,(s)ds, and {¢,(s)} a complete system of 
orthonormal polynomials of a domain B. (B is the domain obtained from the exterior 
of the profile by the transformation s= 1/rf, b is the coordinate of the cusp, and the 
summation > ,* is understood in a certain special sense.) Analogous formulas exist for 
the moment and similar ones in the case of a flow around two profiles. (See also Notes 
of Lectures on Conformal Mapping, publication of Brown University, thap. XI, 
$§5~7) (Received January 29, 1942.) 


123. Henry Wallman : On the reduciton in harmonic distoriton due to 
hegh frequency pre-emphasts. Preliminary report. 


It is now common practice in high-fidelity sound broadcasting, in either FM or 
AM, to employ high frequency pre-emphasis, the object being an increase in signal- 
to-noise ratio. An additional effect, namely a reduction in harmonic distortion, has 
been noted experimentally, An analysis of this reduction in distortion is made in this 
paper, and quantitative evaluations are given for single-tone harmonic distortion of 
all orders. (Received December 30, 1941.) 


124. Alexander Weinstein: Spherical pendulum and complex inte- 
gration. 


. The following theorem, due to Puiseux (Journal de Mathématiques, 1842) is 
proved by a simple application of the theory of residues: The increment of the arimuth 
of a spherical pendulum corresponding to its passage from the lowest level s to the 
highest level s is greater than r/2. The boundary of the domain in the complex s-plane 
to which Cauchy's theorem is applied consists of a cut connecting s, with s and of a 
vertical straight line to the right of m. (Received January 26, 1942.) 


f 


GEOMETRY 


125. P. O. Bell: The parametric osculating quadrics of a famiy of 
curves on a surface. 


In this paper the author investigates the properties of the parametric osculating 
quadrics of a family of curves on a surface. These quadrica were introduced by Dan 
Sun (Téhoku Mathematical Journal, vol. 32 (1930), pp. 81-85). His definition is 
essentially the following: At three neighboring points P, P:, Paon an asymptotic curve 
C, of a surface S construct the tangents to the curves of a one-parameter family on S. 


i 
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The three tangents determine a quadric whose limit, as Pi, P: independently approach 
P along C,, is the parametric osculating quadric O™ of the one-parameter family of 
curves of Sat P. A quadric Q® is similarly defined with respect to the other asymp- 
totic curve C» The union curves of an arbitrary congruence I’, the curves of Darboux 
and the curves of Segre are all characterized geometrically in association with the 
quadrics Q™ and Q®, This paper will appear in the American Journal of Mathe- 
matics. (Received January 29, 1942.) 


126. Nathaniel Coburn: Conformal geometry of unstary space. 


The principal purpose of this paper is the determination of those affinors of a 
unitary X, which: (I) transform as affinors under the analytic group of Ka; (II) are 
invariant under conformal! transformations of the fundamental tensor of K.. An equi- 
conformal fundamental tensor and connection are introduced, both of which are 
invariant under (II). It is shown that if the group of Ka is equi-analytic (determinants 
of (1) are constant), then the components of the equi-conformal connection transform 
as do the components of the ordinary connection of Ky. By use of the equi-conformal 
connection, a conformal connection is determined which transforms as does the 
ordinary connection of K. under (J) and which is invariant under (IT). Necessary and 
sufficient conditions are given for the existence of ks" conformal fundamental 
tensors. Next, expressions for the conformal curvature affinor in terms of the ordinary 
connection of K, are derived. It is shown that: (1) if the unitary space Ka is conformal 
unitary euclidean, then the conformal curvature affinor vanishes; (2) no unitary 
space of constant nonvanishing curvature X(s >2) is conformal to a unitary euclidean 
apace. (Received January 6, 1942.) 


127. Nathaniel Coburn: Congruences in unitary space. 


The general properties of the congruence affinors of œt curves, which are im- 
bedded in a unitary space of # dimensions, Ka, are developed. The case in which the 
wal congruence curves are either real curves X, or unitary curves U, is completely 
characterized. Next, by a study of two systems of Pfafhans, two types of orthogonality 
are defined: (1) «©! hypersurfaces which are completely wnstary orthogonal to the 
congruence curves; (2) œ! hypersurfaces which are sems-untiary orthogonal to the 
congruence curves. It is shown that: (1) the œ! completely unitary orthogonal hyper- 
surfaces are ©! unitary Kas; (2) the œ! semi-unitary orthogonal hypersurfaces are 
æl gemi-analytic spaces X.. An additional analytical characterization of these two 
types of hypersurfaces is given. The final section of the paper is devoted to two prob- 
lems: (1) the characterization in terms of congruence affinors of these two types of 
hypersurfaces; (2) special properties of congruences associated with each type of, 
unitary orthogonal hypersurface. The desired characterizations are obtained in each 
case. Further, special properties of these congruences are found. Many of these prop- 
erties are extensions of congruence theorems in Riemannian space. (Received January 
6, 1942.) 


128. J. J. DeCicco: A generalisation of the dual-tsothermal irans- 
formations. 

In this paper is discussed a generalization in the plane of the theorem that the only 
lineal element transformations which carry every dual-isothermal family of curves 
into a dual-isothermal family are U=, V=(aqe-+bs+¢:)/(a19+),0+¢1), W 
ot (a +byte-+c3)/(ai9-+b10+¢1), where 4, as, ba ca are functions of w only. A field 
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element may be defined by (s, v, w, p, q), where (#, 9, w) are the hessian coordinates 
of the lineal elements, p= w. and q=w, All field element to lineal element trans- 
formations which carry every dual-isothermal family into a dual-isothermal family are 
Umap, V (ap+bsp+es)/(aiotbipte), W=(cwt+bip+cs)/(aietbipte), where 
$, Om br cx gre functions of #, g, and w —qs only. The contact field element transforma- 
tions preserving the dual-isothermal character are also determined. (In the statement 
of this result, those transformations which carry every field into a single dual-isother- 
mal field are excluded.) (Received December 4, 1941.) - 


129. J. J. DeCicco: Potni transformatsons by which stratght lanes cor- 
respond to circles. 


By means of some of Kasner's theorems (The generalised Beltrami problem concern- 
ing geodesic representation, Transactions of this Society, vol. 4 (1903), pp. 149-152), 
the author determines all the point transformations by which all the straight lines of 
the X Y-plane correspond to circles of the xy-plane. These form the eleven-parame- 
ter set (not a group) X= (as{x*-+ ¥*} + dee+ caytds)/(ai {AHA} thst cyt d), 
Y= (ay {x*-+-5"} +bae+caytds)/(a: {t+} +biz+e1ry+d1). The family of circles 
consists of the œ? circles orthogonal to a fixed circle (real or imaginary). Any trans 
formation carrying more than 6! circles into straight lines must belong to our set. 
Conversely, any correspondence converting more than 6! straight lines into circles 
must be the inverse of a cocrespondence of our set. Obviously the set contains both 
the projective and the Moebius groups. (Received December 4, 1941.) 


130. Jesse Douglas: On the geodesic surfaces of a given curve family. 


Consider a family F of 4 curves in space defined by differential equations of the 
form: y” m F(x, y, s, y, r), x’ =G(x, y, 2, y, x). Definitions: (1) relative to T a surface 
S is geodesic at one of its points p if every curve of 7 tangent to S at $ lies entirely 
upon S; (2) a (totally) geodesic surface G'is one which is geodesic at each of its points. 
In the general case, geodesic surfaces relative to 7 are non-existent. The following are 
shown to be the sole possibilities in which there is at least one geodesic surface through 
each curve C of F: œ! surfaces G through each curve C of F (ismear family); exactly 
two surfaces G through each curve C (sntersectional family, obtainable by cutting œ? 
surfaces S with œ? surfaces S’); exactly ome surface G through each curve C (sens- 
sutersechtonal). Examples of each of the preceding are easily given. Besides, the theory 
brings out the following possibilities: three or four surfaces G through each curve C, 
but the effectsee existence of these types seems doubtful. If » is a finite integer greater 
than 4, the type: # surfaces G through each curve C is definitely impossible. An im- 
portant application is made to the author’s work on the inverse problem of the cal- 
culus of variations: every curve family F of tmtersectional type is extremal, and in a 
highly general manner. (Received January 22, 1942.) 


131. Edward Kasner and J. J. DeCicco: A generalszation of the 
ssothermal transformations. 


In this paper is obtained a generalization of Kasner’s theorem that the only lineal 
element transformations which carry every isothermal family into an isothermal fam- 
ily are X+4¥ = F(x+ty), O =a9-+k, where a is a nonzero constant and + is a harmonic 
function. A field element (flat field) is defined by (x, y, 9, p, q), where (x, y) are the 
' cartesian coordinates of the point, 8 is the inclination, p8., and gq=6, There are 
seven types of field element to lineal element transformations which preserve the iso- 


1942] ABSTRACTS OF PAPERS 219 


thermal character. In the real domain, there are three types: (I) and (II) XHY 
= F(x ity, pig), @«ad+h, where k is a biharmonic function; and (III) X =ẹġ, 
Y =ý, @=mk(X, Y), where ¢ and y are arbitrary functions, and 4 is a harmonic func- 
tion of (X, Y). Within the group of contact field element transformations, there are 
, seven types. In the real domain there are five types: (I) and (II) The Kasner extended 
group; (III) and (IV) p—iq= F(X iY, x+y), O =a[0—2/(pdx+gdy)]+4(X, Y); 
and (V) X«¢, Yay, @=A(X, Y). Special cases are that the isogonal, the multiplica- 
tive, and the isocline trajectories of an isothermal family are always isothermal. (Re- 
cetved December 4, 1941.) 


132. Edward Kasner and Don Mittleman: A general theorem on 
the initial curvatures of dynamical trajectories. 


The theorem proved is an extension of Kasner’s dynamical theorem which states 
that: If a particle starts from rest in any positional field of force, the initial curvature 
of the trajectory is one-third of the curvature of the line of force through the initial 
‘position. The generalized result is: If a particle starts from maximum rest in an ac- 
celeration field of order », the initial curvature of the trajectory is #!(#—1)I/(2n—1)1 
of the curvature of the line of force through the initial position. This paper will appear 
in the Proceedings of the National Academy of Sciences, (Received January 19, 1942.) 


133. W. H. Roever: Geomeiric statement of a fundamenial theorem 
for four-dimenstonal orthographic axonometry. 


The theorem stated below makes possible the construction of three-dimensional 
models for the “picturization” of four-dimensional space in a manner analogous to 
that furnished by three-dimensional orthographic axonometry for the picturization 
of three-dimensional space on the plane. Theorem: Three conjugate diameters and the 
axis of revolution of an oblate spheroid may be regarded, as far as directions are con- 
cerned, as the orthographic projection on the three-dimensional space, in which the 
spheroid lies, of four mutually perpendicular concurrent axes of four-dimensional 
space. If these axes be taken as rectangular cartesian axes and the three-dimensional 
space of the spheroid as the picture space, then the ratios which the halves of the 
chosen conjugate diameters and the radius of the spheroid’s focal circle bear to the 
spheroid’s equatorial radius are the foreshortening ratios, that is, the numbers by 
which the scales on the axes of the four-dimensional space must be multiplied respec- 
tively in order to obtain those on the axonometric axes (that is, the three conjugate di- 
ameters and the axis of revolution of the given sphervid). (Received December 8, 
1941.) 


LOGIC AND FOUNDATIONS 


134. A. R. Schweitzer: On a class of ordered (n-+-1)-ads relevant to 
the algebra of logic. I. 


Within the frame of his geometric theory (American Journal of Mathematics, 
vol. 31, (1909), pp. 365-410, chap. 2, 3) the author generates complete classes of 
ordered (#-+1)-ads (# = 1, 2,3, -+ - ) of generalized type of constituents in the algebra 
of logic by means of two equivalent processes: (1) Relatively to the given ordered 
(s+-1)-ad mas: ++ dap and the ordered dyads (œd), >+- , (aapa) the a's are re- 
placed by the corresponding à's either singly or in combination yielding 2**!(#-+1)- 
ads. (2) Relatively to œ, A, the elements œs > > + Gays; MPa e * Any are successively 
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adjoined at the right (left) yielding the complete sets (an; Man; aide, Ada), and so on. 
It is then assumed that the preceding (#-+-1)-ads belong to the general abstract space 
Saii(G, H) as defined by the author (abstract 46-9-438). When G = H= alternating 
(symmetric) group on #-++-1 variables, the a; and M are represented graphically as 
' opposite vertices of regular polyhedra in euclidean (#-++1)-space or opposite faces of 
duals of the latter. When # =2 the polyhedra are the octahedron and the cube. (Re- 
ceived January 30, 1942.) 


135..A. R. Schweitzer: On a class of ordered (n-+1)-ads relevant 
to the algebra of logic. IT. 


The author develops a finite algebra of logic in which the complete set of ordered 
(s-+1)-ads of generalized constituent type relative to mas’ + aa, and the ordered 
dyads (œ `i), ©- ©, (aaps) is expressed as a reflexive formal sum: >> (aas ++ aay 
=? (2). The corresponding terms are > (Aran + + + ama), $ (ads? + Gey), 
2 (Ar on aan), + Dlana + Aay), where J (Aim > - + aap) is the sum of all 
(n-+1)-ads containing œa, and so on. Then for #=2, for ampe maya =? (Ar AsAy) 
=) (Am0) X (m Asm) X? (mmh), and so on. Also, 2 (Aasa) +} (Aio) 


=? (mas), and so on. Finally it is assumed that the preceding (#-+1)-ada belong * 


to the abstract relational space 4.:(G,G), where G is an arbitrary substitution group 
on #-+1 variables (including the identical group). When G is the symmetric group the 
symbol J (Aion + - aay) can be replaced by the more economical symbol )°(Ai), 
and so on, and this case reduces essentially to a previous development by the author 
(abstract 47-9-430). (Received January 30, 1942.) 


STATISTICS AND PROBABILITY 


136. Irving Kaplansky: Note on a common error concerning’ 


In many text books there is to be found a statement to the effect that a frequency 
curve with positive (negative) kurtosis falls above (below) the corresponding normal 
curve in the neighborhood of the mean. In this note examples are given to show that 
there is actually no such connection between kurtosis and the height of the curve at its 
mean. (Received January 19, 1942.) 


TOPOLOGY 


137. Paul Civin: Two-to-one mappings of three-dimenstonal sets. 


This paper is concerned with the proof of the non-existence of a continuous map- 
ping defined on the closed three-cell in which each inverse image consists of exactly 
two points, Corresponding theorems for the arc and two-cell were proved by O. G, 
Harrold (The non-extsience of a certain type of continuons transformation, Duke Mathe- 
matical Journal, vol. 5 (1939), pp. 789-793) and J. H. Roberts (Two-to-ome trans- 
formations, Duke Mathematical Journal, vol. 6 (1940), pp. 256-262), respectively. (Re- 
ceived January 26, 1942.) / 


138. F. B. Jones: A certain non-metric Moore space. 


The purpoee of this paper is to give an example of a non-metric Moore space which 
is nevertheless the sumi of a monotone increasing collection of completely separable 
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domains each lying together with its boundary in the next. (Received December 31, 
1941.) 


139. J. L. Kelley: Symmetric product spaces. Preliminary report. 


Let X be a metric separable arcwise connected space. If every pair (x, y) and 
(y, x) of XXX is identified, the resulting space is the symmetric product space Xa. 
Denote by X* the subset of all points (x, x) of Xs. Then (a) the fundamental group of 
X:is always abelian; (b) if X isa polyhedron a necessary and sufficient condition that 
X be contractible is that X* be a retract of X (Received December 29, 1941.) 


140. A. D. Wallace: Chatns and the structure of continua. 


The author gives a decomposition of compact (=bicompact) connected H-spaces 
into chains and p-chains analogous to that given by Kelley and Moore for separable 
spaces. It is shown that (i) if p is neither an end point nor a cut point then there is a 
point conjugate to p, (ii) hence each such point is contained in a unique p-chain, 
(iii) the meet of p-chains is null or a cut point, (iv)a chain is characterized as a con- 
tinuum which contains each -chain meeting it in at least two points, (v) each p-chain 
is the meet of a collection | A| of continua such that 5—A contains a finite set of com- 
ponents each containing one point of the p-chain. Examples show that chains and 
J-sets (Kelley) are distinct; p-chains and simple links and F-sets are equivalent in 
metric spaces and in general a simple link is a p-chain, (Received December 5, 1941.) 
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STATISTICAL GENETICS AND EVOLUTION 
SEWALL WRIGHT 


Introduction. When Darwin developed the theory of evolution by 
natural selection, practically nothing was known of hereditary differ- 
ences beyond their existence. Since 1900, a body of knowledge on the 
mechanism of heredity and on mutation has been built up by experi- 
ment that challenges any field in the biological sciences in the extent 
and precision of its results. The implications for evolution are not, 
however, immediately obvious. It is necessary to work out the statisti- 

| cal consequences. 

Studies in the field of statistical genetics began shortly after the 
‘ rediscovery of Mendelian heredity in 1900. Those of J. B. S. Haldane 

[7] and R. A. Fisher [4] have been especially important with respect 
to the application to evolution. My own approach to the subject came 
through experimental studies conducted in the U. S. Bureau of Ani- 
mal Industry on the effects of inbreeding, crossbreeding and selection 
on populations of guinea pigs [21, 22, 23, 37] and through the attempt 
to formulate principles applicable to livestock breeding [19, 20, 24, 
25, 13, 34]. On moving into the more academic atmosphere of the ` 
University of Chicago, I have become more directly concerned with 
the problem of evolution. 

I should note that the deductive approach, to which I shall con- 
fine myself here, involves many questions that can only be settled by 
observation. and experimental work on natural populations and that 
a remarkable resurgence of interest in such work is in progress [2, 9]. 


Postulates. It will be desirable to begin with a brief review of the 
more important factors of which account must be taken. 

The basic fact of modern genetics is that heredity can be analyzed 
into separable units, “genes,” whose most essential property is that of 
duplicating themselves with extraordinary precision, irrespective of 
the characteristics of the organism in whose cells they are tarried. We 
shall restrict consideration to changes in the system of genes and ag- 
gregates of genes (chromosomes). There are relatively rare and ob- 
scure hereditary changes which must be attributed to other cell 
components but our knowledge of these does not warrant the elabo- 
ration of a statistical theory. 

Fortunately the same theory applies to a large extent to gene muta- 


The sixteenth Josiah Willard Gibbs Lecture, delivered at Chicago, Illinois, Sep- 
tember 3, 1941, under the auspices of the American Mathematical Society; received 
by the editors October 20, 1941. 
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tions and to most classes of grosser chromosomal changes (duplica- 
tions, deficiencies, inversions, translocations, and so on). It will be 
assumed here that a given kind of mutation occurs at a constant rate 
per generation. Observed rates in organisms as remote as corn plants, 
vinegar flies and man are of the order of 10-* or less per generation. 
Reverse mutation may occur at measurable rates. 

It is simplest to deal with mere pairs of alternative conditions 
(alleles) but the theory remains seriously inadequate unless capable 
of extension to multiple alleles. 

In general I shall assume that the reproductive cells are haploid 
(that is, contain just one representative from each set of alleles) and 
that their union results in diploid individuals (with two such repre- 
sentatives in all cells, until reduction occurs in the formation of the 
germ cells). This is the usual case but there are species in which other 
situations prevail (tetraploids, hexaploids, aneuploids, and so on). 
The group of sex linked genes constitutes an important special case 
in many otherwise completely diploid organisms (including man). I 
shall not go far into the extension to these cases.’ 

It is simplest to assume that the members of different series of 
alleles are distributed at random in the reduction division by which 
the reproductive cells receive a half sample of the genes of the individ- 
uals producing them (that, for example, individual 4aBb produces 
germ cells AB, Ab, aB and ab in equal numbers). The phenomenon 
of partial linkage, exhibited by genes carried in the same chromosome 
should, however, be taken into account. These are the principal postu- 
lates as far as the mechanism of heredity is concerned though others 
are required in special cases. 

The relations of genes to observed characteristics are important. 
In general, any measurable character is affected by genes at many loci 
and a single gene often has multiple apparently unrelated effects. The 
effects of genes in combinations are often roughly cumulative but 
marked exceptions are also very common. Account must be taken of 
noncumulative effects within series of alleles (dominance) and be- 
tween series (gene interaction). 

The breeding structure of the population is important. The situa- 
tion in nature is so complex that models must be chosen that are com- 
promises between mathematical simplicity and biological adequacy 
[35]. I shall introduce only the simplest models in the course of the 
present discussion. 

Natural selection is an exceedingly complex affair. Selection may 
occur at various. biological levele—between members of the same 
brood, between individuals of the same local population, between 
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such populations (as through differential increase and migration) and 
finally between different species, a subject that carries us outside the 
field of genetics and which has been discussed mathematically by 
Lotka [12], Volterra [17] and Nicholson and Bailie [14]. Selection 
among individuals may relate to the mating activities of one or both 
sexes, to differences in rate of attainment of maturity, to diferential 
fecundity and to differential mortality at all ages. Selection may act 
steadily or may vary both in intensity and direction in different re- 
gions and at different times. Again I can only deal here with the 
simplest models. 


Gene frequency. In such a complex situation, verba? discussion 
tends toward a championing of one or another factor. We need a 
means of considering all factors at once in a quantitative fashion. 
For this we need a common measure for such diverse factors as muta- 
tion, crossbreeding, natural selection and isolation. At first sight these 
seem to be incommensurables but if we fix attention on their effects 
on populations, rather than on their own natures, the situation is 
simplified. Such a measure may be found in the effects on gene fre- 
quency in each series of alleles. 

Because of the complete symmetry of the Mendelian mechanism, 
gene frequency has no tendency to change in an indefinitely large 
closed population not subject to mutation or selection. Each homo- 
zygote (for example, A1A1, AsAs or A43) produces only one kind of 
germ cell. Each heterozygote (for example, 4143, Árás, A1343) pro- 
duces two kinds in equal numbers. In a population in which the array 
of gene frequencies is (q:dit+gqsAst+ -© Hamm) (letting the q's rep- 
resent the frequencies, and the A’s the genes) the frequencies of geno- 
types come to equilibrium according to the terms in the expansion 
of (qA t gát --- lwn) in the first generation of random mat- 
ing after attainment of equality of gene frequencies in the sexes [8]. 
Under sex linkage [10, 15] and in polyploids [6] equilibrium is not 
reached at once but is rapidly approached. Inbreeding and assorta- 
tive mating change the relative frequencies of homozygotes and 
heterozygotes but not the gene frequencies. 

One immediate consequence of this persistence of gene frequencies 
is that variability tends to persist. But the slightest continuing un- 
balanced pressure on gene frequency tends to cause cumulative ' 
change. It is obvious that recurrent mutation, immigration, selection, 
and the accidents of sampling in an isolated population of small size 
are all factors that can bring about such change. 

The frequencies of combinations of different series of alleles (for 
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example, A, a; B, b) reach equilibrium in a random breeding popula- 
tion in which gene frequencies are constant only when the genes are 
combined at random (terms of [(1—qa)a+qu4 |?[(1—¢s)b+¢2B }?). 
Equilibrium is not reached immediately, however. The departure 
from equilibrium is halved in each generation of random mating in 
the case of two pairs of alleles in different chromosomes. In general, 
the departure is reduced by the proportion č, where č is the mean 
chance of recombination [18, 11, 16]. 


Systematic changes of gene frequencies. The rate at which gene 
frequency changes under recurrent mutation is obvious [27]. Let g 
be the frequency of the gene and u the rate at which it mutates to 
its alleles as a group and Ag the rate of change of g per generation 
Ag= — uq. | 

If reverse mutation occurs at the rate v per generation, the net rate 
of change of q is 


(1) Ag = v(1 — q) — ug. 

In the case of multiple alleles, v is the weighted average for the vari- 
ous alleles of the gene in question and is thus a function of their rela- 
tive frequencies. It is, however, independent of q. 

The effect of crossbreeding is similar if we adopt the simplest model 
(27 |. If a population with gene frequency q exchanges the proportion 
m each generation with a random sample of immigrants from the 
whole species (gene frequency qe) the rate of change in gene frequency 
ig 


(2) Ag = ~ m(q — qi). 

In actual cases the immigrants are not likely to be a random sample 
from the whole species but to come largely from neighboring popula- 
tions. Effective m is thus, in general, smaller than the apparent 
amount of immigration and is not necessarily-the same for all loci. 
There may also be selective migration. The simplest model must 
suffice here. It permits identification of the theories of mutation and 
immigration by substituting mg, for v, and m(1—g,) for u. 

The effects of selection have been considered extensively by Haldane 
[7]-in terms of the frequency ratio (q/1—q) and by Fisher [4]. As 
there can be no selection pressure without at least two alternatives, 
any expression for it, applicable to all values of g, must include the 
factor g(1—q), excluding certain limiting cases. Thus the form 
ag(1—q) has been used by Fisher as the basis for general discus- 
sion. For the present purpose somewhat less general forms are more 
useful. Consider first the case of a random breeding population of 
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diploid individuals in which the combinations of paired alleles may 
be assigned constant relative selective values [30]. 


Genotype Frequency (f) Value (W) 
AA q? Was 
AA’ 2q(1—q) Waa 
A'A’ (1—q)? Waa 


For the frequency of A after a generation ‘ 
qı = [Waa + Waag(l — g)]/W 


where 
W = 2 IW = Wag + 2Waag(l — g) + Waal — gY, 
(3) Ag = qi ~ q = q — g) [Waag + Wal — 2g) Waal — g) l/W, 
g(i—q) W 
2W d 


' Selection, however, really applies to the organism as a whole not 
to single series of alleles. If the population is heterallelic in » pairs 
of pertinent alleles, the number of possible combinations is 3*. Each 
of these has a certain frequency and a certain relative selective value, 
the latter of which we here assume to be constant. If the three phases 
in the A series of alleles are combined at random with the combina- 
tions of the other series, the average selective values of AA, AA’ 
and A’A’ are independent of ga although functions of the other q’s. 
Thus 


Ag = 


qali — qa) aW 
2W ðqa 


We have assumed only pairs of alleles, but as any group of alleles 
may be treated formally as one, this formula may be applied to multi- 
ple allelic series. The selective values Was, Waa and Wara’ are then 
functions of the relative frequencies within the group of alleles of the 
gene under consideration, but not of qa. 

In previous general discussions (for example [35, 36]) I have re- 
stricted myself to this convenient model of selection pressure. As this 
has given rise to misapprehension [5], it should be emphasized that 
it applies only under the conditions implied in its derivation. 

If there are selective differences between the sexes, as is very likely 
to be the case, there are departures from random combination within 
series of alleles. These are, however, unimportant for most purposes 
unless there is rather strong selection. 


(4) Aga 
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Selection itself tends to bring about departures from random com- 
bination among different series of alleles. Again the effects are unim- 
portant in most cases, especially if all relative selective differences are 
slight. ; 

The formula must be written in a more generalized form to include 
polyploidy [32] and sex linkage. For small selective differences in a 
2k-ploid 


_ qalt — qu) OW 
©) “= aga 


This applies (approximately) under sex linkage if k=3/4 and 
W =(W.W;)"? where Wa and W; are the mean selective values in 
males and females, respectively. 

There may be departures from random mating because of a con- 
stant tendency toward mating of relatives, giving the following geno- 
typic frequencies within a series of alleles [23, 3]. 


Genotype Frequency 
AA (tF) FF 
AA’ 2(1— F)q(1—q) 
A'A’ (1-F)(1—g)*+ F(1—@) 


Random combination between series of alleles is not disturbed ap- 
preciably if the selective differences are small or if the inbreeding 
coefficient F is small, giving the following formula in which We and 
Wr are mean selective values of the random bred and inbred compo- 
nents of the frequencies relative to the A series [3 | 


B ga(1 — ga) Ë — F) aWe LF a] 








A 


(6) wW 2 ðqa Oda 
ga(l — qa) [= ar] 
es | of E — |. > 
2W ðqa ðqa 


Inbreeding that leads to subdivision into partially isolated groups 
is best dealt with by a different mathematical model. 

Under assortative mating based on similarity in characteristics 
there are very great departures from random combination of different 
series of alleles [20]. Again we may best consider such a mating sys- 
tem as one leading to subdivision of the population into partially iso- 
lated groups. 

Returning to consideration of random breeding populations, it may 
easily be seen that if the W’s are functions of ga 


f 


X 
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aC — qa) OW ZA 
A Au = Op bo 20 aq | 


Intra-brood selection is an example of a case in which ôW /ðqa =0 
but gene frequency nevertheless changes. As in our model case, the 
process does not necessarily lead to fixation of the most favorable of 
the genotypes possible from the genes present in the population. 

Finally, if the genes under consideration affect the system of mat- 
ing itself, as is the case of the self-sterility alleles of many plants [33] 
or of genes that determine self fertilization [5], the changes in gene 
frequency can only be found from the composition of the population 
in successive generations. 

We may note here that while, in principle, selection must be con- 
sidered to apply to the organism as a whole, one may analyze the 
organism into character complexes which evolve largely independ- 
ently through changes in largely independent systems of genes, the . 
components of which are distributed at random among the chromo- 
somes. The case which we have chosen as a model of selection pres- 
sure (4) and its generalization (5) should apply sufficiently well to 
most reaction systems in freely interbreeding populations and gives 
an insight into certain aspects of the effects of selection which cannot 
be obtained as easily from the more complex special cases. 

If a character complex is affected by # loci and m, alleles at a par- 
ticular locus, it requires 


È (m — 1) 


dimensions to represent the system of gene frequencies and 


JI [mem + 1)/2] 


tml 


kinds of genotypes are possible. Assuming that the relative selective 
values of these genotypes are independent of their frequencies, the 
mean selective values (W) of possible random breeding populations 
form a surface relative to this multi-dimensional system of gene fre- 
quencies, the gradient of which determines the way in which the pop- 
ulation tends to change under the influence of selection. The number 
of loci that may affect even the simplest characters are known in 
certain cases to be great and many, if not all such loci are probably 
represented at’ all times by multiple alleles. Thus the number 
ces of homozygous types possible from genes actually present in 


a 


/ 
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a species and affecting a particular character complex may often run 
into astronomical figures. Under these conditions it is to be expected 
that in general the surface W for any character complex will have 
numerous peaks, corresponding not only to different combinations of 
genes that give the same character [29] but also to different harmo- 
nious combinations of elementary characters that permit the organ- 
ism to overcome the same conditions in different ways. 

Mutation, immigration and selection may all be occurring simul- 
taneously. The net rate of.change of gene frequency may be obtained 
by simply adding the contributions of these factors (1), (2), (4), if 
these are small. In our ideal case of a random breeding population of 
diploid individuals subject to reversible mutation, immigration and 
constant selective differences between genotypes [27, 30] 


g(t —q) W 


(8) BE AM RQ E p 


There is equilibrium, stable or unstable, if Ag=0. With reversible 
mutation, there must be at least one gene frequency other than 0 or 1 
that is in stable equilibrium. There may also be stable equilibrium 
as a result of opposing selection pressures alone. 


Accidents of sampling. There is another possibility of change of 
gene frequency to be considered. In a population that is not indefi- 
nitely large, gene frequency may be expected to change from genera- 
ton to generation merely from the accidents of sampling. The 
composition of a population of N diploid individuals depends on 
that of 2N gametes produced by the preceding generation. If these 
are a random sample from the array [(1—g)A’+¢A |, the probability 
array for values of g in the next generation is [(1—q)A’+qA |?" with 
the standard deviation (q(1—q¢)/2N)"*. We will call a random devia- 
tion of q of this sort ĝq in contrast with the systematic deviation Aq 
produced by mutation, migration or selection 


q(t — q) | 


(9) eT. 


It might seem that these random deviations would be negligible in 
any reasonably large population but in the absence of any systematic 
pressure toward equilibrium, the squared standard deviation for later 
generations increases approximately with the number of generations 
until there is an approach to the limiting value g(1—g) of complete 
fixation, [(1—q)A’'A’-+qAA |. The exact value for the sth generation 
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is q(1—gq) [1 — (1 —1/2N)*]. The rate of fixation of heterallelic genes 
approaches 1/2N per generation. 

The effective value of N should often be much smaller than its ap- 
parent value [27, 35]. It obviously applies only to individuals that 
reach maturity. If there is cyclic variation in population size, N is 
. more closely related to the minimum than to the maximum number. 
It is also reduced if there is excessive variability in the number of 
mature offspring from different parents. 

In a 2k-ploid population [32], 

a gig) l 
(10) Tig ay approximately. 
For sex linked genes it is approximately g(1—g)[2/9N;+1/9N, | 
where N; and Nw are the effective numbers of females and males, re- 
spectively, and thus is 2¢(1—q)/3N if these are equal. 


The distribution of gene frequencies in the case of equilibrium. 
The tendency toward a stable equilibrium in the value of q, found 
when there are opposing systematic pressures, and the tendency to 
drift away from this point, due to the sampling variance, should re- 
sult in a probability distribution which one might expect to find real- 
ized by the values taken by the frequency of a particular gene over 
a long period of generations in the ideal case of a population in which 
all conditions remain constant. It would also be the distribution of 
values of g taken by this gene at a given time in an array of completely 
isolated populations, all of which are subject to the same conditions. 
Finally, all genes subject to systematic pressures of the same magni- 
tude should exhibit such a distribution at one time in a single popu- 
lation. While these are ideal cases, not likely to be approached in 
actual cases, it is of primary importance in the genetics of populations 
to be able to reach conclusions on the nature of such distributions. 

The distribution of gene frequencies in the case of equilibrium must 
satisfy the conditions of stability of the mean 


(g + Ag + 3g = 4) 
and stability of the variance (fmen 0%). The possible values of q 
must range from 0 to 1. It is convenient to use integration for sum- 
mation in expanding these expressions. Let ¢(q) be the ordinate of 
the required distribution. The formula of the distribution may be de- 
rived as follows [30, 31| 


J (q + Ag + d9)¢(g)dq = J qp(q)dq, 
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f atatu- owu f a- Dae 


Since the mean value of 8g is 0 and since 8g is not correlated with 
(q+Ag), these reduce to the following, omitting a term involving 
(Ag)?, negligible if Ag is small 


` 


J " Ago(q)ag = 0, 


2 J (q — DAge(a)eq + f AN 


Let fAgd(q)dg=x(g) and integrate the firet term of the preceding 
equation by parts 


x(1) ig x(0) = 0, 


It may be found by trial that both of these conditions are satisfied 
by the following equation if @(0) and @(1) are finite. Note that 
oy =0 if g=0 or if g=1, since there can be no sampling variance un- 
less there are alternatives 


x(Q — x= (1/2) ongl), 





dx(q) 2Agdq 
d) sae e a a ae 
og k0 — x(1)] Taa 
C af (A 
x(q) = x(1)] = E Orde, 
(1 dosa n 


where C is a constant such that /¢¢(q)dq=1. 

The frequency of a particular value of q is approximately f(q) 
=@(g)/2N. The amount of exchange between the subterminal and 
terminal classes is approximately half the frequency of the former 
from consideration of the Poisson distributions of the classes that are 
close to fixation [27]. 

For the model case in which Ag = v(1 — q) — ng — m(q — qi) 
+-(q(1—¢)/2W)(@W/dq) and o%,=q(1—q)/2N equation (11) reduces 
to the following 
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(12) o(a) = CW gN aing — gwat, 


FO) = f(1/2N)/4N [mq + 2], 
KD) = f — 1/2N)/4N [m(1 — qi) + “l. 





Fic. 1 





Fic. 3 Fic. 4 


Figures 1 to 3. Some of the forms taken by the distribution of frequencies of a 
completely recessive gene. Mutation rates are assumed equal in both directions (s =p). 
Num 1/409 in Figure 1, 10/40¥ in Figure 2 and 100/40v in Figure 3. In each case the 
solid line represents the least selection = —»/5), the long dashes represent selec- 
tion 10 times as severe (omitted in Figure 1 since practically indistinguishable 
from the preceding) and the short ae represent selection 100 times as severe 
$(g) = Cerne gami — ge, 

Figure 4. Frequency distribution c a semidominant gene in subgroups of a large 
population in which the varying conditions of selection among subgroups has lead toa 
mean gene frequency, g:=.25. The subgroups represented are assumed to be of the 
same size (N= 1000) and subject to the same selection pressure (Waa=1, Waa ™.9975, 
Waa =.995) but to different degrees of isolation (long dashes: »=.01, short dashes: 
m = 001, dots m= 0001), (q) = Cai*egitete—i({ — gym, l 


This brings the effects of reversible mutation, crossbreeding, selec- 
tion and size of population into a single formula. F 1 to 4 show 


f 
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the forms taken by this distribution in certain special cases. The 
U-shaped distributions in small populations (Figure 1) may be com- 
pared with the J-shaped ones in large populations (Figure 3). The fig- 
ures bring out the relatively slight-effects of selection in small popu- 
lations. 

The joint frequency distribution for multiple pairs of alleles may 
be written as follows for the model case that we have been consider- 


ing [30] 
(14) (41, GER -ta Jn) = cw TT] Geet EL oe go) eats? . 
tm] 


This applies to 2k-ploids if 4 is substituted for 4N in the expo- 
nents of q; and (1—gq;). In the case of sex linkage and equal numbers 
of the sexes, 3N is to be substituted for 4N in these exponents. As the 
exponent of W is not affected in these cases, the formula applies to 
joint distributions including different degrees of ploidy (aneuploids) 
‘and both autosomal and sex-linked genes. 

Figure 5 illustrates the frequencies along two diagonals of the joint 
distribution for two pairs of alleles which act cumulatively on the 


: Fig, 5 

The frequencies along the diagonals of the joint distribution for two series of alleles 
with equal and additive effects on a character on which adverse selection acts accord- 
ing to the square of the deviation from the mean (Wim Warm ™ Wana = 1, 
Wirm Wiens ™ Wise Wamms, Wisse Woes 1—43). The solid line shows 
the frequencies along the line connecting the two favorable types, AAbd and aaBB. 
The dashes show the frequencies along the line connecting the extreme types AABB 
and aabb. In the case shown, We Pa = wy = tp, Nel /2o,, sm SPa. 


same character of which the midgrade is optimum. There are two 
peak frequencies corresponding to approximate fixation of two differ- 
ent genotypes that give the midgrade of the character. In cases in- 
volving large numbers of genes there may be an indefinitely large 
number of peak frequencies. 


The distribution of gene frequencies under irreversible mutation. 
It is also important to determine the form taken by the distribution 
of gene frequencies when fixation of one of the alleles is an irreversible 
process. The distribution curve should reach constancy of form, but 


XN 
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all class frequencies (except that in which fixation is occurring) should 
fall off at a uniform rate K. The conditions may be expressed as fol- 
lows [31] 


ra Sli hee 
Cisetn = (1 —- Ko, + K1- 9, 
K = (1/2)f(1 — 1/2N). 


It can be found by trial that with mutation at rate v, no selection, 
and o%,=q(1—q)/2N those conditions are satisfied by the following 
equation, with decay at rate K =v per generation [31] 


(15) f(g) = 2ogihe 


I have not been able to obtain a general solution comparable to 
equation (11) but formulae have been obtained for an important 
class of cases by another method [27, 30, 31]. Random breeding 
diploid populations with frequency array [(1—¢q)A’+qA] are dis- 
tributed in the following generation according to the expression 
[((1—q—Ag)A’+(q+Aq)A |. Letting p=1—g, the contribution to 
the frequency f(g.) of populations characterized by gene frequency qe, 
is thus [(2N)1/(2Np,) !(2Nq.) !] (pb —Ag)* (g+Agq)?* f(g). The condi- 
tion that this frequency be reconstructed after a generation except 
for a reduction by the amount K can be represented sufficiently ac- 
curately as follows: l 


T(2N) 
HAT (2N pa) T(2Nqe) 


If K =0, Ag=0, this equation is satisfed by ġ (q) = Cqg-!+D(1—q)—! 
for any values of C and D. For irreversible mutation at rate v, it 
yields equation (15) and for migration and reversible mutation, but 
no selection, the same result as obtained from equation (12) [27,31]. 

Selection pressure gives more difficulty. An important case that can 
be solved is that for very rare mutations (4Nv negligibly small) sub- 
ject to selection pressure of the fairly general form Ag = (s+ég)q¢(1—q). 
Here K may be taken as 0 


GH Kee) < J (p — Ag *®™™(q + Ag)*¥ep(q) dg. 


2Nf(q.) = A J pengive [1 — g(s + ig) ]™™[1 + pls + 4) ] ep (gag, 


where 
T'(2N) 


— 
p 8 oc“ 


DATON p.)T(2NG) 
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The following approximate relations may be used 
[1 = gls + ig) ]¥ = erato [1 — Npag’ls + ig)*], 
[K + p(s +g) = ereto [1 — Ngapa + 4)?]. 
> Let $(g) =e (Cot-Cigt-Cog?-+ ---)/q(1—g) and use the 


approximate relation 


T(2N) f prigrati 
E 


— TQND.)TQNq) 
, = ge + [ge — ge|[x(x — 1)/4N]. 


It may be found that Ca = [(4AN%* + 2N)C,y_s + 8N*stC,_? 
+4N%C, .|/m(m-+1) ignoring terms in which the exponent of N 
is leas than the sum of those of s and #. After further reduction 


(16) f(g) = [Cernit + Dgn sen Hy (2N'sq, 24%) |/q(1 — 9) 


where C and D are any constants and ¥(a, b) is as follows ott 


epee tae 
Sh Ul Ol 











+b + |- hee ae | 
Ha s n g 
7 a 69a? 6a? 282a 12æ 
+ | — Pe isin asus Siac a ae | 
SI. St n nU gi 9| 
27 27a 3484? 2040 
+ | — ae ae 
m1 tC 9] 
; TER 1320 
9° 9] 
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The special cases of most interest are those of irreversible mutation 
in one direction or the other and of equilibrium. Consider a popula- 
tion in which 2Ns and 2Ni have given values but N is indefinitely 
large and hence s and # are indefinitely small. If mutation is occurring 
from the class g=0 at an exceedingly minute rate v with irreversible 
fixation in the class g=1, the frequency of the subterminal class, 
g=1/2N, must be approximately 4Noef(0) while that of the other sub- 
terminal class (q =1— 1/2N) must be so much smaller as to be neg- 
ligible. The following are sufficiently accurate, letting f(0) =1 


“ 
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JAM = aw | C-+——| = ane, 


fC. — 1/2N) = 2N [CANN 4. Dewetyy(2Ns, 2NÀ] = 0. 


As ¥(2Ns, 2Ni) is of the order of ext, D/2N is negligible com- 
pared with C E 


? 





C = 22, 
Ipet tN i 
Da ee 
¥(2Ns, 2Ni) 
(17) f) = á | evens = gerd s (Ha) +N iOH’) ee |, 
i= pL - VONS, 2NÀ 


In the subterminal regions selection is practically inoperative, 
Ag=s/2N, approximately for g=1/2N; and Ag=(s+#)/2N for 
g=(1-—1/2N). The formula of the curve in the neighborhood of 
q=1/2N is therefore approximately 20/g. Thus with given v but dif- 
ferent values of N, f(1/2N)(=4Nbv) always falls very nearly on the 
same smooth curve. The relation between the selection pressure and 
the sampling variance (which measures the additive effect of sam- 
pling) is constant for given values of 2Ns, 2Nt and q, (Ag/o%) 
=(2Ns+2Niqg). Thus the smoothed probability curve, f(g), should 
be the same throughout with given 2Ns and 2N: irrespective of the 
values of N and of s, ¢ separately. Thus equation (17) is the general 
formula for the case of irreversible mutation from the class at q =Q. 

The determination of ¥(a, b) in specific cases is a rather formidable 
task since it involves two variables and converges slowly. For the 
case of semidominance however, ‘=0 and ¥(2Nsgqg, 0) reduces to 


et er) ASG 


(18) i 
ee ao aa) 


This agrees with a result obtained by Fisher [4] by a different 
method, involving a transformation of scale (@=cos—! (1—2q)) de- 
signed to make sampling variance uniform, and expression of the 
conditions in the form of a differential equation. The chance of fixa- 
tion of a mutation in this case is given by the ratio of the subtermi- 
nal classes (f(1—1/2N)/f(1/2N)) and is thus 2s/(1—e*"") where s 
is the selection favoring the heterozygote. This is practically constant 
(2s) in large populations. There is a small chance of fixation of even 
unfavorable mutations (2s/(e%:—1). Figure 6 illustrates the distribu- 
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Pad 


tion curve for various intensities of selection (but with the selection 
favoring heterozygotes represented by (1/2)s instead of s). 


a FE NE 
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Figures 6 to 9. Distributions of gene frequencies under irreversible mutation at 
indefinitely low rates (p). Six cases are shown in each figure. Desh and two dots, 
şm —4/2N: dash and dot, s= —1/2N; solid line, s=0 (f(g) = 20/g in all figures); long 


t 
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In the case of recessive mutations, s =0 and Ag =ig*(1—gq). The law 
of the series for ¥(0, b) is that Ey = (En-1+ Em-1)/2m(2m —1) where 
E, is the coefficient of 6™. The distribution curve for a number of 
values of 2NÑt are shown in Figure 7 (but with s instead of t as the 
selection coefficient). The chance of fixation was determined empiri- 
cally from the ratio of subterminal frequencies up to 2Né=12. For 
larger values (up to 2Ni=64) it was more convenient to calculate it 
from the ratio of the flux (2N Ag f(g)) in the region of maximum Ag, 
(q=2/3) to the proportion of mutations (2Nv) (usable only for large 
Ag/oy). For values of ¢ ranging from 4/2N to 64/2N the average 
chance of fixation came out 1.1(¢/2N)”?, apparently approaching 
(¢/2.N)42 and thus a function of N even in large populations contrary 
to the case of semidominance. 

In the case of dominant mutations, Ag = (s ~sq)q(1—g) if mutations 
are taken as occurring from the class g=0. It is more convenient to 
assume that they are occurring from the class g=1 (Ag = —sq*(1—gq)) 
since this merely requires evaluation of ¥(0, —2Nsq?) instead 
of the two-dimensional series ¥(2Nsq, —2Nsq?). From consid- 
erations analogous to those discussed above, it appears that for 
Aq =(s+ig)q(1—g) but irreversible mutation from the class at g=1, 
C=0, D=2ve- Nth (2Ns, 2N¢) to a sufficient approximation, 


¥(2Nsq, a) 


(19) ACD) = | emoon 
q(1 = 9) VONS, 28) 


dashes, s=1/2N, short dashes, s—4/2N; dots, s16/2N. The ordinate at qu 1/2N 
is the same for all curves (f(q)=4Ny) and far above the range of the figures (except 
in the case sm 16/2N, Figure 9, in which all ordinates are greatly reduced). 

Figure 6. The case of a semidominant mutation A’ (Waa=1, Wasemi+s/2, 

Waa ites), The probabilities (F) of fixation of a mutation are as follows: For 
gsm —4/2N, P=0.075/2NŅN; for sm —1/2N, P =0.58/2N; for. s=0, P1/2N; for 
sm 1/2N, Pw 1.6/2N; for s=4/2N, P =4.1/2N; for s=16/2N, P= 16/2N; for large s, 
P ms, ; 
Figure 7. The case of a recessive mutation a, (Waa= Wael, Wam i+s). For 
sm —4/2N, P=0.12/2N; for s= —1/2N, P=0,70/2N; for s=0, P=1/2N; for 
sm1/2N, P m1.3/2N; for s=4/2N, P =2.3/2N; for 3=16/2N, P =4.3/2N; for large s, 
P œ (s/2N)U*, 

Figure 8. The case of a dominant mutation A (Weewm1, Wiem Wasem1+3). 
For sw —4/2N, P =0.042/2N; for s= —1/2N, P=0.49/2N; for s—0, P=1/2N; 
foc s=1/2N, Pm1.9/2N; for s—4/2N, P=6.6/2N; for s=16/2N, P=31/2N; for 
large s, P=e2s, : 

Figure9, The case of a mutation A’, selected only in heterozygotes (Was Wa'a' =], 
Waa its). For sm —1/4N, P=0.23/2N; for s= —1/2N, P=0.71/2N; for s=0, 
Pm1/2N; for sm1/2N, P=1.4/2N; for sm4/2N, P=3.2/2N; for large s, P ap- 
proaches 0 and all loci tend to become heterallelic. 
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Figure 8 shows the form taken by the distribution in special cases 
(with s as the selection favoring the dominant mutation and mutation 
taken as occurring from the class g=0). The chance of fixation of 
favorable dominant mutation with large N is approximately 2s which 
is the same as for favorable semidominant mutations provided that s 
is the selection favoring the heterozygotes in both cases. This ia to 
be expected since homozygotes are relatively rare until mutation has 
passed through the point of maximum selection pressure. 

Figure 9 shows the distribution curve in the case in which there is 
no selective difference between the homozygotes but selection favors 
or opposes the heterozygotes. In thiscasein which Ag =s(1—2g¢)q(1~—q), 
formula (17) was used for values of 2s up to 4. For large values of 
2Ns, there is so little fixation that the distribution under equilibrium 
may be used. 

By combining the formulae for irreversible mutation in each direc- 
tion in such a ratio that the amounts of fixation are equal, we obtain 
a distribution identical with that of reversible mutation occurring at 
rates at which 4Nv and 4Nu are negligible. The result agrees with the 
limiting value obtained from equation (12) 


C : 
(20) SQ) eee (eee |: 
q — q) 

The evolutionary process. I can go only briefly into the implica- 
tions for evolution. We must distinguish two processes (a) the trans- 
formation of a single population until it has become so different that 
a new species or higher category must be recognized and (b) the cleav- 
age of species. 

Consider first the possibilities of transformation in a very large, 
closed, freely interbreeding population, living under conditions that 
are the same on the average for thousands of generations [28]. In such 
a population, random changes in gene frequency are negligible. Gene 
frequencies can change only according to the systematic pressures of 
mutation and selection, a process which must stop when all Ag’s be- 
come zero, unless there is a fow of untried mutations that are favor- 
able from the first. We have a theory of the stability of species in spite 
of variability due to continually occurring mutations and in spite of 
continuous action of selection. 

A stable state of this sort may be far from being the most adaptive 
of the systems possible from the genes actually present. Consider here 
the situation with respect to characters to which our model selection 
pressure applies. As noted, many distinct peak values are to be ex- 
pected in the surface of selective values, W, relative to the multi- 
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dimensional system of gene frequencies. In a species located at a 
particular point in the system, each gene frequency will change un- 
til all Aq’s are zero. These changes will be such that the mean selec- -~ 
_ tive value of the populations changes approximately by the amount 

AW = X(AgdW /dq), the species moving up the steepest gradient in the 
surface W except as affected by mutation pressures [29]. It stops 
when AW =0, a point in the neighborhood of the peak toward which 
selection has been directed, but not at the highest point because of 
the mutation terms in the Aq’s. In general there will be other peaks 
. on the surface W that are higher but the species cannot reach them. 

Perhaps, however, we have been too hasty in assuming that all Aq’s 
would ever reach zero simultaneously. It is probable that the poten- 
tial alleles at each locus form an indefinitely extended series in which 
any one allele can give rise to certain others, these to ones at two re- 
moves from the first, and so on. A continual flow of untried favorable 
mutations may keep the population in a state of flux. In general, how- 
ever, it would seem probable that the rate of the movement toward 
the equilibrium point indicated by the existing genes would be of a 
higher order of magnitude than the rate of elevation of this peak by 
the occurrence of mutations of this very unusual sort. 

In a population in approximate equilibrium, the variability due to 
the balance between mutation and selection is not likely to be great. 
If, for example, Aq=sq(1—g) — uq, g=1—4/s at equilibrium. As mu- 
tation rates are typically of the order 10~— or less, q is close to 1 if the 
gene in question has an appreciable advantage. Loci in which there 
are opposing selection pressures would contribute more to variability. 
This may occur where a heterozygote combines favorable effects of 
two genes (Ag of form g(1—g) [s1:—(s1+52)q¢| with stable equilibrium 
at g =53/(s;-+52) if both s; and $, are positive). It may also occur where 
different homozygotes have advantages in different ecological niches 
occupied by the species in such a way that the net selective values are 
related inversely to the frequencies (a case to which our model applies 
only approximately). With only one or the same few alleles main- 
tained at high frequencies by the population the chance for the oc- 
currence of fixation of untried favorable mutations at several removes 
from those present is small. The extreme improbability of such muta- 
tions justifies use of the formulae for irreversible mutation at very 
low rates (4Nv much less than 1) in spite of the fact that we are con- 
sidering large populations (17), (19) (Figures 6 to 9). There is the 
possibility of an indefinitely continuing evolutionary process but the 
rate is restricted by the low probability of the necessary mutations 
and the incomplete utilization of the potentialities for adaptation pro- 
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vided by the genes actually present (cf. however Fisher [4] and cri- 
tique [26]). 

Conditions are, however, continually changing. Selection of in- 
creased severity but unchanged direction merely carries the location 
of the system of gene frequencies closer to the peak and increases 
somewhat the chance for a novel favorable mutation to reach fixation. 
With secular changes in the dsrectton of selection, on the other hand, 
peaks in the surface W may become depressed and low places ele- 
vated. In species which are sufficiently labile to avoid extinction, the 
system of gene frequencies is kept continually on the move. It is 
likely to be shuffled into regions of W that are in general the higher 
ones. This process is undoubtedly of great importance for evolution- 
ary change. 

In sufficiently small populations, the random divergences of gene 
frequencies from their equilibrium values become important. In very | 
small populations, these tend to bring about approximate fixation of 
some random (and therefore, in general, non-adaptive) combination 
of genes (Figure 1). Moreover, while selection pressure is less effective 
in small populations than in large ones, mutation pressure remains 
the same. Random mutations are more likely to be degenerative than 
adaptive. Long continued reduction in the size of a population is thus 
likely to lead to extinction. On the other hand, the less extreme 
random variations found in populations of intermediate size (4Nv or 
4Ns of the order 1 to 10) (cf. Figures 2, 3, 5) act somewhat like 
changes in the direction of the selection. The system of gene fre- 
quencies is kept continually on the move and this gives a trial and 
error process which at times may lead to adaptive combinations which 
would not have been reached by direct selection. The rate of change 
of this sort is slow under the required conditions. 

Consider next a large population that is divided into many small 
partially isolated races. These may differ in size and degree of isola- 
tion and in the direction and severity of the selection to which they 
are subjected. The conditions are present for an extensive testing by 
trial and error of a relatively large number of alleles at each locus and 
of different combinations of these. 

Local differences in direction of selection are effective if the selec- 
tion coefhicient s (writing selection pressure in the form Ag =sq(1—g)) 
exceeds the crossbreeding coefficient m (cf. Figure 4). While these 
differences are primarily of merely local significance, there is the pos- 
sibility of acquirement of an adaptation that turns out to be of gen- 
eral value which then may spread throughout the species. Moreover, 
if different alleles come to be characteristic of different races, the store 
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of variability of the species as a whole is increased. This is also true 
of each local race as a consequence of crossbreeding. 

In races in which 4Nm is of the order 1 to 10 there is considerable 
random differentiation without the approach to fixation in equally 
small completely isolated groups. Such changes may occur with con- 
siderable rapidity in this case and while non-adaptive are not neces- 
sarily anti-adaptive to an appreciable extent. It is merely that the 
location of the system of gene frequencies on the surface of selective 
values in our model case is not constrained to move up the steepest 
gradient but may move up gradients that are not the steepest and 
occasionally even down hill. Among the many local races exploring 
the neighborhood of a peak in the surface of selective values, one or 
more may reach a gradient leading to a higher peak (cf. Figure 10). 





Fic. 10 


The frequencies along the diagonal (0, 0) to (1, 1) of the joint distribution of fre- 
quencies of recessive genes, a and b in subgroups of the same size (N=1000) but 
different degrees of isolation (long dashes: m=.01; short dashes: m =.001; dots: 
m= .0001) in a large population in which the conditions are everywhere the same 
(each recessive with selective disadvantage of .001 relative to the type A — B — but the 
double recesarve with an advantage .01 over type). With mutation rates Se= t, »= s; 
=o, =10—' there would be two positions of stable equilibrium, one at about (0.1, 0.1) 
which is assumed to hold for the major portion of the species for historical reasons, 
and one at about (.999, .999) which is more adaptive 


dlge, a) = C[1 — 00207. + A) + .012gR (Gen) [1 — et a PP 
Local populations for which m= .01 vary only slightly from the frequencies character- 
istic of the species. Most of those for which m = .001 show a close approach to fixation 
of the type genes (AABB) but occasionally there is an approach to fixation of the 
more adaptive double recessive. Those with m=.0001 are largely homallelic in aabb. 
In the long run such superior subgroups might be expected to pull the whole species 
to this position by intergroup selection. The scales are not the same in this figure. 


244 SEWALL WRIGHT [April 


By expansion of numbers and excess migration such races tend to 
bring the species as a whole under control of this peak. Intergroup 
selection of this sort, with respect to racial differentiation that has 
jointly adaptive and non-adaptive aspects, seems to provide the most 
effective mechanism for testing many alleles at each locus and many 
combinations of these and is thus the most effective mechanism for a 
continuing evolutionary process [26, 27, 28, 29, 35, 36]. 

It should be emphasized that we are not concerned here with local 
races as incipient species. As long as isolation is incomplete the races 
are bound together by crossbreeding and thus are carried along by the 
evolution of the species as a whole although subject to the minor 
kaleidoscopic changes in character which according to this theory 
play a major role in the evolution of the whole. 

The cleavage of species depends on virtually complete isolation of 
portions of the species from each other. Even if there are no signifi- © 
cant character differences at the time of separation and even if con- 
ditions remain substantially the same for the two portions, the process 
described above will insure that they drift apart. Each continues to 
be adapted to the conditions but in somewhat different ways. They 
may be expected to move to increasingly more remote peaks on the 
surface W. In the course of time genic and chromosomal! differences 
may be expected to accumulate that prevent crossing and so clinch 
the specific distinction. Before this point is reached, the occasional 
occurrence of hybridization may transfer blocks of genes from one 
species to the other or lead to the origin of a completely hybrid spe- 
cies, presenting a mechanism of reticulate evolution, analogous to 
that described above but on a coarser scale (cf. [1]). 

Under certain conditions the multiplication and diversification of 
species may be a very rapid process. These include a relaxation of the 
general selection pressure on the species permitting great increase in 
numbers and great variability; the opportunity for the occupation of 
widely distinct ecological niches associated with almost complete iso- 
lation of the groups seizing these opportunities and with subdivision 
of these groups into partially isolated local populations. A species that 
is the first of its general kind to reach unoccupied territory finds most 
at least of these conditions realized. This is also the case with a species 
that by any means acquires an adaptation of first rate general sig- 
nificance which gives its subgroups an advantage over species already 
established in various ecological niches, that more than compensates 
for the initial lack of special adaptations for these niches. 

The most general conclusion that can be drawn from the attempt to 
develop a mathematical theory of the simultaneous effects of all sta- 
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tistical processes that affect the genetic composition of populations 
is that in general the most favorable conditions for evolutionary ad- 
vance are found when these are balanced against each other in certain 
ways, rather than where any one completely dominates the situation. 

_Finally it may be said that the more detailed knowledge of heredity 

' and mutation that is now available confirms Darwin’s general con- 
tention that evolution is a process of statistical transformation of 
populations. 
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MATHEMATICAL PROBLEMS CONNECTED WITH THE 
BENDING AND BUCKLING OF ELASTIC PLATES 


J. J. STOKER 


_ 1. Introduction: As part of his Gibbs Lecture of last year Theodore 
von Kármán [5] considered briefly a number of nonlinear problems 
concerning thin elastic plates. This address will include discussion of 
linear as well as of nonlinear problems concerning elastic plates, with 
special stress on a particular aspect of the nonlinear problems. How- 
ever, it is not my intention to give a more or less complete survey of 
the literature on the subject; my purpose is rather to present in some’ 
detail a few specific leading ideas and points of view and to call atten- 
tion to a number of unsolved problems. 

The mathematical problems connected with thin elastic plates be- 
long with the many problems from mechanics which have interested 
eminent mathematicians and from which mathematical ideas of fun- 
damental importance have originated. These problems are of at least 
equal interest in engineering. In fact, a considerable part of the recent 
interest in the subject of thin plates can be attributed to the need 
for numerical solutions of problems which arise in the design of the 
thin-walled structures used in aircraft. The latter problems are in the 
' main nonlinear boundary value problems of an involved type about 
which almost nothing of a general nature is known, and, aside from 
the technical difficulties encountered in attempting to obtain numeri- 
cal solutions, such problems present questions of a purely mathe- 
matical nature which require elucidation. The latter part of this 
address is largely concerned with the mathematical problems which 
arise in this connection. 

The first attempts to formulate mathematically the problem of 
flexure of thin elastic plates were probably inspired by the experi- 
mental researches of Chladni in 1787 on the modes of vibration of 
thin elastic plates. During the next twenty years a number of un- 
successful attacks were made upon the problem by James Bernoulli 
the Younger and others. In 1809 the French Academy offered a prize 
for a theory of the vibrating plate, which, after some controversy, 
was awarded to Sophie Germain in 1815. Lagrange, who was a mem- 
ber of the prize committee, corrected the theory of Sophie Germain 
and derived the partial differential equation as we know it now. In 


An address delivered before the New York meeting of the Society on February 21 
1941, by invitation of the Program Committee; received by the editors November 6, 
1941, 


247 


248 -~ J-J. STOKER ; [April 


1822 Cauchy, prompted by his membership on a committee to con- 
sider a paper of Navier on plates, derived for the first time the gen- 
eral linear theory of elasticity substantially in its present form. It is 
noteworthy that a relatively complicated special prablem in elasticity 
had been formulated, in the main correctly, before the general linear 
theory of elasticity was developed. One is tempted to enlarge upon 
the fact that mathematicians of those days felt no distinction between 
pure and applied mathematics and often found inspiration in quite 
special problems taken from mechanica. 


. 2. The linear bending problem. The next outstanding historical] 
event in the theory of plates occurred in 1850 with the publication 
of a famous paper by Kirchoff. In order to explain the significance of 
the work of Kirchoff it is necessary to formulate briefly the problem 


ew 





Fic. 1 


of the bending of a uniform thin plate subjected to forces perpendicu- 
lar to the plane of the plate. Assuming that the thickness 4 of the 
plate is small in comparison with its other dimensions and that the 
deflection under load is small in comparison with 4, it is shown that 
all stresses in the plate can be calculated in terms of the deflection 
w(x, y) of the “middle surface” of the plate (Figure 1). The function w 
is shown to satisfy the linear differential equation: 
gt gt 

(1) NAAw = F(z, y), A a + 393 ; 

in which F is the force per unit area applied at right angles to the 
plane of the plate and N is a constant depending only upon the thick- 
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ness k and the material of the plate. Once a solution w(x, y) of (1) 
has been obtained the most important quantities from the practical 
point of view, that 1s, the corresponding stresses, can be calculated. 
More specifically, the normal stress o, and the shear stresses Tsy and 
Te (on an element perpendicular to the x-axis), for example, are de- 
termined from w through the formulas 





ð w dw 
(2a) n= a(t a) 
diw 
‘ (2b) Tsy = Os o) 
3: 
(2c) Tes — Q&Q] — (Aw), 
Ox 


where ai, œs, ay depend only upon the thickness of the plate and upon 
the distance s from the middle surface to the point where the stresses 
åre to be found. The essential point here is that the a; are independent 
of x, y, and w. The quantity » in (2a) is a material constant called 
Poisson's ratio. 

To solve the problem posed by Chladni’s experiments would require 
the solution of the linear eigenvalue problem associated with (1) (that 
is, that belonging with the biharmonic equation) under the homo- 
geneous boundary conditions resulting from the assumption that no 
forces are applied at the edges of the plate. This would mean, one 
would suppose, that all three of the expressions on the right side of (2) 
should vanish at an edge perpendicular to the x-axis. But the differ- 
ential equation is of order four, and consequently only two independ- 
ent boundary conditions can be imposed. This puzzling fact had not 
escaped the notice of the early workers in the field, but it remained 
for Kirchoff [9] to settle the question. Kirchoff started from the usual 
assumptions of the theory, deduced the expression for the potential 
of the deflected plate, and found by the calculus of variations not 
only the differential equation (1) but also the correct boundary con- 
ditions. At a free edge he found that condition (2a) equated to zero 
continues to hold but that conditions (2b) and (2c) must be replaced 
by the single relation (for an element of the boundary perpendicular 
to the x-axis) 

ðw 
= Q. 
oxdy? 


This was probably the first striking illustration of the power inherent 
in the calculus of variations to furnish the correct and appropriate 





(2d) cle E ee 
qe" ax a 
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boundary conditions for a differential equation. Kirchoff had found 
what are now called the natural boundary conditions. The idea of 
natural boundary conditions, when raised to the level of a general con- 
cept, has proved to be a fruitful one which has been extensively ex- 
ploited, for example, in the work of R. Courant and his pupils. 

Finally, Kelvin and Tait [8] showed in 1876 how the result of 
Kirchoff could be reconciled physically with the mechanics of the 
situation. They observed that conditions (2a, b, c) could all be pre- 
scribed for a thtck plate and that plausible physical arguments could 
be advanced indicating that conditions (2b) and (2c) coalesce into 
(2d) when the thickness of the plate is made small. This aspect of the 
problem has never been given a rigorous mathematical formulation. 
-It is in fact an example of a “boundary layer” problem—a type of 
problem to be discussed later in another connection. . 

A vast amount of work has been done in solving the special linear 
boundary value problems arising from (1) for plates of various shapes 
and for various prescribed loading functions F(x, y) and conditions 
at the boundaries. Many of the cases arising in practice have never 
been solved in closed form or by series, and resort has been taken to 
various methods of approximation. One of the most famous of these 
is,the method of Ritz [14]. It is interesting to note that Ritz himself 
applied his method first to a number of plate problems. Among the 
problems solved by Ritz is included the first and only solution of the 
Chladni problem, which had remained unsolved for more than a cen- 
tury. The work of Ritz represents one of the early successes of what 
are now called direct methods of the calculus of variations. However, 
the method of finite differences has perhaps proved even more service- 
able in obtaining approximate numerical solutions of the linear bend- 
ing problems [cf. 10]. 

Although the linear bending problem can be considered as solved 
in its essentials from the point of view of the mathematician, since 
the relevant existence and uniqueness theorems are available, there 
remain nevertheless some unsolved special problems of mathematical 
interest. For example, there is the curious problem of the rectangular 
plate resting along its edges on rigid supports and subjected to a con- 
stant downward distributed pressure F. It is easily shown that a 
downward concentrated force is necessary at the corners of the plate 
in order to maintain the edges in contact with the supports; if such 
forces are not provided, experiments show that the corners will lift 
up, the plate remaining in contact with the supports only in the cen- 
tral portions of the sides. This presents a boundary value problem of 
unusual type: The boundary conditions are not given a priori in the 
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form of equalities, since the position of the points at which the edge 
of the plate rises from the supports is not known in advance. The con- 
dition ¢,= 0 holds everywhere on a boundary line x = const., but there 
are two alternatives for the other boundary condition, that is, either « 
w=(0 with g,S0orw<0 with g,=0. In spite of this, the problem prob- 
ably has a unique solution. 


3. The von Kármán equations. The linear theory of bending de- 
scribed above was sufficient for most practical purposes until rather 
recently. With increased use of very thin metal plates, particularly 
in the structures used in aircraft, it has become of practical impor- 
tance to obtain solutions based on a theory which would permit 





FIG, .2 


deflections much greater than the thickness of the plate. The experi- 
ments indicate that the linear theory fails to mirror the physical facts 
if deflections as little as one-fourth of the thickness of the plate occur. 
We owe to von Kármán [6] an extension of the theory in which the 
squares of the slopes of the deflected middle surface are not neglected, 
as is the case with the linear theory. At the same time, the hypothesis 
of the linear theory that the stresses in the middle surface are zero is 
given up. The resulting equations of von Kármán are the following 
pair of fourth order nonlinear differential equations for two functions, 
the deflection w(x, y) and a function $(«, y) from which the stresses in 
the middle surface, often called the “membrane” stresses, are derived: 








Ap dw Ad dw da% Om 
. G3) NAAw = F(x, 9) +a} 2 ee es 
Oy? Ax? axdy Oxdy ðr? Oy? 


an tS) a8 ot 





The quantity h is the thickness of the plate and E is a material con- 
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stant. The stresses oy, Tey, Oy, in the middle surface of the plate 
(Figure 2) are obtained from œ by the formulas 

, 3% ' a> , aD 
(5) E T Ta = oo) Ty = — -> 

ay? Oxdy Ox? 

The boundary conditions for w are linear; they remain the same as for 
the linear bending problem. At a free edge, for example, the Kirchoff 
conditions are to be satisfied. Boundary conditions for ¢ are obtained 
from (5) in accordance with whatever “horizontal” forces p are as-’ 
sumed at the boundary of the plate (Figure 2), the term “horizontal” 
forces being used to distinguish such forces from the “vertical” forees 
F. It is easily shown that this is equivalent to prescribing the values 
of @ and its normal derivative dé/dn at the boundary of the plate; 


4, Buckling problems. A special class of problems is obtained from 
(3) and (4) by assuming F0; this we shall do from now on. In other 
words, there are assumed to be no lateral forces to cause bending. I 
addition we take always homogeneous boundary conditions for w. 
The problems that arise under these circumstances we refer to as 
buckling problems. 

For the sake of sumplicity we assume also that the horizontal forces 
at the boundary are normal compressive forces which depend linearly 
on a factor A. This is equivalent to taking for ¢ the boundary condi- 
tions 


(5)1 ¢= 6, dp/dn = XF, ; 


where @ and W are given functions defined at the boundary of the 
plate and A is a factor proportional to the applied pressure. Under 
these circumstances, it is clear that w0 is always a solution of (3), 
since w is assumed to satisfy homogeneous boundary conditions. This 
is also the #nigue solution for w when A is small enough (in other 
words, when the applied compressive forces are small enough). How- 
ever, there is always a critical value A, of A at which the plane state 
becomes instable and the plate bends, or buckles, in the engineering 
terminology. Mathematically this means that a bifurcation of the 
solutions (cf. Figure 4) takes place for A =^ and solutions appear for 
which w is not identically zero. In this behavior we are reminded of 
linear eigenvalue problems, though the theory of such problems is 
naturally not applicable here. Nevertheless it can be shown that the 
lowest value A, of A for which a bifurcation takes place (or, for which 
buckling just begins) can always be found from the linear eigenvalue 
problem which results when the right-hand side of (4) is set equal to 
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zero. This implies that the solution ¢=Ad@y of (4) does not depend 
upon w, and hence 














t 2 3 
(6), | NAAw = me oo og a 
ay? dx? ðxðy ðxðy ðr? dy? 
together with linear homogeneous boundary conditions for w then 
presents a linear eigenvalue problem from which the lowest value of À 
for a bifurcation of the solution can be determined.! 

As in the case of the linear bending problem, a considerable litera- 
ture has grown up around the eigenvalue problems posed by (6) and 
many special cases have been treated. Many difficult special cases of 
practical importance were solved, for example, by Timoshenko [15]; 

- thesmethod used by him bears strong resemblance to the Ritz method. 

2 ‘The*solutions of these problems have, in general, the properties one 

‘is ‘accustomed to associate with linear eigenvalue problems: they pos- 

. gees a discrete spectrum and the eigenfunctions form a complete sys- 
‘tem in terms of which “arbitrary” functions can be developed. 

The problems of existence and uniqueness of the solutions of the 
eigenvalue problems associated with (6) have been settled in the 
main. These questions have, however, been reconsidered in recent 
years by A. Weinstein [17, 18] from a new point of view. Weinstein 
has shown that certain classes of plate problems (vibration problems 
as well as buckling problems) are equivalent to an appropriately 

_ chosen sequence of second order membrane problems. An interesting 
. by-product of Weinstein’s work is that his method furnishes for the 
eigenvalues lower bounds which can be calculated numerically. 

‘If a plate is proportioned in such a way that it collapses when com- 
pressed by loads only slightly greater than that at which buckling 
just begins, the linear theory of buckling is evidently sufficient for 
practical purposes. But very thin metal plates of the type used in 
“various modern structures do not fail even when the applied pressure 
is many times greater than that at which buckling begins. As a con- 
sequence, it is a problem of practical as well as mathematical interest 
to pursue the solutions of equations (3) and (4) into the nonlinear 
range for high values of the ratio A/e. In fact, it is highly desirable 
to investigate if possible the asymptotic behavior of the solutions as 
A/X, tends to infinity. 

The most important case from the practical point of view would be 
that of the rectangular plate. It is clear that the numerical solution 


1 This approach to equation (6) is not the historical one; equation (6) was derived 
by G. H. Bryan [1] before the van Kármán equations were known. 
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of the boundary value problem posed by equations (3) and (4) in this 
case under prescribed boundary conditions and for all values of À is 
one of very great difficulty. Some approximate solutions (for example,” 
see [11]) have been given by the energy and perturbation methods, 
the latter being, roughly speaking, a solution in the form of a power 
series development with respect toA—A,. It is difficult to estimate the 
accuracy of such solutions, but it seems certain that they are accurate 
only for rather low values of the ratio X/A,. 


5. The buckled plate as a ‘boundary layer” problem. In view of 
the above remarks, it would seem highly desirable to invéstigate 
rigorously and in detail, even if only in a quite special case, the nature 
of the solutions of (3) and (4), with F0, in their dependence on > 
for an unlimited range of values of the ratio \/A,. One would then be 
in a better position to judge the degree of accuracy to be expected in 
applying approximation methods, such as the perturbation method, 
to other cases not easily solved explicitly. K; Friedrichs and the au- 
thor have found and solved such a special case [2, 3, 4]. 


2r. 


Membrane stresses Lemobwg sfresses ae 
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The special problem in question is that of the circular plate with 
constant radial pressure applied at the boundary and with radial sym- 
metry assumed (Figure 3). In this case all quantities depend only - 
upon the distance r from the center of the plate and the von Kármán 
equations become ordinary differential equations.* Upon introduction 
_of the quantities p = (1/r)(dé/dr) —the radial membrane stress—and 
= —(R/r)(dw/dr) in place of ¢ and w, respectively, the von Kármán 


? Solutions of the von Kármán equations for the problem of the-bending of the 
circular plate under vertical forces with radial symmetry assumed have been given by 
Stewart Way [16]. Way found that the von Kármán equations in this case (in spite 
of their nonlinearity) can be solved conveniently by power series in r 
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equations reduce to the follomiag pair of hae nee differential e equa- 
. tions of the second order: 


(7) = 9wGq + pq = 0, 
(8) Gp = 9/2, 

= in which G is the linear operator R*r—*d/dr(r?d/dr). The quantity 7? 
occurring in (7) is given by n?=y4/R, kand R being the thickness and 
radius of the plate and y a material constant. At the center r=0 the 


following regularity conditions resulting from the assumed symmetry 
are imposed: i 


(9). ` dq/dr = dp/dr = 0 forr = 0. 

At the boundary r= R we assume 

(10) Rag/dr + (1 + »)q = 0, ees 
(11) p=erA>0. , oe 


Condition (10) states that the radial bending stress oy is zero at the - 

edge, while the important quantity à in (11) ig the prescribed radial 

pressure at the edge. i 

Just as in the general case, the only solution of the boundary value 

. problem formulated in equations (7) to (11) is gm0, p(r)=const. =), | 
“if A is small enough. The lowest value às of A for which a different solu- 
:- tion appears can be calculated from the linear eigenvalue problem 
'. arising from (7) and the homogeneous boundary conditions for g, with 
"p= in (7) as parameter to be determined. The investigation for 
>A, requires the solution of the nonlinear boundary value problem 
as formulated above. 

The most striking feature of the numerical solutions in their de- 
pendence on ) is that p and g (and, in fact, all quantities) appear to 
tend with increasing A to become constant in an increasingly large 
portion of the interior of the plate and to change rapidly in a narrow 
strip, or “boundary layer,” near its edge. In addition, p tends to a 
negative constant in the interior of the plate; physically this means 
that the compressive stress applied at the edge of the plate (compres- 
sive stresses are assumed positive here) results in tension at the center 
due to buckling and consequent stretch of the plate. To substantiate 
these statements mathematically it is of course necessary to formulate 
and solve the limit problem for à tending to infinity. 

There are two distinct limit processes involved, the simpler to deal 
with being that concerning the limit state in the interior of the plate: 
One obtains the formulation of this problem from the original differ- 
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ential equations (7) and (8) by observing that to allow \ to tend to 
infinity for a plate of fixed radius and thickness is mathematically 
equivalent to allowing the quantity 7?=yA/R in (7) to tend to zero, 
à being held fixed. The result is the limit system: 


Gp = q?/2, 
pq = 0. 


The only solution of these equations which satisfies the regularity 
conditions at r=0 is gex0, p mconst. However, the quantity p cannot 
be set equal to the positive constant prescribed at the boundary, as 
the value of p in the interior of the plate seems certainly negative in 
the limit. The limit problem for the interior of the plate is thus not 
self-contained, since it fails to provide the value to be assigned to p 
in the limit. 

The limit solution for the interior of the plate can be completed 
only after the limit problem connected with the boundary layer phe- 
nomena has been formulated and solved. It should be pointed out 
that the occurrence of such boundary layer phenomena is not con- 
fined to the special problem under consideration here.? Phenomena of 
the same nature have been noted in various problems concerning thin 
curved shells (see, for example, [13 ]). Boundary layer problems occur - 
also in certain nonlinear vibration problems, for example in those con- ° 
cerning what are called relaxation oscillations. All such problems have 
the same general aspect: Each is a boundary value problem associ- 
ated with a system of differential equations containing a parameter A. 

-A limit solution is desired for a value of A which causes the order of 
the system of differential equations to degenerate. The consequence 
is that some of the original boundary conditions are lost, with the re- 
sult that the convergence as regards A becomes nonuniform at the 
boundary. 

Not all such problems are nonlinear. The problem of Kirchoff- 
Kelvin-Tait discussed earlier ought to be formulated as a boundary 
layer problem. The starting point would be the thick plate problem 
and the limit problem that obtained. upon allowing the thickness to 
approach zero in the differential equations. The differential equations 
would degenerate and some boundary condition would be lost at the 
edge. It should be possible to find the nature of the limit state in the 
boundary layer, at least in some special cases. 

No general theory for boundary layer problems exists, but the gen- 


3 The first and most famous boundary layer problem is the one discovered and 
treated by L. Prandtl [12] in studying the flow of a viscous fluid around an obstacle. 


(12) 


` 
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eral scheme of attack can be illustrated by means of the case of the 
buckled circular plate. The solution of the problem in this case, as in 
others, requires the introduction of a new independent variable in 
place of r which depends upon the parameter à in such a way that 
the width of the boundary layer, as measured in the new scale, does 
not shrink to zero when A tends to infinity. At the same time new de- 
pendent variables, replacing p and q and also depending upon X, are 
introduced in such a way that the transformed differential equations 
resulting from (7) and (8) do not degenerate when à tends to infinity. 
In short, it is necessary to introduce new variables which have the 
effect of making the convergence uniform. Limit boundary conditions 
must also be obtained. The result is in the case of the circular plate 
a new nonlinear boundary value problem which can be solved to 
yield limit values for all quantities, including those of most practical 
importance--the maximum stresses. The maxima of both bending 
and membrane stresses occur, by the way, in the boundary layer in the 
limit. Once limit values for all quantities in the boundary layer have 
been found, we are provided with the particular quantity needed to 
complete the solution of the interior limit problem—this is, quite 
naturally, the limit value of p at the inner edge of the boundary layer. 

It may be mentioned that the occurrence of the boundary layer 
phenomena in the case of the circular plate was first observed by solv- 
ing the original differential equations for a series of increasing values 
of A. Only afterwards were rigorous proofs of the above statements 
worked out. I should like at this point to call attention to some re- 
marks made by von Kármán in his Gibbs Lecture relative to the need 
and value, even to those whose interest is mainly a practical one, of 
existence, uniqueness, and convergence proofs in cases where it is not 
obvious that the physical phenomena have received a correct mathe- 
matical formulation. 

Proofs that the limit situation in the buckled circular plate is as 
described above can be carried out through a confrontation of the 
boundary value problem with a minimum problem of the following 
type: The absolute minimum of the functional V, (essentially the po- 
tential energy) given by 


(13) Vlg] = Dig] — XE [g] + K[g] 


is to be found, where D, H, and K are integrals, the first two quad- 
ratic in g and dq/dr, the third of fourth degree in dg/dr. The minimum 
of Vy is sought in the class of all continuous functions g with L?-in- 
tegrable derivatives for which the integrals are finite. It is shown, by 
direct methods, that the minimum of FV, is taken on fora certain such 
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function (for each A, including A= œ) and that each such function 
possesses a continuous second derivative and furnishes a solution 
(though by no means all solutions) of the boundary value problem. 
The relation between the solutions of the minimum and boundary 
value problems is indicated schematically in Figure 4 which shows the 


w 


tw 


-W 
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deflection w of the center of the plate in its dependence on X. The 
heavy curve indicates the type of solution of the minimum problem. 
(That the solution —w always occurs with -+w is readily seen.) How- 
ever, the boundary value problem has many other solutions, indi- 
cated by the dotted curves, in addition to w0, which is always a 
solution. The solutions of the boundary value problem which do not 
vanish identically and which are not solutions of the minimum prob- 
lem begin at values of à corresponding to the higher eigenvalues of 
the linearized buckling problem. 


6. Some unsolved problems. Quite a number of unsolved questions 
can be raised at once, even for the special case of the buckled circular 
plate. For example, it is possible that the solution of the minimum 
problem eventually becomes instable for a certain value of à and that 
a new bifurcation arises if the restriction of radial symmetry is given 
up so that the plate can buckle in waves relative to the original 
buckled state. Experiments on buckling of rectangular plates indicate 
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that such a “second buckling,” or buckling of higher order, may well 
occur. Also, it would be of interest to characterize as minimum prob- 
lems those solutions of the boundary value problem which begin at 
the higher eigenvalues of the linearized problem. As is well known, a 
similar question is solved in the case of linear eigenvalue problems by 
imposing orthogonality conditions, or by the formulation of a mini- 
mum-maximum problem. One could also inquire about the limit state 
in the case of the circular plate when forces perpendicular to the plane 
of the plate are applied, with various prescribed boundary conditions. 
It is known, for example, that the boundary layer effect for the mem- 
brane stress does not occur if no compressive stresses arise at the 
boundary of the plate. 

From the practical point of view it would be of high interest to 
carry the solutions through for the case of the buckled rectangular 
plate. Even the asymptotic boundary layer solution alone would be 
of value. The problems with two independent variables seem, how- 
ever, to be of great difficulty.‘ 

One could go on to give a lengthy list of unsolved problems con- 
cerning the flexure of plates, some of which have never even been 
formulated mathematically. For instance, a theory of thin plates 
analogous to the elastica theory for thin rods ought to be worked out. 
In such a theory the’ assumptions of small deflections and slopes of 
the middle surface would be given up. To complete the analogy with 
the elastica theory, it should be assumed that the middle surface is 
unstretched, that is, that it remains a developable surface. In this 
case the right-hand side of the equation corresponding to (4) would 
be zero, since the right side of (4) is essentially the Gauss curvature 
of the middle surface. One would have to pay for this simplification 
by using the exact expressions for the principal curvatures of the 
middle surface. 

There remain unsolved problems of a purely mathematical charac- 
ter among the classical linear bending problems. The solutions of auch 
problems are in general analytic functions with certain singularities, 
the character of which is known for a variety, though not all, of the 
commoner physical situations. The singularity at the corner of a 
clamped rectangular plate ought to be determined. The numerical 
solution of the previously mentioned problem of the rectangular 


4 Some years ago von Kármán, Sechler, and Donnell [7] gave what can be re- 
garded as a rough approximation to the asymptotic solution for the rectangular plate 
based on physical assumptions which correspond in a general way to what was found 
later in the boundary layer theory for the cirtular plate. 
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plate resting on rigid supports but with the corners not held down 
would be greatly facilitated if the singularity at the point of detach- 
ment of the plate from its support could be explicitly determined. The 
best tools for attacking these problems are probably to be found in 
complex function theory. 

A theory with some claim to generality for boundary layer prob- 
lems would be of high interest. Such a theory should be designed to 
answer a number of questions. In the first place, one does not know a 
priori which of the boundary conditions will be lost in a specific prob- 


, lem. This question is coupled with another: In some cases, as in that 


of the circular plate, rt is the boundary layer problem which is self- 
contained, while the interior limit problem can be solved completely 
only after the boundary layer problem has been solved. In the case 
of the Prandtl boundary layer problem the circumstances are re- 
versed; here the solution of the interior limit problem furnishes a 
quantity which is needed to complete the solution of the boundary 
layer problem. It is admittedly not easy to see how a general theory 
capable of answering such questions should be constructed; probably 
it is necessary to begin, in the time-honored way, by collecting experi- 
ence through actual solution of a variety of carefully chosen special 
problems. Some physical problems likely to be of interest in this con- 
nection have already been mentioned—the Kurchoff-Kelvin-Tait 
problem, for example. 

The purpose of the addresses on applied mathematics, of which this 
is the first, is to stimulate interest in applied mathematics not only for 
the furtherance of practical ends but also for the advancement of 
mathematics as a whale. A striking illustration of the beneficial effects 
on pure mathematics of the study of the applications is certainly pro- 
vided by the topic of this address. One realizes, then, how great the 
loss to mathematics in solidity, richness, and variety would be if ap- 
plied mathematics generally were to be neglected. 
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ARITHMETIC OF ORDINALS WITH APPLICATIONS TO 
THE THEORY OF ORDERED ABELIAN GROUPS 


PHILIP W. CARRUTH 


1. Introduction.! The operations of addition and multiplication of 
ordinals do not behave as well as one might desire. For example, the 
commutative laws are not valid, and the distributive law is valid on 
only one side. Consequently, we make definitions of a sum and prod- 
‘uct that do not have such defects. 

A binary operation, a@§8, on ordinals is termed a natural sum if 
a@6 is a well-determined ordinal for any two ordinals, œ and 8, such 
that: 

(1) af =f Ga, 

_ (2) (xD) D =a ® (£ ô), 

(3) a90 =a, 

(4) 5@a>6O68 if and only if a >$, 
where ŝis any ordinal. 

Throughout this paper, o(a, 8) will denote the natural sum defined 
by Hessenberg.? It is the unique natural sum satisfying the condition 
that wt-m-+oFf n=o(wtm, wn), where a and 8 are any two ordinals 
such that a2@§, and where m and n are any two positive integers. 
ola, 8) shall be shown to be the “smallest” natural sum, and it shall 
be shown to be the best bound for the order type of the join of two 
well-ordered subsets, of respective order types æ and £, of an ordered 
Bet. 

A binary operation, a @§, on ordinals is termed a natural product if 
a®B is a well-determined ordinal for any two ordinals, œ and £, such 
that: | 

(1) a@B=8@a, 

(2) (2@B) @b=a® (6 @S), 

(3) a@lea, 

(4) a@6>8@8 if and only if a>, 

(5) c(a@B, ~@8)=aSe(f, 3), 

(6) w*@wh =w7, 
where 6 is any ordinal, and where y= (a, 8) is a suitable ordinal. 


Presented to the Society, September 5, 1941; received by the editors June 6, 1941. 
The writer is indebted to Professor Reinhold Baer for his advice in the preparation of 
this paper, 

1The writer presupposes familiarity with the material on ordinals found in 
F. Hausdorfi’s Mengenlehre. 

1G. Hessenberg, Grendbegriffe der Mengenlekre, Abhandlungen der Fries'schen 
Schule, (n. s.), 1.4, Gottingen, 1906, no. 75. 
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It may be noted that the ordinal y above is a natural sum of æ 
and £. If we impose the condition that this ordinal be equal to o(a, 8), 
we obtain the unique natural product defined by Hausdorff.* This 
particular natural product will be denoted by x(a, 8) throughout this 
paper. We shall show that x(a, 8) is the “smallest” natural product 
and that it is the best bound for the order type of a certain rectangular 
array of ordered elements that has “a rows” and °8 columns.” An- 
other application of Hausdorff’s natural product will be given in 
determining a bound for the order type of the semi-group generated 
by a well-ordered set of positive elements in an ordered Abelian 
group.‘ 

It is known that every ordinal æ may be represented in the form, 
a=) twta,, where w>n, di, G1,°°*, Ga S0 andagar>a>::: 
>a,=0. Henceforth in this paper, when an ordinal is written in sum- 
mation form, it will be assumed that the summation satisfies the 
above requirements. 


2. Natural sums and products of ordinals. We first prove the follow- 
ing theorem. 


THEOREM 1. Let r@p be any natural sum. 

I. Let T and R be well-ordered subsets, of respectsve order types t and 
`p, of an ordered set of elements. Then the set of elements in the join of R 
and T, that ts, RT, 1s well-ordered and has order type less than or 
equal tor @p. 

Il. There exists a well-ordered subset R, of order type p, of an ordered 
set, and a well-ordered subset T, of order type r, of the same ordered set, 
such that the order type of R+T is exactly a(p, 1). 

II. o(p,7)Sr@p.., 

IV. r-+pSr@p.§ 


Proor oF I. I is true for 7=0 and for all p. Assume it to be true 
for all p and for all r leas than æ. It is true for p=0 and r mœ. Assume 
it to be true for all p less than p and r=a. We shall now prove I to 
be true for p=8 and r=a. 

It is easily verified that R+T is well-ordered for p= and r=—a. 
Suppose the order type of R+T is greater than 8 Oa. Then R+T has 
a segment Z of order type 8@a. By our induction hypothesis, it is 


` 3 F. Hausdorff, Mengenlehre, 3rd edition, p. 70. 

t For a definition of an ordered Abelian group, see S. MacLane, The uniqueness of 
the power series reprosentaiton of certain fislds with valuations, Annals of Mathematics, - 
(2), vol. 39 (1938), p. 371. 

š g(r, p) may be larger than the maximum {r+p, p+r}, for example, let r=p=w-+1. 
Then rtp p-r m w2+1, and olp, r) we +2. 
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seen that the order type of the subset of elements of T that are in Z 
must be a, since a9 >u E for a>pu. Likewise the order type of the 
subset of elements of R that are in Z must be 8. The elements of R 
that are in Z form a segment of R, and the elements of T that are inZ 
form a segment of T. Hence the set R+T is the same as the segment 
Z of R+T. This gives us a contradiction, proving I. / 

PRoor oF II. Let p=) piwna; and r=} awb, Then o(p, T) is 
equal to $ $ ,w%(a,+0,). Let R be a set of elements of order type p. 
Then R is the join of sets R, 1545, where R, has order type w*4,, 
and where each element in R,.is smaller than every element in Ry 

Let T be a set of elements of order type r. Then T is the join of sets 
T,, 1S34Sn, where T, has order type w%b,, and where each element 
in T, is smaller than every element in 7,1. 

By letting each element in T; be greater than every element in R; 
and smaller than every element in R,,1, we form a set R+-T of order 
type o(p, T). 

II is an immediate consequence of I and II, and IV is an immedi- 
ate consequence of I. 

An ordered set of elements, A = {aas}, OSa<7, OSA <p, where T 
and u are any two ordinals, is an ordered r, -block if Gap <Gay, Opa <Ora 
for 8 <y. An ordered 7, u-block A is said to be less than an ordered p, 
\-block B, that is, A < B, if each element in A is considered to be less 
than every element in B. Two ordered 7, u-blocks, A ™= {as} and 
B= {bas}, are congruent if the following two conditions are equiva- 
lent: (1) dap <@yr, (2) Dag <d,r. 


. THEOREM 2. Letr@up be any natural product. 
I. Let A = {Gag} be an ordered 7, u-block. Then A is well-ordered and 
has order type less than or equal to r@u. 
‘II. There extsis an ordered 7, u-block of order type exactly r(t, p). 
III. a(r, uw) Sr @pu. 
IV. ruS7@u.§ 


Proor oF I. Suppose that A is not well-ordered. Then there exists a 
subset B of A, Gap, > Gat > °°, Of order type w*. Since the a; are 
well-ordered, we may choose a chain C, @4,7,>@s,;,> °° °, of order 
type w*, from the set B such that 6:94 ---. Since the y, are well- 
ordered, there exists a y; say Y» such that ya 271. But then a),,,243,4,, 
which is a contradiction. 

The set A has order type less than or equal to r@pz for r=1 and 
all u. Assume this to be true for all u and for all r less than 8. It is 


t w(, r) may be larger than the maximum {rp, pr}, for example, let r=p=a+l. 
Then rp = pr mattu i, and rlo, 1) mat+o42+1. 
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true for y=1 and r=6. Assume it to be true for all u less than y and 
T= 5. We shall now prove A has order type less than or equal to ru 
for =y and r= ô. 

Let 6=w%mi+ --- twm, and y =wfm A -- +» +whn,, 

Case I. m>1orr>1. 

Let p=w m+ --- +wr(m,—1), where m,—1 20. By hypothesis, 
5>p>0and >w“. 

Let Tı be the set {aes}, where 0Sa<p and 0OS8<y. Let T, be the 
set {Gap}, where pSa<6 and 0S8<vy. Then A is the set 7; +73. By 
our induction hypotheses, the order type of 7; is less than or equal 
to p 8y. Likewise, the order type of 7; is less than or equal to w*"@y. 
Theorem 1 implies that the order type of A is less than or equal to 
alpy, w @y) =7 @a(p, we) =y Q ò. 

Because of the symmetry, A has order type less than or equal to 
TO for =y andr=4, if m>1o0rs>1. 

Case I]. m=r=m=s=1, that is, 6=0% and y=”. 

Suppose that the order type of A is greater than 6@-+y. Then A has 
a segment Z of order type 8@y. Let A =Z + FY. Let a), be the smallest 
element in F. Then 6>A and y>e. 

Let T, be the set {aas}, where 0Sa<é and OSf<e. Let Ts be the 
‘set {Gas}, where 0Sa<d and where eSS<y. Let W=TitTa. 


Goo, Go1, tt » © Goa, Heil; ° °° 
G10; G15 ** * 5 6 * yoo 


’ » ) « . o ) . . -3 . ’ .». . o 
e.» oo ognunu @# a #@® @ ®@ &« doot 


, + ) . ° . ’ è Oro ) s ? . . . 
e 
} a } . a a ) A . , . , » . a 


The set at the left of the dotted line is Tı, and that in the upper right- 
hand corner is 7}. 

W certainly contains Z. Therefore, according to our supposition, 
the order- type of W is greater than or equal to 6@¥. 

By our induction hypothesis, the order type of Tı is less than or 
equal to 6@e, and the order type of T, is less than or equal to yà. 
Theorem 1 implies that the order type of W is less than or equal to 
a(8@¢, y@d). According to (6) of the definition of a natural product, 
Qy =w", where y is some ordinal. Likewise, by (4) of this definition, 
it is seen that 5@e<w' and that yQ <w”. The definition of o(a, f) 
implies that c(6@e, YOA) <w1= Qy. This then isa contradiction 
which completes the proof of I. 

Proor oF II. Letr=wai+ --: twa, and p=whb+ -- + +wb,. 
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Then x(r, u) =$, gortea, b, =) iwc, where ca =) a,b, where > 
is over the finite number of pairs such that o (æ 8;) = Yr 

Any ordered 7, u-block, A = {gas}, may be broken up into ordered 
wia, wb-blocks, D4, j) = {Ges}, where waqit +++ 4+w* 9, 1S5¢@ 
<wtay +--+ +w, and with+ --- Hatib 1 GB ab --- 
+ wh 5. 


th, aiba TAR Peb, 
og, D, 1) DU, 2) ee D(1, 3) 
adr D(2, 1) D(2, 2) D(2, 1) 


Ea a 
= = É a k g 


Suppose that we could order our blocks D(s, 7) in such a way that 
each D(t, 7) would have.order type exactly w(w*ta,, wb ;) mele Fg by, 
By then letting D(t, j) be lesa than D(k, m) if olai By) >o(as, Bu) Or 
if o (æu, B,) =a(as, Ba) and +>, we would have an ordered r, u-block 
of order type exactly rr, u). Thus it is seen that it suffices to prove II 
for the special case that r = wa and p=w*d. 

Hence we now assume that r=w%s and that p=wb. Let 
amamfy-+- >> +w7f, and addit --- +whd,. We first assume 
that ‘=< 0. In this case a=0 and r =a. If we let a,,<a for à <9, it is 
seen that an ordered r, u-block is formed of order type uT x(u, T). 
Assume that II is true for all integers ¢ less than k and for all integers 
v. We shall now prove II to be true when ‘=k. 


w* <= we vit: . amad Sp. n Tah, 


Let 


$ m ge urt: sete, et 


Then 
wt = gale = xy, ot), 


3 
gt me g lirh Hrade, gal Hdd -Hubay 
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where 6,2 ys > 8441, OSeSv. Let 
A = weit: teade oe we Hiert e Hae 
If e=0, let A= 1, If e=v, let n=1. 
x(w%a, ob) = rho- w Mea, dnb) 
= (rh, w ma), (A, 9)) 0d 
= x(x(, A), (wes, n)) 0b 
= x(x($, d), wf” Mbn) ab 
= a(, Ajo Y mab. 


DIAGRAM 
Fa 
Ct eneee ae, 
A Ay 
De $ 
g ~ É 
Go Gi 
A a 
w” P; 


By our induction hypothesis, there exists an ordered ¢, A-block D, 
of order type r(¢, A). We may construct congruent ordered @¢, A- 
blocks Da, O0Sa<w*s, as in the Diagram, such that D,<Ds for 
a<f. 

Let Eo be the block of all the Da. Eo is an ordered w”, \-block. The 
order type of Ep is r(@, A)-w*s, We may now construct congruent 
ordered w*, A-blocks Es, OS8<7, as in the Diagram, such that 
Es <E, forf <8. 


N 
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Let Fo be the block of all the Es. Then Feis an ordered w?, An-block. 
The order type of Fo is 


x(g, A) "Wnh. y. 


Now we construct congruent ordered w*, An-blocks F, 0S+<a, such 
that F,<F;, fors <j. 

Let Gp be the block of all the F,. Then Gp is an ordered w%a, An- 
block. The order type of Go is 4(@, A)w*”™s- na. We construct con- 
gruent ordered w%a, \n-blocks G,, OS4<b, as in the Diagram, such 
that G;<Gy,, fors <j. 

Let A be the block of all the G,. A is an ordered w%a, w*b-block. The 
order type of A is l 


alo, Ajat ™ s.n- ab = x(w%a, ob) = rlr, p). 


III is an immediate consequence of I and II, and IV is an immedi- 
ate consequence of I. l 


3. Well-ordered subsets of ordered Abelian groups. We prove the 
following theorem. 


THEOREM 3. Let G be an ordered Abelian group. Let T be a well- 
ordered (according to sise) set of non-negative clemenis in G, contasning 0, 
of order type B =r +n, where r ts a limiti ordinal or 0, and n ts an integer 
greater than or equal to O. Let M be the set of ah finite sums of elements 
in T. Then: 

I. M ts well-ordered. 

II. M kas order type less than or equal to x(w*, r*).7 


PROOF OF I. 

- Case 1. There exists an integer N such that each element in M is 
the sum of N elements in T. 

Let M, be the set of sums of at most ¢ elements in T. Then M, is 
well-ordered if += 1. Assume that Mı is well-ordered. Suppose that 
Ma, is not well-ordered. Then there exists a chain of elements in M», 
Gi1>a,;> ---, of order type w*. Let a;™c,-+d;, where c, is in Mya, 
and di is in Mı=T. Then ci -tdi > atda > -++, The C, are, well- 
ordered. Likewise the d, are well-ordered. Hence this chain can not 
exist, that is, M, is well-ordered. 

Case 2. There exists no integer N such that each element in M is 
the sum of N elements in T. 
Let T be the set {te}, where ta <t for a <p. Let Da be the subgroup 
of G that is generated by ¢ and all g in G such that 0 Sg <ta. Then 


1 If 8 is an integer, then a better bound of the order type of M is rlut, 17) = aof, 


} 


~ 
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O=D,SD:;SD;S ---. We pick out the well-ordered set R of all the 
different De. R= { Ro, Rp ++ };0=Ro<Ri< +++ SG. 

Let M(a) be the set of all elements in M such that each may be 
expressed as a finite sum of elements in T, all of which are in Ra. 

M(0) consists of the single element 0 and so is well-ordered. Assume 
that M(q) is well-ordered for all æ <y. Suppose that M(y) is not well- 
ordered. Then there exists a chain in M(y), g1>a,;> ---, of order 
type w*. 

(a) Only a finite number of the a; are in M(y) but not in an M(a), 
a<y. . i 

In this case, we may throw out this finite number of a; and then we 
have a chain, c&i>c&> ---, of order type w*, where each c, is in an 
M(a), a<y. Let c& be in M(p), p<. By our induction hypothesis, 
there exists a cı, say cr, not in M(p). But then cı >c, a contradiction. 

(b) An infinite number of the a; are in M(y) but not in any M(a), 
a<y. 

In this case, we may choose a chain, 4: >@> --- , of order type w", 
where each c, is in M(y) but not in any M(a), a<vy. 

Let cc=f,tg,, where f; is in an M (æ), a <y, and g, is a sum of terms 
in T, each of which is in R, but not in an Ra, a<y. We saw in (a) 
that the f; must be well-ordered. Hence the g; must not be well- 
ordered, that is, we can choose a chain from the gi: ga, > 8a, > °° *) 
of order type w*. Each ga, is a sum of terms in T, all of which are 
in R, but not in any Ra, a<y. 

Let ? be the smallest positive element in T that is in R, but not in 
an Ra, a <y. There exists an integer n such that nt is greater than ga, 
According to Case 1, there must exist a ga, 84Y ga, that is the sum of 
more than » positive elements in T. But then ga, >> gan a contra- 
diction. 

Before we proceed, we shall prove this lemma. 


Lemma 1. Let G be an ordered Abelian group. Let T be a subset of 
non-negaitve elements in G, containing O, that is well-ordered (accord- 
ing to size) of order type B. Let Hy, be the set {9 1_,a,n,}, where the ni 
are non-nepative tniegers such that > eit SR, the a; are in T, and k 
4s any postiive snteger. Then Hy, is well-ordered and has order type less 
than or equal to a(b) = 4e1(rea(- > - (x18, B), P), +--+), B), where the 
subscripts merely denote the number of x’s. 


PROOF. H, is well-ordered, by Case 1 of Theorem 3. The order type 
of A; is 8. Assume H~ has order type less than or equal to ¢,-1(8). 
Let the elements in Hı be bo, d1,---, where ba <b; for a< ô. 


+ 
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The set R= {b,+a,}, all ba in Hya, and all elements a, in T, cer- 
tainly contains Hı. Theorem 2 implies that the order type of Hy is 
less than or equal to x(ġa-1(8), 8) = ox (8). 

We now continue with the proof of Theorem 3. 

PROOF oF IJ, Let M° be the set of all elements in M that are sums of 
elements 4,, OSy<a, in T. Note that M’ = M. Let a=r,-+n,, where 
| Ta is a limit ordinal or 0, and #, is an integer greater than or equal to 0. 

Mf has order type 1. Assume that M*, a<, has order type less 
than or equal to r(w?, rg"). 

Case 1. n;>0. 

M*-! has order type less than or equal to r(w*!, tp). M? is cer- 
tainly contained in the set {a.-+né.1}, for all elements a, in M*-}, 
and 0S"< ©, Theorem 2 implies that the order type of M?’ is less 
than or equal to m(x (w*™ t, 77), w) =r (w°, T3). 

` Case 2. n =0, that is, Tym 6. 

Suppose that M? has order type greater than r(w', 6°). Then 
M'oS+R, where S is the segment of M* of order type r(w‘, 8°). 

Let b mtam +--+ Hia Ma KaL +--+ <a,<8, be the smallest 
element in R, where the m, are positive integers. Let a,=yu-+m, where 
p is a limit ordinal or zero and m is an integer greater than or equal 
to 0. Let » be an integer such that nta, is greater than b. 

Let H, be the set of all elements > 7_,ts,8, in M', such that r <n, 
$n Sn, and each £,<8. By Lemma 1, it is seen that the order 
type of H, is less than or equal to $4(5) = we_1(ma_a( +: (471(8, 8), 8) 

e.) 8). 

Let 6=>wie+t---+w's, and d&=um+:-- +a, Then 
B<w*(1t+D) and J, (8) <w Da, 

Let x be any element in S. Then rahit e tage thre 
+--+ ++. where M< + + <A, <a, Sdn < 6+ KA À. Let fan 
+- tarn and g@h 4, rait thy. Then fis in Ma, Since x is less 
than b, it follows that g is less than b. Hence freut ++- +7.. And 
so g is in H,. Therefore the set S is contained in the set {b.+<¢,}, 
for all elements ba in H,, and for all elements c, in M~. Theorem 2 
and our induction hypothesis imply that S has order type less than or 
equal to r(r(w™, u”), oF D8) Sa (a(w!, 8), Ge"), 


(1) w(a(w?, 8), ant) = (wl, (8, 34), where 7 = on + nis an integer, 


(ë, 8) Sx((w8(e+1)¥, (wt(e+1))9. 8:>0, since å is a limit or- 
. dinal. Hence (w'e +1) =w!™, since u is a limit ordinal. (w(e,-+1))/ 
=w (e41), ` 


(2) x(8*, 39) S (ohn, white, + 1)) = artan (e + 1). 


r ~ 
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dw=wrt1, and bj" jtwr+t Ham, <w (omj); 
OTA EE EE EE E E TE 


By (2), r(&, 87) <witii m (ht) Ute) < grte < ât, 
Hence by (1), the order type of S is less than r(w!, 6). This is a con- 
tradiction since S was the segment of M® of order type x(w’, 5°). 
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A CHARACTERIZATION OF ABSOLUTE 
NEIGHBORHOOD RETRACTS 


RALPH H. FOX 


By an absolute netghborhood retract (ANR) I mean a separable 
metrizable space which is a neighborhood retract of every separable 
metrizable space which contains it and in which it is closed. This 
generalization of Borsuk’s original definition! was given by Kuratow- 
ski? for the purpose of enlarging the class of absolute neighborhood 
retracts to include certain spaces which are not compact. The space 
originally designated by Borsuk as absolute neighborhood retracts (or 
§t-sets) will now be referred to as compact absolute neighborhood re- 
tracts. Many of the properties of compact ANR-sets hold equally for ` 
the more general ANR-sets.? 

The Hilbert parallelotope Q, that is, the product of the closed unit 
interval [0, 1] with itself a countable number of times is a “universal” 
compact ANR in the sense that‘ every compact ANR is homeo- 
morphic to a neighborhood retract of Q. The classical theory of 
Borsuk makes good use of the imbedding of compact ANR-sets in Q. 
The problem solved here is that of finding a “universal”? ANR. 


Received by the editors June 28, 1941. 

1 Fundamenta Mathematicae, vol. 19 (1932), pp. 220-242. 

2 Fundamenta Mathematicae, vol. 24 (1935), p. 270, Footnote 1. 

? Ibid., pp. 272, 276, and 277, and Footnote 1, p. 279 and Footnote 3. Note that 
Theorem 12, Fundamenta Mathematicae, vol. 19 (1932), p. 229, is not true for gen- 
eral ANR-sets. In fact let A => „Sa where S, is the plane circle of radius 2 and center 
(3-2, 0); let f(x, y) = (x, |y ) for (x, y) EA and let 

A TE ge ly), for (x, y) EA — Su, 
(x,y), for (x, y) © Sa. - 
Then f,—f in A4; f can be extended to the half-plane {x>0}, but none of the maps fa 
can. A isan ANR-set. Theorem 16, Fundamenta Mathematicae, vol. 19 (1932), p. 230, 
is also false for general ANR-vets. 
1 Fundamenta Mathematicae, vol. 19 (1932), p. 223. 
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Strictly speaking, the problem as just stated has no solution; there 
is no single “universal” ANR, but rather a whole class of ANR- 
sets which together serve in the “universal” capacity. Such a class of 
ANR-sets is the collection of subsets of the Hilbert parallelotope 
‘QO [0, 1] which contains the open subset* OX (0, 1] of Qx [0, 1]. 


THEOREM 1. For a separable metrisable space X the folowing three 
conditions are equivalent: 

(1) X is an ANR-set; 

(2) There is a homeomorphism f of X into Q such that f(X) X [0] és a 
neighborhood retract of f(X) X [0]+0X(0, 1]; 

(3) F(X) X [0] ts a neighborhood retract of f(X) X [0|+0x(0, 1] for 
every homeomorphism f of X into Q. 


(1)>(3): If f is a homeomorphism of an ANR-set X into Q then 
f(X) X [0] is an ANR-set. Since Q is compact, so that 


J% x fo] ce x [o], 


it follows that f(X) X [0] is closed in f(X) x [0]+0(0, 1]. Hence 
f(X) X [0] is a neighborhood retract of f(X) x [(0]+0x (0, 1]. 

(3)}->(2): Since X is separable and metrizable a homeomorphism f 
exists by Urysohn's theorem. § l 

(2)-»>(1): Let M be a separable metrizable space containing X in 
which X is closed and let f be a homeomorphism of X into Q. By 
Tietze's theorem’ there exists a continuous function g defined on M 
with values in Q such that g(x)=f(x) for every xCX. Let M be 
metrized, with metric d, and let p(x) =min f1, a(x, X)} for every 
LEM. Let h(x) = (g(x), p(x)), so that A is a continuous function de- 
fined on M with values in f(X) xX [0] +0 (0, 1] which has the prop- 
erty A(M—~X)COX(0, 1]. Let V be a neighborhood of f(X) x [0] in 
f(X) x [0] +0>-(0, 1] and let U=A-1(V) so that U is a neighborhood 
of X in M. If r is a retraction of V onto f(X) x [0] then the mapping? 
fooorh| U, where x denotes the projection of QX [0] onto Q, is a re- 
traction of U onto X. 

Kuratowski also gave an analogous generalization of the notion of 
absolute retract.? According to the extended definition a separable 
metrizable space is an absolute retract (AR) if it is a retract of every 
containing separable metrizable space in which it is closed. 

' The symbol (0, 1] denotes the half-open interval 0<i31. 

* Alexandroff and Hopf, Topologts, p. 81. 

1 Ibid., p. 73, 


‘ If BCB’ and e is a function defined on B’ then the notation d =e! B means that d 
is the function defined on B such that d(x) =e(x) for every xEB. 
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THEOREM 1’. For a separable meirszable space X the following three 
condsitons are equsvalent: 

(1’) X isan AR; 

(2’) There is a homeomorphism f of X into Q such that f(X) x [0] 
is a retract of f(X) X [0]+0x (0, 1]; 

(3') F(X) X [0] ts a retract of f(X) X [0] +0 (0, 1] for every homeo- 
morphism f of X into Q. l 


The proof of this theorem is an obvious modification of the preced- 
ing proof. 


COROLLARY. If C denotes the open n-ceH 0<x, <1 (4=1,--+,n) and 
D denotes the closed n-ceh 0Sx, S1 (¢=1,---, n) then any set E such 
ikat CCECD isan AR. 


By condition (2’) and a retraction of QX [0, 1] onto DX [0, 1] it is 
sufficient to show that E x [0] isa retract of EX [0|+D x(0, 1]. This 
can be done by projecting from the point (1/2, ---, 1/2, —1) of Eu- 
clidean (n-++1)-space. 

It may be worth noting that conditions (2) and (2’) make possible 
‘a simpler proof of the Borsuk-Kuratowski® theorem (s): 


If W is a closed subset of a normal space Z and X 4s an AR-set 
(ANR-set) then every continuous map of W into X can be extended to Z 
(to a neighborhood of W tn Z). 


In fact conditions (2) and (2’) replace a theorem of Kuratowski!® 
which involves infinite polyhedra. 


THEOREM 2. An ANR is locally contractible. An AR is also con- 
tracisble. 


Using (2) we can suppose that our ANR-set Y is contained in 
QX [0] and that there is a retraction r of an open neighborhood V of 
Yin Y+0OX(0, 1] onto F. But V is the intersection of Y+QX(0, 1] 
with an open set V’ of QX [0, 1]. Let yC¥Y and let S. denote the 
«sphere in QX [0, 1] about the point y. Since r is continuous there 
is a 8>0 such that the intersection T, of the -sphere S, and 
Y+0X (0, 1] is contained in V’, hence in V, and r(7y) CS.. Let u, de- 
note a contraction of S; to a point pC.S;-(OX(0, 1]) which moves 
points rectilinearly, so that ,(x)GQX(0, 1] for every 0<#S1 and 


* Fundamenta Mathematicae, vol. 24 (1935), p. 275. 

18 Fundamenta Mathematicae, vol. 24 (1935), p. 266, Theorem 2. 

u But not uniformly. See the example in Footnote 3. This theorem was proved by 
Borsuk, Fundamenta Mathematicae, vol. 19 (1932), p. 237 for compact ANR-sets. 
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YEY. Sı. Then ru,| F- Si contracts Y- S, in Y- S.. The second state- 
ment is a consequence of Theorem 3’. 


THEOREM 3. A separable meirizable space X ts an ANR 4f and only 
sf for every separable meirizable space M containing X (in which X need 
not be closed!) there 4s a neighborhood U of X and a continuous funciton 
h defined on XX[0]+UX(0, 1] with values in X such thai’ 
h| X x [0, 1] is a deformation.” 


Suppose X is an ANR and M a separable metrizable space con- 
taining X. We may assume that MCQ. By (2) and (3) there is an 
open neighborhood V’ of XX {[0]+0X(0, 1] and a retraction r of 
V=V'.(X¥xX[0]+0x(0, 1]) onto Xx[0]. Let A(x)=d(xX [0], 
QX [0, 1]— V’) for every x€ M and let U=x(V’-(Qx [0])} where, 
as before, x denotes the projection of Q x [0] onto Q. Define for every 
(x, )EXX [O]+UXx(0, 1], 


h(x, i) = a(x, £, when + S A(z), 
= r(x, X(x)), when # 2 X(2). 


Since À is continuous and A(x) >0 when xE U it follows that k is con- 
tinuous. 

Conversely, let U be a neighborhood of X in M =Q and let k be a 
continuous function defined on X X [0]+ UX (0, 1] with values in X 
such that A(x, 0)=x for every x©X. Then k is a retraction of 

x [(0]+Ux (0, 1] onto XX [0]. Furthermore X x [0] +UX(0; 1] 
is a neighborhood of X X [0] in Xx [0]+0X(0, 1]. 


THEOREM 3’, A separable meirisable space X 4s an AR if and only 
sf for any separable meirszable space M containing X there is a continu- 
ous funciton h defined on XX[0|+MX(0, 1] with values in X such 
that® h| XX [0, 1] is a contraction." 

Let X be an AR and Ma separable metrizable space containing X; 
we may assume that MCQ. Let r be a retraction of xxl0]+0 
X (0, 1] onto Xx [0]. Let pEQ and let 


h(x, #) = ar(ip + (1 — Òx, 2) 


for every (x, EX X[0]+ MX (0, 1], where x is the projection of 
Qx [0] onto Q. Then k maps X X [0]+ MX (0, 1] continuously into X 
and 4| X x [0, 1] is a contraction of X. 

The converse is proved as in Theorem 3. 


12 A deformation of X is a continuous mapping k of XX[0, 1] into X such that 
k(x, 0) =x for every xE X. If A(X, 1) is a point then k is called a contractton of X. 
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If X is locally compact the deformation 4| X X [0; 1] of Theorems 3 
and 3’ can be chosen in advance of M. For then there exists" a com- 
pact set M* and a homeomorphism g of X into M* such that 
M*—g(X) is a point. (We can suppose X not compact so that 
M*542(X).) Let M*CQ. The homeomorphism g can be extended” 
to a continuous mapping g* of X into M* by defining g*(X — X) = M* 
—g(X). The mapping g* of X into Q can be extended, by Tietze’s 
theorem, to a mapping k of M into Q. In the case of Theorem 3 let h 
be the mapping of X x [0]+UX(0, 1] into X defined by 


h(x, i) = g-4r(k(x), min {4, A(x)}), 


where U=g-44(V’- (QX [0|)). In the case of Theorem 3’ let A be the 
mapping of Xx [0|+MxX(0, 1] into X defined by 


A(z, i) = grhor(tp + (1 — #)R(2), 6). 


In both cases h| XX [0, 1] is independent of M. 

If X is not locally compact it may not be possible to picka a focus 
tion h| Xx [0, 1] satisfying the conditions of Theorems 3 or 3’ for 
all M. An example is the AR-set {0<«S1; y=0} +2 {e= l/s; 
Osys1}. 

UNIVERSITY OF ILLINOIS 
OO — nnn nanan 


u Alexandroff and Hopf, Topologis, I, p. 93. 
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RESOLUTION OF BOUNDARY PROBLEMS BY THE USE 
OF A GENERALIZED CONVOLUTION 


R. C. F. BARTELS AND R. V. CHURCHILL 


1. The Laplace transformation of the convolution. The generalized 
convolution F*(t) of F(t, t^) is defined as follows: 


Ft) = Í FG t, Od. 


In case F(t, t^ = Falt) Falt’), the function F*(t) is the ordinary convolu- 
tion Fi *« Fa or Faltung,! of the two functions Fi and Fs. 
Let L{ F*(t)} denote the Laplace traneform of F* with respect to £, 


L{F*()} = Í “FDA, 


and let f(s) denote the iterated transform of F(t, t’), 


(1) f(s) = f “egy f “RU, tdi. 
It will be seen that 
(2) LIÐ} =A), 


which, in terms of the inverse Laplace transformation, implies that 
LFC) } = F*À. 


THEOREM. Let F(t, t) bean integrable functton of tand t' in every finite 
rectangle OSST, OSE ST’ and, for some real a, le en ate) | F(t, pY] 
be bounded for al t and t (t20, t’20). Then if R(s) >a, the imegral 
L{F*(t)} is absolutely convergent and satisfies the equation (2). 


Under the conditions stated, the iterated integral in (1) exists if 
R(s) >a@ and is equal to the absolutely convergent double integral 


ff monea nae 


f 
over the quadrant t20, #’20. However, the latter is equal to 


Presented to the Society, April 12, 1940, under the title An extension of Dukamel's 
theorem; received by the editors March 28, 1941... 

1G. Doetsch, Theorse und Andwendung dsr Laplace-Transformaton, Berlin, 1937, 
p. 155 ff. 
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(3) tim f 5 HDPC, Pals, P), 


where 7} is the triangle bounded by the lines ?’=0,#=0 and i+?’ = 
After the substitutions r=i-+t’, r’=#' have been made, the integral 
in (3) is transformed into the integral over the triangle bounded by 
the lines r’=0, r=r’, and r=k in the rr’-plane. Hence (3) can be 
written 


b T 
lim erar | F(r — +’, Ddr, 
k-ra Vo oo 
which is Z { F*(t) }. Therefore the equality in ? holds. 

The convergence of the integral L{ {| Ole that is, the absolute 


convergence of the Laplace integral in (2), follows immediately from 
the absolute convergence of the limit in (3). 


£ 


2. The Duhamel integral formula. Let A and à denote the differ- 
ential operators defined as follows: 


3 ð j ð 
AU} m CU + 2C. Z (z. 5, 


ALU} 





Ory 


where the coefficients of U and its derivatives are functions of x1, xs, 
and xs only. Then, if P denotes an arbitrary interior point (x1, xa, %3) 
of a region R, and Q any point on the boundary S of R, a general 
boundary value problem for the temperature U(P, #) in the region R 
can be written 


Zug, d =A U} HEFP, ù, i> 0, 
i 00, )} =G, d), = i> 0, 
U(P, 0) = H(P), 


where F, G, and H are prescribed functions. In the second of these 
equations it is understood that A{ U(Q, #)} represents the limit of 
A { UCP, t)} as P approaches the point Q on Sin a prescribed manner. 
Similarly, in the last equation U(P, 0) is written for U(P, +0). 
Applying the Laplace transformation with respect to # to the first 
two equations in problem (A) gives, in view of the last condition, 
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su(P,s) — H(P) = Afu(P, s)} + f(P, s), ° 
Afal, s)} = gQ, $), 


where y, f, and g are the transforms of U, F, and G, respectively. 

Let the temperature function V(P, i, #’), depending on the fixed 
parameter l’, be the solution of problem (A) when the source function 
F and the surface-temperature function G have at each point of R 
and S, respectively, the constant values F(P, r) and G(Q, #’). Then 


(A’) 


“yp, i) = A{V(P, 4, 2)} + F(P, Y), 


B 
= {VO, 4} = GQ, t), 


V(P, 0, ¥) = H(P). 


Also let o(P, s, t’) represent the Laplace transformation of V(P, A 
with respect to #, and 8(P, s) the iterated transform of V(P, £t, £) with 
respect to? and i". Then applying the transformation with respect to }, 
it follows from (B) that 


so(P, s, Y) — H(P) = Afo(P,s, ”)} + t RP, t), 
S 


1 ; 
A{o(Q, s, #)} = — GQ, #), 


and consequently, on applying the transformation with respect to t’ 
to these equations, that 
1 ty 
s8(P, s) — —'H(P) = A{a(P, s)} + —f(P, 5). 
$ S 
(B’) ; 
f A{0Q, s)} = EQ, s). 
Upon multiplying each member of the equations in (B^) by s, it is 
at once evident that the problems (A'^) and (B’) are equivalent and 


that the function s8(P, s) is a solution of (A’). Thus, genuan that 
the solution of (A’) is unique, it follows that 


(4) u(P,s) = (P, $). 
According to equation (2), 


BLP, s) = L{V*(P, D} = 14 f ves- T, Ddr}. 


J 


1949] , BOUNDARY PROBLEMS . 279 


Moreover, since V*(P,0)=0, - 


ZEA (P, s) 
— > = (P, s). 
OF e 


Hence it follows from equation (4), on performing the inverse trans- 
formation, that 


ð t 
(5) UP, ) = — f a A E T 
0 


The solutson of the problem (A) with variable source and surface condi- 
lions 4s therefore gsven by formula (5) sn terms of the solution of the 
problem (B) with constant source and surface condsitons. 

Sufficient conditions can, of course, be given in order to justify ali 
of the steps in the formal derivation of (5). However, more relaxed 
conditions can be obtained in particular cases by verifying directly 
that the function given by (5) is a solution of problem (A). When the 
latter procedure is applied to the above general case, it is seen that the 
foregoing result in italics is true, provided that V, 0V/dx, 0*V/dxi, 
and their derivatives with respect to ¢ are continuous functions of 
P,t, and #’ interior to R when ¢20 and #’£0, and that the function 
(0/dt) JA Í V(P, t—r, 7) } dr is continuous with respect to P at the 
points Q when #>0. 

The relation (5) is known in the theory of heat conduction as 
Duhamel’s integral formula.? It has been shown above that this for- 
mula applies to a very general temperature problem. It is clear that 
the procedure can be applied in case of discontinuous media, and to 
other boundary value problems as well. It is, of course, applicable to 
problems with partial differential equations of higher order than the 
second. 


3. Resolution of temperature problems. It will now be shown that 
the general problem (A) can be further resolved into still simpler 
problems which are of two basic types. It should first be observed 
that the solution of problem (B) can be written 


(6) V(P, t, C) = VP, #1) + Va(P, t, t) + WP, 4), 
where Vi, Vs, and W are solutions of the problems: 
(a) ALVAP, FY} =0, Vi, P} = GQ, #); 


2 J. M. C. Duhamel, Mémotr sur la mi&thods ginérale relatives au mowvemeni de le 
chaleur dans leas corps solides piongers dans des mileux doni la température varis avec 
le temps, Journal de |’ Ecole Polytechnique, vol. 14 (1830), pp. 20-77; also see H. S. 
Carslaw, Conduction of Heat, 1921, pp. 16-19, 
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, 
M 5 VP h P) = AVP, 4, P), 


O ARVOR} = 0, VKP, 0, P) = H(P) — VAP, 2); 
and 
Z WP, 4) = AWP, hA} PEPE), 


AIWO, iH} =0, W(P,0, f) = 0. 


In terms of the transform w(P, s, t’) of W(P, t, t’), the last of the 
foregoing problems becomes 


sw(P,s,f) — =(P, v) = Alw(P, s, ry}, dj w(Q, S, ¥)} = 0. 


On multiplying each member of these two equations by s, it is im- 
mediately evident that the function sw(P, s, t’) is a solution of the 
transform of the following problem: 


ð 
— y Ft, = A| Va(P, t, ’ 
(©) 5, ValP bP) = AÈ VAP, i, 0) 
J MVIG4#)} =0, VilP, 0, t) = FCP, #+). 
Therefore, if (P, $, t’) denotes the transform of V3(P, t, t^), then 
w=n;/s and, consequently, 


(7) WP. Y= J VAP, r, dr. 


According to equations (5), (6), and (7), the solution of problem 
(A) is given in terms of the solutions Vi, Va, and V3 of the problems 
(a), (b), and (c), respectively, as follows: 


ð t 
U(P, } = a | vr, r) + V3(P,t— 17, r) 


PE l 
+ Í Va(P, f, nar | dr, 
0 


which can be written 


apt 
U(P,#) = Vil) +— f FalP, i — 7, r)dr 
(8) i 
+f Va(P, t — 7, r)dr. 
0 
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Problems (b) and (c) are variable state problems of the same type ih 
which the initial condition alone is nonhomogeneous. On the other 
hand, (a) is a steady state problem. The general temperature problem 
(A) ts thus resolved by formula (8) into the solution of problems of too 
bastc types, one of steady state, the other, of variable state. 


4. Resolution of vibration problems. A general form of the problem 
of displacements in elastic media with variable boundary conditions, 
including forced vibrations of membranes, shafts, and strings, can be 
written 

2 


ð ĝ 

sp PUP.) +b- OP, ) = AÍ E(P, )} +F(2, 8, 
(C) »{Q, )} = GO, 9, 

@(P, 0) = A(P), Zap, 0) = I(P). 


As before, P denotes a point in a region R, and Q a point on the bound- 
ary of R; F, G, H, J, and b are prescribed functions, b being a function 
of P alone. The resolution of this problem can, as in the case of the 
foregoing temperature problem, be easily obtained by formal applica- 
tion of the Laplace transformation. The problem corresponding to (C) 
in @(P, $), the transform of ®(P, t), is 


(s* + bs)@(P, s) — (s + B)H(P) — I(P) = Af a(P, )} + HP, $), 
19(0, s)} = gQ, $). 


Let the function O(P, t, t’), depending upon the fixed parameter ?’, 
be the solution of problem (C) when F and G have at each point the 
. constant values F(P, t) and G(Q, t^), respectively, that is, 


(C’) 


Z a. i, P) + tZ OCP t,¥) = A{O(P, t, ¢)} HEC, t) 
(D) (00,4, )} =GQ@, 4, 
Ə(P, 0, #) = H(P), | = eP, 0, #) = I(P). 
If (P, s) is the iterated transform of @(P, t, t^), it follows from (D) 


that sO satisfies the equations (C’). Therefore, ¢(P, s) =s6(P, s) and, 
according to (2), we have the formula 


aft 
(9) (P, ġġ = Lf @(P, t — r, r)dr. 
Ot o 
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Repeating the procedure of the preceding section, it is seen that 
t 
Ə(P, 1, #) = @:(P, P) + BaP, 4) + | BP, 7, Har, 
0 


where @,, Qs, and @, are the solutions of the following problems, re- 
` spectively, 


(d) A{@i(P, #)} =0, 4 @.(0, 4)} = GO, 4); 
"xP P) -+b O(P = A{@,(P, 1, t} 

at a(P, k t) aL (P, é ¥) = a(P, tf )}, 

(e) {@:(0, 4,#)} =0, @(P, 0, #) = A(P) — @X(P, £), 


ð 
z On? 0, #) = I(P); 


I BPE) 56 P,t AOP, i r)? 
on BK A, T aL a( ’ t) = Btn Py ’ 
(f) A(O, r} =0, @3(P, 0, #) = 0, 


ĝ 
z DP, 0, P) = F(P, f). 
Therefore, in view of (9), 


a! : 
&(P, t) = @1(P, ġġ + Lf @3(P, t — +, r)dr 
Gi o 
(10) - 4 . 
+ [ OP, t- n dr, 
$ 


Thus the solution of the general problem (C) is resolved into the soluiton 
of the two basic types (d), and (e). Problem (f) is a special case of (e). 
The latter can, of course, be still further resolved into two simpler 
problems, one being of the same form as (f) with the second initial 
condition nonhomogeneous, and the other having the nonhomogene- 
ity occurring in the first initial condition. 


Tes Unrversrry or MICHIGAN 


ROOTS OF CERTAIN CLASSES OF POLYNOMIALS 
LOUIS WEISNER 


It is well known! that if the roots of the polynomials ¢(s) and F(s) 
are real, so are the roots of the polynomial ¢(D)F(s), where D=d/ds. 
This result has been applied to certain types of entire functions and 
trigonometric integrals.? The (OROWINE example illustrates the method 
employed. If 


(1) fle) = ics! 


is a polynomial whose roots `, - - - , A, lie on the unit circle, then the 
roots of the polynomials 


F) = aT] [(1 + s/p)” — ra(1 — 5/p)?], p=1,2,-:-, 


lie on the axis of pure imaginaries. Therefore, if the roots of the poly- 
nomial (s) lie on the axis of pure imaginaries, so do the roots of the 
polynomials? ¢(D)F,(s), p=1, 2,---. Now the sequence of polyno- 
mials { F,(s)} converges uniformly in every finite region to the func- 
tion i 


F(s) = e™ f(e) = 3 Cpe hms, 
and the sequence { o(D)F,(s)} converges likewise to 
#(D)F(2) = E cxp(2k — nerve, 


The roots of ¢(D)F(s) therefore lie on the axis of pure imaginaries. 
Removing the innocuous factor e~**, and replacing e** by z, the fol- 
lowing theorem results: If the roots of f(s) le on the unt circle, and the 
roots of (sy lse on the axts of pure imaginartes, ther the roots of the 
polynomial P 


‘ Presented to the Society, September 5, 1941; received by the editors June 6, 1941. - 
1 Ch. Hermite, Nouvelles Annales de Mathématiques, vol. 5 (1866), p. 479; Pólya 
and Sregd, Aufpaben und Lekrsdise aus der Analysis Il, p. 47, Problem 62. 
= 1See G. Pélya, Uber trigonometrischs Integrals mit nur roshen Nullstellen, Journal 
ftir die reine und angewandte Mathematik, vol. 158 (1927), pp. 6-18. 
3 Replacing s by ts it follows from the above theorem of Hermite that if the roots 
of (s) and F(s) lie on the axis of pure imaginaries, so do the roots of #(D) F(s). 
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(2) g(s) = 2, cp(2k — n)a’ 
=D 

lie on the unt circle. 
_ This theorem provides us with a large class of polynomials whose 
coefficients are explicitly given and whose roots lie on the unit circle. 
As the theorem itself concerns polynomials, while the proof is trans- 
cendental, an elementary proof is desirable. An elementary proof, 
with extensions, follows. 

From the polynomials f(s) and ¢(s), where f(s) has the explicit form 
(1), construct the polynomial g(s) defined by (2). Setting 


¥(s) = o(23 — n), 


we have 
(2) = Sl cvs". 
deni} 
If a1, © + ,a@_ are the roots of (z), so that 
| poea esai, a ¥ 0, 
then ) | 
(3) os oll (aD — as)-fls) = Wad) f(s). 


Now suppose that the roots of ¢(s) lie on the axis of pure imagi- 
naries and the roots of f(s) in the ring mS lz] Sry, where OSriSra. 
From the relation between ¢(s) and (s) it is evident that the roots 
of ¥(s) lie on the line Rs=n/2. Let a be a root of (2) and ¢ a root of 
the equation l 


(4) s Gee So. 


If ¢ is also a root of f’(s), ¢ is a multiple root of f(s) and hence lies in 
the ring 71S |s| Sra. In the contrary case the centroid of f(s) relative 
to fis different from ¢. This centroid ist f{;=(—afQ)/f'() =(1-n/aye, 
by (4). From Ra = 2/2, weinfer that | 1 —n/a| me Í li th VE = rel 
If ¢ is outside the ring 71S |s| Srs, the circle with center at the origin 
which pases through ¢ and {1 fails to separate the roots of f(s), in 
violation of a theorem of Laguerre.§ Therefore all the roots of (4) 


‘ E. Laguerre, Oeweres, vol. 1, p. 56. 
+ Laguerre, loc. cit., p. 57, p. 134; Pébya and Sreg&, loc. cit., p. 57, Problem 106. 
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lie in the ring riS |z] S71. Applying this result repeatedly it follows 
from (3) that the roots of g{s) lie in the ring. ~ 


THEOREM 1. If the roots of (s) lie on the axis of pure smaginartes, l 
and the roots of f(s) in the ring riS |a| Sry, then the roots of g(2) le in. 
this ring., 


. COROLLARY 1. If the roots of p(s) lee on the axis of pure imaginaries, 
and the roots of f(s) on the circle |z] =f, then the roots of g(z) lse on thes 
circle. 


COROLLARY 2. If the roots of (z) he on the axis of pure smagsnartes, 
the roots of the polynomial 


2, (2k — n)s’ 
dome f} 


lje on the unt circle. ; 


To prove the first corollary, take rı =r, =r. To prove the second, 
take f(s)=1+s+ +--+ +s". 

We suppose now that the roots of f(s) lie in the circular region 
|z| Sr, and that the roots of $(s) lie in the half-plane RsS0. We 
reéxamine (4), retaining our previous notation. If a=0, the roots of 
(4) lie in the region | ae. by the Gauss-Lucas theorem; hence we 
need only consider the case a0. We may also suppose that ¢ is not - 
a root of f’(s). 

We now have RaSn/2; hence |1—#/a| 21, and ltl 2|f¢|. If 
Ir] >r, then Izal >r, and a circle may be drawn through ¢ and ¢1 
which fails to separate the roots of f(s). As this result’ contradicts 
Laguerre’s theorem, the region |s| <r includes all the roots of (4) 
and consequently all the roots of g(s). 


THEOREM 2. If the roots of o(s) lie in the half-plane Rs <0, and the 
roots of f(s) ise in the circular regson | 3| Sr, then the roots of g(s) le 
in this circular regton. 

Theorem 2 may be extended to the case in which ¢(s) is the limit 
of a sequence of polynomials whose roots lie in the half-plane Rs 30 
and which converges uniformly in every finite, region.* Likewise 
. Theorem 1 and its corollaries are valid if (s) is the limit of a se- 


* Entire functions which are limits of such sequences of polynomials are coiir 
terized by Eduard Benz, Uber lineare, verschiebungsireus Funktionaloperationen sad 
die Nullstallen von gansen Funkhonon, Commentarii Mathematici Helvetici, vol. 7 
(1935), p. 246. 
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quence of polynomials whose roots lie on the axis of pure imaginaries 
‘and which converges uniformly in every finite region. 


HUNTER COLLEGE 


GENERALIZED LAPLACE INTEGRALS 
R. P. BOAS, JR. 


We consider the linear space O(c) whose elements are functions f(s) 
[s==x+4y] which are analytic for x >c and satisfy 


(1) JT IAE i) hay sw, T 
where the finite number M depends on the function in question. It 
is well known that an element f(s) of O(c) has boundary values 
f(c++#y) almost everywhere on z =c, and that (c) is a Hilbert space 
if the norm of f(s) is defined by 


l =f | He + iy) bay, 


Furthermore, it is known [5, p. 8] that if f(s)C O(c), then f(s) is 
representable as a Laplace integral for x >c, in the sense that there 
ig a unique function! (t) with et) EK L4(0, Œœ) such that 


(2) lim 


T+ w 








T 

fs) — f soal = 0; 

we shall express (2) by writing | 

(3) f(s) = f enwi, >G 


It is easily verified that the integral in (3) converges in the ordinary 
sense for x>c. A Laplace integral may be regarded as a generalized 
power series; the object of this note is to generalize the integral repre- 
sentation (3) by replacing e*t by a kernel g(s, #) which is in some sense 
“nearly” e~t, just as-power series >a," have been generalized? by 
replacing the functions 2" by functions g,(s). 


Presented to the Society, September 5, 1941; received by the editors May 24, 1941. 
1 Unique, that is, up to sets of measure zero. 
‘For a bibliography of this problem, see [1]. 


‘ } 
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We suppose that g(s, t) is, for each fixed tin 0<i< œ, an analytic 
function of sin x >c; and that for each fixed sin x >c, g(s, 4) &—L4(0, R) 
for every R>0. 


THEOREM 1. If for each postistve T 


O eG) E LAO, T) implies | gls, NOS E GLO; 


fioc 


for all S>R>0O and al functtons alt) ELR, S), then there exists for 
each f(s) EO(e) a untque Y(t) with e~ (t) CL*(0, œ) such that 


and tf there is a number A, O <A <1, such thai 


(5) 











8 | 
a(t) let — g(s, || Sd 
R 





(6) f(s) = fale, Dvds, oT 


where the integral is a mean-square hmi for x&c, and also converges in 
the ordinary sense for x>c. 


In Theorems 2, 3 and 5 we shall replace the conditions of Theorem 1 
by more convenient conditions; in Theorem 6 the theory will be ap- 
plied to the generalized Laplace integrals recently discussed by Meijer 
[4] and Greenwood [7], namely ° 


fla) = (—)" f roroa 


- where K,(s) is the usual notation for a Bessel function of imaginary 
argument [6, p. 78], and —}<R(v) <4 (if r = +4, we have (3) again). 
Theorem 1 is easily proved by the method of successive approxi- 
mations used for a similar purpose by Paley and Wiener [5, p. 100]. 
Let f(s) GO(c). Then there is a function #(t) with e444) CL(0, œ) 
such that 


je) = f "og (ids, ga: 


here, and throughout the proof, integrals over (0, ©) are taken as 
mean-square limits, as in (2). Then the integral 


[ets 90a 1 O 
6 r 
exists; for, by (5), 


we 
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f so ae lad| sal] f eoero 


i ” Rand S— œ, i 
We now define inductively sequences {¢,(¢)} and {f,(s)} by set- 
ting do(t) = (4); 











ji) = f dO let = gle, Dla = f Oed: 


and generally 


fals) = Í a (Derdi, 


Jas) = J “ball [et — g(s, £) |d. 














Thus 
fla) = fnd = | E ADe Oat 
and by (5) 
(7) fma] S al f bldeat| = Nj, 
See salji) > 0, n= w, 
Consequently 
(8) | f(s) — i È balhet a| > 0, Ao o. 
Now 
|S oeral] = a sal, 
and hence 
if > palt) etdi | s S aui r| —+ 0, m, n—> o. 
Therefore, since (c) is complete, there exists F(s)€ O(c) such that 
(9) | F(s) — i È eaten | — 0, %—> o, 
and 


F(s) = J ON eW EO, œ). 
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(10) Al) =) - 3 s(t) 


we then have 


| fats. ovate 





e" >o; 





then by (5) 











S aroa] — 0. 
0 
By (10) and (8) we thus have 
= g ! dt, 
f(s) f Has, # 


and the existence of the representation (6) is established. That (6) 
converges in the ordinary sense for x >c follows easily from the fact 
that functions of O(c) are represented by their Cauchy integrals [2, p 
338]. 

To show that the representation is unique, we have only to show 
that 


(11) foe idi m 0, Te 


implies w(#) = 0 almost everywhere. Now if (11) is true, for every posi- 
tive T we have, by n 


f o(Hedi “wl let — g(s, Ja 


0 











s/f 











J BOE nas| 





SA 





T 
w(t) "di 
0 








J Oe: pall 


The limit of the last term on the right is zero, and since \<1 it fol- 
lows that 


f wH di = 0, >c 
0 
Since the Laplace representation (3) is unique, w(t) =0 almost every- 
where. 

THEOREM 2. Ifforx>c 
(12) g(s, D = 1 + hs, A 
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with 
ht ' = Tew, d ’ ’ 
(z, #) f 6 **w(t, a) dss a> 
| w(t, #) | S w(u), 
k — EE ; : 
(1) J erro(u)du — 
and 
(13) i klo) <1, 


then the function g(z, t) has properties (4) and (5), and consequently the 
` representation (6) is possible and unique. 


If a(t ELR, S), we set a* (t) =a(t) in (R, S) and a*(¢) =0 outside 
(R, S), and use the Parseval theorem for Laplace transforms; with 
g=ac-++ty, . 


f [soi t) 
= f |S orou f erot u)du las ' 
2 f. J “ee J “at Dalt v — Adi fay 


= > f len f Dato- pasl a 
sx flew fowl oe ~ oa 
-Fpp wolof 
-Iferan 
-f 
s [ko] f J "em | 0% | dt dy 


= [ko] im fo evetoas ray 


g 
dy 











2 
do 








2 
dy 








h(s) fon a*(#) | aay 
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Since A(c) <1, this gives us (5). But it also implies 


on E Oa, aad 
uiro [| [soe val ye 


pene ail 
== z LEAOJ Ji | (8) |*e “ab , 
and hence (4). 
For example, (13) is satisfied, with c=1, if A(s, t) =s/(s?+2#*) or 
1/(z+#). 
THEOREM 3. If h(s, t) is defined by (12) and satisfies 


(14) | A(s, D| S| A) (IQ), >G 


with ||k(s)|| STLE | di)? m pu < (2x), then g(s, t) has properties (4) 
and (5) and the representaiton (6) ts possible. 


In fact, we have 


J g alETAS, pasl < | A(s) | form | a(s) | a 
| f aone, na| | 
| f omewas}, 


This verifies (5); and (4) follows because 


[J ee val =| 
| fioa] 
J "aled 


< (2r) ty 








J "sel + A(s, plad 








J "aeh, pad 








S [1+ (2r)"4u] 
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THEOREM 4. If g(s, £) =g*(s, t) for tès >0; if the representation (6) 
is possible and unique for x >c*, with g(s, t), for-every f(s) of O(c*); and 
possible and unique for x>c, with g*(s, t), for every f(s) of S(c) (where 
c<c*), then the representation ts also possible and unique for x>c, with 
g(t, 2), for every f(z) of O(c). 


“We have 
| (15) f(s) = fas y(t) ds, ee rage 


" Define 


PE =g- fete, wu f e woas f e Oa 


The last integral defines F(s) for x>c; and since the Fepreseutslion 
of F(z) in terms of g*(s, }) is unique for x >c, the integral 


as, oyna 


must represent F(z) for x >c; hence (15) represents f(s) for x >c also. 


THEOREM 5. Theorem 3 remains true if (14) is satisfied with 
k(s)ED(c) and I¢@)EL*(0, œ). 


If k(s) © (c) we have 
(16) im f | aa + iy) [tay = 0; 
for, if x >c, 


kati) m= f emeldin, 9) E LO, o); 
and sọ | 
fJ h(x + ty) |3dy = = foe p(t) |d 0, z>. 
Choose s so large that 
re) 1/2 
(17) maine) | ( f KO pa) = p < (2r), 


Then define A*(s, t) =k(z, t) for t>s, A*(s, t)=0 for 0O&StSs; and 


1942] '  LAPLACE INTEGRALS J ` 293 


g*(z, t) = eI +A" (s, o]. The. function g*(s, i ataie the condi- 
tions of Theorem 3, with /(¢) replaced by the function /*(t) equal to 
I(t) in (s,/ ©) and to zero in n (0, $). On the other hand, if b is so large | 


that 
\ f k(b + ilash d J | Hp ra < Ġa 


(such a b exists because of (16)), the function g(z, #) satisfies the cone 
ditions of Theorem 3 with c replaced by b. Thus the representation (6) — 
is possible and unique with g(s, t) for x >b, and with g*(z, D fors>c 
Theorem 5 now follows from Theorem 4. 

Let K,(s) have its usual meaning in the theory of Bessel functions 
16, p. 78]. 


THEOREM 6.2 If —$<QR(v) <4, then for every Je) ES (0) there is a 
unique PH ELO, Œ) such that 


(18) f(s) = (=)" f K(i, x > 0, 


where the tntegral is a mean-square lima, as tn (2), for x20, and con- | 
verges in the ordinary sense for x >0. 


We shall show that the function (2st/x)/?K,(st) satisfies the hy- 
potheses of Theorem 5, with c=0. The following inequalities for K,(s) 
are valid for R(s) >0 [6, p. 219; 3, p. 658]. 








(19) (22/x)eK,(s) = Ro(s), 
(20) (25/n)'%eK,() = 1 + Ri(s)/(28), 
where 
bo eae E 
cos R(Pr) 
If now A(z, ¢) is defined by 
(2st/w) R, (st) = [1 + kis, Ò], 
from (20) and (19) we have, with A (v) depending only on », 
LOES | A(z, 2) | S Aly), x>0,0<t< ow, 


3 A clovely related theorem is given by Meijer [4, p. 603]. Meijer also obtains an 
inversion formula for (18). 
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Hence, with seme Biv), 

B(y) 
lits|/+. 
_ and the conditions of Theorem 5 are satisfied. 
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Duks UNIVERSITY 


CLASSES OF MAXIMUM NUMBERS ASSOCIATED WITH 
TWO SYMMETRIC EQUATIONS 


H. A. SIMMONS 


1. Introduction. Let >>, ,(1/x) stand for the elementary symmetric 
function of the sth order of the ¢ reciprocals (1/x,) (p=1, 2, ---,#>0) 
with 

2, (1/x) m0 when i<j orj <0, 
42 


= Í when j= 0 


(>>, (x) having a similar meaning for the x, themselves). 

Here we extend the work of papers I,! II,? III? by obtaining relative 
to equations (1) and (1.1) below results analogous to those in J, II, 
IT] 


a) © (1/2) + Sakoneta 


ETa ania 


a = (c + 1)b — 1, x(x) = x123-++ Ta 


(4) Dd, (1/2) + È (0/2) + SS (1/2) = b/s; 


a ,a—3 n,a- i A,n 


in (1), b, c, and m are arbitrary positive integers, #>1, and the a, 
are any non-negative real numbers; in`(1.1), a and b are as in (1), 
n>2,\ is a non-negative integer, and u is a positive integer. 

We have not seen previous mention of (1); the case of (1.1) in 
which u =0 was treated in II and that in which A=pu =1 was treated 
in III. Our procedure for (1) does not suffice for the equation that is 
obtained by adding to the left member of (1.1) the terms 


S 


2 a[r(a) ~. 
, pun % 
The following definitions and notation from I will be frequently 


Presented to the Society, September 5, 1941; received by the editors June 27, 1941. 

1H. A. Simmons, Transactions of this Society, vol. 34 (1932), pp. 876-907. 

2? Norma Stelford and H. A. Simmons, this Bulletin, vol. 40 (1934), pp. 884-894. 

7H. A. Simmons and W. E. Block, Duke Mathematical Journal, vol. 2 (1936), 
pp. 317-340. i 

4 In so far as we know, the form of the right member of equation (1) was first used 
by Tanzo Takenouchi in the Proceedings of the Physico-mathematical Society of 
Japan, (3), vol. 3 (1921), pp. 78-92. 
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used here: x1...», 1S Sn, stands for the set (x1, 3,°--, Xp); 


P(x)m P(x1, %3,°-°-, 2.) stands for a polynomial, not a constant, 
which is symmetric in the x, (¢=1, 2,---, =) and has at least one 


positive, and no negative, coefficient; the Kellogg solutton of equation 
(e), where e stands for (1) or (1.1), is the solution that is obtained by 
minimizing the variables x1, xs, - - - , X.—1 in this order, one at a time, 
in (e) among positive integers; an E-solutton of (e) is any solution of 
it in which SxS --- Sx, while x1, 12,---, Xa are positive in- 
tegers. When any further definition or notation from I, II, or III is 
used here, a suitable reference to the appropriate article will be given. 

We can now state accurately our purpose here. It is to prove that 
the Kellogg solution w of equation (e) has the following two proper- 
ties, which were called remarkable properties in III: (i) It contains the 
largest number that exists in any E-solution of (e) and no other 
E-solution of (e) contains this number. (it) If X, with Xw, is an 
F-solution of (e), then P(X) <P(w). 

The discussion from §2 to the end of this paper is divided into two 
parts as follows: Part 1 treats (1), §§2 to 6 (inclusive); Part 2, (1.1), 
$§7 to 12. 

This paper involves innovations of notation and procedure of I, I], 
II. The terms set o and set r, which were important in I, IJ, ITI, are 
not used here; they are not needed because of our use of a new term 
that is very convenient for present purposes, namely s-set (cf. §4). 
This change is accompanied by new procedure for both (1) and (1.1): 
in Part 1, we use a new lemma, namely Lemma 4.1; in Part 2, we in- 
troduce an upper bound R(X) (cf. §8) for the maximum number that 
we seek to identify and we show that R(X) is uniquely maximized, 
with respect to values that R(x) can assume on E-solutions X of (1.1), 
by the Kellogg solutian of (1.1). In so far as we know, our reasoning 
about R(X) in §11 affords the first strong resemblance of our proce- 
dure (for identifying maximum numbers) to that which Curtiss® used 
in solving Kellogg’s problem.§® 


Part 1. THE REMARKABLE PROPERTIES OF THE KELLOGG 
SOLUTION OF (1) 
2. The Kellogg solution of (1). This solution is «=w where [I, (23) | 


(2) w=1 (p=1,2,:--,8-2, tmear=ctl, 
t D. R. Curtiss, American Mathematical Monthly, vol. 29 (1922), pp. 380-387, 


and note, in particular, his upper bound (10), p. 384. 
tO. D. Kellogg, ibid., vol. 28 (1921), pp. 300-303. 
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with w, defined to be the unique positive solution x, of the equation 
that is obtained by substituting in (1) for each x, (p=1, 2, --+,n—1) 
its value w, from (2). 

If #=2, only the last equation in (2) is to be retained. 


3. Our transformation. In considering an E-solution X w of (1), 
we classify and transform elements as we did in §§15, 17 of I. Thus 
we define our transformation of X (X1...) into anew set X’ by (t1) 
or (é) [I, (33) and (52) ]: 


(h): X= X ($ = pag p S n), Xa = we, O(1/X) = 00/2); > 
(h): x = X,(p + qu P A n), X= vo Q(1/X') m Q(1/X); 


according as (tı) requires Xj, to be not greater than w,, or greater 
than w,,, respectively, where Q(1/X) is the case x= X of the left 
member of (1); if (#:) defines X|, to be equal to w,,¢, (t1) and (#s) are 
the same transformation. 

If X’>4w, our transformation from X’ to X” is obtained from (3) 
by replacing in (3) X, X’, q by X’, X", q’, respectively, where 
Xg (Xr) is of class A’(B’), and the new transformation is regarded 
as a transformation (3). Thus we avoid giving here an analogue of 
(52) of I. l l 

Replacement of (1) by (1.1) in this section gives our transformation 
for §§11, 12; it will be called (3a). 


4. Important lemmas; s-set. In the sequel, we use Lemma 4 and 
Lemma 4.1 below. Lemma 4.1 depends on Lemma 4, which is essen- 
tially Lemma 1a of I. 


LEMMA 4. Let Q(1/x) stand for a symmetric polynomial tn the n re- 
ctprocals (1/x,) (p=1, 2,- -, n>1) which ts not a mere constant and 
contains at least oné postive, and no negative, coeficient; with 4 and j 
equal to distinct postive integers each less than or equal to n, let xi; £j 
a, B be postive numbers with a<xiSx,; and suppose that the expression 
that ts obtained by replacing in O(1/x) the numbers x, x; by (x,.—a), 
(x; +8), respectively, equals Q(1/x), then 


(4) ma, S (u — a(z, +8), m+2,<(u—a) +(2;+8), 


where h is a positiive integer. Furthermore, the equality sign holds in (4) 
if, and only if, O(1/x) is a polynomial in [x(x) ]-. 

In the proof of Lemma 4.1 and in §§6, 12, we use the following 
definition. 


298 EL A. SIMMONS | . [April 


DEFINITION OF s-set. If in a set X@ xw every element of class B® 
[I, p. 898] ts at least as large as every element of class A“), we cah X 
an s-set (relative to w), s meaning satisfactory in the sense that X“@ can 
be transformed inio w by one or more transformations of type (3) every 
one of which accords with (4). 


LEMMA 4.1. Let k bean integer greater than or equatiol;leWmW,...+ 
(v>1) be the Kellogg solution of the equation (xx : - £,) =k; and 


let Xæ X... bea set of.v postive integers with XS XS -> SX, 
satisfying the relation 

(4.1) (x14 - = te) S kt, 

then | 

(4.2) 2 (1/X) s Do (1/W), 1Ss<3, 


with < holding in (4.2) except when X = W. 
Proor. We first consider the case where 
(4.3) AyAg''+ Ay = k. 


Then X1..., is an s-set (relative to W). Therefore P(X)SP(W), 
[I, Lemma 3], the equality sign holding in this relation if, and only if, 
X =W or P(X) is a polynomial in the product of all of the v variables 


X1, X3,:°°, X.. In particular, then, when P(x) =) p, (x), we have 
(4.4) >» (X) Ss (W), isgr<g, 


the equality sign holding in (4.4) if, and only if, X =W since r <v. 
But, using (4.3), we find 





= EO EOS 5 
C2) Oe oe 2a (1/8) = 
while, by (4.4), 

(4.6) D4) DW); 1So0-rd<o 


From (4.5) and (4.6), it follows that in the present case (4.2) holds. 
Suppose now that < holds in the case x =X of (4.1), say 


(4.7) (XXi: Xe) = (EYE, 


7 The case s =y is excluded merely for convenience in our applications of Lemma 
4.1; the case k= Í is included for convenience in writing, not for use. 


} 
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where k’ is an integer greater than k. By considering the Kellogg solu- 
tion of (4.7), one can prove that (4.2) still holds: indeed if the Kellogg 
solution of (4.7) is U, one finds readily that 


> (1/X) s $ (1/0) < È (1/7), 1Ss—o. 


5. Proof of Property (i) for the w of (1). We substitute any F-solu- 
tion X w of (1) for x in (1) and employ the following equivalent of 
the resulting equation (>.,,; standing for >°:,;(1/X) here as in the 
sequel) . 

oe "m 4 i r 
© R(E +a D )+ Lax’ ( E )=t/ 
n—l,s—] p TaS 2 a—l,n—l i=? a—l,a— 

In order to establish Property (i), it suffices to prove that w has 
Property (i) when #=2 and to prove that the following relations’ hold 
(5.1) 2 & 2 (A/e) 2 < 2, (1/wW), 2 >2. 

tem) tem i meL p eed n—l,a—3 n—l,n—3? 

When n=2, equation (1) reduces to 

x re PE id igs... Zand = 
(5.2) X Ata Ea a 
tł - 


In this case, X xw implies that X,<wy. This fact and (5.2) imply that 
Xa <n |I, Lemma 2]. 


When n>2, the first relation of (5.1) is true by the definition of ` 


Kellogg solution since (cf. (2)) 
2 S+i17= È, (/v), 


a—~1 a1 s—i,a—i 
and since X w, the second relation of (5.1) follows from Lemma 4.1 
(cf. the case of (4. 2) in which X +w and (v, s)=(n—1, #—2) with 
n>2). 


6. Proof that the w of (1) has Property (ii). Let X =w be an E-solu- 
tion of (1). The discussion of the case n=2 in §5 shows that in this 
case X is an s-set (ao that P(X) <P(w)). Suppose a Then, by §5, 
Xa <W. and by (2) every classified element of X1.:.(s—2) i8 of class A. 
Therefore, whether X „11s of class 4, class B, or inclassified (=W,1), 
X is an s-set. 


PART 2. THE REMARKABLE PROPERTIES OF THE KELLOGG 
SOLUTION OF (1.1) 


7. The Kellogg solution of (1.1). This solution is x=w where 
[I, (23)] 


\ 
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w, = 1, a fp=1,2,:-+,#— 3, 


ree maso) E (w) +2), 


a3 1 


2 (w) +r, (w) +a]. 


m-l, 8 a2—1,1 


(7) 


If n=3, the first set of equations in (7) is, of course, to be omitted. 


8. An upper bound for X.. In the sequel X stands for an E-solu- 
tion of (1.1), arbitrary except as we specify. 

If we substitute X for x in (1.1) and solve the resulting equation 
for X,, we find after simple algebraic manipulations that 


x= 0] EDHE Da] 


(8) m—i,1 p 
E2: sas Aaa Bi o( 2, (X) + x) | : 
a—1,1 
Since the X, (p=1, 2,--+,#—1) are positive integers, the second 


factor in the right BA of (8) is the reciprocal of a positive integer, 
Therefore, 


8.1) . RS J eee or > (D +n]. 
a—1,4 w—~1,1 

9. An inequality for X,_, when xX, is the maximum number. In 
the sequel, the statement that X *w and X, is the maximum number 
thai we seek to tdenisfy (so that Xa 2w,) will be referred to as hypothe- 
sis H, or merely as H. We use H henceforth until a contradiction of 
it is reached in §11. 

Under hypothesis H, we now desire to prove that 


(9). Xai sS Wy. 
Suppose that this is not true, so that (with H holding) 
(9.1) Xa—ı > Wal 


We presently contradict (9.1). The case x =X of (1.1) is equivalent to 


>D + A/Xm( LAL ) 


TEE, ,a-—-2 m-t, a—3 a3 PE. ae, | 


a + (1/0) ( 2 +a È +a DD) = d/o, 


n—l,n—3 a1 8 a—1,"— 


am (c + 1)b —1, 


t 
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with # > 2. To reach the contradiction, we first establish the following 

relations l 

(9.3) © Es Oe), n> 2, 
` n—å,n—i n—32,n—3 è 

(9.4) > pi ` a 2, (1/w)+rx > (1/w), #> 2. 
. n—2,n—3 n—2,n—2 m2, n2 

Since X isan #-solution not equal towof (1.1)andn >2, XX3- Xan-3 


act i= wt s o wes; therefore, (9.3) is true. Consequently, to 
prove (9.4), it suffices to show that 


(9.5) Ds S 2, (0/») n> 2. 
n—32,2—3 a—i s-s 
When n = 3, (9.5) states that 1=1; when » > 3, (9.5) is a case of Lemma 
4.1 in which X = W and (v, s) =(n—2, n—3) with n—3 21; therefore, 
(9.5) is true. _ 
Next, using (9.1), (9.3), and (9.4), we find that the sum of the terms 
in the firat line of (9.2) is less than U, where 


Om 2, (1/m) + (1/w.1) | E (1/) +2 E a/») |. 
z--2,2—$ a—f .a—3 a—i, s-t 

Indeed, if in the first line of (9.2) we should replace X,1 by Xn-1—1, 

the resulting expression would not exceed U. Consequently, there ex- 

_ ists for (1.1) an &-solution F in which 


(9.6) Y,= X, ($ = 1,2,-+-,n—2), Ysi = Xa1—1, Ya > Xs, 


and the inequality in (9.6) contradicts H. Hence, under hypothesis H, 
(9.1) is false. 


10. On the classification of the elements of Xi...) when H 
holds. For use in $11, the following statement, S, will presently be 
proved: In Xi...) every element of class B is ai least as large as 
_every element of class A. 

To avoid vacuous language in the proof of S,* we consider sepa- 
_ rately the cases n=3 and n>3. 

. Case n=3. Here Xi.. .w-p = (X1, Xa), and either X 2w, (p =1, 2) 
or X1>w1, X <u; in both cases S is true. ; 

‘Case n>3. Here, by (7), any classified element of X1... as is of 
class A; X,_s is of class A, class B, or unclassified (=w,_1); and by 
(9) X,_1 is either unclassified or of class B. Therefore S is true. 


t Jf #=3, it is vacuous to say that any classified element of X1...ca_ny is of clase A 
(cf. our discussion of the case # > 3). 


\ 
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11. Proof of Property (i) for the w of (1.1). If X1...¢ 1) contains 
no element of class B, X “wimplies that Xa <w,, which contradicts H. 

Suppose that X1...¢a-1 contains at least one element of class B 
and, therefore, at least one element of class A, since the firat classified 
element of X is necessarily of class A. Then, by S, every application 
of transformation (3a) to X or to an intermediate set of X [I, p. 898], 
which does not change the magnitude of the mth element of a set, 
accords with (4). Further, the last such transformation in the ex- 
hausisve set for X [I, p. 898] yields a set X“ in which XP =X, 20, 
(cf. H) and 

(t) 


(11) X, S W, $=1,2,..-,n— 1; 


otherwise X(® would be a Set satisfying (1.1) and having at least one 
element of class 4“ and no element of class B“, which is impossible. 
We reach a contradiction of H as follows. Let R(X) stand for the right 
member of (8.1), so that X. S R(X). Certainly R(X) is expressible in 
the form 


R(X) =F FGX a T Xio + AX oXi¢ | 


in which F, G, H are positive and independent of X,, and X,,, while 
X_3X,, [I], p. 898]; therefore, the first transformation (3a) that one 
uses in passing from X to X™ is such that R(X) <R(X’) (cf. (4)). 
If #>1, our transformation of X’ into X” is such that R(X’) <R(X”’), 
and so on. On arriving at X, one has 


(11.1) X, S R(X) < R(X) S R(X), $21. 


But by (11) and the fact that R(X) depends only on the first n— 1 
elements of X@, we have 


(11.2) i R(X®) S R(w). 


By (11.1) and (11.2), X„<R(w); and since R(w)=w, (cf. (7)), 
Xa <w.. This contradicts H. 


12. Proof that the w of (1.1) bas Property (ii). H negated, we now 
merely suppose that X xw. We again avoid vacuous language by 
treating separately the cases n=3 and n>3. 

If n=3, Xı <w, (cf. $11) and either X,2w4, (£ =1, 2) or X> m, 
Xs <w; in either case X is an s-set (and P(X) <P(w)).: 

If n>3, X, is of class B, and every classified element of X71... ¢n— 
is of class A (cf. (7)). Then if one of X,_s, Xa_1 is unclassified, X is 
an s-set; the same is true if X,_s, X,—1 are of the same class or if 


~ 
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X. (X) is of class A (B). Therefore, we only need to consider the 
case in which X,_s (X,_1) is of class B (4). Then 


(12) Xi Xar -` Xna È WiDr’ Way = C+ l; “n> 3, 


and .X;...(,-s) contains one or more elements of class A (preceding 
the element X,_3, of class B). Apply transformation (3a) to X, or to X 

_ and one or more intermediate sets of X, until a set X“ is obtained in 
which X%...;«s) does not contain both an element of class 4 “ and an 
element of class B”. Since each transformation that has been applied 
to this point has increased the (n—2)d element of a set and decreased 
a not larger element (with subscript less than »—2) each transforma- 
tion applied has accorded with (4), so that necessarily 


Oe eee On | 


(cf. the first two lines below (4)), and 


Xe Z w, $=1,2 n2, > 
with > holding for at least one of the indicated values of p (cf. (12)). 
Further, by hypothesis X,y.1>m,-1, and by $11 X,<w,, while no 
transformation used in arriving at X? has changed the value of the 
(s—1)th or nth element of a set. Therefore, 
O) (t) 

— (12.1) X, 2%, (P=1,2,---,n— 1), Xe Dic Wy; 
with > holding in (12.1) for at least one of the indicated values of p. 
If u is a value of p for which > holds in (12.1), then X® SX. since 
transformation (3a) never increases the value of an element of class 
A), Consequently, the classified elements of X, like the elements 
of X, do not decrease as their subscripts increase, and so the X“ of 
(12.1) is an s-set. 
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ON A FAMILY OF FOURIER TRANSFORMS 
AUREL WINTNER < 


A procedure leading to specific properties of the symmetric stable 
distribution functions results by subjecting certain generalizations of 
the Bessel functions J«(t) to a limit process.! There arises the question 
as to the existence of the corresponding distributions in case the limit 
process involved is omitted. The object of this note is.to delimit the 
conditions under which the answer is affirmative. It turns out that the 
situation is quite different from that resulting in the limiting case of 
stability. i 

Let L(t; ġ) denote the Fourier transform, 


L(t; $) =i e'*dd(x), — o <$< o, 


of a distribution function ġ =¢ġ(x), — œ <x < œ, that is, of a mono- 
tone function satisfying the boundary conditions ¢(— ©)=0 and 
@(0)=1. If d’ denotes the derivative of @ (a derivative which neces- 
sarily exists and is finite almost everywhere), the Stieltjes integral 
L(t; ġ) reduces to 


t 


Lng) = f etg (ajda 


if and only if ¢ is absolutely continuous; in which case ¢’(x) is called 
the density of (x). 

For a real or complex number sz, let s; denote s or 0 according as z 
is or is not positive. Thus, if A>0 and „>0, the even function 
L=(1—|t|)4, of the real variable t represents a continuous curve in 
a (t, L)-plane, this symmetric curve being situated above or on the 
t-axis according as |:| <1 or 1 |#| <œ. It should be noted for later 
reference that the curve has at#=0a cusp with a tangent perpendicu- 
lar to the /-axis, a corner with two distinct finite slopes or a tangent 
parallel to the #-axis, according asX\<1,A=1 or `A >1, while u is arbi- 
trary. 

If \=1=p, the function (1—[#]»)% is 1— |:|] or 0 according as 
li| <1 or |#] 21, and represents therefore the. Fourier transform 
L(t; $) of an absolutely continuous distribution function ¢(x). This is 


Received by the editors July 10, 1941 
2 A. Wintner, On a dass of Fourier transforms, American Journal of Mathematics, 
vol. 58 (1936), pp. 45—90. 
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seen either by subjecting the kernel of Dirichlet’s factor of discon- 
tinuity to the process of auto-convolution or by applying a Fourier 
inversion. In fact, 


5] pla if |a S14, 
f —-—— } cos żz or dz = 

a Nx t/8/2 0 if 1s|tl<o; . 
so that the density $’(x) is the square ( )* on the left. 


Thus, if (A, u) = (1, 1), there exists a distribution function dhna = dy, (x) 
such that 


G= if [el S11, 


G Lb; tm) = 44 if isil <o. 


There arises the question for what additional pairs (A, p) does (1) 
determine a distribution function dhna. Since the derivative 


(2) pulz) = (sin 2/2)*/ (ew/2/2)3, 


though non-negative, has zeros, no continuity consideration can indi- 
cate that there exists a distribution function ¢), for certain pairs (A, u) 
sufficiently close to (1, 1); in fact, the derivative dnx (x) might then 
become negative, precluding a distribution function u(x). 

Since the function (1—| tl aja of ¢ is integrable over (— ©, œ) it is 
clear by Fourier inversion that, if there exists at all a distribution 
function gy, satisfying (1), then Øy is absolutely continuous and has a 
density fne (x) 20 proportional to 


1 
(3) fala) = f(A) cos zt di; 
9 
the factor of proportionality being 1/x for arbitrary (A, 4). Accord- 


ingly, the question can be restated by asking, which are those pairs 
(A, u) for which the function (3) satisfies the conditions represented by , 


(4) Sru(z) È 0, 0<x< om, 
and 
5 i d ©, 

i (5) f fiala) os 


If the unit of length on the x-axis is changed in the proportion 1:a, 
the definition of the Fourier transform L(t; ġ) shows that the unit of 
length on the /-axis must be changed in the proportion a:1. Hence, if 
a = ut^, the function (1) must be replaced by (1— la| d/uy if |t| <p, 


f ' ! 
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and 0 if | t| 2p. This function of ¢ tends, as u-+ œ , to exp (— | t| à) for 
— œ << œ. This means that the limiting case Qpa of Qu is the sym- 
metric stable distribution function of index A; a distribution function 
which is known to exist? if and only if A does not exceed the critical 
value A=2 belonging to a Gaussian distribution (the condition 
Sro(x) 20 corresponding to (4) being violated for certain values of x 
if and only if \>2). 

It will turn out that the characteristic condition A $2 eny to 
=œ must be replaced by \ $ 1 for every finite p21. In other words, 
if u is arbitrarily fixed on the range 1 Su < œ, the distribution func- 
tion fy does or does not exist according as à S1 or à > 1. Incidentally, 
the trivial case (2) happens to be a limiting case, in the sense that (4), 
where A S1 Su, can be refined to ; 


(6) faa(z) > 0, O0<zr< ow 


unless (A, u) =(1, 1). 

It seems to be of interest that there exists a fixed lower bound 
(equal to 1) for the admissible values of u in the whole admissible 
range of A (S1). That u must be limited by some lower bound for 
every piven admissible \, is clear from Lévy’s theory of indefinitely 
divisible laws. In fact, if A is arbitrarily fixed, (1) requires that 
L(t; dy.) be the wth power of L(t; qu) for every u, although L(t; dys) 
vanishes for certain values of #. But this contradicts the stochastic 
theory just mentioned. 

Actually, it is easy to see directly that there exists for every \>0 
a sufficiently small y >0 such that the corresponding function (3) be- 
comes negative for certain values of x and violates, therefore, (4). In 
fact, it is clear for reasons of continuity that there must exist for every 
\>0 such a sufficiently small u>0, if it is true that, for every fixed 
à >0, the function (3) becomes negative for certain values of x in the 
limiting case u=0. But if u=0, then (3) reduces for every A>0 to 


1 
fio(x) =f cos at di = x7 gin x, 
8 


and attains therefore negative values. 

For sake of simplicity, it will from now on be assumed that u has 
a fixed value not less than 1, while A >O is arbitrary. 

It will be shown that (4) is violated or the necessary and sufficient 
condition, represented by (4) and (5) together, is satisfied, according 


2 For sharper results aee, loc. cit., where references are given to the investigations 
of Lévy and Pólya. 
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as A\>1 or \S1; that is, according as the function.on the right of (1) 
is or is not differentiable at t=0. 

First, if A\>2, the function on the right of (1) is 1+o(#*) as t—0. 
But this implies? that either (4) is violated or L(t; dy,) is independent ° 
of #, and the latter case is excluded by (1). Next, if \=2, then (3) 
reduces to a constant multiple of the classical integral representation 
of the ratio Jpyip(x) /x*t/2; so that (4) is violated in view of the 
asymptotic formula of the Beasel functions for large real x. But a per- 
fectly similar asymptotic formula, again with a sine function in the 
numerator, can be proved‘ for (3) even if \<2, provided that A> 1. 
Accordingly, (4) is violated’ whenever A> 1. 

It will now be shown that (4) is satished whenever A S1. To this 
end, it will be sufficient to prove (6), since the limiting case (A, u) 
=(1, 1) is taken care of by (2). 

Partial integration of (3) shows that 


(7) shala) = u f (1 — Py sin at di. 


But, if F(t) is an abbreviation for (1 —P)sm1P—t, the last integral can 
be written in the form 


w «© (etl) r/s 
/ f Fald) sin zidi m t9, (— ne f Fy, (é/x) sin ¢ H 
0 mi} nra 
for every x >0. Hence, in order to prove (6), it is suficient to ascertain 
that the non-negative function Fya(t/x) of t/x is steadily decreas- 
ing as long as it does not vanish; in, other words, that the function 
(1—#)*-!P>! of t is steadily decreasing on the interval 0<i#<1. But 
both factors (1—P)*-!, P-! are positive and non-increasing, and at 
3 Loc. cit., p. 80. 
‘Cf. A. Wintner, On the asymptotic formulas of Riemann and of Laplace, Proceed- 
ings of the National Academy of Sciences, vol. 20 (1934), pp. 57-62. 
$ Naturally, the problem is less deep than to necessitate an actual application of 
the sharp asymptotic fact, referred to before. For instance, if u=1, a partial integra- 
tion transforms (3) into 


1 s 
Jnl) mae f Pl sin rt di = nee f P sin tdi. 
$ $ 
But this function violates (4) whenever A> 1, since, if \—1>0, the successive “waves” 
(eb) (ti) 
Cf Pagina [Po] sind de where = 0,1 20655 | 
wr ay a 


increase with #. It is easy to transfer this primitive proof from. z= 1 to every #>1, 
if use is made of the second mean-value theorem. 
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least one of them is decreasing, on the interval 0<!<1. In fact, 
p-120 and A—13S0 by assumption, where at least one of the two 
signs of equality is excluded by (À, u) ~(1, 1). 

This proves (4) for \S1Su. It remains to be shown that (5) is 
satished for \S1 Su. To this end, it is sufficient to verify that 
(8) fala) = O(a*), as z> o, 


Suppose first that \=1. Then (7) shows that (8) reduces to 
1 
f (1 — D1 sin xt dt = O(x-), ETA 
6 


But this estimate is clear from the second mean-value theorem. 
In the remaining case, where À <1, the estimate (8) can be refined 
to the asymptotic formula 
uI'(1 + A) sin (xA/2) 
ith 


(9) Jla) ~ 


» a8 row; <i. 
In fact, since 0<A<1 implies the existence of the integral 
(10) l f A-1 sin 4 dt = TÒA) sin (7A/2), 

0 + 


it is clear from (7) that (9) is equivalent to the assertion that, as 
x—> œ , the function 


afa — PP gin at di 
tends to the limit (10). This function can be written in the form 
J “(1 = P/P) sin tdi, 
and tends therefore to the lmit (10) if it is legitimate to carry out the 


_ process x— © beneath the last integral sign. But this is readily justified 
by the second mean-value theorem. 


m 
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EVERYWHERE DENSE SUBGROUPS OF LIE GROUPS 
P. A. SMITH 


A recent note by Montgomery and Zippin! leads one to speculate 
concerning the nature of everywhere dense proper subgroups of con- 
tinuous groups. Such subgroups can easily be constructed. Suppose 
for example that G is a non-countable continuous group which admits 
a countable subset Ge filling it densely. The group generated by Gp 
is everywhere dense in G but is not identical with G. In the case of 
Lie groups, it is easy to see that an abelian G admits non-countable 
subgroups of the sort in question; whether or not a non-abelian G does 
80, appears to be a more difficult question. We shall, however, show 
that if G is simple, proper subgroups of G cannot, so to speak, fill G 
too densely. 

Let G be a simple? Lie group of dimension r with r>1, and let U 
be a canonical nucleus of G—that is, a nucleus which can be covered 
by an analytic canonical coordinate system. An arbitrary point x of U 
ig contained in the central of at least one closed proper Lie subgroup of 
G with non-discrete central. In fact, through x there passes a one- 
parameter subgroup y; the closure of y is an abelian Lie subgroup 
and this subgroup is proper since G is simple and r>1. 


THEOREM. Let G be a simple Lie group of dimensson r greater than 
one and let g be a proper subgroup filling G densely. There existis at least 
one proper closed Lie subgroup H of G such that those left- (raght-) cosets 
of H which fat to meet g fill G densely. For H one may take any closed 
proper Lie subgroup of G whose central is non-dtscrete and contatns an 
arbstrarsly chosen poini pin g(\U, U being any given canonical nucleus 
of G. 


_ Proor. Let U, p, H be chosen and let us consider only the left- 
cosets of H. It will be sufficient to prove that there exists at least one 
coset, say aH, which fails to meet g. For, the cosets obtained by multi- 
plying aH on the left by arbitrary elements of g fail to meet g and fill 
G densely. s 


Received by the editors July 15, 1941. 

1 Deane Montgomery and Leo Zippin, A theorem on the rotaiton group of the 2- 
sphere, this Bulletin, vol. 46 (1940), pp. 520-521. Our theorem may be regarded asa 
generalization of the theorem of Montgomery and Zippin and the proofs of the two 
theorems may be regarded as being the same in principle. 

1! We use dimple here in the sense of having a simple Lie algebra. A simple group 
need not be connected. ` 


309 


w 


310. | P. A. SMITH [Apeil 


Let us assume the contrary, namely that every coset of H meets g. 
Let H™ be the totality of cosets of H and let the elements of H* be 
denoted by e*=H, a*=aH,-:-. Let o be the mapping x—<x* 
(x*=xH) of G into H*, Let H* be topologized in the usual way by 
taking as open in H* every set of the form oA where A is an open sub- 
set of G. The space H* is homogeneously locally euclidean.— Now let 
x* be an element of H* and let x-be a representative of the coset x". 
Then xpx—! (where p is defined in the theorem) is independent of x. 
For if y is a second representative of x*, then x-lyC@ so that 
x—yp = px—y since p is in the central of H. Hence xpx—!=ypy—". Thus 
the formula r(x*) =xpx—1 defines a mapping r of H* into G which, 
in particular, carries ¢* into p. Evidentally r is continuous. In fact 
it is easy to see that r is analytic relative to an arbitrarily chosen 
analytic canonical coordinate system x1,---, x, covering U, and a 
suitably chosen coordinate system covering a neighborhood of e*. 

The mapping r carries H* into a subset of g. For, by our assumption 
on the cosets of H, an element y* of H* can be written in the form 
y* = gH where gCg. Hence we have r(y*) = gpg-!Cg.— Moreover, any 
given neighborhood V* of e* contains at least one point x* such that 
t(x*) =p. For otherwise we have r(yH)=p for every y in a certain 
nucleus V of G, that is, for every yin V and Ain H we have yhp(yh)—} 
=p or ypy'=p. But then the one-parameter subgroup of G deter- 
mined by p would be invariant, contrary to the hypothesis that G 
is simple. 

Let W be a nucleus of G such that W-!'WWC_U. It follows from the 
last two paragraphs that there exists in H* a point s* near e* such that 
the linear segment e*s* is carried by r into an analytic arc contained 
in gf \W and consisting of more than a single point. A suitably chosen 
piece of this arc, when multiplied on the left by the inverse of one of 
its points, furnishes an analytic 1-cell K contained in gO W and con- 
taining ¢, the identity of G. Starting with K we shall construct a di- 
mensionally increasing sequence of analytic continua, subsets of g. In 
what follows, let it be understood that all functions are real, single- 
valued and analytic over the domains indicated. 

We may suppose that K is defined parametrically, say by x,=f/;(#) 
where —1<!<i and f(0) =e. The set KK is in g and is defined by 
equations of the form x;= ¢,(s, t) where —1<s, ¢<1. Suppose that 
dim KK >dim K; that is, suppose dim KK =2. Then being an ana- 
lytic locus, KK contains points at which it is locally euclidean 2-di- 
mensional. If b is such a point, then b-!KK (a subset of g) is locally 
euclidean at e. Hence g/\W contains a 2-cell K, defined say by 
x;=h,(u, v) where —1 <u, v <1 and A(0, 0) =e. We next consider the 
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set KK, and suppose that its dimension exceeds that of Ky. On con- 
tinuing in this manner, we finally obtain a k-cell E in gO W defined 
say by x,=h,(ui, --- , ux) where —1<u;<iandA(0,---,0)=e6, and 
such that dim EE =dim E =k. We assert that E contains subsets E* 
and F such that (1) E* and Fare k-cells; (2) eC FCE*; (3) FFCE*. 

To prove this, we first note that by the theory of implicit functions, 
E contains a k-dimensional sub-cell #* definable, after renaming the 
coordinates x, if necessary, by equations 


(1) t = Ai tt, ti), p= k+1,---,7, 
where (x1, -° © , x4) ranges over the cube Ci: —ô <x, <ò, and where 
X,(0,--+, 0)=e,=0. On replacing 6 by a smaller number if neces- 
sary, it 18 easy to see that C, contains a cube Cy: —u<x,<yu 
(s=x1,---, k) such that if F is the k-cell defined by (1) with 
(x1, ->+ , xa) restricted to the cube C,, and if q is an arbitrary point - 
of F, then gF, like F, is definable by equations of the form (1): 
T, = Klai s3 ty xı) 
where (xi, :- - , xs) ranges over a certain open subset Af of Ci. Now 


EE is the union of k-cells qE (qC E), hence is k-dimensional at every 
point. Being an analytic locus, the points q at which EE is locally 
euclidean k-dimensional fill it densely. Consider such a point g. The 
k-cells F and qF intersect at g. But since both are contained in EE 
which is locally euclidean k-dimensional at q, they coincide identically 
in the neighborhood of g. Hence the functions X; and. Xf are identi- 
cally equal over an open subset of A‘; hence, by the theory of analytic 
functions, they are equal over the whole of At. Hence gFCE*, and 
this is true for a set of points q filling F densely. By continuity this 
relation holds for arbitrary gin F. Hence FFCE", proving our asser- 
tion. 

It is easy to see that on replacing F by a smaller -cell if necessary, 
we have also F-!CE*. In short F is a k-dimensional local Lie sub- 
group of G; hence it is an open subset of a k-dimensional linear sub- . 
space L of the linear space of the canonical coordinates x >- , xf. 
If k <r, there exists in W an element a such that the linear subspace ` 
L’ determined by F’ =aFa™ is different from L; otherwise the Lie 
subalgebra represented by L is invariant. Since g is everywhere dense 
in G, we may assume, so far as the relation L L’ is concerned, that 
aCg. Then FF’Cg. Moreover, it is evident that dim FF’ >k. We can 
_ now repeat the construction described above starting with a suitably 
chosen analytic cell of dimension exceeding k in FF’. We obtain 
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finally an analytic r-cell contained in gO W. Hence g contains a nu- . 
cleus of G and hence g =G, a contradiction which proves the theorem.’ 


COLUMBIA UNIVERSITY 


3 We have proved, incidentally, that if an everywhere dense subgroup g of a simple 
Lie group G, (r>1) contains an analytic arc, then g= G, 


VECTOR SPACES OVER RINGS 
C. J. EVERETT! 


1. Introduction. Let M=mK -+ ---'+u,X be a vector space (lin- 
ear form modul [5, p. 111]) over a ring K = {0, a, B,--- z e unit ele- 
ment}. By a submodul NSM is meant an “admissible” submodul: 
NK SN. Elements dı, ---, 0, of a submodul N form a basis for N 
(notation: N=nK+---+9,K) in case væ, =0 implies a,=0, 
¢=1,---,, and if every element of Jt is expressible in the form 
> 2.0, a, €K. The equivalent formulations of the ascending chain 
condition for submoduls of a vector space, and for right ideals of a 
ring will be used without further comment [5, §§80, 97]. 


, 2. Basis number, linear transformations. We remark that the fol- 
lowing holds. 


(A) The ascending chain condsiton ts satssfied by the submoduls of a 
vector space Dt over K tf and only sf H is saissfied by the right ideals of K. 


An infinite chain of right ideals t1<t;< +--+ in K yields an infinite 
chain of submoduls ut; <#ita< --- in Pt. The other implication is 
proved in [5, p. 87]. 

_ [By using a lemma due to N. Jacobson (Theory of Rings, in publica- 
tion) Theorem (A) and the corresponding theorem for descending 
chain condition are easily proved in a unified manner. | 

Linear transformations of M on M are given by u,— uf => u,a,. 
Write (ui,-° +, the) =(t1, °°: , Um) A, A =(a,,). Under u,—u/, let 
M0. Thus Wt/M .LeMtA SM. Clearly Mo =0 if and only if Av=0 
implies v=0, v an m>X1 matrix over K, and MA =M if and only if 
there exists an mXm matrix R with AR =J, the identity matrix. 

. Possibilities (i) Dtp=0 and MA =M; (ii) Mo >O and MA <M; 
(iii) Dto=0 and MA <M are familiar. The possibility of (iv) Dt») >0 

Presented to the Society, September 5, 1941; recetved by the editors May 27, 1941. 

1 The results presented here were obtained while the author was Sterling Research 
Fellow in mathematica, Yale University, 1940-1941. Thanks are due to Professors 
Oystein Ore, R. P. Dilworth, and the referee for helpful suggestions. 
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and MA = Mt is demonstrated later in (D), thus settling a question 
raised by van der Waerden [5, p. 115]. 

Case (iil) tmpltes an infinite descending chain in M, case (iv) an 
infinsie ascending chain in DM. 


(B) The set (m1, >>> , Un) =(t1,--- , um) A, n<m, forms a bastis for 
MewK+--- +uk tf and only if the mXm matrix (A0) has a right 
inverse: (A0)R=T, and An =0 implies 02=0, van nX1 matrix over K. 


This is an immediate consequence of the basis definition. 


(C) If the right ideals of K satisfy the ascending chain condition, 
every basis of a vector space M=uK+--- -+unK has m elements. 


For a matrix (A0) of the type in (B) defines a linear transformation 
of type (iv) violating the chain condition in K. 

Hence with every vector space M over a ring K with ascending 
chain condition for right ideals is associated a unique basts number 
b(M). K a quasi-field is a trivial special case. 


(D) If K is the ring of all infinite matrices over a field, with only a 
finite number of nonzero elements in each row and each column, then the — 
vector space Ti=uK+--- Hunk, m>1, has a basts of one element: 
MuK. Thus there exist, for arbitrary m, 1 Xm matrices (a1, -` © , Am), 
(Bu, - a Bm) over K such that (a, AE. an)’ (81, i Ba) =I, the 
mX midentity matrix, witha, B=0,4—1,---,m,BCK implying 8 =0.? 


Let 6, be the vector (0, 0,---, 0, 1, 0,---)’ with 1 in the 
sth position from above. Matric elements of K are defined by 
their column vectors; let the unit of K be «=(6i, 6,---) and 
a= (0, Ĝi, 0, 5s, 0, bz, peas J; ay = (81, 0, 5s, Q, 5a, 0, O4, °° J a= , 


Then AB =I, and œa =a,8 =0 implies £ =0, BECK. Let 


where J is the (m—2)X(m-—2) identity matrix. It follows from (B) 
that u1, '*: , a-s, 0 form a basis for Mt, where (tı, -- +, taa, 9, 0) 


1 A’ means A transpose. 
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= (11, -+ +, a)i. The induction is obvious, and M has a basis of a 
single element. The theorem follows from (B). 


3. Vector spaces over right principal ideal rings. We now remark 
that the following holds: 


| (E) If M=uwK+ --- +%.K ts a vector space overarsng K tn which 
every right ideal r >0 is of type poK, where poa =0, aE K amples a=0, 
then every submodul N, 0<N <M, Aas a bastis of n elements, nm. 


' This is only a trivial modification of the van der Waerden result 
[5, pp. 88, 121], appropriate since the condition subsequently also ap- 
pears to be necessary (see (F)). 


Lemma 1. If every submodul N, O <N € M=uK+--- +unK has 
a basts of nam elements, and rt ts a righi ideal of K,O <rt SK, then the 
submodul N =t --- Ouar, consisting of al sums > tsps, piCt, has 
a basts tu, °°: , Umi WHA at=uyK,+=—1,---, m, and un ts a basss 
for u,v. 


For0<a,t=uukK+ Htun K, 1S9,Sm,andN=wmrU - - -uwt 
is a submodul for which the «,, together form a basis of } `n, elements. 
The hypothesis of the lemma implies the ascending chain condition 
in Mt, and hence in K (by (A)). Hence by (C) the basis number for 
Nis unique and m2) n,2m, n, =1, 1=1, --- , m. Thus y,t=%4u' K. 


(F) Let M=uK+ --- +uakK bea vector space over K. Then every 
submodul N, O< NSM, kas a basis of nm elements, sf and only sf 
every right ideal r>0 sn K ts of type poK, where pa =0, a€K, implies 
a=0. 


For if t>0 is a right ideal of K, by the lemma, ut =uuK, #1 = tpo, 
pot. Then ut =uipK and t = pK. Moreover pa = 0 implies yua =0 
and a=0. 

Now suppose M==w4K+--- +uK is a vector space over a ring 
K of the type in (F). To every -submodul NM, O< Ms M, eoierrac a 
unique basis number b(t). Define 5(0) =0. 


(G) Jf M=uK+--- Hunk ts a vector space over ae K of the 
type in (F), the basis number b(N), OSM SM, ts a postive modular 
functional [1, p. 40]: 

Mi. b(@US)-+8(AN8) =5(H +08), 

M2. ASB sD implies b(A) SOB). 


M2 is clear from (F). A proof of M1 may be made by induction on 
b(A). We treat here only the following case: 


é 
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Let K be a (noncommutative) domain of integrity in which every 
right ideal is principal.? The vector space M=uK + --- +u.K may 
then be regarded as imbedded in the vector space M*=wmK+--- | 
+taK where K is the quotient quasi-field of K. The existence of K 
follows from theorems developed by Ore [3, p. 466] and a proof by 
Teichmüller [4] that the least common multiple of nonzero elements 
in such a K is not zero. The correspondence 


(VW N= nE + HKN =n K+---+ak 


is a well-defined correspondence on the lattice L of all K-submoduls 
of M to the entire lattice [ of K-submoduls of M*, (since N* is inde- 
pendent of the 9t-basis). Observe that b(9t) =d(9t*) as a submodul 
of M*. For the K-independence of a basis (v, -- - , 0.) of N implies the 
K-independence of 1, +--+ , 2a: Let )_0;%,=0, &,=a,/8;CK (Ore quo-` 
tient) ; if u is the (nonzero) least common multiple of thef;, 1.2 =0, 
and &u€K by the Ore theory referred to. Hence 4,u=0, and &,=0, 
4=1,---,”. ; 

It is trivial to verify that: 

(1) A2% implies A* 2B". 

(2) (AUB)* =A UB*. 

(3) (ANB)* = HF AB*: 

For example, in (2) (AUB)* 2 W*\/B* follows from (1). But every 
element in (AUB)* is a K-form in a K-basis of AUB, hence is in 
W*UB*. Since b(A*) is the dimension of A* over K, it follows that 
b(&) is a positive modular functional on L. 

We may now apply the theory of such functionals |1, p. 42, Theo- 
rem 3.10] to show that (A, 8) =b(@US) —b(ANSB) is a quasi-metric 
on L: , 

(4) (A, B) 20, (A, A) =0. 

(5) (A, B) +6, ©) zN, ©). 

The relation {~% defined by (M, B) =0 is an equivalence relation, 
and the correspondence A-+[W], the equivalence class containing 4, 
is a lattice homomorphism of L onto the metric lattice L’ of equiva- 
lence classes. For want of a name, we call L’ the metric homomorph 
of L. However, in the correspondence (y), A* =B* if and only if A~B. 
For, if A~%, 6(HUB) =b(ANB), and A*UB* = A* =H* =A", 
since all these have the same dimension over K. Conversely, if 


1*=B*, then (HUS)* =A" = (ANB)*, BALB) =b(ANB) and A~B. 
(H) If K is a right principal ideal domain of integrity, quotient field 


3 For the elementary divisor theory of matrices over such domains, and references 
to the literature, see [2]. 
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K, then the basis number b(W) is a pirate modular functional on the 
laitsce L of submoduls of M=ukK+ --- +u~K, and the metric homo- 

morph L’ oe L is lattice isomorphic with the lattice of a ad of 
M*= aK - / tu K. 


A Vector spaces over quasi-flelds. We now typify vector spaces 
? “over quasi-fields by (I) and (J). 


. REMARK. A ring K = {0, æ,- - } with unit e, whose only right ideal 

r>O0 is K, 1s a quasi-field. 
+ Let a0. Then 0<&K =K, of =e. The right annihilator (right) 
ideal r of @ is (0), for r>0 implies r=K, and ae=a=0. Hence 
a(Ba—e) =aBa-a=a-—-a=0 and fa =e. 


(I) Le M=uK+ --- +unK bea vector space. Then every submodul 
N,O<NRSM, kas a basis of n < m elements, with N<M implying n<m, 
sf and only sf K is a quasi-field ; thai ts, the modular functional b(Mt) ona 
; ‘vector space over a ring K of the type in (F) 4s sharply positive |1, p. 1 


-4f and only if K is a quasi-field. 


These are well known properties of a vector space over a quasi- 


2 aiheld. dt they hold. then by Lemma 1. theextatence of aright ideal: 


0<r<XK implies Jt=uyrVU --- Uuir< 2 with 6(M) =b(M), contrary 
' to hypothesis. Hence (I) follows from the remark above. 


(J) Let M be a vector space over a ring K of the type in (F). Then M 
` satisfies the descending chain condition tf and only sf K is a quass-field. 


For rings of this type, the descending chain condition in Mt and 
sharp positiveness of b(Jt) are equivalent. If 1<B with b(W =b(8), 
the transformation of 8-basis into Y-basis is of type (iii), on B. 
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PSEUDO-CONFORMAL GEOMETRY: FUNCTIONS OF 
TWO COMPLEX VARIABLES 


EDWARD KASNER AND JOHN DsCICCO 


1. Introduction. The theory of functions of a single complex vari- 
able is essentially identical with the conformal geometry of the real 
(or complex) plane. However, this is not the case in the theory of func- 
tions of ¿wo independent complex variables. Any pair of functions of 
two complex variables induces a correspondence between the points 
of a real (or complex) four-dimensional space S4. The infinite group G 
of all such correspondences is obviously no the conformal group of S4. 
`- Poincaré in his fundamental paper in Palermo Rendiconti (1907) has 
called G the group of regular transformations. In an abstract pre- 
sented to the Society, 1908, Kasner found it more appropriate to term 
it the pseudo-conformal group G. 

In a preceding paper, Kasner has given a purely geometric charac- 
terization. His main result is that the pseudo-conformal group G ts 
characterized by the fact thai tt leaves invarsant the pseudo-angle between 
any curve and any hypersurface at thetr porini of tntersectton.! 

In the present work, we shall find aH the differential invariants of 
first order between the curves, surfaces, and hypersurfaces at a given 
point under the pseudo-conformal group. We shall take every com- 
bination of any two elements—six possible cases.? The number of in- 
dependent invariants may be 0, 1, or 2. 

A general pair of curve elements possesses no invariants. However, 
in the special case of an isoclinal pair, there is a unique invariant (the 
angle between them). A similar result is true for two hypersurface ele- 
ments. 

A hypersurface element and a curve element possess only one in- 
variant—the pseudo-angle.} 

To any general surface element S, there is associated a quadric 
regulus R of curve elements. There are no invariants between a gen- 
eral surface element S and a curve element e which is not on the 
regulus R of S. On the other hand, if e is in R, then there is a unique 


Presented to the Society, September 5, 1941; received by the editors July 19, 1941. 

i Kasner, Comformality sn connectton with functions of two complex variables, Trans- 
actions of this Society, vol. 48 (1940), pp. 50-62. See also the following paper: Kasner, 
Btharmonic functions and certatn gencralzsaitons, American Journal of Mathematics, 
vol. 58 (1936), pp. 377-390. 

t We ahall denote by a a curve element, that is, a lineal element; by S a general 
surface element; and by r a hypersurface element. The six possible cases are (e, ¢), 
(s, r), (x, x), (e, S), (x, 5), (S, 5). 
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invariant between 6 and S. We find similar results by substituting 
hypersurface element r for curve element e in the preceding state- 
ments. a 

Finally, two general surface elements possess two independent in- 
variants. 


2. The minimal coordinates. Let (e, n, f, &) denote the cartesian 
coordinates of any point of complex euclidean four-space S4. In our 
work, we shall find it very convenient to introduce the mtnimal co- 
ordinates (x, y, u, v) defined by 


(1) xw2=etim, yostiHt, #“=e— in, 0= F — H. 
The inverse of this correspondence is 
Ges tee ed Feit f=. 
2 24 2 2i 

In minimal coordinates, the distance ds between any two nearby 
points of space is 
(3) ds? = dxrdu + dydy. 
If 0 is the angle between any two directions of space, then 

Gx 1d, + dxyduy + dyidt, + dysdoy 
2|(dxzıdu; + dy.d0,)(dxyduy + dysdo,) |1? l 

3. The pseudo-conformal group This is given in minimal coordi- 
nates by ; 
(5) X = X(x, y), Y = (z, 7), U = U(4, 2), V = V(s, 0), 


where X,Y,—X,Y,~0 and Us V, — U,V.~0. Our problem is to in- 
augurate the study of the geometry of this group.? 
In what follows, we shall omit from consideration the special mini- 


(4) cos @ = 


‘ mal planes x=const., y=const., and “=const., >=const. Obviously 


our pseudo-conformal group may be defined as that preserving the 
2? special minimal planes. 


4. The pseudo-conformal geometry of differential elements of first 
order. In this and the following sections, we shall mainly be interested 
in the geometry of the curve elements at a fixed point of Sy. Obviously 
these form a three-dimensional manifold 2s. 


t We shall study only the conwawonus pseudo-conformal group, not the more ex- 
tensive mixed group obtained by adjoining functions of the conjugate complex vari- 
ables. 
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The pseudo-conformal group inducts the seven-parameter group 
Gr among the œ? curve elements of 2, at a given point, defined as 
follows 


È pX! = ax! +by,  pU' = aw + Br, 


pY = cx + dy, pY’ = yw + èv, 


where ad —bc <0 and ad — fy 0. Note that (px’, py’, pu’, pv’) are pro- 
portional to the four differentials (dx, dy, du, de). 


5. The isoclinal surface elements. A surface element of 2, is said 
to be an tsocline if it is given by two equations of the form 


(7) viel = y¥'/yl x /ul = vri. _ 


Otherwise a surface element not an isocline is called a general surface 
. element. There are œ? isoclines among the œ ‘surface elements of 23. 
There is a unique isocline through any given curve element. There- 
fore two isoclines never possess a commion curve element. 
By applying (6) to (7), we find that any ssoclsne becomes an tsochine 
under Gr. The group of correspondences between the isoclines is the 
six-parameter set 


ua azi + byi, Ui = aui + Bor , 
BY i = cxi + dyi, pPVi = ywi + doy. 


6. The invariants of two curve elements of 23. In the first place, 
it is observed that the most general transformation of Gy which will 
. carry the curve element (1, 0, 1, 0) into the curve element (p47, 
o1¥1, piU 1", pr Vi ) is of the form 


pX’ = pi x’ + by’, pU’ = pU w + Br, 
pY’ = py i x ~{- ay’, pV’ = piV i + dv’. 


Under Gy, any curve element of 23 may be carried into any other 
curve element of Za. The canonical form of any curve element is 
(1, 0,1, 0). There are œ 4 such transformations. 

A pair of curve elements is said to be an ssocltnal patr if both ele- 
ments lie in the same isocline. Otherwise it is said to be a general pair. 
The conditions necessary and sufficient for an isoclinal pair are (7). 

Any curve element which lies in the same isocline with (1, 0, 1, 0) 
must be of the form (xy, 0, ys, 0). The transform of this under the 
correspondence (9) is 


(8) 


(9) 


Ge; pX =piXini, psd = pilus, 


PY = Yi xs, paVs = Visi. 
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These equations immediately guarantee that the transformed element 
(X3, Yí, Ui, Vi) is in the same isocline with (XY, Yy, U7, Vi). 
Moreover the expression 

(11) Xs /X{-U{/Uy = Yi /Y{-Vi/vVi? 


is invariant. By taking the logarithm of this invariant and then multi- 
plying the result by 1/2¢, it is found by (4) that the resulting invariant 
represents the angle between the isoclinal pair of curve elements. 

Next let us observe that the group which preserves the curve ele- 
ment (1, 0, 1, 0) is 


(12) pX’ = pix’ + by’, pY’ = dy’, pU’ = pw + BY, pV’ = by’. 


This group demonstrates that the curve element (x’, 0, w’, 0) is 
preserved. Hence we find the following proposition to be true. 


THEOREM 1. Antsochinal pasr of curve elements possesses the umque 
snvartant 














(13) 8 = — log 


This actually is the angle 0 between the two directions. 


The canonical forms of any isoclinal pair of curve elements are 
(1, 0, 1, 0) and (x’, 0, w’, 0). There are œ + such transformations. 

Next any transformation of the group (12) which carries the curve 
element (0, 1, 0, 1) into the curve element (pX: , ps Yd, ps Ud, pr Vi) 
is of the form 


pX’ = pix’ + XY y, pU’ = pW + mU, 
` pY’ = PY: y, pV’ vad par. 
This demonstrates immediately that any general pair may be sent 
into any other general pair of curve elements. 


The group which preserves the. general pair of curve elements 
(1, 0, 1, 0) and (0, 1, 0, 1) is 


(15) pX’ = pix’, PY = pay’, pU' = pW, — pV" = pat’. 


THEOREM 2. Any general pasr of curve elements may be converted inio 
any other general pasr. 


7. The nonexistence of invariants for an isocline paired with an 
isocline or a curve element. By (6), it may be proved that any isocline 
may be carried into the isocline x/=0, #’=0. The subgroup of (6) 


(14) 
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which preserves this isocline x’ =0, u’ =0 is, in curve element coordi- 
nates, 


(16) pX! =ar, p¥’= ca’ +dy, pU'=aw, pV’ = yw +è. 


Any isocline may be carried into any other isocline. The canonical 
form of an isocline is x’=0, u’ =0. There are œ* such transformations 
of Gy which carry a given isocline into a prescribed isocline. _ 

By (16) it may be proved that any isocline distinct from the iso- 
cline x’=0, u’=0 may be carried into the isocline y/=0, v’ =0. The 
group which preserves the two isoclines x’ =0, #’ =0, and y’ =0, 0’ =0 
i8 
(17) pX’ = az’, pY’ = dy’, pU’ = aw, pV’ = &r’. 


THEOREM 3. Any two dtsisnct tsoclines may be carrsed inio any other 
two dsstinct tsociines. 


The canonical forms of two distinct isoclines are x’ =0, u’ =; and 
y’=0, v =0. There are ©? such transformations of Gy. 

By combining (9) and (16), it is found that any curve element not 
on the isocline x’=0, #’=0 may be carried into the curve element 
(1, 0, 1, 0). The group preserving the isocline x’=0, #’=0 and the 
curve element (1, 0, 1, 0) is 


(18) p£’ = pix’, pY = dy’, pU = py’, — pV" = w. 


THEOREM 4. An tsocline y and a curve element e not in y can be con- 
verted tnio any other ssocline T and a curve element E notin T. 


The canonical forms of an isocline y and a curve element e not in Y 
are yiu’=0, x’=0; and e(1, 0, 1, 0). There are œ? guch transforma- 
tions of Gy. 

It may be proved that any isocline y and a curve element e in y _ 
can be carried into the isocline x’=0, u’=0 and the curve element 
(0, 1, 0, 1). The group which preserves the isocline x’=0, u’=0 and 
the curve element (0, 1, 0, 1) is given by (16). 

An isocline y and a curve element ¢ in y can be carried into any 
other isocline T and a curve element E in I. 

. The canonical forms of an isocline y and a curve element e in y are 
y:u'=0, «’=0; and e(0, 1, 0, 1). There are œ * such transformations. 


8. The invariants for a hypersurface element paired with a curve 
element, or hypersurface element, or isocline. Any hypersurface ele- 
ment of 2; is 


(19) , hal + dy +m + 0! = 0. | 
Any hypersurface element may be given by r(ck, ol, om, on). 
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Note that k and }, or m and n, cannot both be zero as hypersurface 
elements which contain the two minimal planar directions x’ =+’=0, 
or u’ =p =Q are excluded from consideration. 

The induced group between the hypersurface elements of 2, is 


: ok = aK + cL, om = aM + YN, 


(20) 
ol =bK +dl, of = BM + 8N. 


` Let a hypersurface element x(k, l, m, n) and a curve element 
e(x’, y’, uw’, v’) be given, (e not in x). Upon drawing the isocline + 
through g, we find that y intersects r in the curve element 


X'/x = ¥'/y = — w(me’ + nr), 


` (21) 
U' fl = V'/o = olka + by’). 


By Theorem 1, we know that the angle between e and the above curve 
element is invariant. 

By (12) and (20), we see that the group which preserves the curve 
element (1, 0, 1, 0) may be written in hypersurface element coordi- 
nates as 


(22) ok = piK, ob =bK +L, om = pM, on = BM + ON. 


By these equations, it may easily be proved that the hypersurface 
element r(ck, ol, om, om) can be sent into the hypersurface element 
U(K,0, M, 0). The group which preserves the curve element e(1, 0, 1, 0) 
and the hypersurface element x(k, 0, m, 0) is 


(23) oh = pik, ot = dL, om = pM, on = 8N. 


THEOREM 5. A hypersurface element x and a curve element e (e not 
in x) possess the untque snvartant 


1 mu’ + ao’ 
(24) 6 = 5s | - |. 
24 kx + iy 


This ts the angle between e and the unique curve element e* in r such that 
e and 6f form an tsoclinal pair. This is identical with Kasner's pseudo- 
angle. l 


The canonical forms of a hypersurface element r and a curve ele- 
ment e (e not in r) are x: kx’+mu’=0 and e(1, 0, 1, 0). The pseudo- 
angle is then (1/2¢) log (~m/k). There are œ? such transformations. 

Any hypersurface element contains a unique isocline. Thus the iso- 
cline in the hypersurface element q (k, 1, m, n) is 


(25) kif thy =0, me + no’ = 0. 
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A hypersurface element x and a curve element e contained in r but 
not in the isocline of x can be carried into any other hypersurface ele- 
ment HI and a curve element E contained in H but not in the isocline 
of II. | 

The canonical forms of a hypersurface element r and a curve ele- 
ment e contained in x but not in the isocline of r are r: x’ =u" and 
e(1, 0, 1, 0). There are œ? such transformations. 

„A hypersurface element x and a curve element e contained in the 
isocline of + can be sent into any other hypersurface element I and 
a curve element Æ contained in the isocline of I. 

The canonical forms of a hypersurface element r and a curve ele- 
ment e contained in the isocline of x are r: y’-++v’ =0 and e(1, 0, 1, 0). 
There are ©? such transformations. 

A pair of hypersurface elements are said to be an 4tsoclinal pastr if 
they intersect in an isocline. Otherwise they are said to be a general 
parr. i 

In hypersurface element coordinates, the equations of an isocline 
are 


(26) © k/ki HU Æ m/m = n/n. 


Of course, these are the conditions that the hypersurface elements 
(Ri, h Mma nı) and (k, 4}, m, ») form an isoclinal pair. 


THEOREM 6. An ssoclinal pair of hypersurface elements xı and Ti 
possess the fundamental tnvartant 


1 f 
27 0 = — lo —— = — lo —— — s 
( : 24 B kì Pli 24 8 Is Hi 


This ts Kasner's pseudo-angle between x3 and any curve element of xi. 


The canonical forms of an isoclinal pair of hypersurface ele- 
ments are x’-++u’==0 and kxe’+mu’=0. The invariant (27) is then 
(1/28) log (m/k). There are œ t such transformations. 


THEOREM 7. In the other possible pairs of elementis, no further in- 
vartants are found. 


On examination, we find the following standard forms: 

The canonical forms of a general pair of hypersurface elements are 
x'+n’=0 and y’+0’= (0. There are ©! such transformations. 

The canonical forms of any isocline y and a hypersurface element 
x, y notin r, are y:y’ =0, 0’ =0, and w:x’+u’=0. There are ©? such 
transformations. 

The canonical forms of an isocline y and a hypersurface element 


ao 
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x, yin x, are yiy’=0, v’=0, and x:y’+v’=0. There are ©* such 
transformations. 


9. The invariants for a general surface element paired with a curve 
element, or a hypersurface element, or a general surface element, 
or isocline. A surface element, not an isocline, may be given by s 
and v’ expressed as linear functions of x’ and y’; or by x’ and y’ ex- 
pressed as linear functions of u’ and v’. Because of the symmetry of 
our group (6), we find that it always can be supposed that a general 
surface element can be written in the form 


(28) | s = pt tay, w= rae tsy. 


Since we wish to omit from consideration those general surface ele- 
ments, which contain a curve element of the minimal planar direc- 
tions x’=y’=0, or 2’=9'=0, we find that ps—qr £0. 

The correspondence between the general surface elements is 


(ad — By)p = aP + cQ — aBR — cBS, 
(a3 — Pyjq = BBP + dQ — bBR — ABS, 
(a8 — By)? = — ayP — cy + aaR + cas, 
(ab — fy)s = — byP — dyQ + baR + das. 


Let S(p, q, r, 5) be a given general surface element. Through each 
curve element of S, there is a unique isocline. There are, therefore, 
œ lisoclines which intersect a given surface element S. These isoclines 
generate a nondegenerate quadrec regulus R, which is given by 

ru a y’ 
(30) a Pee 
To ore’ + sy’ 

Let e(x’, y’, u’, v’) be a curve element of the regulus R but notin S. 
The isocline through e will intersect the general surface element S in 
the curve element e* given by 


(31) X/x = Y'/y = ow, U/W = V'j = olp + gy’). 


By Theorem 1, the angle between e and e* is invariant. 

Since any general pair of curve elements may be carried into any 
other general pair, it follows that any general surface element may be 
sent into any other general surface element. In particular, we may 
carry any general surface element into the general surface element 
u= 0’ =y’, 

Let us find the subgroup of Gy which leaves the general surface ele- 


ment u’=2x', v =y" invariant. By (29), we must have 


(29) 


` 
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(32) að — By = æ — tf = — by + da, 0= bò — dp = — ay + ca. 


By these equations, it follows immediately that œ =a, =b, y=c, 
S=d. Thus the subset of Gr, which leaves our general surface elemeni 
u’ =x", d =y" fixed ts the three-parameter group in curve element coordi- 
nates 


(33) pX'’=az’+by, pU’=au'+br, p¥’=ca’+dy, pV’=cw+ dv. 


Now there exists a transformation of Gy which carries our general 
surface element into Stu’ =x’, v =y". Therefore our curve element is 
carried into a curve element which belongs to the regulus of S. Hence 
the coordinates of this new curve element satisfy the condition 
u’/o' =x'/y'’, Now in (33) take —c/d=y'/x'=0'/u'. Obviously this 
transformation will take our curve element into the curve element 
(x’, 0, 2’, 0). 


THEOREM 8. Let the curve element e(x’, y’, u’, 0’) be on the regulus R 
of the general surface element Siu! =px'+qy’, 0’ =rx’'+sy’. Thats, let 
(u'/o') = (px’ +ay’)/(rx’+sy'). Then e and S possess the unique în- 
variant 


(34) -= 


w 1 
— log —— = — log ————. 
24 pe +qy 24 r£ $y 


This is the angle between e and the curve elemeni e* on S such that e and e" 
are an ssoclinal pastr. 


The canonical forms of a curve element e and a general surface ele- 
ment S, e on the regulus R of S but not in S, are e(x’, 0, u’, 0) and 
Siu! =x',v'=y’. There are ©? such transformations. The invariant 
(34) is then 6 = (1/24) log (u’/x’). 

Any pair consisting of a general surface element S and a curve ele- 
ment ¢ contained in S can be converted into any other such pair. 

The canonical forms of a general surface element S and a curve ele- 
ment e contained in S are Siu’ =x’, v =y" and e(1, 0, 1, 0). 

Next let us note that the transformation (33) where 


a=“ (Xi-—Ul), b=—(X! + U2), 
24 2 
(35) 
c=“ (vyi-vi), d= 47), 
24 2 
_ will carry the curve element (4, 1, —#, 1), not in the regulus of the 


general surface element Siu’ =x, v’=y’, into any curve element 
(piX1, pr Yi, pUl, pi Vi), not in the regulus of S. 


- 


w 
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We also note that the only transformation which preserves the gen- 
eral surface element w’ =x’, v’ =y" and the curve element (4, 1, —4, 1) 
is the identity. 


THEOREM 9. There exist no snvartants between any curve elemeni e 
and a genera} surface element S such that e ts not on the regulus R of S. 
There exists one and only one transformation of Gy which will oan) any 
such general pasir into another general pastr. 


Let (x’, y’, 4’, 0’) be the coordinates of the curve element of con- 
tact between the tangent hypersurface x(k, /, m, #) and the regulus R 
of the general surface element S. Then 


(36) pk = rw! — pr, pl = su’ — qv’, pm = re’ + sy, on = — pa’ — gy. 
Solving these equations for (x’, y’, u’, v’), we find 

(37) ox = —mq—ns, ow = pl—hg, oy =pmtrn, of =— ks+ri. 
The angle between this curve element ¢ and the curve element e* in S 
such that ¢ and ef are an isoclinal pair is invariant. The preceding 
equations.in conjunction with Thedrem.8 yield the following informa- 
tion. 

THEOREM 10. Let a hypersurface element x(k, l, m, n) be tangent 
to the regulus R of the general surface element S:u'’=px'+qy’, 
v’=rx'+sy’, The condition necessary and suffictent for this is (—n/m) 
= (kg—pl)/(ks—rl). Then x and S possess the unique invariant 


1 = 1 keji 
G89 0 = — log | 2 lee | - |. 
4 


n(ps — gr) 2% m(ps — gr) 
Thess ts the angle between the curve element e of contact between the hyper- 
surface elemeni x and the regulus R, and the curve element e* on the gen- ° 
erat surface element S such that e and e* form an isocitnal pastr. 


Again by Theorem 9 and equations (37), we deduce the following 
theorem: 


‘THEOREM 11. There exist no snvartants between a hypersurface ele- 
ment x and a general surface element S with x not tangent to the regulus 
R of S. There extsis one and only one transformaison of Gy which will 
carry any such general pair into another general patr. 

The canonical forms are Siu’ =x’, v’=y’, and xiir’ ty’ ~tu +0’ 
=, 

Let 6 be the angle between any curve element e of the regulus R; of 
the general surface element Sı and the curve element e* on Sı such 


4 s 
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that and e* are an isoclinal pair. Upon setting ¢6=e?”, we find by 
Theorem 11 that the regulus R, may be given parametrically by 


(39) w = die tay), v = one’ + sy). 


Now the general surface element S, will intersect R; in two curve 
elements ¢, and 6, given by 


w = olh + gy) = pix + gay’, 
y = ofrir + sy’) ed Tx! + Ss’. 


The elimination of x’ and y’ gives a quadratic equation in ¢. The 
roots of this quadratic equation are therefore invariants of the two 
general surface elements Sı and Sy. 

Now we shall show that these two invariants are the only ones. In 
the first place, we may assume that Sı is of the form w =x, v =y". 
Then from (40), we find that our invariants are the roots of 


(41) P= Get Bot Gen = ta) = 0. 


Since the sum and product of these roots are invariant, we know that 
(Pats) and (pas: — raga) are both invariants. 

Next we shall show that we can carry our surface S3(pa, gs, 12, Sa) 
into (Ps, 0, 0, S2). In the first place, the two invariants of the preced- 
ing paragraph yield the folowing two conditions 


(42) Py + Sg = pat Sa, PaSa = Pass — Tega. 
The elimination of $s, yields the condition 


(40) 


(43) pi — (P2 + Ss)p2 + PaSa + raga = 0. 


Let us in the first place assume that our general surface element Sy 
is contained in the regulus Rı of Sı. Then Sı must be of the form 
(pa, 0, O, pa) which is the desired form. As a matter of fact, it is seen 
that our group (33) preserves any general surface element Ss con- 
tained in Ri. 

Now let us suppose that our general surface element S, is no? con- 
tained in the regulis R,. Then its transformed surface element 
(Ps, 0, 0, Ss) is not contained in R; so that P17 Ss. 

The group (33) shows that if (ps, qs, Ta, 52) is carried into 
(Py, 0, 0, Ss), then 


(ad — bc) ps = adPsx'— boss, (ad — be)ry = — ac(Ps — S3), 
(ad — bc)qa = bd( Pa — S1), (ad — bc)sa = — bcPy + adds. 
By use of the first of equations (42), it may be shown that the last of 


(44) 
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the preceding equations is E to the first equation. Hence our 
conditions reduce to 


ad(pa — Ps) = belha — Si), 
(45) (ad — bc)qa = bd( Pa — S3), 
(ad — bc)ry = — acl Pa — Sa). 
Now in the first of these equations, we see that pa— P: and pi— S3 


cannot both be zero, for otherwise P= S4, which is impossible. Hence 
there exists a nonzero number A so that 


(46) ad = (pa = S3), ac = — Mfrs, be = Alps TE Pa), bd = gs. 
From these equations, we deduce that since À £0, then 


(47) — s= - OO SS MlM i 

d fr — Ss da 
Of course the last equation is true because of (43). Substituting (47) 
‘ into (46), we see that a:b:c:d are determined except for an arbitrary 
constant. 


THEOREM 12. Two general surface elements Sı and S, possess the two 
dtfferential invariants ġı and hı which are roots of the equatton 


(48) (pisi — qurs)o? + (qira + garı — Pisa — pasidd + (psa — Gara) = O. 


If we let = (1/28) log o, then 0 is actually the angle between ihe curve ele- 
ment €, or é;, tn which Ss intersects the regulus Ri of Sı and the curve 
element e* in Sı such that ¢;, or ¢;, and 6" are an tsoclinal parr. There 
are no more snvarsants. 


Finally, we may prove the following result. 


THEOREM 12". There are no tnvartanis between a general surface ele- 
ment S and an ssochine y. Any such patr may be carried snio any other. 


In conclusion, we observe that Kasner’s pseudo-angle may quite 
easily be extended to characterize the group of pseudo-conformal 
transformations defined by n complex functions of » complex vari- 
ables. This group is characterized within the group of arbitrary point 
transformations of a 2m-dimensional space by the preservation of the 
pseudo-angle between a curve and a (2n—1)-dimensional hypersur- 
face at their common point of intersection. , 
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ON INTEGRAL FUNCTIONS OF INTEGRAL 
OR ZERO ORDER 


S. M. SHAH 


Let F(s) be an integral function of finite order p. We write 
F(s) =s*er f(z) where g(s) is a polynomial of degree q Sp and 


m-dir 3) 


is the canonical product of order pı and genus p. Let M(r, iF) 
= MAX |s) aur | F(s)| and n(r, F—a)=n(r, a) be the number of zeros of 
F(s)~ain s| =r. In an earlier paper! I proved the following result. 


THEOREM 1. Jf F(s) be of integral order p and 4f the genus of the 
canonical product f(s) be p=p, then . 


log M(r, F) 
Apika n(r, F)9(r) 


where o(x) ts any possisve continuous increasing function of the real 
variable x such that 


- dx 
(2) J se 


ts convergent. 


(1) 





In this note I prove a similar result for the canonical products of 
order p and genus ~=p—1, and discuss whether the result can be ex- 
tended to integral functions which are not canonical products. The 
main result is the following. 


THEOREM 2. If f(s) is a canonical product of integral order p and 
genus p =p — 1 then 


log M(r, f) 
rae mr, DBD 
where B(x) is any postive increasing function such that 
(4) ia dx 
« x(x) 


A 


(3) 





Received by the editors July 20, 1941. 
1 A Theorem on tuiagral functons of tntegral order, Journal of the London Mathe- 
matical Society, vol. 15 (1940), pp. 23-31. I shall refer to this paper as (1). 


j 329 


330 gM. SHAH . [Apeil 


is convergent and 

(4.1) B(x) /x* ` 

is monotonic for ali large x, say x ZA > 0; aa constani such ihat 0 <a <1., 
LEMMA 1. For ah r2ro(A, 8) 


r dz Art 4 
= f eee < ng 
ai AP) logr 
where A and A; are postive constants, and B ts a constant such that 
0<8 <1. 


Proor. From the convergence of the integral in (4), we have 
log x«< (x) for all x2,A2. Hence for rÆ ro 


eee 2 pif Ar 
J = [" + < i 
Ay na a (1 — p) tu — f) logr logr 
LEMMA 2. Suppose that ihe real funcitons Y (x) and 0(x) satisfy the 
following conditions: 
(1) P(x) ts contsnuous in (6, ©) where 8>0, except for isolated points 
where (x) has ordinary left-hand dtscontinutises. 
(2) W(x) is non-tncreasing as x2 ô increases in any tnterval between 
two conseculive disconisnutizes. 
(3) 0(x) 4s a postive continuous increasing function for x= ô. 
yle) 
A(z) 


Then we can find a sequence fra} of values of x tending io œ such 
that ihe iwo snequalsises 


“ 




















(4) lim sup y(x) = ©, lim n up 





P(x) S v(x), mS x < Ta 
Wa) Vm) | | oud 
ia O(a) 


are satssfied simultaneously. 

The x, are potnis of dsscontinutty so that W(x.) = (Xa +0) and x, is 
the first point of discontinutty tn (6, o),! 

The proof is similar to that of Lemma 2 of my paper referred to 
above, and is based on the following lemma of Pélya.? 


If 
h, h, haee, la > 0, 


$1, 5a, $h ttt; $1 > 03 Smti > Sup = 1, 2,3,- 


? Mathematische Annalen, vol. 88 (1923), p. 170. 
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are two sequences of posstive numbers, of which the second ts monotonic 
and increasing, such that 


lim le = 0, lim sup lata = ©, 


then we can find an infinite sequence {n} of the indices n such that the 
two sets of tnequalsites 
lha >h, >n, 
laSa D> lasas u< A 
are saitsfied stmulianeously. 


To prove Theorem 2 we first consider the case when 


(5) ; lim nip RU >0 
renee! perl 

We have 

(5.1) ptt < An(r) B(r) 


t 


for an infinity of values r = R, tending to œ and so 
log M(Ra) A log M(R,) 


TERN => 0 as m—> o, 
, n(Ra) &(Rs) Rgt 


Hence 
log M (r) 


rmo (7) B(r) 7 


$ 


Suppose secondly that 
n(r) B(r) 


(5.2) ; ae 


Here @(%)/x7 must be monotonic decreasing, for if not P(x) 2Ax-, 
and so 
fais — siima a i 


r a rrt raw pg?tl~a 





= 0, 


contradicting hypothesis (5.2); so ®(x)/x* is monotonic decreasing 
for x 2A. We apply Lemma 2 putting 


¥(2) = ees n(x) a 


aa ROT 
artis gt gpti-e-f 





and choosing 6(x) =x*, 8 a constant such that 0<B<1—a, ô =A. The 
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conditions of Lemma 2 are satisfied, and hence, putting x, = R we ob- 
tain : 
n(x) P(x a(R) OCR 
BRO 22 OED, gecko ee. 


artis Rrti-t 

n(x) O(x n REPR 

EG) EE) Brisk 
“ePtl Rt ` 


Thus for R>*x1, 


w n(x, f) Rr! 
FER 
è etl (x -+ R) 


safaf 7 aa +R f na dz} 


safa RID f” e „waw f -E ti 








Revs », (r) 
Agn( R 
A {a7 + o(n(R) a(R) 
log R 
Hence 
(6) iani ee epee I: 8g 
rom at n(r, f) (r) ra a(r, f) ®(r) 


and this completes the proof of the theorem. 


. COROLLARY. If F(s) =se f(a) 4s of sntegral order | p and genus 
g=p—1 then 


log M(r, F) = 
ree wr, Br) 


We have g=p—1=max (p, q). It is easily seen that p=p—lI, 
gSp-—i and 


(8) log M(r, F) < Afr + log r} + log M(r, f). 
If 


(7) 


lim su 


rm a 


then R, being defined in (5.1), 


a(r, NB) 
Pa O 


” 
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~ log M (Ru, F) AR log Ra} Tog M(R,, f) . 
` MRa, F)O(Ra) n(Ra, F) ®(Rp) m Ra, f) B(Re) 


Hence 
log M(r, F) 
rae nír, F) P(r) 
If now 
an MDB) 
fm æ grt , 
then for all larger — 


log M(r, F) < Afr + logr} + Al(r, f) < Asl(r, D 


and hence from (6) the required result follows. 

The condition (4) on (x) is sufficient but not necessary’ for (3) and 
(7) to hold. The condition (4.1) is also not necessary for we can take 
(x) to be any function 


(ix) (az) +++ (Laz) (ax), n> 0, 

of the logarithmic comparison scale, and hence any function for which 
a (x) 

lim inf —— M 

Em (hæ) (lx) eae yx) (yx) i 


We can take ®(x) to be any positive L function‘ which satisfies (4) 
but we cannot take (x) (or d(x) in Theorem 1) to be (hæ) (Jax) - + « (hx). 
Consider for instance 


2A> 0. 


ij 


wiih -i-e 


where 
Gy = — m(hym) >> (Ln) (Tayin)?, 
Gg = n(n) - - - (byes) (lapis). 


The functions fı(s) and f,(s) are canonical products of order 1. The 


genus of f;(s) is 0, and of f:(s) is 1. For each of them we have 
log M(r) 
rao #(r) (bir) -- + Gar) 


cs OO, 


*Cfi.p.4of (1). 
‘ For definition see G. H. Hardy, Orders of Infinity, 1924, p. 17. 
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In what follows we shall take ¢(x) to be a positive L function satis- 
fying the condition (2). 
Suppose now F(s) is of integral order p. There are four possibilities: 


(1) mosom q= n (2) p=p=p,gsa, 
(3) pr=gq=e,p=p-—Il, (4) pr=p,q<p, p=p-i.> 
Combining the above results we have in cases (2) and (4) 
log M(r, F) 
(9) = 


ma n Pe) À 

In cases (1) and (3), (9) does not hold.* For functions of fractional 
order and zero order® it certainly holds. In particular (9) ss true for 
any canonical product of finite order; st also holds for functions of maxt- 
mum or mintmum type, order p. 

It is known that if F(s) is of integral order p, then’ 

log M(r, P) 

T=. n(r, F =a) = a) 


for every a, except possibly a single exceptional value of a. Since F (2) 

and F(s)—a belong to the same type, we deduce from (9) that sf 

F(s) is of maximum or minimum type, order p, where p is an integer, then 
log M (r, F) 

r=» nír, F — DD 

for every a. If F(s) is of mean type then (11) need not hold ra one ex- 

ceptional value of a. For example, se* and 


(10) 


(11) 


s 
n 4: ü n(log = 


are both functions of mean type, order 1. For each of these two func- 
tions 
log M(r, F) 
rao #(r, F — 0)(log r)?” 7 
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s (1), p. 29. 
s (1), pp. 29-30. 
7G. Valiron, Lectures on the General Theory of Integral Functions, 1923, p. 86. 


THE FEBRUARY MEETING IN NEW YORK 


' The three hundred eighty-fifth meeting of the American Mathe- 
. matical Society was held at Columbia University on Saturday, 
February 28, 1942. The attendance was approximately two hundred 
including the following one hundred forty-seven members of the So- 
ciety: l 


R. L. Anderson, Lawrence Annenberg, R. G. Archibald, B. H. Arnold, K. J. 
Arnold, L. A. Aroian, Fred Assadourian, F. E. Baker, J. D. Bankier, Alfred Basch, P. 
T. Bateman, Stefan Bergman, Felix Bernstein, D. H. Blackwell, Gertrude Blanch, 
Samuel Borofsky, C. B. Boyer, A. D. Bradley, A. B. Brown, G. E. Bulloch, J. H. 
Bushey, J. W. Calkin, J. A. Clarkson, Harvey Cohn, K, S. Cole, L. M. Comer, T. F. 
Cope, Richard Courant, J. H. Curtisa, M. D. Darkow, Norman Davids, J. L. Doob, 
Jesse Douglas, Arnold Dresden, Nelson Dunford, Jacques Dutka, J. E. Eaton, M. L. 
Elveback, Paul Erdos, Aaron Fialkow, D. A. Flanders, A. I. Forsythe, Tomlinson 
Fort, R. M. Foeter, G. A. Foyle, Hans Fried, K. O. Friedrichs, H. P. Geiringer, A. M. 
Gelbart, B. P. Gill, M. C. Gray, H. J. Greenberg, Bernard Greenspan, Lewis Green- 
wald, H. M. Griffin, E. J. Gumbel, Jacques Hadamard, D. W. Hall, F. C. Hall, N. A. 
Hall, M. H. Heins, Edward Helly, E. H. C. Hildebrandt, Banesh Hoffmann, T. R. 
Holleroft, E. A. Hoy, E. M. Hull, W. A. Hurwitz, W. H. Ingram, G. K. Kalisch, Ed- 
ward Kasner, L. S. Kennison, J. R. Kline, E. R. Kolchin, B. O. Koopman, Arthur ` 
Korn, J. S. LeCaine, Solomon Lefschetz, Howard Levi, Madeline Levin, Norman 
Levinson, E. R. Lorch, A. N. Lowan, L. A. MacColl, C. C. MacDuffee, H. F. Mac- 
Neish, P. T. Maker, W. T. Martin, Imanuel Marx, Walther Mayer, H. L. Mintzer, 
E. C. Molina, Deane Montgomery, M. E. Munroe, F. J. Murray, C. A. Nelson, K. L. 
Nielsen, L. F. Ollmann, Oystein Ore, J. C. Oxtoby, A. S. Peters, R. S. Phillips, Harry 
Pollard, E. L. Post, Walter Prenowitz, M. H. Protter, H. A. Rademacher, M. S 
Rees, C. F. Rehberg, H. J. Riblet, Moses Richardson, R. G. D. Richardson, J. F. Ritt, 
I. F. Ritter, H. E. Robbins, S. L. Robinson, Benjamin Rosenbaum, J. E. Rosenthal, 
. Raphatl Salem, Arthur Sard, I. E. Segal, Seymour Sherman, Max Shiffman, L. L. 
Silverman, James Singer, M. F. Smiley, A. H. Sprague, Wolfgang Sternberg, J. J. 
Stoker, A. H. Stone, R. C. Strodt, W. C. Strodt, Alvin Sugar, M. M. Sullivan, J. D 
Tamarkin, J. W. Tukey, J. L. Vanderslice Wolfgang Wasow, Louis Weisner, M. E. 
Wella, W. F. Whitmore, Nobert Wiener, John Williamson, Audrey Wishard, H. A. 
Wood, M. A. Woodbury, Leo Zippin. 


Professor J. H. Curtiss presided at the morning session which was 
devoted to short papers. At the afternoon session, at which Vice 
President J. D. Tamarkin presided, an address entitled On a general 
equatton for relaxation osctilattons was given by Professor Norman 
Levinson. 

Titles and cross references to the abstracts of papers read at this 
meeting follow below. Papers whose abstract numbers are followed 
by the letter # were read by title. The papers numbered 1~10 were read 
before the morning session and papers numbered*11-27 were read 
by title. Paper 6 was read by Professor Silverman and paper 7 by 
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Professor Kasner. Dr. Mann was introduced by Professor H. A. 
Rademacher. 

1. Wolfgang Wasow: On boundary layer problems in the theory of 
ordinary differential equations. (Abstract 48-3-121.) 

2. Harry Pollard: The generalized Stieltjes transform. (Abstract 48- 
3-117.) . | 
-3. K. L. Nielson: Some propertses of functions satisfying partial 
differential equatrons of elliptic type. (Abstract 48-3-116.) 
- 4, A. M. Gelbart: Functtons of two varsables wrih bounded real paris 

in domains not equivalent to the bicylinder. (Abstract 48-3-110.) 

5. Raphaël Salem: On singular monotonic functtons of the Cantor 
type. (Abstract 48-3-118.) 

6. L. L. Silverman and Otto Szász: On a class of Nérlund matrices. 
(Abstract 48-3-120.) f 

7. Edward Kasner and J. J. DeCicco: A generalisation of the iso- 
thermal transformations. (Abstract 48-3-131.) 

8. E. R. Lorch: The theory of analytic functions in normed abelian 
vector rings. Preliminary report. (Abstract 47-11-469.) 

9. Stefan Bergman: Two-dimenstonal flow around two profiles. (Ab- 
stract 48-3-122.) ~ 

10. H. B. Mann: Proof of the conjecture on the density of sums of sets 
of posttive integers. (Abstract 48-3-105.) 

11. A. A. Albert: Non-assoctatve algebras. II. New simple algebras. 
(Abstract 48-3-102-1.) 

12. P. O. Bell: The parametric osculating quadrtcs of a famiy of 
curves on a surface. (Abstract 48-3-125-2.) 
_ 13. Paul Civin: Two-to-one mappings of three-dsmenstonal sets. (Ab- 
stract 48-3-137-i.) 

14. Nathaniel Coburn: Conformal geometry of unitary space. (Ab- 
stract 48-3-126-.) 

15. Nathaniel Coburn: Congruences in unsiary space. (Abstract 48- 
3-127-4.) 

16. J. J. DeCicco: A generaktsation of the dual-tsothermal trans- 
formations. (Abstract 48-3-128-2.) 

17. J. J. DeCicco: Potnt transformations by which stratght lanes cor- 
respond to circles. (Abstract 48-3-129-#.) 

18. Jesse Douglas: On the geodesic surfaces of a given curve famiy. 
(Abstract 48-3-1304.) 

19. H. L. Garabedian: Hausdorff integral transformaison. (Abstract 
48-3-109-2.) 

20. H. J. Greenberg and H. S. Wall: Hausdorff means included be- 
tween (C, 0) and (C, 1). (Abstract 48-3-111-#.) 
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21. Irving Kaplansky: Note on a common error concerning kurtosis. 
(Abstract 48-3-136-#.) 

22. Edward Kasner and Don Mittleman: A general theorem on the 
ensisal curvatures of dynamical trajectories. (Abstract 48-3-132-t.) 

23. A. N. Lowan, Gertrude Blanch, and William Horenstein: In- 
verston of the q-sertes associated wih J acobi elispisc functtons. (Abstract 
48-3-1144.) 

24. A. N. Lowan and Abraham Hillman: A short table of the zeros of 
the equatton f(x)=Ja(x)Ya(kx)—Jolkx)Ya(x)=0. (Abstract 48-3-115-t.) 

25. A. R. Schweitzer: Note on functions which generate an abstract 
. field. (Abstract 48-3-106-2.) 

26. Alexander Weinstein: Spherscal pendulum and complex integra- 
tion. (Abstract 48-3-1244.) 

27. Don Mittleman: Spin in newtontan michans: (Abstract 48-5- 
210-Ł.) 

T. R. HOLLCROFT, 
Assoctate Secretary 
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Research—A Nattonal Resource. II. Industrial Research. (Report of 
the National Reséarch Council to the National Resources Planning 
Board.) Washington, D.C., United States Government Printing 
Office, 1941. 11-+370 pp. $1. 00. 


This report, based on a canvass of industrial laboratories, gives an 
account of the nature and extent of present day industrial research in 
this country. It consists of an organized collection of over twenty 
studies, prepared by specially qualified men, covering such topics as 
the development of industrial research, fundamental research in in- 
dustry, careers in research, research in the aeronautics, petroleum 
and steel industries, location and extent of research, and research 
abroad. There are studies on the role of chemistry, of physics, biology, 
. mathematics, and various fields of engineering, in industrial research. 
The part on mathematics (pp. 268-288), prepared by Dr. T. C. Fry, 
will be found interesting and valuable to all mathematicians. 

Dr. Fry's report, entitled Industrial mathematics, has been re- 
printed as a supplementary issue of the American Mathematical 
Monthly (vol. 48 (1941), no. 6, part 2), and also in the Bell System 
Technical Journal (vol. 20 (1941), pp. 255—292). It begins with a dis- 
cussion of the nature of the industrial mathematician’s work, fol- 
. lowed by a list of the qualifications that these men should possess, 
pointing out that the mathematician in industry must generally 
function as a consultant rather than as a project man. The lack of a 
center of training for such men is stressed. In recent months steps . 
have been taken to improve this situation. A study of the uses of 
mathematics in industry and a sectian on statistics make up the rest 
of the report. The many interesting examples give a vivid impression 
of the growing use of mathematics in industry. 

R. V. CHURCHILL 


The Analysis of Economic Time Series, by Harold T. Davis. (Cowles 
Commission for Research in Economics, Monograph no. 6.) Bloom- 
ington, Indiana, Principia Press, 1941. 14+620 pp. $5.00. 


It is unfortunate and a sign of the extreme specialization of science 
and the scientists that many advances made in related fields are 
ignored or neglected by the mathematicians. This is not altogether 
their fault, because nobody could possibly follow the ever growing 
literature in all phases of science utilizing mathematics. The whole 
mathematical profession and especially its statistical branch is in- 
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debted to Professor H. T. Davis, who has in this monumental volume 
assembled and lucidly interpreted a great number of the recent de- 
velopments in the interesting, if somewhat puzzling, field of the study 
and analysis of economic time series. It also contains many of his 
own very important contributions. I feel certain that this book is 
destined to exert a deep influence upon the future development of the 
field. It also will stimulate the thinking of many who have been work- 
ing on entirely different problems and who may find some of their 
difficulties related to the questions discussed in Professor Davis’ book. 

The first chapter deals with the history of the analysis of time series 
and gives a very valuable account of the most important writings 
in the field. It also affords an excellent introduction to the other 
parts of the book. The mathematical reader may not feel he can even 
glance through the whole 600 pages of the book. But he will be able 
to gain a rapid survey of the field and to select the material most 
valuable to himself by reading carefully the 60 pages of the first 
chapter. 

The second chapter deals with the technique of harmonic analysis; 
this is the representation of empirical data by Fourier series. It does 
not on the whole add very much to the classical treatment of the 
problems. The last section relates the technique of harmonic an- 
alysis and more generally the method of decomposing empirical series 
_ by orthogonal function to the theory of multiple correlation. It con- 
tains some very valuable and original ideas. There are also, as in all 
other chapters, applications to economic data, which will be of great 
interest to economists. 

The third chapter treats serial correlation. This is the phenomenon 
of the appearance of leads and lags among correlated variables. A 
special case is auto-correlation, where the individual items of one 
time series are correlated with each other. This chapter presents the 
best exposition of these extremely interesting and difficult problems 
which have given so much headache to the statistician. A great deal 
of the work originally done by Norbert Wiener is reproduced but im- 
portant theorems are added. There are also new calculation tech- 
niques. The problem of continuous spectra is treated as well as some 
questions connected with random variation which have received so 
much attention lately. Finally, this chapter gives an application of 
the ideas of lag correlation to supply and demand curves, which leads 
to a discussion of the so-called cobweb theorem well known in eco- 
nomic statistics. 

The fourth chapter brings an extensive discussion of the important 
problem of the theory of random series, which naturally is of great 
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interest not only to professional statisticians but also to workers out- 
side the field of economic statistics. It has a definite relationship to 
some of the fundamental assumptions of probability theory, for in- 
stance, to the frequency definition of probability by von Mises. 
Goutereau’s method is discússed and Yule's theory of random series 
is generalized with the help of the auto-correlation function. The 
theory of accumulated random series which has received some atten- 
tion from mathematicians recently is presented as well as the influ- 
ence of moving averages upon random series. The theory of sequences 
and reversals originally introduced by Bortkiewicz and recently 
further developed by H. E. Jones' receives considerable attention. 
' Finally, an application to the economic problems of stock market 
action is given. 

Chapter 5 deals with the difficult and puzzling problem of degrees 
of freedom in economic time series, which has troubled statisticians 
‘for a long time. It is well known to the economic statistician that 
additional observations within the same time interval do not in gen- 
eral add materially to our information about economic phenomena 
we, are studying with the help of statistical methods. If, however, 
the Fisherian theory of degrees of freedom is uncritically applied, 
it would seem that we are gaining a great deal of information. Pro- 
fessor Davis attacks the question as a problem in inverse probability 
essentially on the basis of Bayes’ theorem. He considers particularly 
Schuster’s, Walker’s and Fisher’s tests of significance in harmonic 
analysis and some problems recently discussed by Thurston, Frisch, 
and Hotelling in the field of factor analysis. Dissatisfied with previ- 
ous results he finally proposes a very ingenious method which he calls 
_ the method of elementary energies. 

Chapter 6 deals with the analysis of trends. The secular trend rep- 
resents the non-periodic movements in economic time series. The dis- 
cussion adds some new formulae for the correlation of residuals from 
polynomial trends. It treats the elimination of seasonal variation by 
the method of link relatives and the variate difference method which 
utilizes series of successive finite differences of the data. A very inter- 
esting section deals with the fitting of the logistic, which is a some- 
~ what difficult problem because of the nature of the curve. Its solution 
is, however, important for social and economic statistics because of 
' the role of the logistic in population theory and related fields. Hotel- 
ling’s method of fitting the curve to its differential equation is dis- 
cussed extensively as well as other approaches. Additional sections 
deal with the growth of population and of production. Finally Mr. 
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Leavens’ interesting theory of frequency distributions of time series 
is presented. 

Chapter 7 deals with periodogram analysis. This is one particular 
technique for the search for hidden periodicities. It utilizes the 
amplitudes of sine-cosine curves fitted to trial products. Davis pre- 
sents some material on sine-cosine series, random series, smoothed ` 
and cumulated random series, and economic applications to various 
empirical data. A section deals with sunspot numbers and another 
with galvanometer series. It is a clear and valuable presentation of 
the technique of periodogram analysis. 

Chapter 8 deals with the evidence and explanation of economic 
cycles. This is the much discussed and still largely unsolved problem 
of the somewhat irregular appearance of booms and depressions. 
Professor Davis first discusses and classifies economic business cycle 
theories and treats in more detail the mathematical theories of Evans, 
Roos, Frisch, Tinbergen, and Kalecki. He also goes into some prob- 
lems on statistical hysteresis which are very interesting from a purely 
mathematical point of view. He discusses the methods proposed by 
Lotka, Volterra, Jones, and others in this field. The remainder of 
the chapter is devoted to some original work in the theory of crises 
which Professor Davis tries to explain by a sort of resonance theory. 
Chapter 9 deals with the nature of wealth and income and presents 
first statistical data on the personal distribution of income as well as 
the classical theory of Pareto’s law. Professor Davis also tries to 
give a new and very interesting general distribution function which 
seems to fit the empirical income distribution better than Pareto’s 
function or variants proposed by other writers. The chapter deals, 
however, mainly with economic and social problems. 

Chapter 10 is entitled, “The dynamic trends from the point of 
view of the equation of exchange,” and will not be of very great 
interest to non-economists. 

Chapter 11 takes up very courageously the difficult problem of 
forecasting economic time series, especially as applied to stock prices. 
It reviews the classical work of Henry Schultz, The standard error: 
of a forecast from a curve. Then it presents Professor Davis’ own 
_ contrrbution which essentially assumes that it is not possible to fore- 
cast in the future beyond a range equivalent to the range of the 
available data. There are some interesting ideas about moving 
periodogram analysis and the method of probable error bands. 

The last chapter finally deals with interpretation and critique of 
the material presented, especially from the point of view of business 


t. 
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cycles. It also gives a new “economic” interpretation of history and 


‘presents some interesting analogies between mathematics and eco- 


nomics. 

This book should prove very useful to the statistician as a hand- 
book. He will find a great deal of stimulation and valuable material 
and procedures even if he is not professionally concerned with eco- 
nomic problems. The pure mathematician can gain a survey of the 
field. He may-be interested especially in some of the unsolved prob- 
lems of serial correlation and periodogram analysis which evidently 
require very powerful tools of analysis. One has to be extremely 
grateful to the author for having accumulated so much material 
and presented.it in such a readable and interesting form. 


GERHARD TINTNER 


A Survey of Modern Algebra. By Garrett Birkhoff and Saunders Mac- 
- Lane. New York, Macmillan 1941. 114450 pp. $3.75. } 


In this book Professors Birkhoff and MacLane have made an im- 
portant contribution to the pedagogy of algebra. Their emphasis is 
on the methods and spirit of modern algebra rather than on the sub- 


` ject matter for itself. The word “survey” in the title is quite accurate; 


for, although many topics are treated, none of them is really com- 
pletely developed. The most important parts of each theory are in- 
cluded and that is all that can be asked of an introductory textbook. 

Because of the authors’ emphasis on “method” rather than “fact” 
the book will not be of much use as a reference work. But there is no 
dearth of good reference works in algebra, and in the reviewer's 
opinion the present textbook will prove more useful than another 
encyclopedic treatise would have been. 

A discussion of the topics included will help to indicate the authors’ 
purposes. 

The first three chapters of the book are ostensibly devoted to the 
development of number systems: starting with postulates for the 
integers, then defining rational numbers in terms of the integers, and 
next giving an outline of the Dedekind construction of real numbers. 
Actually much more is happening. Such fundamental concepts as 
congruence, residue class, isomorphism, and ordered and well ordered 
sets are introduced and applied in a natural manner to the theory. 
Also the generalizations from integers to integral domain, and from 
rational number to field are made at suitable stages of the develop- 
ment. This procedure of starting with properties of a familiar mathe- 
matical system and generalizing to an abstract system is typical of 
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the spirit of the book and is 3 used i in the development of almost every 
topic treated. 

The traditional theory of is which is all too frequently the 
undergraduate’s only contact with algebra, places much emphasis 
on the solution of polynomial (and sometimes also non-algebraic) 
equations by approximation methods. This involves considerable 
attention to the analysis of polynomial functions, including such 
topics as Descartes’ rules of signs, and Sturm’s and Budan’s theorems 
for isolation of roots. Such theorems may indeed be nice applications 
of the calculus but they certainly do not give the student any new 
general concepts either in algebra or analysis. A result of this pro- 
cedure is that most beginning graduate students have not even the 
ghost of an idea as to what algebra is really about, even those parts of 
algebra that have proved to be of almost universal mathematical inter- 
est. (Contrast this with the situation in analysis where the under- 
graduate is getting acquainted with such basic ideas as continuity, 
limit, and infinite processes.) 

In contrast to the traditional approach, in the authors’ treatment 
(Chapters IV and V) the parts of the theory of polynomials and 
theory of equations that belong to analysis are omitted. (One major 
exception to this general policy is the inclusion of several sections on 
the fundamental theorem of algebra, but these can be skipped with- 
out loss of continuity.) Because of these omissions, an undergraduate 
course in algebra based on this book has time to include numerous 
more generally useful algebraic topics and methods; that is, the stu- 
dent can be presented with ideas that lead somewhere, rather than 
being sent up a blind alley. 

Chapter VI deals with group theory. Only the most elementary 
(and therefore the most frequently needed) parts of the theory of 
abstract groups are included. The importance of groups of trans- 
formations and of permutation groups is emphasized throughout. 
As usual the topics treated are pegs upon which are hung new gen- 
eral ideas: this time the concepts of automorphism, homomorphism, 
and a general discussion of abstract equivalence and congruence 
relations. 

The authors express the belief that “for many students, the value 
of algebra lies in its applications to other fields: higher analysis, 
geometry, physics, and philosophy.” This belief is reflected in many 
places throughout the book; but one of the most striking examples 
is found in their treatment of matrices and determinants (Chapters 
VII-X), which is so arranged as to be an excellent foundation for a 
later study of Hilbert and Banach spaces. Before matrices are men- 
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tioned at all the concepts of vector space, linear dependence, dimen- 
sion (including infinite-dimensional spaces), inner product, euclidean 
` vector space, normal orthogonal base are considered. Then matrices 
are introduced as arrays which describe linear transformations of a 
vector space (relative to some basis); and various properties of 
matrices are defined relative to the central concept of vector space. 
Linear groups are introduced as automorphisms of vector spaces. 
The full linear, the affine, the orthogonal, and the euclidean groups 
are studied. The problem of classifying quadratic forms relative to 
these groups is considered. 

To clarify the two possible interpretations of change of basis the 
authors introduce the terms alths (the point moves elsewhere) and 
altas (the point is renamed). This distinction pays rich dividends in 
the later discussions of various kinds of equivalence and canonical 
forms. While treating groups of transformations it is natural to dis- 
cuss invariants under these groups. At this stage the authors insert a 
discussion of the place of canonical forms in invariant theory. In the 
reviewer's opinion these little general discussions that appear from 
time to time are one of the most valuable contributions of the book. 

The last of these four chapters opens with a discussion on ranks of 
‘matrices and a treatment of the elementary properties of determi- 
nants. The authors’ interest in applications of algebra to other fields 
is evidenced here by an interpretation of determinants as volumes. 
The chapter closes with a survey of the theory of similarity of 
matrices. Their development does not cover the case of a matrix 
whose minimum equation has repeated roots, but what they do give 
illustrates the general ideas and includes many classes of matrices 
important in other fields. 

The recent wave of interest in lattice theory and partially ordered 
sets is reflected in Chapter XI. The first part of this chapter is a brief 
treatment of Boolean algebras; then lattices are introduced as a gen- 
eralization. Chapter XII is devoted to transfinife arithmetic. 

In Chapters XII and XIV enough material is included to give the 
student the flavor of the theory of rings and fields, but for the real 
substance of these topics he will have to look elsewhere. The treat- | 
ment of fields goes far enough to serve as a basis for the final chapter 
which gives Artin’s development of the Galois theory of equations. 
Solvable groups are studied, and the insolvability by radicals of the 
general quintic equation is proved. 

A very important feature of the book is the inclusion of many exer- 
cises. Most of these are illustrative in nature, but a goodly number 
involve useful extensions of the theory as developed in the text. 


~ 
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The authors’ preface includes a summary of the purposes and con- 
tents of each chapter, and also indicates several levels of courses in 
which the book is designed to be used as a text. The most elementary 
of these is a one year undergraduate course based on only high school 
algebra. Provision is made for a semester course covering the tools 
used in physical applications. Finally, a semester course on abstract 
algebra can be carved out by selecting suitable chapters. The reviewer 
recommends the use of the book as a text in any of these ways. 

The format is pleasing and the text seems to be remarkably free 
from typographical errors and minor slips. 

R. M. THRALL 
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NOTES 


The following one hundred doctorates, with mathematics or mathe- 
matical physics as a major subject, were conferred during 1941 in 
universities in the United States and Canada; the major subject 
is mathematics unless otherwise specified. The university, month in 
which the degree was conferred, minor subject (other than mathe- 
matics), and the title of the dissertation are given in each case if 
available. i 


J. C. Abbott, Notre Dame, August, The projective theory of non- 
euchdean geomeiry. 

R. L. Anderson, Iowa State, June, minors in statistics and eco- 
nomics, Sertal correlatton in the analysts of time series. 

Elizabeth 5. Arnold, California (Berkeley), December, On certatn 
projective properties of the configurations of m general hyperplanes in 
hyperspace. ` 

K. J. Arnold, Massachusetts Institute of Technology, June, minor 
in economics, On spherical probability distributions. 

J. D. Bankier, Rice, June, Arsthmetecal continued fracttons. 

C. B. Barker, California (Berkeley), December, The Lagrange 
mulisplser rule for iwo dependent and two independent variables. 

J. H. Bell, Wisconsin, March, Toptcs related to the factorszatson of 
mairices. 

T J. Benac, Yale, June, The associativity conditon for linear assoct- 
ative algebras. l 


W. D. Berg, Iowa, August, Theorems on certain type-A difference- 


~ equation graduattons. 


F. C. Biesele, Texas, June, Subsistutes for the commutative law in 
the theory of semt-groups. 


D. H. Blackwell, Illinois, June, minor in physics, Some properites 
of Markhof charns. 


E. E. Blanche, Illinois, June, major in statistics, minor in econom- 
ics, A systemaitc analysis of frequency dssiributtons by the Edgeworth, 
method. 


E. L. Buell, Massachusetts Institute of Technology, June, minor in 
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physics, Solution of some problems in plane siress using Junctions of a 
complex variable. 

P. B. Burcham, Northwestern, June, Certain incluston relations in 
the domain of Hausdorff methods of summation. 


I. W. Burr, Michigan, June, Cumulative frequency functions. 

Ethel B. Callahan, Columbia, April, Some properties of the system 
of trajectories defined by equations X= &(X, Y), Y =¥(X, Y). 

P. W. Carruth, Illinois, June, minor in astronomy, Valuatons 
with given residue class field and value group. 

A. B. Carson, Chicago, August, An analogue of Green's theorem for 
multiple sntegral problems tn the calculus of variations. 

Mary D. Clement, Chicago, August, Locs of osculants of asymptotic 
plane secttons of a surface. 

A. C. Cohen, Jr., Michigan, June, Estimatson of parameters in 
truncated Pearson frequency dssirstbuttons. 

Esther Comegys, Radcliffe, June, Sufficsent conditions for applica- 
busty of Riemannian spaces. 

E. L. Crow, Wisconsin, June, The expansion problem associated 
with an ordinary diferential equation of the first order which ts quad- 
raite in the parameter. 

Benjamin Epstein, Illinois, June, minor in physics, On a certain 
class of transforms. 


G. E. Forsythe, Brown, June, Summadbssty of random variables. 


David Gilbarg, Indiana, June, minor in physics, On the structure 
of the group of P-adtc 1-units. 

F. G. Gravalos, Harvard, June, The algebraic tntegrals of Hsll’s 
equaitons. 

P. E. Guenther, Harvard, June, On a canonscal form for the linear 
homogeneous q-dtfference equations. , 

W. W. Gutzman, Iowa, August, On the distribution of means of 

Margaret M. Hansman, Illinois, February, minors in physics and 
statistics, A geometric investigation inio metabelian groups generated 
by four elements of order P. 
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W. J. Harrington, Cornell, June, A study of cerlatn functtons 
auxitary to Brun s method in number theory. 


J. G. Herriot, Brown, June, I. Cesdro summabisty of ordinary 
double Dirichlet serses. II. Norlund summabsity of double Fourter 
series. ` 

G. P. Hochschild, Princeton, June, Semt-stmple algebras and gen- 
eralised dersvaitons. ‘ 

F. E. Hohn, Illinois, October, minor in physics, Curves on Cayley's 
dtanodal surface. 


C. T. Hsu, Columbia, June, Tests of certain statistical hypotheses 
concerning brvartate normal populations. 


H. B. Huntington, Princeton, June, major in mathematical 
physics, Mechanisms for self-diffuston in a copper lattice. 


L. W. Johnson, Princeton, January, A linear algebratc theory of 
complexes. 


R. E. Johnson, Wisconsin, June, Rings of infinite matrices and 
' polynomial rings. 


H. F. S. Jonah, Purdue, June, minor in mathematical physics, 
Congruences connected with the solution of a certain dtophantine equa- 
iton. 


Irving Kaplansky, Harvard, June, Maximal fields with valuations. 


Lois Kiefer, Illinois, June, minor in astronomy, A radial analysts 
of the structure of the Milky Way in Aursga, based on star counts and 
color excesses. — 


E. R. Kolchin, Columbia, September, On the exponents of diferen- 
iial ideals. 
David Krabill, Ohio State, August, Matrices whose elemenis are 


funcitons of one variable. j 


H. N. Laden, Pennsylvania, June, An applicatson of the classical 
orthogonal polynomials to the theory of interpolation. 


J. P. LaSalle, California Institute of Teçhnology, June, minor in 
physics, Pseudo-normed linear sets oner valued rings. Š 


S. J. Lawwill, Cincinnati, June, Concerning harmonic functions 
espectally with reference to the theory of approximation. 
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Jeanne S. LeCaine, Radcliffe, June, On the generalized gamma func- 
tton and tts analogue for q-difference equations. 


H. L. Lee, Duke, June, Power sums of polynomials in a Galots 
field. 

Joseph Lehner, Pennsylvania, June, A partition function connected 
with the modulus five. | 


R. J. Levit, California (Berkeley), May, Charactertsations of on 
as systems of single composition. 


C. B. Lindquist, Wisconsin, September, Rectangular isotropic and 
anisoiropse plates under forces in their planes. 


' D. B. Lloyd, Catholic University, February, minors in physics and 

education, Some properites of raitonal quentic equations. 

L. A. Lorch, Cincinnati, June, Some problems in Borel summabslsty 
of Fourter sertes. 

Leonard McFadden, Brown, October, Absolute Norlund summa- 
bility. 

Rhoda Manning, Stanford, June, minor in biochemistry, On the 
derivaitoes of the secitons of bounded power sertes. 


A. E. Marston, California (Berkeley), December, A linear elliptic 
parital dtfferentsal equaiton whose leading EOLA may vanish at 
a porni. 


F. L. Martin, Chicago, August, Integral domains tn quartic fields. 


Herman Meyer, Chicago, June, Polynomial approximations to func- 
tions defined on abstract spaces. 


E. J. Mickle, Ohio State, June, Hamttionian and quast-Hamilionstan 
functions assoctated with double integral vartaiton problems. 


D. D. Miller, Michigan, February, Extenston and reduction theo- 
rems for certain types of continuous transformations. 


D. S. Miller, Cornell, September, Some properttes of Carathéodory 
and Gilespte lanear measure. 


G. T. Miller, Purdue, June, minors in statistics and mathematical 
physics, Analytic continuation of functions defined by factorial sertes. 


Harlan C. Miller, Texas, June, On compact unicoherent continua. 
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Philip Newman, Columbia, June, The geometry of the planar (2, 2) 
connex. l 

E. H. Nicholson, Washington University, June, minor in physica, 
On the degree of approximation in some convergence theorems concerning 
derivatives of the mapping function tn conformal mapping. 

E. N. Nilson, Harvard, June, I. Interpolation and approximation 
to an analyistc functton by funcdtons analytic and bounded in a region. 


II. Approxsmaiton to a harmonic funciton by functsons harmonic and 
bounded in a region. 


C. G. A. Nordling, Massachusetts Institute of Technology, June, 
minor in mechanical engineering, Solution by polynomial approxima- 
tion of the integral equaiton for the circulation around an atrfor. 

Sister Jeanette Obrist, Catholic University, February, minors in 
physics and botany, A problem arising from the special symmetric 
correspondence Cy sei up by the rational quartic curve with two cusps. 


R. E. O'Connor, Harvard, June, Representation of integers by 
power-products of two real numbers. 


J. W. Odle, Michigan, February, Non-ahernating and non-separat- 
ing transformations modulo a family of sets. 


O. G. Owens, California (Berkeley), May, An explicit formula for 
the soluison of the ulirahyperbolsc equation in four variables. 


A. S. Peters, New York, June, minor in physics, On a simply sup- 
ported-free half-plane plate and a clamped infinite-sector plate. 


Anatol Rapoport, Chicago, December, Construction of non-abelian 
fields with prescribed arsthmetsc. 

G. E. Reves, Cincinnati, June, On the absolute convergence of double 
Fourter sertes. 

C. E. Rickart, Michigan, June, Integratton in a convex, linear 
topological space. 

L. A. Ringenberg, Ohio State, March, On functions of intervals. 


F. E. Satterthwaite, Iowa, August, EE iad on the theory of 
Chi-square. 


L. J. Savage, Michigan, June, The application of vectorial methods 
to the study of distance spaces. 
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Ivor Schilansky, Michigan, June, On generalised zeta functtons and 
iheir assoctated lattice posni problems. 


W. M. Scott, Michigan, February, On matrix algebras over an alge- 
bratcally closed field., 


D. M. Seward, Duke, June, minor in physica, Harmontc continua- 
tion in space. 


Ernst Snapper, Princeton, January, Structure of linear sets. 


C. D. Solin, Toronto, June, Posstive ternary quadratic forms of de- 
termimani S200, and postitve ternary quadraitc forms in genera of one 
class. 


R. H. Sorgenfrey, Texas, June, Concerning triodic continua. 


A. H. Sprague, Princeton, January, Surfaces whose lines of curva- 
ture are nets R, and thetr transformatsons. 


C. F. Strobel, Illinois, June, minor in payee The quadrilinear form 
(1, 1, 1, 2). 


R. L. Swain, Texas, June, I. Proper and reductive-transformations. 
II. Continua obtained from sequences of simple chains of poini sets. 
III. Distance axtoms in Moore spaces. IV. Linear metric space. V. A 
space in which there may exist uncountable convergent sequences of 
pornts. 

C. J. Thorne, Iowa State, June, minor in physics, The approximate 
solution of linear differential equations by the use of functionals. 


L. V. Toralbaila, Michigan, June, The sum of the values of a rattonal 
funciion of s variables over the set of all the n-parisie permutatsonal par- 
lations of a given postisve tnieger. | 


W. R. Transue, Lehigh, October, minor in payee: Conirsbutsons to 
the theory of subharmonic functions. 


J. R. Vatnsdal, Michigan, February, Minimal variance and tts 
relatton to effictent moment tests. 7 


L. I. Wade, Jr., Duke, June, minor in philosophy, Certain quanti- 
ites transcendenial over the field GF(p*, x). 


Muriel Wales, Toronto, June, Theory of algebraic functtons based 
on the use of cycles. 


Dzung-shu Wei, Iowa, February, Necessary and suffictent conds- 
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trons that regression systems of sums with elemenis in common be 
linear. 


Wiliam Wernick, New York, June, minor in physics, Complete 
sets of logical funcitons. 

R. L. Westhafer, Ohio State, August, Ssngular solutions of ordinary 
differentsal equaisons of the first order. 

G. W. Whitehead, Jr., Chicago, June, Homotopy properties of the 
real orthogonal groups. 

P. M. Whitman, Harvard, June, Free lattices. 

W. F. Whitmore, California (Berkeley), May, Convergence theo- 
rems for functsons of iwo complex variables. 
W.D. Wray, Cornell, June, Some applications of uniformity trials. 


Paul Young, Ohio State, ee On the approximation of functions 
by sntegral means. 


Professor J. L. Gibson of the University of Utah has retired with 
the title professor emeritus. 


Assistant Professor Max Astrachan of Antioch College has been 
promoted to an associate professorship and made chairman of the 
department of mathematics. 


Dr. Alfred Basch of Holy Cross College has accepted a position at 
the College of Paterson, Paterson, New Jersey. 


Assistant Professor T. C. Benton of Pennsylvania State College 
has been promoted to an associate professorship. 


Associate Professor J. E. Davis of Drexel Institute of Technology 
has been promoted to a professorship. 


Associate Professor M. A. Hill of the University of North Carolina 
has been promoted to a professorship. 


Assistant Professor Nathan Jacobson of the University of North 
Carolina has been promoted to an associate professorship. 


Professor R. D. James of the University of Saskatchewan is at the 
University of Wisconsin for the second semester of this ‘current 
academic year. 


Dr. A. E. Maraton of the University of California has accepted 
a position at Compton Junior College, Compton, California. 


h 


” 


1943] l NOTES 353 


Associate Professor F. C. Ogg of Bowling Green State University 
has been promoted to a professorship. 


Dr. Arthur Rosenthal has been appointed to a S REND at the 
University of New Mexico. 


Professor M. H. Stone has been appointed chairmar of the de- 
partment of mathematics at Harvard University, succeeding Pro- 
fessor J. L. Walsh. 


Assistant Professor Antoni Zygmund of Mount Holyoke College 
has been appointed visiting assistant professor at the University of 
Michigan for the second semester of the current academic year. 


Mr. C. L. Carroll of the Georgia School of Technology is on leave 
at the University of North Carolina. 


Assistant Professor B. E. Gatewood of Louisiana Polytechnic 
Institute is on leave and with MacDonnell Aircraft Corporation. 


Professor W. R. henon of Berea College i is on leave at Brown 
University. 


Professor H. W. March of the University of Wisconsin is on leave 
of absence. 


Professor F. W. Owens of Pennsylvania State College is on leave 
of absence. 


Professor Mary E. Sinclair of Oberlin College is on leave of ab- 
sence. 


Dean T. M. Putnam and Assistant Professor B. C. Wong of the 
University of California are on leave of absence. 


Professor H. C. Carver, Assistant Professor P. S. Dwyer, Pro- 
fessor C. E. Love, and Associate Professor J. A. Nyswander of the 
University of Michigan are on leave of absence. 


The following appointments to instructorships are announced: 
Massachusetts Institute of Technology: Dr. J. P. LaSalle; Uni- 
‘versity of Wisconsin: Dr. R. E. Johnson, Dr. R. L. Swain. 


Miss Frances Hardcastle of Stocksfield-on-Tyne, England, died 
December 26, 1941. She had been a member of the Society since 
1894. 


Professor R. L. Charles of Franklin and Marshall College died 
December 13, 1941, at the age of fifty-six years. 
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Professor W. V. N. Garretson of Oklahoma Agricultural and 
Mechanical College died January 17, 1942, at the age of sixty-five 
years, 


Dr. Robert Henderson died February 16, 1942. Until his retire- 
ment he had been vice president of Equitable Life Assurance Society 
of the United States. Dr. Henderson joined the American Mathe- 
matical Society in 1910 and served on its Board of Trustees for many 
years. A more complete notice will appear later in this Bulletin. 


Dr. E. R. van Kampen of Johns Hopkins University died February 
11, 1942, l 


Dr. E. J. Maurus, who was professor of mathematics at the Uni- 
versity of Notre Dame from 1897 to 1939, died November 26, 1941, 
at the age of sixty-nine years. 


ABSTRACTS OF PAPERS 


SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary and the 
Associate Secretaries of the Society for presentation at meetings of 
the Society. They are numbered serially throughout this volume. | 
Cross references to them in the reports of the meetings will give the 
number of this volume, the number of this issue, and the serial num- 
ber of the abstract. 


ALGEBRA AND THEORY OF NUMBERS 
141. A. A. Albert: The radical of a non-assoctative algebra. 


The multiplications of an algebra A generate a corresponding associative poly- 
nomial algebra 7(4). Every ideal B of A determines a corresponding ideal S of T(A) 
and it is shown that T(.4 ~B) is equivalent to T(A —.S). If H is the radical of T(A) 
the set AH is an ideal of A and A ~AH is either a zero algebra Z, a semi-simple algebra 
G (direct sum of simple algebras), or a direct sum Z@G. If A —AH =Z the algebra A 
is not homomorphic to a semi-simple algebra. For all other algebras the radical is de- 
fined to be the minimal ideal N such that A—N is semi-simple. Then N= AZ if 
A —AZ is semi-simple. Otherwise Z = N—AH, the quantities of N are the quantities 
in the cosets which make up Z. If A and A: are isotopic algebras with unity quantities, 
their radicals N = AH and N,~A;H; are isotopes and the difference algebras A —N 
and Áı— Ñ; are isotopes. An example is given of an algebra A with a unity quantity 
whose radical, with respect to our definition, is a field. (Received February 12, 1942.) 


142. B. H. Arnold: Rings of transformaisons of certatn vector spaces. 
Preliminary report. 


Eidelheit (Studia Mathematica, vol. 9 (1940), pp. 97-105) showed that the alge- 
braic properties of the ring of all continuous linear transformations of a real Banach 
space into itself characterizes the Banach space up to an isomorphism. Mackey has 
extended this result to a more general class of spacea. In this paper the author shows 
what algebraic properties of the ring correspond to certain properties of the space, 
such as completeness, reflexivity, reflexivity of the completion, or being the conjugate 
of some space. Fidelheit's result is extended to the complex case and a set of conditions 
is given which are necessary and mufficient that an abstract ring be the ring of all con- 
tinuous linear transformations of some space into itself. (Received March 3, 1942.) 


143. Emil Artin and Peter Scherk: On the sum of two sets of tn- 
legers. 


Let A, B, respectively, be sets of non-negative integers a, b. Let C be the set of all 
integers of the form o-+5. Let A(x), B(x), C(x) denote the number of positive in- 
integers of the sets less than or equal to x. A few months ago, H. B. Mann succeeded 
in proving: If OCA and OCB, and if C(m)<s, then C(#)/n 2min si... (A(x) 
+B(x))/x. Applying and simplifying Mann's method, the authors have proved: 
If Cin) <n, then Chn) ~C(n—m) = A(m—1)4+B(m—1)4+Z,(n), for a suitable m CC 
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with 0< m Sa; Zal(#) denotes the number af decompositions of # of a certain type 
(hence-Z,(s) 20). If 0 CA, 0 CB, this result contains various estimates of C(m) 
including that by Mann. If 0 C_A a result of A. S. Besicovitch’s follows (Journal of 
the London Mathematical Society, vol. 10 (1935), pp. 246-248). If 0 A, 0 ŒB, new 
estimates of C(s) follow immediately. (Received March 14, 1942.) 


144. S. P. Avann:.A numerical condition for modularity of a finite 
lattice. 

Let U(a) be the number of elements other than a which are covered by elements 
covering a, an element of a finite lattice L in which the Jordan-Dedekind chain condi- 
tion holds; let Via) be the number of elements other than a which cover elements 
covered by a. Then a necessary and sufficient condition that L be modular is that 
U(a)= V(a) for every a€ L. Finiteness of L is required for sufficiency. Hence L may 
be tested for modularity by counting Cove ane Or DORANIN NIE Hasee diagram of L. 
(Received March. 14, 1942.) | 


145. S. P. Avann: On complete classes of projective soolienls in a 
modular latice. 


Let L be a finite modular lattice in which Q is a-complete clase: [a:/h1, da/ba, © - 
a,/b,| of projective quotients defined by the equivalence relation of projectivity. 
Denote the set of numerators a; by A and the set of denominators bh, by B. Then the 
following conditions are equivalent: (1) A and B are transposed quotient sublattices 
of L, (2) the meet a+ of the a, is in A and to each’a, 4a belongs a unique denominator 
b in B, (2’) the join b of the b; is in B and to each 4,545 belongs a unique numerator 
d; in A, (3) mE A and bE B, (4) uniqueness af denominators and numerators. If the 
quotient sublattices of Q are complemented then (1), (5) EA, (59 bE B, (6) unique- 
ness of denominators, (6°) uniqueness of numerators, are equivalent conditions. (Re- 


ceived March 14, 1942.) 


146. Reinhold Baer: Radical ideals. 

‘An ideal is termed a radical ideal, if it is a-two-sided nil ideal modulo which there 
do not exist nilpotent right-ideals different from 0. Every ring possesses‘at least one 
_ radical ideal; and both the cross-cut and the sum of all the radical ideals are them- 
selves radical ideals which are called the lower and the upper radical, respectively. It 
is possible that lower and upper radical are different and that neither of them is nil- 
potent. If every right ideal, not 0, in the quotient ring modulo the lower radical con- 
tains a smallest right ideal different from 0, then upper and lower radical are equal; 
and if this condition is satisfied by every quotient ring, then a finite or transfinite 
power of the radical ideal is 0. As an application of this theory a generalization of a 
theorem of C. Hopkins is proved. (Received March 12, 1942.) 


147. Richard Brauer and Hsio-Fu Tuan: Some remarks on simple 
groups of finite order. Preliminary report. 


Using the theory of group characters, some lemmas on simple groups of finite order 
are obtained. For instance, a group G of order 3 - #* - œ (p, q primes) can only be simple 
if G has one of the orders 60 or 168. It can be shown that the list of simple groups 
(cf. L. E. Dickson, Lansar Groups) is complete up to the order 10,000. (Received 
March 6, 1942.) 
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148. Leonard Carlitz: On the reciprocal of cértain types of Hurwtts 
sertes. 

In the first part of this paper previous results (Duke Mathematical Journal, vol. 
9 (1942) ) are extended to series > Aui?"™™"/ Fa, where the As are polynomials of a more 


general type. In the second part of the paper the case > Awi™/Ge is treated. (Re- 
ceived March 6, 1942.) 


149. R. F. Clippinger: Matrix products of matrex powers. 


If A}, 4s," © © , Ám are given matrices of constants, the closure of the oet of prod- 
ucts of N DE EVE powers of the matricès A, = exp A1, Aamexrp Ár, °° , An™ 
exp A,, is identical with the closure of the set of solutions for positive ¢ of de matis 
differential equation: dy/di= Y(oi(t)Abt+pr(t)Aat +--+ +Hpalt)An), Y(0)=1, where 
m(t), plt), > °°, Palt) are arbitrary, non-negative, measurable, bounded functions of 
t. (Received March 19, 1942.) 


150. R. P. Dilworth: The partition lattice. 


In a previous paper (abstract 48-1-11) a dependence relation for elements of rank k 
in a Birkhoff lattice was defined. In this paper it is shown that if this dependence rela- 
tion is applied to the elements of rank two in a Boolean algebra, the closed subsets 
form a lattice isomorphic to the partition lattice. (Received March 9, 1942.) 


151. F. A. Ficken: On Rosser's generalization of Euclid’s algorithm. 
Preliminary report. 


Let Xi1,°: +, Xa bea set of vectors in an euclidean space. The set of independent 
vectors Yı, +*+, Ya is a greatest common factor (G.C.F.) of the X’s if each X, 
=> pn Y; and each Y=? qnX,, where the p's and g's are integers. In a minimal 
G.C.F., the lengths of the F's satisfy certain minimal conditions. Full definitions and 
a number of important applications may be found in Duke Mathematical Journal, vol. 
9 (1942), pp. 59-95. Rosser has given there an algorithm for finding G.C.F.’s and all 
minimal G.C.F.’s. By examining the termination of the algorithm, he establishes 
several properties of minimal G.C.F.’s, In the present paper, this examination is con- 
ducted by producing explicit lower bounds for ()°&:X,)", (1m1, <- , n; #=2, 3,4, 5). 
These bounds furnish simplified proofs for the bulk of the results and confirm certain 
of the conjectures stated in Roeser's paper. (Received March 6, 1942.) 


152. J. S. Frame: Double coset matrices and group characters. 


This paper extends to the characters of the irreducible components of an intransi- 
tive permutation group a theorem proved earlier by the author (this Bulletin, vol. 47 
(1941), p. 459) for the degrees of the irreducible components of a transitive permuta- 
tion group. To the element y of G corresponds the #X# permutation matrix R(y) 
with the a‘! transitive constituents R*(y) which contain the irreducible representa- 
tion T, just uf times. To each transitive constituent corresponds a subgroup H¢ of 
order A‘ léaving its first symbol fixed. The matrices V permutable with G break up 
into submatrices V" linearly dependent on u double coset matrices Va, each asso- 
ciated with a double coset Ham H'yaH'/ka formed from the given subgroups. With 
the structure coefficients Coty which appear in the product formula HaHp/k = 
>. cna, H2, with the constants ky, which tell how many conjugate elements from the 
class C lie in the double coset Hy, and with a set of arbitrary parameters Ga, a matrix , 
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Kt =) y Cark paa is formed. Its determinant | K**| will factor into linear factors 
xs =x aC) which give the characters of the irreducible components T, common to 
two constituents R‘(y) and R*(y). The theorem is: (n)a) Kee] = PuPu i)m, 
where m = p4p, u=? a, and Pu is an algebraic integer. An illustrative example is 
given. (Received March 5, 1942.) 


153. R. D. James: On Euler's conjecture. 


It was conjectured by Euler that every integer Nm2 (mod 4), W210, could be 
represented as a sum of two primes each congruent to 1 (mod 4). However even the 
weaker statement that every such integer is a sum of two integers which have all 
their prime factors congruent to 1 (mod 4) has not yet been proved. In a previous 
paper (Transactions of this Society, vol. 43 (1938) pp. 296-302) the author proved 
that every sufficiently large integer Nm 2 (mod 4) is a sum of two integers which have 
all except possibly two of their prime factors congruent to 1 (mod 4). This result is 
improved in the present paper as indicated in the following theorem: Every sufi- 
ciently large integer Nm?2 (mod 4) is a sum of two integers which either have at most 
six prime factors all congruent to 1 (mod 4) or else have exactly two prime factors 
congruent to 3 (mod 4) and at moet three prime factors congruent to 1 (mod 4). The 
method of proof is a general one and applies to any infinite sequence of primes for 
which > log p =u log x+0(1), where a is any positive number. (Received March 
20, 1942.) 


154. R. E. Johnson: On structures of snfinsie modules. 


Let Q be a principal ideal ring containing the field P, and © be a P-module which 
has Q as an operator domain. It isassumed that £ has a countable P-basis. Then the 
problem studied is under what conditions there exist elements &, $s, --- in Z such 
that 2=Q06+084 ---~, this last being a supplementary sum. Necessary and suff- 
cient conditions are found for this to be the case. If Q/(m), m not a unit of QO, is taken 
as the operator domain of ¥, then there elways exist elements h, $,- , of Z such 
thet Z=O/(m)&+0/(ma+---. Now let Me be the matrix algebra of order type 
w over P with finitely nonzero columns, and & be the P-module composed of the 
columns of these matrices. Then an element A of Me can be transformed into a re- 
duced form in case H=P[4]h+P[A]&+---. (Received March 18, 1942.) 


155. H. F. S. Jonah: Congruences connected with the solution of a 
certain Diophanitne equation. 

The paper begins with a function and functional equation used by Maier (Mathe- 
matische Annalen, vol. 104 (1931), pp. 745-769) and generalizes both. Then by means 
of the calculus of residues the author obtains a quadratic functional equation of a 
function closely related to the Ag”(x) of Vandiver (Annals of Mathematics, (2), 
vol. 27 (1926), pp. 171-176). Using this functional equation it is possible to transform 


the general congruences used by Vandiver in his work on Fermat’s last theorem. 
(Received March 18, 1942.) 


156. Joseph Lehner: On certain srrattonal modular equations. 


The author obtains by simple group-theoretic considerations the modular equa- 
tion connecting 4(r)/9(r/p) and 9(pr)/y(r), where 9(r) =exp (xtr/12)-[[?(1—exp 
(2xinr)) and p=5, 7, 13. These are the only three primes p for which an equa- 
tion of degree p exists, this fact being connected with the genus of the subgroup 


~ 
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I'e(p) of the full modular group. The equations for p= 5, 7 were obtained by Watson 

(Crelle, 1937) by more complicated methods; they are important in the theory of 

Ramanujan’s congruences concerning the unrestricted partition function, p(m). Re- 

ceived February 21, 1942.) 


157. F. A. Lewis: Generators of permutation groups i t50- 
morphic with LF(2, p*). 
Generators of any permutation group of the class are obtained by a slight exten- 


sion of an argument used in a recent paper (this Bulletin, vol. 47 (1941), p. 631). (Re- 
ceived February 20, 1942.) 


158. Knox Millsaps: Abstract polynomials in non-abelian groups. 

After an abstract calculus of finite differences is defined, functional definitions of 
a monomial and a polynomial for elements of the central subgroup or elements of the 
group as increments are given. The theorem on the homogeneity of a polynomial is 
proved for central and arbitrary differences; for central differences the difference be- 
ing a function of the increment alone implies the difference is a monomial; the inde- 
pendence of the central difference of polynomials and the unique decomposition for 
the abelian valued case are made to depend on the product of a Vandermonde de- 
terminant and a finite product of binomial coefficients; and these last results can be 
extended to the non-abelian valued case for certain free groupes. The theory is esen- 
tially a generalization of the work of Van der Lijn on abstract polynomials in abelian 
groups, (Received March 4, 1942.) 


159. Ivan Niven: On mairic polynomials. 


Let B be a matrix with elements from any field, and let P be a scalar polynomial in 
B with coefficients from the field. Then the index of P cannot exceed the index of B. 
Furthermore, B is expressible as a polynomial! in P if and only if the index of P equals 
the index of B. A new method is offered for finding those solutions X of X*= A which 
are polynomials in A, the elements of A being from an algebraically closed field with 
characteristic 0 (cf. M. H. Ingraham, Rational methods  mairix equations, this 
Bulletin, vol. 47 (1941), p. 64, Theorem 3). If A is non-derogatory every solution of 
X™ = 4 is a polynomial in A, and the equation has no solutions if and only if 0 isa 
repeated root of the minimal equation of A. (Received March 17, 1942.) 


160. Rufus Oldenburger: Expanstons of quadratic forms. 

A quadratic form Q is ordinarily given as a sum a, xx, of power products of the 
variables. Although this is a sum of products of linear forms, this is not in general 
the most economical wqy of writing Q as such a sum. The minimum r such that Q is 
a sum of r products of linear forms is r—o, where r is the rank of Q, and o is the 
index of Q introduced elsewhere by the author. This result is valid for fields with 
characteristic not 2. (Received February 12, 1942.) 


161. Rufus Oldenburger: Repeated linear factors of forms. 


With a form F of degree n there are associated 2-way displays, As, 41,-:-, As 
of the symmetric matrix A of coefficients of F, used by W. Mayer, Thrall and Chand- 
ler, F. L. Hitchcock, and others. The form F has a linear factor L repeated r times 
if and only if L**+! is a covariant directly constructible from Axg—r41. If » is even the 
coeficients in LTH can be expressed simply as higher-dimensional determinants. 
(Received February 20, 1942.) 
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162. Rufus Oldenburger: The index of a quadratic form for an 
arbstary feld. 
The classical index of a quadratic from Q is defined in ne the order of ele- 


- ments in the real field. In the present paper a definition of the index of Q is given 


which is valid for any field, and which reduces in the real case to the index of Q or 
—Q. It is proved that a form Q with rank r and index o has a splitting G+H, where 
G has index ø and rank 2r, whereas H has index 0 and rank r —2s. A second form Q 
with a corresponding splitting G’+H’ is equivalent under a nonsingular linear trans- 
formation to Q if and only if the rank and index of Q equal the rank and index of Q, 
and H is equivalent to H”. A form H has index 0 if and only if H is a nonzero form. 
Thus the problem of the equivalence of quadratic forms reduces to.that of the 
equivalence of nonzero forms. Such forms have been studied by Siegal, Weyl, Dickson, 

Legendre, and many others. (Received February 13, 1942.) 


163. M. A. Sadowsky: A proximation by rational sequences. 
A certain graphical principle is employed to select the best approximations to a 


real number. It is shown that this process leads to the consecutive convergents of the 


continued fraction development. (Received March 20, 1942.) 
164. R. D. Schafer: AMernative algebras over an arbitrary field. 


The results of M. Zorn concerning simple alternative algebras are incomplete for 
algebras over modular fields of characteristics two or three. This paper presents a 
unified treatment of such algebras over an arbitrary field. Define a quaternion algebra 
Q over Fasin A. A. Albert’s Structure of Algebras, American Mathematical Society 
Colloquium Publications, vol. 24, 1939, p. 145. Then an alternative, but not asocia- 


' tive, algebra A over F is central simple (simple for all scalar extensions) if and only 
' if A is a Cayley-Dickson algebra A =Q-++¢0, in which multiplication is defined by 


(aten) (ateg) = (antiu: aS) +2(HS utha), where gm0 in Fand S is 
the involution #325 —=/(s) —s, the principal function of A being s*—é(s) -s+n(s). 
Moreover A is a central division algebra if and only if Q is a division algebra and there 
exist no À, u, p, o in F such that $)?-++-Ap — By! — ye — pa + Bye, (Received March 
20, 1942.) 


165. M. F. Smiley and W. R. Transue: A pphicattons of transstivsites 
of betweenness in latitc theory. — 

This paper is an expansion of our note Metric latices as singular metric spaces (this 
Bulletin, abstract 48-1-20) which was to appear in this Bulletin. The properties of 


_ betweenness studied in the original note are generalized and applied to the char- 


acterization of modular lattices and of arbitrary lattices. The proofa of the extensions 
of our original results are based in part on certain of the results of the paper Trassi- 
tivities of betweenness by Everett Pitcher and M. F. Smiley (forthcoming in the Trans- 
actions of this Society). (Received February 27, 1942.) _ 


166. R. M. Thrall: On the decompostiton of modular tensors. 


_ Let k be any field, and denote bA any element of the full linear group G(m, k) 
of s-rowed h-matrices. The mapping A—r"(A)—=AX -++ XA (Kronecker direct 
product with m factors A) is a representation of G(s, k) as linear transformations on 
the space Vw of all tensors of rank m. For k of characteristic zero the theory of the 
decomposition of V,, into invariant subspaces is classical. A key tool of the develop- 
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ment of this theory is use of the relationship between Va and the symmetric group of 
degree m. For k of characteristic p the classical theory is valid only for <p. In the 
present paper the decomposition of Ve is obtained for pSm<2p. Further progress 
on the decomposition problem will likely have to await the development of the theory 
of modular representations of the symmetric groups of degree m22p; the measure 
of difficulty here being the power of p which divides ml. (Received March 26, 1942.) 


167. Bernard Vinograde: Spit rings and iheir representation 
theory. 


Suppose a ring R, with minimum condition on left ideals, can be split into a direct 
sum, R= R*-+N, of a semi-simple ring and the radical. This splitting property of R 
is equivalent to the existence of a certain set of noncommutative fields in R. Let R 
have a unit, and let V be a commutative group possessing R in its left operator do- 
main and a finite composition series with respect to R. Then Y is a direct sum of 
modules, each over one of the noncommutative fields. Thus V gives rise to a compos- 
ite representation module for its homomorphism ring. In the case V= R the resulting 
representation of R displays the essential structure of R* and N, and may be con- 
sidered a natural extension of the Wedderburn theorem for simple rings to the class of 
split rings with unit and finite composition series, (Received March 20, 1942.) 


168. R. W. Wagner: Expresstbslity relations for bilinear operations. 
_ Preliminary report. 


If xy is a multiplication operation for a vector space over a field, an expression like 
(a((xb)(cy))}d is also a multiplication for the vector space. The operation x*y is 
called simply expressible in the operation xy if x*y is a finite iteration of the orginal 
operation. The operation x*y is called strongly expressible if it is a linear combination 
of weakly expressible operations. Necessary and sufficient conditions are found for 
both kinds of expresaibility. These conditions involve the enveloping algebra of the 
algebra formed by the original multiplication. Mutual expressibility, both simple and 
strong, is an equivalence relation and differs from isotopy. Reducibility is a property 
common to mutually expressible algebras. Aseociativity, commutativity, and the 
existence of nilpotents are properties which need not be preserved. (Received March 
18, 1942.) 


ANALYSIS 


169. Dorothy L. Bernstein and S. M. Ulam: On the problem of com- 
pletely addsisve measure in classes of sets with a general equsvalence 
relation. 


The problem of finding a necessary and sufficient condition for the existence of a 
finitely additive measure in a clase of seta, with the property that equivalent sets have 
equal measure, has been solved by Tarski (Fundamenta Mathematicae, vol. 31 (1938), 
pp. 47-66). This paper considers the existence of a completely additive measure in a 
class K which is a Borel field over a given sequence {Aa} of sets and which has the 
property that m(X)=m(Y) if X is equivalent to F. Equivalence is defined in the most 
general sense: Given a division of the sets of K into disjoint classes Ai, As, Ánte, 
sets X and Y are called equivalent if they belong to the same class Ag. It should be 
noted that even if no requirement for equivalence is made, it is not always possible 
to find a measure in a Bore! field over a given sequence of sets, A necessary and sufh- 
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cient condition is obtained which involves the characteristic set of real numbers 
formed from the sequence {Aa} and the existence of a homeomorphism of this set 
with a set of positive outer Lebesgue measure, in which intervals corresponding to 
equivalent sets have equal outer measure. (Received March 20, 1942.) 


170. Lipman Bers: A property of harmontc functions. 


Suppose that #(z) = («+4#y) is a non-negative harmonic function defined in lal si 
Consider the upper and lówer limits, L(0) and /(6), of #(s) as s goes toward the point 
1 along a simple Jordan curve which possesses at 1 a definite direction forming the 
angle 8, |0| <«/2, with the positive x-direction. (These limits depend only upon 8.) 
L(@) and —}(0) are uniformly continuous and convex functions, If —w/25&<@<64 
Sxr/2, 16) SaL) + — aa) SL(6) and 16) SKa) HA ~u) SLO) where - 
am (&—0)/(G:—6,). If «(s) posseases at 1 a limit in one direction, that is; if L(8a 
= }(@q), L(0) and i(6) are linear functions in the intervals —r/2 9 ¢S6eand & 3644/2. 
If #(s) possesses at 1 limits in two different directions, #(s) possesses at 1 a limit in 
any direction and (8) =1(@) is a linear function. If #(s) is bounded and its Dirichlet 
integral finite, L(6) and }(8) are equal to the upper and lower limits of r{y[V(r) 
~V(0)]+(1—»)[V(0)—V(—r)]}, r +0, where u= (4+26)/2e and V(r) is the in- 
definite integral of U(r) = u(o). (Received March 28, 1942.) 


171. F. G. Dressel: The fundamental solution of the parabolsc equa- 
tion. IT. 


The existence of a fundamental solution in an unbounded region for the parabolic 
equation with variable coefficients is proved in this paper. In addition, several prop- 
erties of this fundamental solution are demonstrated. (Received February 5, 1942.) 


' 172. E. D. Hellinger and H. S. Wall: Contrsbutsons to the analytic 
theéry of continued fracttons. 

The theory of (1) 1/(bi-+s)—at/(bs+s) —a4/(bst+s)— - ++, as developed by 
Stieltjes, Hamburger, Hellinger, R. Nevanlinna, and others is extended to the case 
` Ga £0 real and S¥(&,)20. The sth approximant lies upon a circle K.(s) contained in 
Ku_ai(z), (S(s) >0). Cass I. For S¥(s)> 0 the circles have only one point in common and 
(1) converges; the associated J-form which, in contrast with former extensions of this 
theory, is not hermitian, has a unique resolvent bounded on an “ellipsoid” E. Case 
II. Otherwise, (1) converges for all s (to a meromorphic function of s) if and only if it 
converges for sm0; the J-form has infinitely many resotvents completely con- 
tinuous on E. The associated power series of (1) represents f(s) asymptotically in 
eSarg s4 r—a «>0, if and only if for every » there exists an M, such that f(s) lies in 
K.(s) for s in the sector and 93(s) > M.. Lf for Fs) >0 the value of an analytic function 
_ f(s) is in Ka(s) for every n, then f(s) —/—.do(s)/(s-+), $(u) real, bounded, monotone 
non-decrersing; and (1) represents a function of this form whenever it converges. 
The moments /‘Sa*d¢(s) do not in general exist. (Received March 6, 1942.) 


173. Fritz John: The character of solutions of linear partial dif- 
ferentsal equations. 

Let L(#) =0 denote a linear partial differential equation with analytic coefficients 
for a function #(%4,---, £a) (order N or “type” of equation as well as the number # 
of independent variables are arbitrary). Characteristic directions with respect to L 
at a point may be defined in the usual manner. Let there be given an analytic k- 
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parametric family of r-dimensional manifolds Ma, . a, in %1 * * * Zs-space(r<m), such 
that (a) all Ma... aa have the same boundary, and (b) none of their normals is char- 
acteristic. Let dw be any analytic element of mass on the Mg,...q, The main result 
of this paper states that [udw over Ma, . a, will be an analytic function of a, +--+, a, 
whenever x is any solution of class CY of the equation L{#)=0. The analyticity of 
solutions of linear elliptic equations with analytic coefficients is a’ special case. It 
also follows that the values of # cannot be prescribed arbitrarily on any analytic 
manifold in x; + - xs-space, which contains a sub-manifold M of lower dimension, 
which has no characteristic normals. (Received March 12, 1942.) 


174. M. L. Kales: Tauberian theorems. 


Let Tm, 20, 9 2-0 Tanam 1, and {Aa} be a sequence of real numbers. Under fairly 
general conditions it is shown that if ) ano Tm .s42™O(1) as mo, and Aw—As 
>—¥(m, =) (where the function Hm, #) is defined in the statement of the theorem) 
then A,™O(1) asu— œ. This result is then applied to prove the following theorem: Let 
lims» g(x) a(0<ago). Let Taam (1/2 Fao exp {| —g(k) tkg (m)}) exp { —2(n) 
tng (m)}. If lim mrad enol madam A, and if Ap—-Aei>—K exp [s(e) —g(s—~1)- 
—g’(n—1)}, then lim seam A. The proof of this theorem for the case where a is 
infinite follows immediately from the first theorem. When a is finite the problem can 
be reduced to one where an application of one of Wiener’s general Tauberian theorems 
is possible. (Received March 18, 1942.) 


175. Meyer Karlin: Characterization of the extremals of a vartatton 
problem of higher order in the plane. Preliminary report. 


A variation problem of second order in the plane, /¢(x, y, 9’, 9’}dx = min, gives 
rise to a quadruply infinite system of curves for its extremals. E. Kasner (this Bulle- 
tin, vol. 13 (1907), pp. 289-292) found their differential equation to be of the form: 
yY m A G4 By!’ +C, where A, B, C involve x, y, 7’, y". With the help of a theorem 
by A. Hirsch (Mathematische Annalen, vol. 49 (1897), pp. 49-72), the author de- 
velops a set of necessary and sufficient conditions that A, B, C must satisfy in order 
that the curves obeying the above differential equation be identifiable with the total- 
ity of extremals connected with a variation problem of second order in the plane. 
When the conditions are fulfilled, the solution is unique up to an additive arbitrary 
total derivative with respect to x of a function of x, y, y. Examples of extremal and 
nonextremal families of the above quadratic type are given. The paper also contains 
some necessary conditions for, as well as geometric characterizations of, the © and 
æo% curves constituting, respectively, the totality of extremals of variation problems 
of the third and ath orders in the plane. (Received March 6, 1942.) 


176. A.N.Lowan, H. E. Salzer and Abraham Hillman: Coefficsents of 
differences in the expanstonof dersvatsves in terms of advancing differences. 


The exact values of the coefficients 4,,,of the rth differences in Markoff’s formula 
for the wth derivative in terms of advancing differences were computed for # = 1, 
2,::+*, 20 and rx, a+1, a-+2,--+,2+20 by the Mathematical Tables Project, 
Work Projects Administration, New York City. The coefficients are defined by ` 
An, om (n/r(r—2) 1) Bia where Bis is the (r —#)th Bernoulli number of the rth order. 
These coefficients are useful in computing the derivatives of functions from tabulated 
values. In particular, they constitute a powerful tool for calculating values of func- 
tions for complex values of the argument when the function is known to be analytic 
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in the neighborhood of the real axis and when the function has been tabulated for real 
arguments with sufficient accuracy and toa sufficiently small interval. Coefficients were 
computed with the aid of the recurrence formula Aa.pii ("Aaa tAn r/r +1) and 
further checked against the values obtained from the factorial polynomials, The 
usefulness of the table of coefficients here discussed will be enhanced by a table of 
(x-++4y)"* the preparation of which is now contemplated. (Received February 20, 1942.) 


177. G. T. Miller and H. K. Hughes: Analyttc continuation of 
functions defined by factorsal sertes. 


Given a function of s defined by a factorial series of the. form: Q(s) 
m Dimna(— 1) OD g (mm) /s- (3+1) +++ (1+2), where g(w) is a single-valued analytic 
function of the complex variable w=x-++47, for r& —1/2, and g(w) is such that for 
all such + and for.|y| sufficiently large, | g(x-+4y)/¢(x)| <M exp (#(k+(1/2)) —«)|9! 
then an analytic continuation of the function Q(s) is given by the sum of two infinite 
integrals. This result may be considered to be an extension of a result obtained by 
H. K. Hughes (American Journal of Mathematics, vol. 53 (1931), pp. 771-775). 
The method of proof is based on the calculus of residues and bears a close analogy 
to the work of W. B. Ford (Asymptotic Developments, University of Michigan Studies, 
1936) and to that of C. V. Newsom (American Journal of Mathematica, vol. 60 
(1938), pp. 561-572). In case the function g(w) has singularities, certain loop integrals 
are added to the expression already obtained. (Received March 10, 1942.) 


178. Marston Morse and G. M. Ewing: The non-regular case in the 
vartational theory in large. 


The original treatment both of the absolute minimum theory and of the more 
general variational theory in the large made use of broken extremals. In the noñ- 
regular case these lost their most useful characteristics, making it necessary to treat 
the variational theory in the large in a new way. This has been done in three papers, 
the first on functional topology by Morse which makes the necessary alterations 
in the underlying topological theory, and in two papers by Morse and Ewing dealing 
with the local analytical aspects-of the problem such as upper reducibility and the 
generalized Euler or homotopy theorem. The classical minimum theory including 
the Lindeberg theorem is first reviewed and refined, making a more systematic use 
of the hypothesis of convexity. of the integrand then previously. In the second 

paper the more difficult question of upper-reducibility is taken up. The final theo- 
rems are on a general non-regular problem on a Riemannian manifold. (Recerved 
March 16, 1942.) 


179. Isaac Opatowski: Conjluent “hypergeometric functtons and 
Markhoff chains. 


New simple relations between confluent hypergeometric functions are obtained 
by means of the Laplace transformation. The study is based on the function 
[Cette —1) j Film, ntm, 2 ye (f, n), which has certain advantages of 
simplicity with respect to the Erdélyi’s function Ny. (Mathematische Zeitachrift, 
vol, 42 (1936), pp. 125-143) for example, Ya(t, #)*r9(t, Q) = miot, #-+9), where * 
means the convolution. Then yı is the Pearson incomplete gamma function and 
Ya+i(f, #2) is the m times repeated integral of y:(t, #) between ¢=0 and é=# (the inte- 
gration belng understood for an arbitrary m as the general derivative of. Liouville- 
Riemann), The function yalt, #) is used to express the probability function P,(#) 
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and calculate the moments of the Markoff chain (a generalization of the Poisson 
distribution): dP,/dimk,Py1—kiiP;:, where km0 and the positive constants &,'s 
have for += 1, 2, 3,-++ two different values only. (Received March 20, 1942.) 


180. E. J. Pinney: Calculus of varsations in abstract spaces and re- 
lated topics. I. 


The calculus of variations problem considered is that of minimizing the integra! 
I(y) = ff (xe, y(x), Ya(x))d V(x), where y(x) is á function on an #-dimensional arithmetic 
space R to a linear topological space T which is required to contain a convex open set 
properly, Ys(x) denotes the set of linear topological derivatives, f(x, k, M) is a func- 
tional on R, T, T,--++ T, and the integral is an #-dimensional Lebesgue integral. 
The development necessitates the proof of certain theorems about the integral, and 
this first paper is devoted to that, The familar expression for the transformation of an 
integral-under a mapping of the set on which it is defined to another (measurable) 
set is established. Green's theorem is established. A topological differential equivalent 
to a Fréchet differential when T is a Banach space is studied. The theorem of the 
mean is established for certain functionals, and continuity under the integral sign 
is considered. (Received March 14, 1942.) 


181. E. J. Pinney: Calculus of variations in abstract spaces and 
related topics. II. < 


In this continuation of the first paper under this title, the theory there developed 
ig applied to the calculus of variations problem mentioned there. The function 
fix, k, Ay) is defined, and añ allowable clas of functions y(x) is defined. The abstract 
analogues of the necessary conditions of Euler, Weierstrass, Legendre, and Jacobi 
are established, and in addition the analogue of the necessary condition of Cara- 
théodory is established. This condition, which reduces to that of Weierstrass in the 
case of the single integral, doesn’t seem to be very well known as yet. Two “corner” 
conditions are established, and the condition of transversality on the boundaries is 
established. An investigation of sufficiency conditions is projected for the future. 
(Recetved March 14, 1942.) 


182. Harry Pollard: An inversion formula for the Siteltjes trans- 
form. 


This treatment of the Stieltjes transform (1) f(x) = f3 (x+#)~da(?) is intended 
to parallel a recent study of the Laplace integral made by Boas and Widder. The 
underlying idea, suggested by the work of Paley and Wiener, is to consider the 
iterate of the transform and to apply known results to this. In this way a new in- 
version operator can be derived for the transform (1). In terms of this operator 
necessary and sufficient conditions are obtained for the representation of a function 
as a Stieltjes transform with a(t) of general or of preassigned type. All these results 
depend on a knowledge of f(x) on the real axis. (Received March 3, 1942.) 


183. Harry Pollard: On subsertes of a convergent serses. 


In a recent paper J. D. Hill (this Bulletin, vol. 48 (1942), p. 103) has defined the 
mean-value m of all the subseries of a given absolutely convergent series ) ws. In this ` 
case he has shown that m=s/2, where s is the sum of the series. By use of well known 
properties of the Rademacher functions this result is extended to the cas of all con- 
vergent series for which > |as|*< œ. If > >|a,|%— 0, m fails to be defined, so that 
the extension is best possible. (Received March 4, 1942.) 
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184. George Pólya: On the combinatory analysts of classifications 
and permutaitons. 


E E E ae ey K.=1, 2, 5, 
15,+-+ form=—1,2,3,4,++- and let Kem 1. These KX, and connected combinatorial 
ae occur in many ae a for example, Ka is the coefficient of x*e/x! in the 
development of exp (exp (x)). Let G be a permutation group of order g and the degree 
#, let ei, and py be the arithmetic mean of the kth powers of the traces of its g 
permutations. The gy are integers, w2Ki, pKs tt, eae Xs. If the equality is 
valid in all # inequalities, G is the symmetric group. Otherwise there is just one p, 
OSp<n, such that Hp Ky, tp < Kp and G is p-fold transitive. (Received March 17, 
1942.) 


f 


185. H. A. Rademacher: On the Bloch-Landau constant. 


Landau in 1929 in a paper on the Bloch constant 8 introduced another constant 
£ through the following definition: There exists a constant £ such that every function 
w= f(s) which is regular in |s| <1 with f(0)—1 covers completely, for any «>0, a 
circle of radius {—« in the wplane, whereas to every «>0 there exists a function of 
the same specifications whose values do not completely fill any circle of radius R+ e. 
Landau gave the upper estimate 252 4rI%{1/3)T-‘(1/4) 0.55488 +--+. In this 
paper we find 2£31(5/6)T(1/3)T(1/6)~! = 0.54325 -- +. This upper bound is found 
by a suitable example obtained through the conformal mapping of a rxero-angled 
circular triangle on a straight equilateral triangle. The calculations can be carried 
out with the help of a formula given by Ahlfors and Grunsky in 1937. (Received Feb- 
ruary 27, 1942.) 


186. T. Radó: On a problem of Gedcse. 


The Lebesgue area A(S) of a continuous surface S is defined as the greatest lower 
bound of lim inf E(r,) for all sequences of polyhedra x, converging to Sin the Fréchet 
sense, where E(t.) stands for the elementary area of ra. Denote by A*(S) the quantity 
obtained by requiring that the polyhedra r, be inscribed in S. The problem of de- 
termining whether A*(S) = A(S) was first attacked by Gedcre (Mathematische und 
Naturwiseenschaftlische Berichte aus Ungarn, vol. 26 (1910), pp. 1-88). The purpose 
of this paper is to extend the results of Gedcre by proving the following theorem. 
Let S be given by s=/(x, y), where f(x, y) is continuous in the unit square and is ab- 
. solutely continuous in x for almost every y, or alternatively, absolutely continuous in 
y for almost every x. Then 4*(S) = 4(S). (Received February 28, 1942.) 


187. P. V. Reichelderfer: On bounded variation and absolute con- 
linusty for parametric representations of conitnuous surfaces. 


TES E NEE tae ET tease sash PEE OER T EA 
denote by 'T, 3T, °T the corresponding representations for the projections of S upon 
the ax'-, x*x1, x'zf-planes, respectively. Definitions for essential variation and 
essential absolute continuity are given for 'T, *T, >T, based upon ideas developed by 
T. Radó and P. Reichelderfer (Transactions of this Society, vol. 49 (1941), pp. 258- 
307). An essential area cA (S) is defined for S; it is a lower semi-continuous functional 
of S. A necessary and sufficient condition that eA (S) be finite is that each of 17, T, °T 
be of bounded essential variation. If «A (S) is finite, then the generalized Jacobians 


we 
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iJ, 3J, 3J for iT, OT, OT exist almost everywhere and are summable, and 
AlO aS P4444] A necessary and sufficient condition that the sign of 
equality hold here is that each of 1T, °T, °T be essentially absolutely continuous. If S 
has a non-parametric representation, then e4(S) equals the Lebesgue area of S, and 
this theory becomes equivalent to that developed by Tonelli for this special case. 
(Received March 18, 1942.) ` 


188. W. H. Roever: Comment on the derivatson of the law of perfect 
gases. 


In this paper the author shows that, to derive from the laws of Boyle and Charles 
the law of perfect gases, one encounters the problem of showing that the two two- 
parameter’ families of curves defined by these laws lie on a one-parameter family of 
surfaces. Also the derivation of the expression for the entropy of a perfect gas is dis- 
cussed. (Received March 6, 1942.) 


189. H. M. Schwartz: On some general series expansions. Pre- 
liminary-report. 


, 

Using results obtained in two earlier papers (Sequences of Stieltjes integrals, this 
Bulletin, vol. 47 (1941), pp. 947-955, and abstract 48-1-55), the author studies some 
questions of convergence and summability of expansions in senes of functions which 
form an orthogonal set with respect to a function of bounded variation, by methods 
similar to those employed by H. Lebesgue in his paper Sur les intégrales singulières 
(Annales de Toulouse, (3), vol. 1 (1909)). (Received March 20, 1942.) 


190. M. F. Smiley: A comparison of algebraic, metric, and lattice 
betweenness. 


It is shown that metric betweenness (see L. M. Blumenthal, Distance Geometry) 
and lattice betweenness (see Everett Pitcher and M. F. Smiley, Tramstitetses of 
batweeonness, forthcoming in the Transactions of this Society) coincide in a complete 
normed real vector lattice if and only if this lattice is equivalent to an (Z)-space 
(S. Kakutani, Concrete representation of abstrad (L)-spaces and the moan ergodic 
theorem, Annals of Mathematics, (2), vol 42 (1941), pp..523-537). The ranges of 
coincidence of algebraic and metric and of algebraic and lattice betweenness are 
also determined. Metric betweennesa in the Banach space C[0, 1] is investigated. 
(Received March 12, 1942.) 


191. M. F. Smiley: A remark on S. Kakutans’s characterization of 
(L)-spaces. 


The important condition UX of Kakutani (Concrete represoniation of abstract (L)- 
spaces and the mean ergodéc theorem, Annals of Mathematics, (2), vol. 42 (1941), 
pp. 523-537) may be replaced by the equivalent condition (1) lza m || Vy — Ax]. 
It is shown that this permits an economy of aseumptions in §§3-5 of the paper cited. 
The proofs are based on the fact that the condition (1) is closely related to a funda- 
mental property of modular functionals (G. Birkhoff, Lattices Theory, American 
Mathematical Society Colloquium Publications, vol. 25, 1940, p 40). (Received 
March 12,1942.) >» 


\ 
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192. W. S. Snyder: Non-parametric surfaces of bounded variation. 


The paper shows that if f(x, y) is of bounded variation in the sense of Hardy and 
Krause (Hobson, Functions of a Real Variable, vol. 1, 3rd edition, 1927, $254), then 
the Lebesgue area of the surface s=/(x, y) is equal to the Burkill integral of a certain 
rectangle function analogous to the rectangle function of de Gedcre (Saks, Theory 


. of ths Integral, p. 171). The method shows that the area of the surface may be calcu- 


lated by a single passage to the limit from the areas of certain polyhedra inscribed in 
the surface. (Received March 20, 1942.) i 


193. Otto Szász: On sequences of polynomials and the dssirtbution 
of their zeros. 


The author considers sedu nos of polynomials Py(s) = castias -tett * 
with increasing degrees mi <nh < +--+, respectively, where the roots of Pa lie in a 
Ball’ oiae con tiinite che eaa ew tee boundary ine, the diesen of which may 
depend on »#. If the first three coefficients are uniformly bounded, and the ces are 
bounded away from 0, then the sequence is uniformly bounded in any finite domain. 
If, in addition lim Cay exists as #—>» œ for each », then the sequence converges uni- 
formly in any finite domain, thus representing an entire function, the convergence 
exponent and order of which are at most two. In particular if the sequence is a sub- 
sequence of partial sums of a formal power series, then this series represents an entire 
function of the described type. Some previous results of G. Pólya are thus generalired. 
(Received March 6, 1942.) 


194. S. M. Ulam and D. H. Hyers: Approximate tsomeiries of the 
space of continuous functions. 


A transformation of a metric space E into itself will be called an «isometry if it 
changes distances by an amount less than « (see abstract 47-9427). Properties of 
gee esa ano E E 
tions. (Received March 24, 1942.) : 


195. F. A. Valentine: On the extension of a vector function so as to 
preserve a Lipschsiz condition. 


E E T OEE tccanaimpplne aime Gin E EE E nas 
in the euclidean plane. Moreover f(x) satisfies a Lipechitz condition of the form 
| f(x.) —f(xa)| Kl aas] for all pairs x, and x in S, where |x—y! is the euclidean 
distance between the points x and y. If T is any set containing S, then f(z) can be 
extended to T so as to preserve the Lipschitz condition. The extension [f(x), x E T] 
can be defined so as to be contained in any prescribed bounded, closed, convex set 
containing Sm [f(x),x E S]. This extension is a consequence of the following: Consider 
a set of circles in the plane, such that there is a potai in common to all of the circles. Move 
these circles to new positions in the plane, subject to the condition that the distance between 
any pair of coniers is noi increased. Them all of ihe circles tn the now positions will stil 
kare a poini tn common. After proving this result for three circles, one can prove it 
for an arbitrary set by using a theorem of Helly for families of bounded, closed, convex 
seta. (Received March 6, 1942.) 


196. J. L. Walsh: On the overconvergence, degree of convergence, and 
zeros of sequences of analyisc functtons. i 


The entire theory of overconvergence as developed by Porter, Jentzsch, Os 
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trowski, Bourion, and others is here generalized and unified by the concept of eract 
harmonic majorant of a sequence of analytic functions. If the function V(s) is har- 
monic in a region R of the s-plane, if the functions F, (s) are locally single-valued and 
analytic i in R except for branch points, and if | F,(s)| is aingle-valued in R, then V(x) 
is said to i an exact harmonic majorant of the sequence F,(s) in R provided one has 
lim sups..[max | F.(s)|, s on Q]= (max 6%, s on Q] for every continuum Q (not a 
single point) in R. Applications of this concept involve degree of convergence and 
properties of the zeros of functions, and include maximal sequences of polynomials 
and of other rational functions, and many other sequences of analytic functions. 
(Received March 16, 1942.) 


197. M. S. Webster: A convergence theorem for certain Lagrange 
snterpolatton polynomials. 


A convergence theorem for a sequence of Lagrange interpolation E TEE 
based on the zeros of a sequence of certain Jacobi polynomials is proved. The method 
and result are similar to a theorem of Grunwald (this Bulletin, vol. 47, (1941), pp. 
271-275). (Recetved March 19, 1942.) 


198. Hermann Wey!:-Solutson of the simplest boundary-layer ee 
lems in hydrodynamics. 


For some simple configurations the hydrodynamic boundary-layer problem can 
be reduced to a non-linear ordinary differential equation of third order involving a 
parameter A, For \=0 and 1/2, solution may be obtained by a rapidly converging , 
process of alternating successive approximations. The general case is attacked by a 
suitable adaptation of the method of fixed points of transformations in functional 
spaces. (Received February 28, 1942.) 


199. František Wolf: On the limis of harmonsic and analytic func- 
tions along radsi which form a set of postitve measure. 


If «(r, 0) = log | fire) | and f(s) is analytic in the unit circle r <1, #(r, 0) S M/(1—r)* 
for any M and n, and lim sup nı #(r, 6) $0 for OC È, | Æ| >0, then lim sup #(r, 6) 50 in 
any sector at almost all points of E. Hence if #(r, 0) is harmonic and satisfies the condi- 
tions of the theorem, then #(r, 6) and its conjugate v(r, 0) have finite limits in any 
sector at almost all points of E. This follows from above by the well known results of 
Privaloff (Recueil Mathématique de Moscou, vol. 91 (1923), p. 232) and Fatou. 
Another corollary is: If f(s) is analytic in | s| <i, HOI Sexp [M/(1—r)*], and 
lim,.1 f(re“) =0 for OCE, | E| >0, then f(s) m0. (Received March 20, 1942.) 


APPLIED MATHEMATICS 


200. Stefan Bergman: Determination of pressure in the two-dimen- 
stonal flow of an incompressible perfect fluid. 


The author considers a flow of an incompressible perfect fluid around a wing 
profile. The pressure distribution is determined by the function W(s) which maps 
the exterior € of the wing profile onto the exterior $% of a circle. Of particular interest 
is the evaluation of W(s) on the boundary in the neighborhood of the vertex O. Let 
boundary in the neighborhood of O be formed by two circular arcs CO and BO which 
make an angle a at O. Let O and D be the intersections of the circles on which the 
arcs CO and BO lie. Suppose that arcs CD and BD Ue inside of the profile (Hypothesis 
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H). Then a linear badori followed by one of the form [* =p" 1-0 will map ` 


Œ into a domain T which lies in the upper half-plane, and the arcs OA and OC will 
become segments Od, and -OsC, of the real axis. Using orthogonal functions (see 
Bergman, Publication of Brown University, 1941, p. 118), the author determines the 
function w({*) mapping T-+©* into the unit circle. £* is the domain obtained from 
T by reflection on the real axis. Then (1/2) [s(s*)+(w(t*))~t]-! maps © into X. 
If H is not fulfilled, follow the linear transformation by one which mape the triangle 
O,A,C, of the {-plane into the upper half-plane. (Received February 21, 1942.) 


201. Stefan Bergman: Three-dimenstonal flow of a perfect incom- 
pressthle fiusd and sts stngularsites. 

The author considers vectors ©(¥), X= (x, #1, zı). The components of © are har- 
monic functions with an algebraic singularity described in the author’s papers 
(Mathematiache Zeitschrift, vol. 24 (1925-1926), p. 655 and Mathematische Annalen, 
vol, 99 (1928), p. 645). At every point outside of the singularity, curl G=0, div 6 =0 
holds. Let 6(%) be a potential function such that grad 0(¥) = ©(Z). The author defines 
a curve P(t) in the xyesx;space for every ©(¥) and every complex number f{. Let q! 
be a closed curve in the ¢-plane. £5(q') is the logical sum of P(t), rég}, so that to 
every point ¥ of L(g!) corresponds a ¢={(¥). [The singularity line of @(X)- lies on 


! 


L(q1).j Finally the author defines for G(X) the residue functions R,(¢). Let st bea . 


clowed curve in the schlicht syryx_-space. t! is open in the multiply-covered space Af? in 

which @(%) is univalent. Let @, and @ be both end points of # in AP. 

Then a6 (£): d£+2 [64(Ga) — Oe Ea*) Jd, [On (Ea") — On (Gi) Step R, (t)ar. Here 

aX) are functions connected with 6(%), and Xe intersections of +! with L*(q'). An 

analogous relation holds for a vector Ù, $= = Oi Dee where Diea reales vecio 
and ©, the above described vectora. (Received March 6, 1942.) 


202. Hilda P. Geiringer: On the numerical solution of linear prob- . 


lems by group tieraiton. 


_ ` The so called Ph. Seidel iteration method for solving systems of linear equations 


> converges towards their solution for all systems originated from a minimum problem; 
for example, in the following groups of problems: (1) statistical (least square) prob- 
lems, (2) problems of mechanics, for example, statically determined or indeterminate 
frameworks, (3) elliptic boundary value problems. For the second group the method 
reduces the solution of an s-fold indeterminate system to the successive solution of 
simply indeterminate systems. (a) Each of these simply indeterminate systems can 
be solved in whatever way seems appropriate, not necessarily through the respective 
Maxwell equation. (b) Introduce “group-iteration” (see H. Geiringer, Zur Praxis der 
Lösung lincarer Gleichungen in der Siaitk, Zeitschrift fur Angewandte Mathematik und 
Mechanik, 1928, and R. von Mises and H. Geiringer, Prakitschs Verfdkren der Gleich- 
sagsanfldsung, ibid., 1929); that is, instead of reducing to simply Indeterminate prob- 
lems, use as intermediate steps r-fold indeterminate systems whose solutions may be 
found by any suitable combination of equations. Thus liberty of arrangement results 
and the convergence is accelerated.—It seems that this procedure contains the esen- 
tials of R. V. Southwell’s “relaxation method” successfully applied by him since 1933 
to many mechanical problems and recently presented in a comprehensive work. The 
group iteration method combined with the use of computing machines to solve the 
amall groups of equations leads to very good results. (Received February 9, 1942.) 


a 
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203. A. M. Gelbart: Bounds for pressure in a two-dimensional flow 
of an incompressible perfect flutd. 


It is known that the problem of the pressure distribution along a wing in the case 
of a two-dimensional flow of an incompressible perfect fluid can be reduced to the 
problem-of determining the function which maps the exterior domain into the exterior 
of a circle. This paper deals with some properties of the function in the neighborhood 
of the angle of the wing. Bergman treats this problem by employing orthogonal func- 
tions and certain special transformations. (See abstract 48-5-200.) Using this ap- 
proach, some inequalities previously obtained by the author for the coefficients of the 
mapping function, and a minimum integral, inequalities for the velocity in the neigh- 
borhood of the angle are obtained which depend only upon a suitable domain in 
which the boundary of the profile lies. (Received March 7, 1942.) 


204. W. A. Mersman: Heat conduction tn a finste composste solsd. 


The problem of one-dimensional heat conduction in a composite wall has been 
solved by Churchill (Duke Mathematical Journal, vol. 2 (1936), pp. 405-414, and 
Mathematische Annalen, vol. 115 (1938), pp. 720-739), the solution being presented 
in the form of a series which converges rapidly for large time values, The present 
paper furnishes a transformation of Churchill's solution in the form of a series which 
converges rapidly for small time values. This is done by expending the Laplace 
transform of the solution as a geometric series and inverting term-by-term, instead 
of applying the Mittag-Leffler theorem and the inversion theorems of Doetsch and 
Churchill. (Received February 19, 1942.) 


205. W. A. Mersman: Heat conduciton in an infinste composste solid 
with an snierface resistance. 


The problem of one-dimensional heat conduction in a doubly infinite composite 
solid with an interface resistance is solved by the Laplace transformation method. 
The interface conditions are: (1) the product of conductivity and temperature 
gradient is continuous across the interface; (2) the temperature discontinuity across 
the interface is proportional to the product in (1) above, the factor of proportionality 
being a constant. (Received February 9, 1942.) 


GEOMETRY 


206. Herbert Busemann: Spaces with convex spheres. 


In a metric space a continuous curve which is locally isometric with a euclidean 
straight line will be called a geodesic. The paper considers a finitely compact metric 
space in which there is exactly one geodesic through any two different points. With an 
obvious definition of a tangent of a sphere a sphere is called convex if no tangent 
of the sphere contains interior points of that sphere, Assume that all spheres are con- 
vex and that the space has dimension greater than or equal to 3. The space is con- 
gruent to an elliptic space, as soon as at least one geodesic is clowed. If all geodesics 
are open, convexity of the spheres as defined above coincides with the usual idea thet a 
segment whose end points are in a sphere lies completely in the sphere, but the space 
is not necessarily flat. However if the parallel axiom (property formulated) holds, the 
space is flat and its metric is Minkowskian. (Received March 20, 1942.) 
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207. Aaron Fialkow: Conformal diferential geometry of a sub- 
_ Space. - 

In previous papers and abstracts, the author has shown that a conformal dif- 
ferentiation process may be defined with respect to an arbitrary subspace V, in any 
Riemann space Vy (0<s<m; m>2). By means of this tool, the conformal funda- 
_ mental forms of Vs, which completely characterize its conformal geometry, were 
discovered as well as the fundamental differential equations which the coefficients 
of these forms satisfy. The conformal differential geometry of V based upon these 
forms and upon the conformal differentiation process is now developed. As in classical 
differential geometry, it includes the conformal analogues of normal and geodesic 
curvature, conjugate and asymptotic directions, developables and spaces of constant 
curvature, and eo on. Classical theorems such as thoee of Meusnier, Euler and others 
hold in this geometry. However, some completely new geometric theorems are de- 
rived which are based on tensors having no analogue in the classical theory. Many 
results of a special character (particularly if #=2) are obtained. Some important 
special conforma! coordinate systems are indicated. (Received March 5, 1942.) 


208. L. C. Hutchinson: On the linear line complex in n-space. 


This paper starts from certain contradictions in the literature and from the care- 
ful distinction between two closely related, but not identical concepts, a bivector and 
its associated (*—2)-complex, and aa the general ay employing tensor 
methods. (Received March 7, 1942.) 


209. A. D. Michal: A theory of fluctuations tn Riemannian spaces. 
Preliminary report. 


This paper deals with parallel displacement and differential invariants of multiple 
point correlation tensor fields in *-dimensional Riemannian geometry. (Received 
March 14, 1942.) 


210. Don Mittleman: Spin in newlontan mechanics. 


Newtonian mechanics has not considered the posibility of attributing spin 
properties to point particles moving in a general positional field'of force. However, 
‘this may be done and the appropriate equations are obtained by considering “the 
limiting form of the equations of motion of a rigid body of finite dimensions as 
the maximum diameter of the body approaches zero. The result is dependent on the 
limit of the ratio of the principal moments of Inertia, but to fix the limit it is assumed 
that the ratio of the principal axes of the ellipsoid of inertia approaches one. For a 
particle, the trajectory is no longer a curve but a series of elements. The geometry 
of the trajectorial series is investigated. ene Prog em ie repented for infinitesimal rods. 
(Received February 2, 1942.) 


211. T. W. Tomlinson: Cemais of linear TE, polygenic 
‘functtons. 

Linear fractional functions of s=x++4y and #=x2—+y are studied in detail. Any 
_ such correspondence T can be factored into a Moebius transformation followed by a 
projectivity. In general T possesses one paint fı of direct conformality and one point fs 
af reverse conformality. The Kasner circles corresponding to the points of the per- 
pendicular bisector of fifs pass through the origin and their centers are on a circle 
through the origin. (Received March 20, 1942.) 


t 
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212. C. B. Tompkins: Local tmbedding of Riemannian spaces. 


The paper gives a proof of Janet’s theorem on local imbedding of an #-dimensional 
Riemannian space in euclidean space of *("-+-1)/2 dimensions. The proof is by induc- 
tion on the number of dimensions, and the induction is made possible by strengthening 
the theorem slightly to state that the Riemannian space can be imbedded so that its 
tangent plane and the vectors obtained by differentiating the imbedding functions 
twice with respect to a set of (#—1) of the # parameters of the Riemannian space to- 
gether span the euclidean space. The proof involves an existence theorem in dif- 
ferential equations, a warping process somewhat analogous to the process of rolling 
a plane into a cylinder, and an algebraic lemma which is used to show that the warping 
process will furnish the independence of vectors required in the strengthened theorem 
of the inductive proof. (Received March 20, 1942.) 


213. B. J. Topel and P. M. Pepper: Imbedding theorems under 
weakened hypotheses. 


The congruent imbedding of a semi-metric space into Es, the euclidean #-space, 
as implied by the imbeddability of as few as possible of its (#-+2)-tuples is considered. 
For S, consisting of #+-4 or more points, to be imbeddable into Hy, but not Es- it 
is necessary and sufficient that S contain a certain nucleus S’ and that all (#+2)- 
tuples containing at least # points of S$’ be imbeddable. Sufficient conditions are de- 
rived for the imbeddability of S when an upper bound is placed on the number of non- 
mapping (#-+2)-tuples with no restriction on their distribution in S. These theorems 
sharpen Menger’s quasi-congruence theorem. Necessary and sufficient conditions are 
determined for the imbeddability of a semi-metric space into Fan. Similar theorems are 
considered for imbeddability into an element of any congruence system. The structure 
of non-mapping sets with the minimum number of non-mapping (s-+2)-tuples is 
studied. (Received March 23, 1942.) 


214. J. E. Wilkins: A charactertzatton of the quadrsc of Walcsynskes. 


The quadric of Wilcrynski at a point P of a non-ruled surface S in projective 
three-dimensional space is characterized as the unique quadric having second-order 
contact with S at P (therefore intersecting S in a curve with a triple point at P), 
the three triple-point tangents being the tangents of Darboux, and the three triple- 
point osculating planes having a line in common. This line is found to be the canonical 
line of the first kind with k = 5/12. (Received March 12, 1942 } 


LOGIC AND FOUNDATIONS 


215. S. C. Kleene: On the forms of the predicates $ in the theory of con- 
structive ordinals. Preliminary report. à 


In the system S; of notation for ordinal numbers (Journal of Symbolic Logic, 
vol. 3 (1938), p. 155), the clase O of the natural numbers which represent ordinals, 
and the partial ordering relation <, between such numbers, were defined by a trans- 
finite induction. It is now shown that the predicates aE O and a<,d are expressible 
explicitly in the respective forms (x)(Ey)R(a, x, y) and (x)(Ey)S(a, b, x, y) where R 
and .S are primitive recursive predicates. The result can be used to exhibit the in- 
completeness of ordinal logics by a method presented previously. (See abstract 
46-11-464. Erratum: for “for.” read “for all.”) The proof illustrates a technique to - 
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which recourse may be had generally in attempts to reduce inductive definitions to 
explicit definitions in terms of recursive predicates and quantifiers. (Received March 
3, 1942.) 


STATISTICS AND PROBABILITY 


216. J. H. Bushey: The dtsiribution function of the mean under the 
type a hypothests. 


An orthogonal expansion (type æ series) with the Pearson type III function as 
weight function is obtained in a form suitable to utilize the tables of Salvoea in repre- 
senting population frequencies. The expansion differs in certain respects from that of 
Rormanovsky. The distribution function of the mean is obtained for samples of » 
drawn at random from a population represented by the type a series. In special cases 
this distribution function reduces to that obtained for the Charlier type A series by 
Baker and to that obtained by Charch for the type III function. (Received March 6, 
1942.) 


217. J. H. Bushey: The dssirsbuiton functton of the sample total 
under the type B hypothests. 


The orthogonal polynomials ¢,(z) are defined by the weight function 
p(x) ™ Crop (1— p), (x= 0, 1, 2,--+, 5) and the orthogonal relation > s-op(zx)- 
dm (bale) 0, mn, or = 1, mg, The orthogonal expansion (type § series) f(x) 
mi ae p(t)d,/x) may be used as a statistical hypothesis. The Charlier type A series 
is a special case of both the type § and the type a series (the type a series is reported 
in another abstract). Another special case of the type p series is the Charlier type B 
series with the Poisson weight function p(x) = (e"*(sp)*)/x!. The distribution func- 
tion for the total s= 2 for samples of # drawn at random from a population repre- 
sented by a type 8 series is obtained. This result includes, as special cases, the dis- 
tribution function of s for the Charlier type B series and that obtained by Baker for 
the Charlier type A series. (Received March 6, 1942.) 


218. J. H. Bushey: The products of certain dsscrete and continuous 
orthogonal polynomials. 


The discrete orthogonal polynomials ¢.(x), (x0, 1, 2,--+, 5), are defined by the 
weight function p(x)= C,s= H(1—p) and the orthogonal relation > 3 sp(x)- 
dm(Xpa(x) m0, myn, or —1, m=. The polynomials ¢.(x) are closely related to the 
continuous polynomials of Jacobi, Hermite, and Laguerre and have applications in 
statistics. The product w(x) a(x) is developed in terms of the polynomials ¢,(x) 
for p=gqe1/2 (symmetric polynomials). This development permits the evaluation 
of the sum > Su¢f(x)bu(x)be(x)¢,(x). The corresponding results of Feldheim for 
Hermite polynomials follow as special cases, (Received March 6, 1942.) 


TOPOLOGY 
219. E. G. Begle (National Research Fellow): Intersecttons of abso- 
bute retracts. 


Aronstajn and Borsuk have shown (Fundamenta Mathematicae, vol. 18 (1932) 
pp. 193-197) that if A and B are compact metric spaces such that their intersection, 
AC \B, is an absolute retract, then their sum, AJ B, is an absolute retract if and only 
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if A and B are. They left open the following question: Is Af \B an absolute retract 
if A, B and A\/B are? In this paper an example is presented which answers this ques- 
tion in the negative. On the other hand, it is shown that if A, Band A\/B are abaolute 
homology retracts, then so is AU B. (Received March 19, 1942.) 


220. M. M. Day: Compacness of a space with monotone closure. 


A closure cin a set X associates with each X’C X a set cX’C_X; c is monotone if 
X'C X" implies cX’C cX"; ¢ is additive if c(X’ +X") mcX'+-cX” for every X’, X". 
If c is monotone there is a unique largest additive c’ such that ¢’X’C cX’ for every X”. 
A set X is called compact under c (J. W. Tukey, Convergence and Uniformity in 
Topology), if given a family of subsets of X such that finite intersections of seta of the 
family are non-empty, there is a point common to the closures of all sets of the family. 
The following theorem holds: X is compact under a monotone c if and only if it is 
compact under c’. The proof falls into two parts: The conditions given by Tukey for 
compactness of a space with additive closure still hold for monotone c; in particular, 
X is compact under c if and only if every ultraphalanx in X converges (in the topology 
of c) to a point of X. The theorem quoted can then be proved by showing that any 
ultraphalanx has the same limit points in the topologies of c and c’. (Received April 4, 
1942.) 


221. R. C. James: Normabssty of topologscal abelian groups. 


_ In this paper the properties of convexity, boundedness, and normability of topologi- 
cal abelian groupe are considered. The existence of a bounded, convex neighborhood 
of the identity is found to be a necessary condition for normability, and a sufficient 
condition if taken with connectedness or one of several generating properties. The 
representation of convex and normable topological abelian groupe as subgroups of 
linear topological spaces is investigated. (Received March 14, 1942.) 


222. Samuel Kaplan: Homologtes in meirec separable spaces. 


It is shown that the denumerable star-finite coverings form a complete family. 
By developing a‘ method originating with Cech, homology properties of arbitrary 
subsets can be obtained by use of “neighborhood coverings.” A new type of bounding 
called Cech bounding is defined for Vietoris cycles as follows: To each Vietoris cycle 
of the space there corresponds a Cech cycle, determined up to homology; the Vietoris 
cycle is said to Cech bound if its corresponding Cech cycle bounds. By way of applica- 
tion, the following duality theorem is proved (in the case of closed sets reducing to the 
Alexander duality): If A is an arbitrary subset of the s-sphere S*, and there are m 
k-dimensional Vietoris cycles independent in A relative to Cech homologies, then in 
Ss—A there are m (n —k—1)-dimensional Vietoris cycles independent relative to 
Cech homologies. Among other results are duslities established between the Cech 
homology properties of arbitrary subsets of S* and the Vietoris homology properties 
of their complements, as well as miscellaneous results as: If a Vietoris cycle s* fails 
to Cech bound in a metric separable space, there exists a homeomorphic remetrization 
in which sè fails to «bound for some e. (Received March 19, 1942.) 


223. A. N. Milgram: Demenston of the points with at mosi n ratsonal 
coordsnates. - 


In this paper it is shown that the points in Hilbert space at most # of whose co- 
ordinates are rational is an (#-+1)-dimensional set. This is an extension of the theorem 
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that the points in Hilbert space all of whose coordinates are irrational form a one- 
dimensional set, which follows directly from the proof by Erdds for the set with all’ 
rational coordinates. (Recerved March 26, 1942.) 


224. J. H. Roberts and Paul Civin: Sections of continuous collectsons. 


The following theorem is proved: If G is a continuous collection of closed and com- 
pact sets filling a separable metric space X, and if G, regarded as a decomposition 
space, has dimension #, then there exists in X a closed set C such that for any g in G 
the set g- C is nonvacuous and consists of at most #+1 points. eve March 20, 
1942.) 


225. R. L. Swain: Proper and reductsve transformaisons. 


A (single-valued) transformation T of a point set M is called: proper if for each 
KC M, T(K) is closed and compact whenever K is; strong proper if, in addition, T 
preserves connectedness; complets proper (CP) if an additional condition concerning 
` contiguous points is satisfied. A strong proper transformation of a compact continuous 
curve is continuous. In spaces which may contain contiguous points (and which 
satisfy R. L. Moore's axiom set 2,), for M to be a compact continuous curve it is 
necessary and sufficient that M should be the image of an ordinary arc under some 
CP transformation; also a CP transformation of an arc into itself either leaves a 
point fixed or interchanges two contiguous points. A transformation T of M is called 
reductive provided that if XET(M), and VC M is such that X is a limit point of 
T(V), then TCX) contains a limit point of V. A reductive transformation is con- 
tinuous on the nucleus of a compact closed point set. In a compact space the class of 
reductive transformations equals the clase of proper transformations. Using reductive - 
transformations, one may associate with each point set M an abstract measure called 
its topological power. (Received March 17, 1942.) 


226. G. T. Whyburn: Coherent and saturated collecisons. 


A theory of coherence and saturation relative to a given collection G of subsets 
of a connected separable metric space M is developed. Conditions are found under 
which the collection G will generate a unique upper semi-continuous decomposition 
of M and under which the associated transformation will be monotone or non-al- 
ternating. These are applied to find necessary and sufficient conditions for the mappa- 
bility of M onto an arc or a circle by a monotone transformation. Asa further applica- 
tion, an existence theorem for saturated collections of continua in a locally connected 
continuum L is proved which yields in a new way the known (Moore-Roberts) mono- 
tone mappability of L into a regular curve. (Received March 4, 1942.) 


227. G. T. Whyburn: On the tntertoruty of mappings. 


A previous theorem of the author (as yet unpublished) is extended to yield the 
following theorem: Let f(A) = K be continuous where M is locally connected separa- 
ble and metric and let D be the closure of the set of all points of K of Menger-Urysohna 
order greater than 2. There exists a countable subset C of K—D such that f is in- 
terior at every point of M—f4(D-+C). (Received March 4, 1942.) 


228. G. T. Whyburn: Untary subcontinua. 


A subcontinuum N of a compact metric continuum M will be called unitary 
proved that if KX is any subcontinuum of M intersecting N we have either KDN or 
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KCN. For example, M itself (and also any single point of M) is unitary. A study of 
such subcontinua is made and it is shown, for example that: (1) the property of being 
a unitary subcontinuum containing a given subset X of M is inducible; (2) for any 
two given unitary subcontinua 4 and B there exists a unique least unitary sub=- 
continuum A-+-B containing both A and B; (3) no nondegenerate proper unitary 
subcontinuum can havea cut point; (4) the property of being a unitary subcontinuum 
of M isa monotone and also an interior invariant; (5) if M is irreducible between two 
points, any monotone interior mapping of M into the interval maps unitary sub- 
continua into single points of the interval (Received March 4, 1942.) 


229. J. W. T. Youngs: On parametric representaitons of surfaces. 
IT. 


This paper is a continuation of an earlier study (abstract 46-5-352). A continuous 
transformation R(A)=B'from the 2-sphere A to a set B in 3-space is called a repre- 
sentation. By the Eilenberg-Whyburn factor theorem, R(A)=Z(M(A)), where 
M(A) =Z is monotone and L(Z) = B is light. Two representations R,(A) and R,(A) 
are K-equivalent (Kerekjarto, Acta Sreged, vol. 3 (1927), pp. 49-67) if there is a 
homeomorphism H(Z,)™2%_ such that L,(%,)=L,(H(z%,)). They are F-equivalent 
if the Fréchet distance between them is zero. The prime end theory is used to define 
what is meant by the statement that R, and R, are consistent. The concept has to do 
with orientation. Suppose that R, and R, are themselves monotone. Then, if they are 
F-equivalent, they are K-equivalent and consistent. Moreover the converse is true 
without the restriction that R, and R, be monotone. The converse is important from 
the point of view of applications to the theory of area. (Received March 18, 1942.) 
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TRENDS IN RESEARCH: 
THE ANALYTIC NUMBER THEORY 


HANS RADEMACHER 


Ladies and Gentlemen: I wish to express my gratitude for the in- 
vitation to address this meeting and to thank you for granting me 
this opportunity to contribute a little part to the celebration of the 
anniversary of our host, this renowned institution of higher learning, - 
the University of Chicago. The research work emanating from here 
has in its mathematical branch strongly emphasired analysis as well 
as number theory. The name “analytic number theory,” indicating 
a union of these two fields of mathematical endeavor, is about as 
old as this celebrating Institution. In 1894 a book was published un- 
der the title Dse Analytische Zahlentheorte, by Paul Bachmann. 
The name “analytic number theory” itself was a program. It said 
more than “diverse applications of infinitesimal calculus to number 
theory” as Dirichlet, the real founder of our discipline, had modestly 
called one of his great memoirs (1839). The name “analytic number 
theory,” implies, as I take it, a thorough fusion of analysis and arith- 
metic, in which as we shall see, analysis is not necessarily subordinate 
to arithmetic. Incidentally, “analysis” stands here always for function 
theory, especially the theory of analytic functions. 

What has the theory of functions to do with the theory of integers? 
Let me, to gain a starting point, begin with a few examples of well 
established results of analytic number theory: 

1. If x(x) denotes as usual the number of prime numbers less than 
or equal to x, then 
(1) pes 

se x/log x , 
as first proved by Hadamard and de la Vallée Poussin in the nineties 
of the last century. 

2. The number of representations of a positive integer n as a sum of 
four squares is 


(2) rin) =8( Ei- E i’) 


din 4|d’\n 





as Jacobi found as a corollary of his theory of elliptic functions. 

An address delivered before the meeting of the Society in Chicago, IIL, on Sep- 
tember 5, 1941, by invitation of the Program Committee; recetved by the editors 
January 6, 1942. 
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3. The number A(D) of classes of positive primitive binary quad- 
ratic forms of determinant Dm7 (mod 8) is given by Dirichlet’s 
formula 


: w- 2 (5) 


where (a, D)=1, and a runs through all positive integers less than 
(1/2)D. 

Now, the first of these examples makes it quite obvious that analy- 
sis has to be applied, since the result does not only contain the con- 
tinuous function x/log x, but moreover involves the notion of limit, so 
that the two fundamental concepts of infinitesimal analysis are repre- 

sented in (1). 

’ This is not so in the two other examples. All expressions appearing 
in the equations (2) and (3) have an arithmetical meaning and are 
defined in elementary number theory without any reference to analy- 
sis. Nevertheless both results appear as the goal of analytic proofs in 
one of which appear -functions and in the other Dirichlet series. 
Both theorems can therefore be claimed by analytic number theory. 
However, there remains a big difference in these two cases: whereas 
the result (2) can also be proved by purely arithmetical methods, the 
equation (3) has defied all attempts of an elementary arithmetical 
proof. 

This observation raises the question, which I will state in all its 
logical vagueness: what is the connecting link between arithmetic and 
analysis, or by what means can analysis take hold of arithmetical 
facts? In the steady flow of real numbers, called the continuum, which 
is the substratum of function theory, the integers are in no way dis- 
tinguished from any other real numbers. The function e at first glance 
has no “affinity” to integers. We notice, however, the relation 


eitts 25 gtril a) 


for any integer » and all complex values z. The function has the period 
n where m can be any integer. The fundamental fact is that the periods 
of an analytic, or for that matter, a continuous function form a dis- 
crete module or lattice. Or, speaking a little more generally: the ideas 
connected with period, invariance, and substitution group are basic 
for the application of analysis to number theory, and, as we can re- 
mark already here, also for the inverse process. Let me give another 
example, which is a little more involved. For the modular invariant 
J(r) we know that 


(4a) I(r) = I(r’) 


~ 


A 
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implies and is implied by 





(4b) r = , ad—bce = l, 


a, b, c, d being integers. The function J(r) appears thus as an em- 
bodiment of the discrete group of modular substitutions. This fact 
must have implications in both directions. Indeed, the group of modu- 
lar transformations defines the classes of binary quadratic forms, and 
so we are led to the theory of singular moduli, the theory of complex : 
multiplication, and finally to the Kronecker-Fueter theorem that any 
Abelian field over an imaginary quadratic field can be generated by 
the values of certain modular forms which they attain for special 
imaginary quadratic irrationalities. On the other side, equations (4a) 


and (4b) lead function-theoretically to the expansion (Petersson [33, 
37 |) 


i (5a) 1237 (7) = e~tetr. e 744 -4 a Cab? TnT 


A | 


with 





~ Lf 

wa ZÈ in p romanai, 
nU? ii k k / kmodk,(h,b)=1 

where I (z) = —+Ji(tx), the Bessel function of the first order. 

You will always find such a group-invariance or periodicity, some- 
times conspicuous, sometimes concealed, as underlying the applica- 
tions of analysis to number theory. Fourier series, Fourier integrals, 
and Poisson sums are, therefore, natural and frequently used tools. 
But also the configuration of a point lattice can be taken as to express 
periodicity (especially in. Minkowski’s work in the “geometry of num- 
bers”), and even a power series is here often better understood as a 
series in e?™, that is, a Fourier series with its obvious periodicity. 

These analytic tools, developed in the 19th century, indicate suff- 
ciently that our discipline must be a rather young one, so very much 
younger than elementary number theory, in whose history we meet 
the names of Euclid, Diophantos, Fermat. Indeed Lejeune Dirichlet 
can be regarded as the founder of our branch of research. Before him 
Euler, Gauss, and especially Jacobi, had found methods and results 
belonging to this field. After Dirichlet it was Riemann who with his 
epoch making memoir Ueber dte Anzahl der Primzahlen unter einer 
gegebenen Grosse (1859) made the deepest mark in its history. In this 
brief survey I have also to mention the names of Hermite, Kronecker, 


ma 
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Hadamard, de la Vallée Poussin, and Minkowski, who all contributed 
works of lasting value. 

The present standing of analytic number theory and its recognition 
as a fruitful branch of our science is, I think, entirely due to three 
mathematicians of this century: Landau, Hardy, and Littlewood. To 
Hardy and Littlewood we owe important progress in the theory of 
prime numbers and in our knowledge of the distribution of the com- 
plex zeros of the ¢-function. Their greatest contribution, which 
they share with Ramanujan, lies, however, in the development of a 
fundamentally new method in additive number theory, a method 
which yielded their celebrated theorems concerning partitions, and 
about additive representations of numbers as sums of powers (War- 
ing’s problem) and as sums of primes (Goldbach's problem). 

Landau has exerted a wide influence through his untiring mathe- 
matical enthusiasm and through his forceful advocacy of utter pre- 
cision. The substance of his work has proved to be less permanent; 
his results were soon surpassed by deeper and more comprehensive 
ones, and his papers have very often been only second redactions of 
discoveries of others. How much we owe him nevertheless becomes 
evident if we compare a publication on analytic number theory of the 
the 1890's (for example, the above mentioned book of Bachmann, but 
also such substantial papers like those of Hadamard and de la Vallée 
Poussin not excepted) with a contemporaneous paper. Landau de- 
veloped the technique of analytic number theory and prepared the 
tools; he found certain theorems about power series, Dirichlet series, 
Fourier integrals, which now are generally used as lemmas; and he 
made us familiar with the usefulness of a number of devices and 
lemmas discovered by others, as for example, Abel’s partial summa- 
tion, Mellin’s formula, and Carathéodory’s lemma. Landau’s hand- 
book on prime numbers will remain a classical treatise. Not a small 
merit of it is that it shaped our notation: It brought the symbol “0” 
into general use (it had been invented by Pringsheim), and Landau 
introduced there the symbol “o” (a constant source of quarrel between 
him and Pringsheim, which the German mathematicians used to 
watch with amusement). Both these symbols, now so well known and 
generally adopted, are particularly fit to express asymptotic relations 


which so frequently occur in analytic number theory. 


Landau is no longer with us; Hardy and Littlewood about 10 years 
ago turned to other fields of investigation. Hence I understand it as 
my main task today to give a survey of developments in analytic 
number theory which took place after these three outstanding authors 
and independent of them. 
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This development has proceeded chiefly in two directions. One of 
them can roughly be characterized by words like “asymptotic for- 
mula” and “error term;” inequalities play an important part in the 
technique to “estimate” the error. I think here mainly of problems 
like the prime number theorem, lattice points in the circle, asymptotic 
expressions for the number of representations of a number as a sum 
of one or the other sort, investigations in which Hardy, Littlewood, 
and Landau have distinguished themselves, so that this pursuit of re- 
search can be understood as a direct continuation of their work. In- 
vestigations of this sort have attracted general attention, so much so, 
indeed, that the impression may have prevailed that analytic number 
theory deals foremost with asymptotic expressions for arithmetical 
functions. This view, however, overlooks another side of analytic 
number theory, which I may indicate by the words “identities,” 
“sroup-theoretical arguments,” “structural considerations.” This line 
of research is not yet so widely known; it may very well be that meth- 
ods of its type will lead to the “deeper” results, will reveal the sources 
of some of the results of the first direction of approach. Remarks like 
those which I made about applicability of analysis to arithmetic are 
especially pertinent here. The names Artin, Hecke, Mordell and 
Siegel would have to be mentioned in this connection. 

The first type of analytic number theory is at present carried on in 
the Russian school with Vinogradoff as the leading name. Vinogradoff 
has become widely known for his great contributions to Waring’s 
problem and Goldbach’s problem. In this work he depends entirely 
on Hardy's and Littlewood’s precedency; he introduced essentially 
two improvements of their method. One is of minor importance and 
merely an affair of convenience. He observed that for the additive 
representation of the number n you obviously do not need summands 
surpassing m. This means that the power series which have been used 
by Hardy and Littlewood (and whose use in additive number theory 
really dates back to Euler) can be replaced by polynomials. This has 
certain advantages since it discards the difficulty of the natural 
boundary which the unit circle represents for -those power series. 
Vinogradoff’s second and decisive advance lies in his ingenious esti- 
mate of certain sums of roots of unity, as I shall now try to explain. 

I begin with Waring’s problem, in whose treatment Vinogradoff 
reaped his first success. For the discussion of 


(6) i) =È a” 


in the neighborhood of a root of unity £ =e O Hardy and Little- 
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“wood need expressions for ‘the sums 
ar 

(6a) S (WM) = DS trim 
nf 


with the emphasis upon their dependence on g and’M (for fixed given 
k23; k=2 is in a different class since f(x) is then essentially a ð 
function and S,(M) essentially a Gaussian sum, both of which are 
well known from other connections). Now for an M which is large 
‘compared with g an expression with a useful error term is easily found 
by partial summation. The error term, however, becomes unmanage- 
able for g comparatively large. This case, which appears on the so- 
called “minor arcs” proved first to be a serious obstacle to Hardy’s 
and Littlewood’s efforts. It is known that this difficulty delayed their 
final success for two years at a time when the required device had 
already been found and published by H. Weyl [58] but due to the 
interruption of communications during the first World War had not 
yet come to Hardy’s and Littlewood’s notice. 

Now Vinogradoff recognized that a certain k-fold iteration in 

‘Weyl’s method could be dispensed with and replaced by one single 

step. Since that iteration was the source of a factor 2* in the estimate 
for G(R), the smallest number of kth powers sufficing to express every 
sufficiently large number additively, this change meant an extraordi- 
nary diminution of the estimated order of G(k), a diminution as a 
matter of fact which was so considerable that it enabled Dickson to 
establish in many cases the true value g(#) of kth powers which suffice 
to represent additively aH positive integers, simply by bridging the 
finite gap not covered by G(k) through a number of elementary com- 
putational steps [6, 7]. 

Vinogradoff’s lemma, which replaces Weyl’s lemma, can be enunci- 
ated as follows (in the form which was given to it by Heilbronn [21]): 

Let x run through X integers of an interval of length L, y through Y 
integers on an interval of length M, then 


* XYML I 
(7) >» errio) S (: 4- 2) (1 =o 14). 
sy q M L 


This lemma is not immediately applicable to (6a) and to (6). Vino- 
gradoff employs the astonishing device of dropping certain Waring 
representations of the given number n, by selecting kth powers of a 
certain factorization. This diminishes the chance of a -Waring repre- 
sentation. Nevertheless he finds that the number of representations is 
different from null for s2 6k log k+(4-+log 216)k summands and 
sufficiently large n [50]. 
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Vinogradoff’s most startling achievement was his proof in 1937 that 
every large odd number is the sum of three primes [52, 53], a result 
previously obtained by Hardy and Littlewood only under a general- 
ized Riemann hypothesis. Vinogradoff’s result is so far the closest ap- 
proach to Goldbach’s conjecture ever reached. The difficulties are 
here much greater than for the Waring problem, the distinction be- 
tween major and minor arcs much subtler. The major arcs require for 
their treatment the classical theory of the distribution of primes 
founded on the ¢-function and the Dirichlet L-functions. In Vino- 
gradoff’s paper, moreover, a deep theorem of Siegel about the class- 
number of quadratic fields [46] was used, which can be expressed in 
the statement 


C a 
| LL) > = 


where x is a real character modulo k, a theorem which widens Heil* 
bronn’s result [22] that the number of imaginary quadratic fields of 
class-number one is finite. Walfigz thereafter showed that Siegel’s 
theorem can be dispensed with, at the cost of some loss of precision 
in the error term [54]. 

The sum to be appraised in Goldbach's problem is 


T(M) = D> enor, 
pal 


again in particular for the minor arcs, that is, for comparatively high 
denominator q. Now this sum does not fit into the scheme of Vino- 
gradoff’s lemma (7) since p alone and not a product appears in the 
exponent. Vinogradoff resorts here to the sieve of Eratosthenes [53 | 
which. had been so successfully used by Viggo Brun [3]. The argu- 
ment runs like this: 


M 
T) = > eixs(h/a)y — 5 >» etri(hie) mm 
y= $ PaM 2ámáM/p 


+ 5 P enom... 
Pcp AM Sangkap 

The first sum is a trivial geometric sum, and in the following sums we 
do find the desired products in the exponents. This opens the way to 
an application of (7). Still, the completion is not quite simple but is 
handled by, Vinogradoff with superb technique. I have already quoted 
his final result regarding Goldbach’s problem. 

Before I drop this strand of my narration I wish to mention 
Tchudakoff’s application of Vinogradoff’s methods to the estimation 
of Riemann’s t-function on R(s)=1 [49]. Tchudakoff uses Vinogra-- 
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doff’s estimates [51] in the same way as Littlewood and Landau had 
used Weyl’s method for the improvement of the error term in the 
prime number theorem to O (x exp (—a(log x log log x) ¥?)). Tchuda- 
koff obtains the prime number theorem in the form 


(2) = [= 4 0(ze+ooe 
3 log $ 

with a certain æ> 1/2. Until then the temainder term had for three 

decades shown the value a=1/2. Of course, any a<1 is still far off 

from the Riemann hypothesis which is equivalent to a= 1,a =(1/2)—e. 
Appraisals of sums of roots of unity have recently played an im- 

portant role in several parts of analytic number theory. Mordell [31], 

Davenport [4], and Hasse [5, 14] discussed sums of the form 


S= »> eine fin) 
a mod g 
where f(#) is a polynomial in » with integral coefficients. The aim is 
‘to give an estimate of S, with respect to g. The problem is a generaliza- 
tion of the order of magnitude of Gaussian sums, that is, f(#) of the 
second degree, in which case we have 


Se = O(g'/).- 


It is of interest that the exponent 1/2 which appears here in a number 
of cases has something to do with the abscissa R(s) =1/2 in the Rie- 
mann hypothesis, not for the ordinary {-function, it is true, but for 
the [-function belonging to a field of algebraic functions over a finite 
field of characteristic $; these {-functions were introduced by E. Artin 
[1] in 1924 and later in a more general form defined by F. K. Schmidt 
[44]. The non-trivial zeros p of such a ¢-function turn out to be 
periodic and given by 


p=% 
where f are the roots of certain polynomials; clearly |8| = p11 means 
tg) R(p) = 1/2, 


and the absolute value of 8 depends on the number of solutions of 
certain congruences modulo p, or, which is equivalent to this, on the 
value of certain exponential sums. Relation (*) has been proved for 
the Artin {-functions of the field of elliptic functions by Hasse [12, 
13], who also outlined a program for further research. Modern alge- 
braic concepts are fundamental in this work. Quite recently, in this 
year, André Weil [56, 57] published two sketches of proofs for the 


f 


~ 


‘ 
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Riemann hypothesis in all algebraic function fields over a finite field. 
We are looking forward to a complete account of his proof. Here still 
a wide field is open to research, a field attractive at the same time by 
its large generality and its richness of specific details. 

A particularly interesting case of sums of roots of unity are the so- 
_ called Kloosterman sums 


S(t; v) = > g(tri@ (abteh’) 
h mod € (A, q)oml 


with Ak’ m1 (mod q). Since these sums are multiplicative with respect 
to q, they can be broken down to those with prime-number powers q. 
For q=", «22, the order O(g?) has been established by Salié [43], 
and moreover an explicit formula involving Legendre symbols and 
trigonometric functions has been found. Surprisingly, however, the 
case of a prime number q => offers difficulties which so far have only 
permitted us to prove 
Sip(#, 0) = O(p?/?), 


Weil's above-mentioned results should establish here also O(p(/)+t9), 

The Kloosterman sums appear in the theory of partitions and in 
the study of the coefficients of modular functions. Recent work con- 
nected with these problems can also be understood as an extension 
of the Hardy-Littlewood-Ramanujan work. Whereas Hardy and 
Ramanujan obtained only an asymptotic expression for the number 
p(n) of partions of n, a refinement and at the same time a simplifica- 
tion of their method led to'the equation [35, 36] l 


K 1A 
sin k— (n-—) 
2 d g 24 


>D A(n) — 
gmi n 





y 


Aln) = Dag O89, K = x(2/3)'5, 
h mod g,(h,q)m1 ; 

where w4, are certain roots of unity taken from the theory of trans- 

formation of the modular form n(r), which have attracted the atten- 

tion of quite a number of mathematicians since Hermite. The series 

in the equation just mentioned is absolutely convergent. It has been: 
used successfully by D. H. Lehmer for the numerical computation of 

p(n) for high values of » [26, 27]. Analogous results for other prob- 

lems of partitions with certain congruence conditions imposed on the 

summands have been obtained by Zuckerman [59], Niven [32], Hua 

[23], Miss Haberzetle [9], and Lehner [28]. 
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These investigations form a natural bridge between the two differ- 
ent ways of investigation I mentioned before. Technically they re- 
quire estimates of error terms, but also some group-theoretical 
arguments. And they lead to identities, which in turn invite group- 
theoretical treatment and thus point in the second direction in our 
field. 

Identities can be used as sources of other identities. In this way 
the famous Ramanujan identities, of which I quote here only 


top 2 p(SE + D = SUT] G — x) (1 — at], 

can be proved by direct comparison of coefficients which are known in 
forms of series through the just mentioned methods. But the true 
source of the Ramanujan identities lies in the theory of transforma- 
. tion of modular forms, as it is seen at once if we rewrite the identity 


Ge, 








‘ 1 (sr)! 
ar ( + =) nlr)’ 
s 


(30, 39]. 

The formula (5) ia an identity, which can also be derived by the 
Hardy-Littlewood-Ramanujan method. Here the problem arises to 
understand the invariance 


b 
J (z aa ) SI 
cr+d 
as an outcome of the Fourier series on the right-hand member [38]. 


Hardy himself has contributed a remarkable paper to similar in- 
vestigations [10], showing that for example, 





fk, 

03(0, 1) = 1+ = E nS a(n)et m, 
(8a) ; , n=l , 

San) = $ — >, ( >: gnano) girale, 
eml (° kmod (hel \ ml 

Here .S3() is the “singular series” of the problem of expressing a num- 
ber as a sum of 8 squares. The proof of (8a) has to establish the fact 
that the Fourier series on the right of (8a) is a modular form of di- 
mension —4, 

The “singular series,” first introduced into analytic number theory 
by Hardy and Littlewood, form objects of great mathematical inter- 
est of their own. They appear in problems of representation of in- 
tegers in an additive way, for example, as n=aji+ --- +2. For the 


` 
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number of representations the Hardy-Littlewood method yields an 
asymptotic result of the form 


N,(m) ~ fr(m)-S,(m), 


where f,(”) is a continuous function of n, which can be interpreted as 
a density with respect to the r-dimensional point lattice. The other 
factor is the singular series ©,("), an arithmetical fufiction of #. A re- 
markable feature of all singular series is that they are factorable ac- 
cording to prime numbers: 


(8b) G(n) = J[ 4; (x). 


This fact finds its explanation in the meaning of A’ (n). Whereas for 
the problem 
k 


k 
A= ates +e 


the. function f,(#) means the derivative 


d 
fel) = — V,a) 
dn 
of the volume 
Vin) = f + fde--+ dx 
mae Pa Sa 053, 


or, in other words, a measure of the area of the surface 


b b ; 

n= sit +++ + a, OSa;jo1---,f, 
the A‘(n) give the density of solutions of the congruence 

b h l 

(9) nart: + 2 (mod p) 
with respect to high powers of p as modulus, or explicitly: 

= hr) ": 

AC (n) Si ( ? t’) 
Iæ gp) 


where b(n; p*) is the number of different solutions of (9) and g“(p4) 
is the average of the number of solutions of (9), distributed over p! 
different n's, 


pir 
EO (Dp) = 
p' 





= = pD; 


The multiplicativity of the AF (n) now becomes understandable, and 


_ 
_ 
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the product (8b) means that &,(n) is the density of solutions of the 
congruence for, let us say, ml as modulus with m= œ. 

Recently Siegel has emphasized this interpretation and used it with 
great success in his analytic theory of quadratic forms [47]. In that 
connection the singular series had appeared before, in the works of 
Smith and Minkowski, as measure of genera of quadratic forms. 
Through this connection it becomes clear why the Hardy-Littlewood 
method leads to an exact formula for the number of representations 
of » as a sum of r squares for 5 Sr <8, whereas for higher r it yields 
only an asymptotic result. 

This interpretation of the singular series is possible in all those 
problems of additive number theory which preassign the number of 
summands or variables, as in Goldbach’s problem, Waring’s problem, 
or mixed problems, as for example, the problem of representation as 
a sum of a square and two primes (Estermann [8]), or as a sum of r 
squares and s cubes. It fails, however, for problems with an undeter- 
mined number of variables, as in the case of unrestricted partitions, 
since there the transition from equation to congruence destroys the 
boundedness of the number of variables for each n, so that the num- 
ber of solutions modulo p becomes meaningless. Indeed, the formula 
for p(s), given above, is of quite a different structure. . 

Singular series appear as coefficients of Fourier series as in (8a). 
Siegel's analytic theory of quadratic forms can be regarded as a bril- 
liant example of the study of such series. He shows that his series can 
be combined of 8-functions 


(r) = >» ett tra (my, - ++, mr) 


ms, Mhr 


where Q is a positive quadratic form with integral coefficients; such a 

combination includes -functions constructed with quadratic forms Q 

of all classes of the same genus. It is known that such @-series are mod- 

ular forms of dimension —r/2 and of a certain “level” (Stufe) depend- 

Pe — on the discriminant of the quadratic form Q(mi, - - -, mr) 
45 |. 

A general study of power series with singular series as coefficients 
has not yet been undertaken. It would be desirable to know more 
specific details about these functions than the general properties 
which can immediately be derived from Kac’s, van Kampen’s, and 
Wintner’s remark (24, 25] that the singular series give rise to almost 
periodic arithmetical functions of » and from Bochner’s and Bohnen- 
blust’s [2] theorems about power series with almost periodic coeffi- 
cients. g : 
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The modular functions have from the beginning of our discipline 
played an important part in addstive problems; I need in this respect 
only point to Euler’s formula, fundamental for the whole theory of 
partitions 


t+ Dee = TIO- 2) 


in which the denominator is essentially the modular form 


n(r) pam emia T | (1 Za erremr) 
1 
or to equation (2), obtained by Jacobi from an expression for the 4th 
power of #,(0, T). Recently, however, they have also appeared in 
mulisplicative number theory through the discovery of a surprising 
and most fruitful connection between modular functions and prime 
numbers. This connection is elaborated by Hecke in his beautiful 
theory, of which he published the first account in 1935 in the Royal 
Danish Academy [16]. As a matter of fact, a special result of Hecke’s 
theory was anticipated by Ramanujan [41, 11] in a conjecture which 
was then proved by Mordell in 1917 [29]. This is again an instance 
of Ramanujan’s gift of divination; not only that he foresaw or un- 
veiled hitherto unknown facts, but most of his conjectures lead back 
to sources of great depth and abundant yield. 
The “discfiminant” in the theory of elliptic functions 


A(1, +) = gs — 21g = (2x) 2((1— a)(1—2)---)” 


with x =e?***is a modular form of dimension — 12, since for a modular 


( ) 
C d 


a (1 “ (or + DHAN, 1) 
Para Cr T). 


we have 





The infinite product can be expanded into a power series 
s| A — ru = $ rn). 
i mej 


If we now, following Ramanujan, associate with this power series the 
Dirichlet series 
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= % 
F(s) = 5 a. 
P | n' 
it turns out that this series can be written as an infinite product 
l 1 
10) F(s) =] —-—_--__—_- 
( H 1 — r(p)p— + poan l 


extended over all primes p. It is appropriate to call such a product an 
“Euler product” in view of the formula 





Ze l > i 
re oer 


first found and utilized by Euler. I shall have to make a remark about 
this latter product a little later. Not only the Euler product (10), but 
also a functional equation for F(s): (2r) ~T (s) F(s) = (2r) 4T'(12 —s) 
F(i2—s) reminds us strongly of the {-function and allied functions. 
The coordination of a modular function on the one side and a 
Dirichlet series satisfying a functional equation on the other has now 
been systematized by Hecke [17, 18, 19]. Let us take an entire modu- 
lar form F(r) of dimension —z, k a positive even integer, 


(EE) - e+ ome 





having the expansion 


/ 


Flt) = oo + D> eax’, qm etttr, 
mml 


which is everywhere convergent in the upper r-half-plane. Then let 
us put 


g(s) = > = (without co). 
nm] ttf 
Then the following statements are valid: 

(1) The series for ¢(s) is absolutely convergent in the half-plane 
R(s) >k. 

(2) (s) is an entire function if cp =0; if co+#0 then d(s) has a pole of 
the first order at s=k with the residue (—1)*/%c,(2xr)*/['(k) and 
(s—k)d(s) is an entire function. 

(3) (s) satisfes a functional equation: 


(24) —*T'(s)(s) = (~ 1)+*(2r) AT (k — s)e(k — 5). 
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(4) (s—&)#(s) is of finite order. 

Of these statements (1) is implied by c. = O(n™ 1+9), which in turn 
is a simple consequence of the dimension —&. For (2) and (3) we 
have the pattern of Riemann’s classical proof for the continuation and 
the functional equation of the {-function by means of a #-function. 
In its application here the proof runs like this: 

We have from Euler’s integral 


I\(s) 
(2an)* 
and therefore for R(s) >& 





= f gravy idy 
0 


(TA) = f PGy) — aay tay 
6 
with 
Pliy) — a = Y geiw, 
a=] 
Since for the modular substitution 
| fa 
1 0 
we have F(s/y) = Gy)" Fly) we can write 
(2x)—"T(s)4(s) 
Pe) L 
z f RG) E f CENERG) — ca) ydy 
1 i] 
= f EGI) = ayn ay + i f Fliwjw ido — <2 
1 H $ 
= f Ply) — a)y dy + (— 1) f (P(iw) — c) wdw 
1 1 
oD Co 


F=) tno f wildy — — 
1 


$ 


Sa dy 
= f EG) = or + piny 2 


1 1 
-a (=+(- 1) #/2 ~). 
$ k—s 
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So far our reasoning required R(s) >k. Now we have arrived at an 
expression which remains meaningful for any complex s. We have, 
therefore, obtained an analytic continuation over the whole s-plane 
for ¢(s). Moreover, the substitution sk —s changes the right-hand 
member by the factor (— 1)*/?, which proves (3). At the same time we 
infer the validity of statement (2). 

The argument runs also in reverse, from the Dirichlet series of 
properties (1) to (4) to a modular form of dimension —&. Instead of 
the Euler integral we have only to apply Mellin’s formula. 

Up to this point we have not encountered any trace of prime num- 
bers. Hecke came to an Euler product by considering not a single 
modular form, but the whole set of all entire modular forms of dimen- 
sion — k. They constitute a linear family of finite rank x; the number «x 
of linearly independent modular forms in this set is a known function 
of k. A linear operator T will map the whole set on itself. If the system 
F® (r), p=1, 2,---, x forms a basis then there exists a matrix (Ape) 
such that 


TRO(r)) = DD MFO (r). 
sw] 
As linear operator Hecke takes, for any natural number n, 


TE =E EF (= 8 db, 


ad=n bmod d 





for which it can be proved, by consideration of the subgroup 


| a b 10 
(a) = (o 4) ome 
cd 01 
and its factor-group in the full modular group, that it furnishes again 


a modular form of dimension —&. 
_ Hence we have 


Pa(F(r)) = D doe(m)FO (7). 
sml 
The application of the operator T, on the Fourier expansion 
FO (r) = P a(n) 
fe) 
yields by comparison of coefficients, 


aD YL an(ma(n) = YL setae (=), neta. 


o/m 3/n 
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It is decisive that here the right-hand member shows symmetry in m 
and n, which therefore must also prevail in the left-hand member: 


“m 


E Apel) a(n) = D Anel) 0O (m). 


The matrix (A,.(0)), which appears here for the first time, can be 
uniquely determined as to fulfill also this relation. Now we obtain 


Tal E (r)) = > Noo (718) 2 a (ert ar 


gml 


= ` a‘) (m) > Ap (njen, 
fms Í ph 
This leads to the introduction of the functions 
Sut) = 2 Ape(n)etr iar 
tot 


which span up the same linear set { FM(r),---, F®(r)} and of 
which it is easily seen that they belong to the same set. With 
A(n) = (,.(2)) we have in 


B(r) = D> (mete ine 
ten 0) 
a matrix of modular forms. In connection with (11) it is found that 
(12a) Alm) Aln) = D> diy (5) 
, d| (m,n) d’ 
which in particular for (m, n) =1 furnishes 
(12b) Alm) Aln) = Alma) 


and also shows that the different matrices A(m) are commutative. 
Now we go over with Hecke to a set of associated Dirichlet series 

a. A(t) 

B(s) = (be(s)) = È 


Mn $, 





) 
pa 


a matrix which, of course, stands for 


Won 


at] n* 





’ paga=1,-°+,e. 


Since each element of this matrix is associated to the modular form 
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f(r) we infer the validity of statements (1) to (4) for each element 
and hence the functional equation 


(2m) IT (s)E(s) = (— 1)¥/2(2x)* AT (Rk — 5) O(k — s) 


in matrix notation. The relation (12b) makes it evident that we can 


write Tr 
SUA 


in which the summation of each infinite series can be effectuated by 
means of (12a) with the result: 


(s) = H (A(1) — Ap) + ACL) ph), 


where A(1), according to definition, is the unit matrix of order x. Here 
we have the analogue of the Euler product. 

If we would start the whole process with a new basis, obtained from 
the former one by a linear substitution A, we'would obtain the trans- 
formed matrices 


A*(s) = A-d(m)-AT} 


in our results. Such a transformation can be used to get matrices 
A(n) of an especially simple type. Since the A(n) are commutative 
they can simultaneously be transformed into matrices in which all 
elements beneath the principal diagonal are zeros. Beyond this 
H. Petersson [34] has shown that the A’s can be brought simultane- 
ously into diagonal form, which means that we can start the process 
_ with x linearly independent “éigen-functions” of all the linear opera- 
tors ‘ 


Ta (EF > (r)) = A (mE), n= 1,2,-- 


Petersson proves this in a very elegant manner by introducing a defi- 
nition of orthogonality of modular forms based on integrals extended 
over the fundamental region. The A% are real algebraic numbers. We 
have now the Dirichlet series 


Asal) 
(13a) e3) = PA 
na Í sf 
with an ordinary Euler product 
1 
13b Oi eee = i,e, 
am) én) = We eee p r, 
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which is exactly of the form as it appears in Ramanujan’s work on 
A(1, T). Summarizing, we can roughly say that the Riemann func- 
tional equation of a Dirichlet series already implies the Euler fac- 
torization with respect to prime numbers, certainly a result in which 
analytic and arithmetic elements are inseparably welded together. 

Unfortunately, Riemann’s original coordination of a modular form 
and a Dirichlet series, namely, 


1 
Hr) = — + Ser, x) = re 


Swen] A=] 


with the Euler product 
IE ETa i 
1 


does not fit into the scheme, as already the comparison of this Euler 
product with (13b) shows; indeed, #(r) has the dimension — 1/2, and 
for fractional dimensions the complicated transformation formulae 
introduce multipliers which interfere with the definition of the opera- 
tors T. 

Let us go back for a moment to the functions @,,(s) in (13a) and 
(13b). We are here at once confronted with all the problems familiar 
from the theory of the Riemann {-function: What is the distribution 
of the zeros of d(s)?'The critical strip is 0<R(s) Sk; do all non- — 
trivial zeros of dy(s) lie on the middle line R(s) =k/2? In case de(s) 
belongs to a modular form with co=0 (“cusp form”) we know a few 
facts. The function @¢,,(s) has no pole, of course, its series is absolutely 
convergent for R(s) > (k+1)/2, ¢,,(s) has no zeros on R(s) = (k+1)/2 
but infinitely many ones on R(s) = 2/2, results all due to R. A. Rankin 
[42]. Ramanujan has for ¢,(s)=A(1, 7) made the conjecture 
| r(p) | <2p1/2 and Petersson [34] has generalized it to 


| App) | S apes 


or, which is equivalent, to the conjecture that the quadratic equation 
si—),(p)s+pe'—0 (derived from the denominator in (13b) with 
p'=s) does not have two different real roots, which, since A,,(p) is 
real would mean that the roots have to be of absolute value pQ@-)/1. 
This conjecture has a close similarity to Hasse’s theorem which con- 
firms the Riemann hypothesis for elliptic function fields over finite 
fields. 

Hecke has extended his theory also to modular forms of level 
(Stufe) Q. The operators T, with (n, Q)=1 have the same behavior 
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as the operators for Q=1; the other ones, however, introduce com-’ 
plications on which I cannot dwell. Hecke applies this extension of 
_ his theory to a study of the -functions generated by quadratic forms 
of several variables [20]. . 

So far I have spoken only of the theory of rational integers on one 
side and of functions of one variable on the other. I would overstep 
the limits which I had to set myself in this discussion if I were to enter 
upon the problems presented by the fields of algebraic numbers. In 
many respects a full analogy with the rational field can act as guide. 
However, some new features appear here, as, for example, the group 
of units. An algebraic field of degree » can be illustrated by an n-di- 
mensional point lattice. Some problems, in particular additive ones, 
lead to analytic functions of n complex variables; some other prob- 
lems, in particular the multiplicative ones, are handled by means of 
a set of {-functions with one complex variable s and (#—1) integer 
parameters (Hecke’s t(s, \)-functions) [15]. The multiplicative the- 
ory of algebraic fields is, through Hecke’s fundamental investigations, 
about as far advanced as that for the rational field; the additive num- 
ber theory in algebraic fields, however, is still in its beginnings. 

The theory of quadratic forms offers another way to come to func- 
tions of several variables, as Siegel has recently shown in his introduc- 
tion of modular functions of several variables [48]. 

This report could, of course, mention only selected topics of ana- 
lytic number theory. I do not wish to imply that no recent progress 
has’ been made in subjects which I did not discuss. There are, for ex- 
ample, the important contributions to the estimates of lattice points 
in the circle and in other areas due to van der Corput and his succes- 
sors, and the investigations of Siegel and Gelfond concerning the 
transcendentality of certain types of numbers. I have purposely 
chosen such portions of analytic number theory which seemed to 
me to exhibit most clearly the present tendency, the trend, in con- 
temporary research work. Our discipline has grown beyond the stage 
of mere application of analysis to number theory; we can characterize 
the present tendency as a deep mutual penetration of analysis and 
arithmetic. It is still so that the theory of analytic functions helps to 
solve arithmetical problems which otherwise appear as inaccessible; 
but number theoretical problems are the sources of new functions, 
and number theoretical arguments lead to a deeper understanding of 
the structure of known functions. I think that analytic number theory 
is a branch of mathematics that fascinates through its harmony and 
beauty and appeals to the working mathematician through its variety 
and fruitfulness. 


1943] ANALYTIC NUMBER THEORY | 399 


~ 


BIBLIOGRAPHY 


1. E. Artin, Qwadratischs Korper tm Gebiete der hoheren Kongruensen, 1, 11, Mathe- 
matiache Zeitachrift, vol. 19 (1924), pp. 153-206; 207-246. 

2. S. Bochner and F.’Bohnenblust, Analytic funcions with almost periodic coeffi- 
cients, Annals of Mathematics, (2), vol. 35 (1934), pp. 152-161. 

3. Viggo Brun, Le crsble d' Eratosthéne et le theorèms de Goldbach, Videnskapesel- 
skapets Skrifter, Kristiania, 1920, no. 3. 

4. H. Davenport, Om ceriain exponential sums, Journal für die reine und ange- 
wandte Mathematik, vol. 169 (1933), pp. 158-176. 

5. H. Davenport and H. Hasse, Dis Nullstellen der Kongruenszctafunkhionen in 
gewissen sykiischen Fallen, Journal fur die reine und angewandte Mathematik, vol. 172 
(1935), pp. 151-182. 

6. L. E. Dickson, Universal Waring theorems, Monatshefte fur Mathematik und ` 
Physik, vol. 43 (1936), pp. 391-490. . 

7. , The ideal Waring theorem for iwelfikh powers, Duke Mathematical Jour- 
nal, vol. 2 (1936), pp. 192-204. 

8. T. Estermann, Proof that every large snisger is ike sum of too primes and a square, 
Proceedings of the London Mathematical Society, (2), vol. 42 (1937), pp. 501-516. 

9. Mary Haberzetle, On some partition functions, American Journal of Mathe- 
matics, vol. 63 (1941), pp. 589-599. 

10. G. H. Hardy, On the representation of a number as the sum of any number of 
squares, and in particular of five, Transactions of this Society, vol. 21 (1920), pp. 255— 
284. 

ll. , Ramanujan, Twelve Lectures on Subjects Suggested by His Life and 
Work, Cambridge, 1940, 236 pp. 

12. H. Hasse, Bewess des Analogons der Rismanaschen Vermutung fur die Aritnschen 
und F, K. Schmidischen Kongrucnssctafunktionsn tn gewissen clieptaschen Fallen, Got- 
tinger Nachrichten, 1933, pp. 253-262. 

13. , Zur Theorie der absirakien elliptischen Funktionenkorper, I, II, III, 
Journal fur Je reine und angewandte Mathematik, vol. 175 (1936), pp. 55—62; 69—88; 
193-208. 

14. , Uber dic Riemannsche Vermutung in Funkiionenkorpern, Comptes 
Rendus du Congres International des Mathématiciens, Oslo, 1936, vol. 1 , pp. 189-206. 

15. E. Hecke, Esne neue Ari con Zeiafunkiionen und thre Benchungen sur Vertetlung 
der Primaahien, I, II, Mathematische Zeitschrift, vol. 1 (1918), pp. 357—376; vol. 6 
(1920), pp. 11-51. 























16. , Dis Primsahlon: in der Theorts der ellipiiscken Modulfunkitonen, 
K. Danske V ideciaa berries Selskab, Mathematisk-fysiake Meddelelser, vol. 13 (1935), 
16 pp. 

17. , Neusre Forischritie in der Tkeoris der olliptischen Modulfunkitonsn, 
Comptes Rendus du Congrès International des Mathématiciens, Oslo, 1936, vol. 1, 
pp. 140-156. ; 

18, , Uber Modulfunktionsn und die Dirichlstschen Reihen mit Exlerscher 


Produkientwichlung, I, II, Mathematische Annalen, vol. 114 (1937), pp. 1-28; 316- 
351. 

19. , Dirichlet series, modular functions and quadratic forms, Lectures at the 
Institute for Advanced Study, Princeton, 1938, 48 pp. 

20. , Analytische Arithmeteh der posiitven quadratischen Formen, K. Danske 
' Videnababeches Selskab, Mathematisk-fysiske Meddelelser, vol. 17 (1940), 134 pp. 

21. Hans Heilbronn, Uber des Waringschs Problem, Acta Arithmetica, vol. 1 
(1936), pp. 212-221. 








400 HANS RADEMACHER [June 





22. , On the class-number of tmaginary quadratic fields, Quarterly Journal 
of Mathematics, Oxford, vol. 5 (1934), pp. 150-160. 

23. L. K. Hua, On the number of partsitons of a number into unequal parts, Transac- 
tions of this Society, vol. 51 (1942), pp. 194—201. 

24. M. Kac, Almost periodicity and the representation of integers as sums of squares, 
American Journal of Mathematics, vol. 62 (1940), pp 122-126. 

25. M. Kac, E. R van Kampen and Aurel Wintner, Ramanujan sums and almost 
periodic functtons, American Journal of Mathematics, vol. 62 (1940), pp. 107-114. 

26. D. H. Lehmer, On a conjecture of Ramanujan, Journal of the London Mathe- 
matical Society, vol 11 (1936), pp. 114-118. 

27. , An appheation of Schlafie's modular equation to a conjecture of Ramann- 
jan, this Bulletin, vol. 44 (1938), pp. 84-90. 

28. Joseph Lehner, A partstson function connected with the modulus five, Duke 
Mathematical Journal, vol. 8 (1941), pp. 631-655. 

29. L. J. Mordell, On Mr. Ramanuyan’s empirical expansions of modular functions, 
Proceedings of the Cambridge Philosophical Society, vol. 19 (1917), pp. 117-124. 

30. , Note on certasn modular relations considered by Messrs. Ramanujan, 
Darling, and Rogers, Proceedings of the London Mathematical Society, (2), vol. 20 
(1922), pp. 408-416. 


31. , On a sum analogous to a Gauss sum, Quarterly Journal of Mathematics, 
Oxford, vol. 3 (1932), pp. 161-167. 

32. Ivan Niven, On a certain partition function, American Journal of Mathematics, 
vol. 62 (1940), pp. 353-364, 

33. Hans Petersson, Uber dis Entwicklungskosfisionion der astomorphen Formen 
Acta Mathematica, vol. 58 (1932), pp. 169-215. 

, w , Konsirukison der samtlichen Losungen oinsr Riemannschen Funkitonal- 
gleichung durch Dtrichle-Rethen mit Exlerscher Produktentwicklung, I, II, II, Mathe- 
matische Annalen, vol. 116 (1939), pp. 401-412; vol. 117 (1940), pp. 39-64; 277-300. 

35. H. Rademacher, A comvergent series for the partition functton p(s), Proceedings 
of the National Academy of Sciences, vol. 23 (1937), pp. 78-84. 

36. , On the partikon function p(n), Proceedings of the London Mathemati- 
cal Society, (2), vol. 43 (1937), pp. 241-254. 

37. , The Fourser cosficsents of the modular invariani J(r), American Journal 
of Mathematics, vol. 60 (1938), pp. 501-512. 

38. , Ths Fourter series and the funcional equation of the absolute modular 
iavariani J(r), American Journal of Mathematics, vol. 61 (1939), pp. 237-248. 

39. , Lhe Ramanujan identities under modular substituteons, Transactions 
of this Society, vol. 51 (1942), pp. 609-636. 

40. H. Rademacher and H. Zuckerman, A new proof of two of Ramanujan's identi- 
ties, Annals of Mathematics, (2), vol. 40 (1939), pp. 473-489. 

41. S. Ramanujan, On certain arithmetical functions, Transactions of the Cam- 
bridge Philosophical Society, vol. 22 (1916), pp. 159-184; also Collected Papers, pp. 
136-162. 

42. R. A. Rankin, Contributions to the theory of Ramanujan’ s function t(n) and 
similar artthenetical functions, I, II, III, Proceedings of the Cambridge Philosophical 
Society, vol. 35 (1939), pp. 351-356; 357-372; vol. 36 (1940), pp. 150-151. 

43. H. Salié, Zur Abschiteung der Fourterkoefinenien ganser Modulformen, Mathe- 
matische Zeitschrift, vol. 36 (1933), pp. 263-278. 

44, F. K. Schmidt, Amalytsschs Zahlentheorts in Korpern der Charakiersstth p,- 
Mathematische Zeitschrift, vol. 33 (1931), pp. 1-32. 


























~ 


1942] ANALYTIC NUMBER THEORY 401 


45. B. Schoeneberg, Das Verhalien von mekrfachen Thetarothen bei Modulsubsisis- 
tionen, Mathematische Annalen, vol. 116 (1939), pp. 511-523. 

46. C. L. Siegel, Uber die Classanenhii ghodealiechs Cohen be: Aria ATROCE, 
Yol. 1 (1936), pp. 83-86. 

47. , Über die analytische Theorie der REPTE TE Formen, I, I], II, Av- 
nals of Mathematik (2), vol. 36 (1935), pp. 527—606; vol. 37 (1936), pp. 230-263; 
vol. 38 (1937), pp. 212-291. 

48. , Konfubrung in dis Theorts der Modulfunkitonon nien Grades, Mathe- 
matische Annalen, vol. 116 (1939), pp. 617-657. 

49. N. Tchudakoff, On seros of Dtrichlet's L-functtons, Recueil Mathématique 
(Matematicheskii Sbornik), vol. 43 (1936), pp. 591-601. 

30. I. Vinogradoff, On Waoring's problem, Annals of Mathematics, (2), vol. 36 
(1935), pp. 395-405. 

51, , On Wew r sums, Recueil Mathématique (Matematicheskii Sbornik), 
vol. 42 (1935), pp. 521-530. 

52. , Representation of an odd number as a sum of three primes, Comptes 
Renduste | Acidémicdea Sciences de l'URSS (Doklady), vol. 15 (1937), pp. 169-172. 

53. , Some theorems concerning the theory of primes, Recueil Mathématique 
(Matematicheskii Sbornik), vol. 44 (1937), pp. 179-195. 

34. Arnold Walfiaz, Zur additven Zaklentheorie, IV, Travaux de l'Institut Mathé- 
matique de Tblissi, vol. 3 (1938), pp. 121-192. 

55. G. N. Watson, Ramanujans Vermuiung uber Zerfdiuagsonschisn, Journal fur 
die reine und angewandte Mathematik, vol. 179 (1938), pp. 97-128. 

56. André Weil, Sur les fonctions algébriquas à corps ds constantes fins, Comptes 
Rendus de l'Académie des Sciences, Paris, vol. 210 (1940), pp. 592-594. 

57, , On the Riemann hypothesis in functton-fields, Proceedings of the Na- 
tional Academy of Sciences, vol. 27 (1941), pp. 345-347, 

58 Hermann Weyl, Uber dis Gloichoerteilung von Zaklen mod. Eins., Mathe- 
tische Annalen, vol. 77 (1916), pp. 313-352. 

59. H. S. Zuckerman, Om the coeffictenis of certain modular forms belonging to sub- 
groups of the modular group, Transactions of this Society, vol. 45 (1939), pp. 298-321. 

60. , Identities analogous io Ramanujan s identstias savolving the partion 
function, Duke Mathematical Journal, vol. 5 (1938), pp. 88-110. 























UNIVERSITY OF PENNSYLVANIA 


NORMAL VARIETIES AND BIRATIONAL 
CORRESPONDENCES 


OSCAR ZARISKI 


1. Introduction. As one advances into the general theory of alge- 
braic varieties, one reluctantly but inevitably reaches the conclusion 
that there does not exist a general theory of birational correspond- 
ences. This may sound too reckless a statement or too harsh a criti- 
cism, especially if one thinks of the fundamental role which birational 
transformations are supposed to have in algebraic geometry. Never- 
theless our conclusion is in exact agreement with the facts and it is 
made with constructive rather than with critical intentions. It is true 
that the geometers have a fairly good intuitive idea of what happens 
or what may happen to an algebraic variety when it undergoes a bi- 
rational transformation; but the only thing they know with any cer- 
tainty is what happens in a thousand and one special cases. All these 
special cases—and they include all Cremona transformations—are es- 
sentially reducible to one special but very important case, namely, the 
case in which the varieties under consideration are nonsingular(that 
is, free from singular points). One can give many reasons for regarding 
as inadequate any theory which has been developed exclusively for 
nonsingular varieties. One rather obvious reason is that we have as 
yet no proof that every variety of dimension greater than 3 can be 
transformed birationally into a nonsingular variety.! But there are 
other, less transient, reasons. Were such a proof available, it would 
still be advisable to develop the theory of algebraic varieties, as far 
as posstble, without restricting oneself to nonsingular projective mod- 
els. This certainly would be the correct program of work from an 
arithmetic standpoint. I have a distinct impression that my friends 
the algebraists have not much use anyway for the resolution of the 
singularities. All they want is a general uniformization theorem, and 
now that they have it, they are content. 

The following consideration will perhaps carry greater weight with 
the geometers. It turns out, as I have found out at some cost to my- 
self, that we have to know a lot more about birational correspond- 
ences than we know at present before we can even attempt to carry 


An address delivered before the meeting of the Society in Bethlehem, Pa., on 
December 31, 1941, by invitation of the Program Committee; received by the editors 
January 22, 1942. 

1 The resolution of the singularities of three-dimensional varieties will be carried 
out in a forthcoming paper of mine. 
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out the resolution of the singularities of higher varieties. A general 
theory of birational correspondences is a necessary prerequisite for 
such an attempt. I shall have occasion later on to indicate some diff- 
cult questions concerning birational correspondences which arise in 
connection with the resolution of singularities. 


2. Birational correspondences and valuations. From a formal point 
of view, there is nothing mysterious about a birational transforma- 
tion. If V= Vř is an irreducible r-dimensional algebraic variety in an 
n-dimensional projective space, the coordinates $1, s, ©- ©, & of its 
general point are algebraic functions of r independent variables, and 
the field Z=K(&, &,---, &) ‘generated by these functions is the 
field of rational functions on V. Here K denotes the field of constants (in 
the classical case K is the field of complex numbers). If V’ = V;™1s an- 
other irreducible algebraic variety, with general point (f, &,---,&=) 
and associated field Z’=K (i,&,---,&=), then the two varieties V 
and V’ are btrattonally equsoaient if the two fields È and X’ are simply 
isomorphic: 2/K&‘2’/K. A birational transformation is merely the 
process of passing from one variety to another, birationally equiva- 
lent, variety. 

The difficulties begin whe we wish to associate with this purely ` 
formal process a geometric transformation, that is, a correspondence 
between the points of the two varieties. From the equations of the 
transformation, in which the §’’s are given as rational functions of 
the £’s and vice versa, it is not difficult to conclude that the trans- 
formation sets up a (1, 1) correspondence between the non-spectal 
points of V and the non-special points of V’. The points of either 
variety for which the equations of the transformation fail to define 
corresponding points on the other variety are referred to as special 
points in the sense that they-lie on certain algebraic subvarieties, ‘of 
dimension less than r. In the classical case, considerations of continu- 
ity allow us to complete the definition of the correspondence also for 
these special points. In the abstract case we use valuation theory in- 
stead, as follows: 

A valuation of the feld Z is an homomorphic mapping v of the mul- 
tiplicative group 2—O (that is, the element zero excluded) upon an 
ordered additive abelian groupI’, which satisfies the well known valua- 
tion axioms: (1) v(wı ws) = ohw) How); (2) volanto) 2min {o(w), 
v(ws) } ; (3) o(w) +40, for some win E; (4) v(c) =0, for all constants c0. 
We put (0) =+o, 

In the case of algebraic functions of one variable, every ao 
arises from a branch of our curve V. The value v(w) is then the order 
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of w at the branch and is an integer. Positive and negative v(w) signify, 
respectively, that the center of the branch is a zero or a pole of the 
function w, while if v(m) —0 then the function-theoretic value of w at 
the center of the branch is a finite constant, different from zero. In 
this special case, it is clear that from an algebraic standpoint the func- 
tion-theoretic values of the elements of the field are the cosets of the 
valuation ring B {wCBcoo(w) 20}, with respect to its subset consist- 
ing of the elements w such that o(w) >0. This subset is a prime divisor- 
less ideal p, and so the cosets form indeed a field; the field of complex 
numbers, in the classical case. This consideration is independent of 
‘the dimension of the field and can therefore be applied directly to the 
general case. It is therefore always possible to associate with any valu- 
ation v of 2 a mapping f of the elements of 2 upon the elements of 
another field (and the symbol œ), the field of residual classes of 
B mod p, and we may speak of f(w), w€ È, as being the function- 
theoretic value of w (if ow) <0, then f(w)= œ). This field is the so- 
called residus field of the valuation. However, if r>1 then the residue 
field may be a transcendental extension of the ground field K. Its de- 
gree of transcendence s over K, or briefly, #s dimension, is at most 
r—1i, and is referred to as the dimension of the valuation. A zero- 
dimensional valuation is called a place of the field Z. The function- 
theoretic values of the elements of 2 at a given place are constants, 
that is, either elements of K or algebraic quantities over K. 

Given a valuation v and a projective model V of Ð, with general 
point (fı, &,°--, a) it is permissible to assume that the function- 
theoretic values of the é’s are different from ©, since we may subject 
the coordinates £; to an arbitrary projective transformation. Then the 
polynomials in the §’s which have function-theoretic value zero form 
a prime ideal in the ring of all polynomials in the &’s. This prime ideal 
defines an irreducible algebraic subvariety W of V. This subvariety W 
we call the center of the valuation v on the variety V. The dimension 
of W cannot exceed the dimension of the valuation. In particular, 
the center of a place ts always a porni of V. 

The following geometric picture of a valuation is suggestive, al- 
though not entirely adequate. A zero-dimensional valuation, that is, 
a place, with center at a point P, corresponds to,a-way of approaching 
P along some one-dimensional branch, which may be algebraic, ana- 
lytic, or transcendental. Similarly an s-dimensional vatuation with 
an s-dimensional center W corresponds to a way of approaching W 
along an (s-+-1)-dimensional branch through W. 

After these preliminaries, we define the birational correspondence 
between two birationally equivalent varieties V and V’ as follows: 
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DEFINITION 1. Two subvarieties W and W' of V and V’, respectively, 
correspond to each other +f there exssis a valuation of the field È whose’ 
center on V is W and whose center on V' is W’. 


Note that our definition does not treat points in any privileged 
fashion. Any subvariety of V is treated as an element, rather than as 
a set of points. This procedure is much more convenient than the 
usual one in which corresponding loci are defined as loci of corre- 
sponding points. 

In the study of the birational correspondence between V and V’, it 
is found convenient to introduce a third variety V which is bira- 
tionally related to both V and V’, the so-called jotn of V and V’ 
(or the vartety of pairs of corresponding poinis of V and VY’). V is 
defined as follows. We adjoin to 2 a new transcendental 4) and we. 
regard the n-+1 quantities no, m= nofi >>, Na = NoE as the komo- 
geneous coordinates of the general point of V. Similarly, the m+1 
quantities nd = 0, ni = oti, +--+, In = Not, Will be the homogeneous 
coordinates of the general point of V’. The (n-+1)(m-+1) quantities 
w,j= 7.7; Can be regarded as the homogeneous coordinates of the gen- 
eral point of a variety birationally equivalent to V and to V’. This 
variety is our V, the join of Vand V’. The birational correspondence 
between V and V has the property that to any subvariety of V there 
corresponds a unique subvariety of V; in particular, to every point 
of V there corresponds a unique point of V. Similarly, for V and V’. 
Thus, both V and V’ are single-valued transforms of V. The proper- 
ties of the birational correspondence between V and V’ can be readily 
derived from the properties of the birational correspondences between 
V and V and between V and V’. We therefore replace one of the two 
varieties V, V’, say V’, by the join V, that is, from now on we shall 
always assume that V is a single-valued transform of V’. 


3. Fundamental loci; geometric preliminaries. On the basis of Defi- 
nition 1, it is easy to prove that the points of V to which there corre- 
spond more than one point on V’ constitute an algebraic subvariety 
F of V, and that every subvariety W of V to which there correspond 
more than one subvariety W’ on V’ must lie on F. This variety F is 
called the fundamental locus of the birational correspondence, and 
every W which lies on Fis a fundamental variety. This is not our final 
definition, but it will do for the moment. Note that the fundamental 
locus on V’ is an empty set, in view of our assumption that V is a 
aingle-valued transform of V”. 

What corresponds on V’ to a fundamental variety W of V? To 
this question we have a complete answer in the case of a nonsingular 
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V. We have, namely, in this case the following two fundamental 
theorems (see van der Waerden, Algebratsche Korrespondenzen und 
ratronale A bbildungen, Mathematische Annalen, vol. 110 (1934)): 


A. If W is an srreducsble s-dimenstonal fundamental varsety of V, 
then the transform of W ts an algebratc subvarsety of V’ whose trreductble 
components are a of dimenston greater than s. 


B. The transform of the fundamental locus F 4s a pure (r —1)-dimen- 
stonal subvartety of V’. 


The following examples show that both theorems fail to hold for 
singular models. 

(1) If P is a point of V at which V is locally reducsble, that is, if in 
the neighborhood of P the variety V consists of v (v>1) analytical 
r-dimensional branches, then in specsal cases it turns out that V is 
the projection of another variety V’ on which these y branches. be- 
come separated.* Then the point P will be the projection of v distinct 
points of V’, and this contradicts Theorem A. 

(2) Let Q be a ruled quadric surface in S, and let V be the three- 
dimensional cone which projects Q from a point O not in S;. We take 
another copy of Q, say Q’, which we now imagine as being immersed 
in an 5S. Let } be a line in S, which does not meet the 5; containing 
the quadric. We set up a (1, 1) projective correspondence between 
the points P’ of / and the lines p of one ruling of the quadric. Let V” 
be the irreducible three-dimensional variety generated by the planes 
(P’, t), where P’ and p are corresponding elements in the above pro- 
jectivity. It is easy to set up a birational correspondence between \V 
and V’ in which to the planes (O, p) there correspond the planes 
(P’, p). There will be no fundamental points on V’, while O will be 
the only fundamental point on V. To the point O there corresponds 
on V’ the line /, in contradiction with Theorem B. 

One has the feeling that the second example does more damage 
than the first, because the first counterexample could be explained 
away on the basis that the point P, as origin of y analytical branches, 
should not be regarded at all as a “point” of the variety, but rather 
as a point of the ambient projective space at which y “points” of the 
variety accidentally happened to come together. This explanation, if 
stripped of all metaphysics, can have only one mathematical mean- 
ing, namely, it means, by implication, that in the general theory of 
birational correspondence, we should restrict ourselves to varieties 


* Whether this is true generally, is not at all obvious and, in fact, has never been 
proved. 
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which are locally irreducible at each point. What interests us in this 
argument is the formal admission that some kind of restriction as to 
the type of varieties to be studied is necessary in the theory of bira- 
tional correspondences. Whether or not the restriction to locally irre- 
ducible varieties is the right one, is a debatable matter. For one : 
thing, it is not certain that in making such a restriction we are not 
being too stingy, unless we can prove that the branches of a variety 
can always be separated by the method of projection. This is probably 
true and should not be too difficult to prove. Actually we regard this 
restriction as being too generous. For, besides the requirement that 
the varieties V of our hypothetical restricted class satisfy Theorem A, 
we find it essential that these varieties also satisfy the following addi- 
tional condition: 


C. If toa poini P of V there corresponds a unique point P’ of V’, 
then the biratsonal correspondence, regarded as an analytical transforma- 
tton, t5 regular at P. 


The geometric meaning of this condition can be roughly indicated- 
as follows. If this condition and condition A are satisfied for a given 
variety V, then the analytical structure of the neighborhood of any 
point P of V cannot be affected by a birational transformation, unless 
this transformation blows up P into a curve, or a surface and so on 
(always provided we replace the transform V’ of V by the join V; 
compare with §2). In particular, it is not possible to simplify any 
further the type of singularity which V possesses at P without doing 
a thing as radical as that of spreading out that singular point into a 
variety of dimension greater than 0. From this point of view, condi- 
tion C can be looked upon as a sort of maximality condition. 

In the case of algebraic curves it follows readily from this geometric 
interpretation that the only curves which satisfy conditions A and C 
are the nonsingular curves. But already in the case of surfaces we get 
a much wider variety of types. For instance, it can be proved that the 
surfaces in S, which satisfy our conditions are the surfaces which have 
only isolated singularities. 

We now proceed to define arithmetically the varieties of our re- 
stricted class. We call these varieties locally normal. Included among 
these varieties are those which I have called normal varieties. The 
algebraic operation which plays a fundamental role in our arithmetic 
approach to the geometric questions just outlined is that of the sn- 
tegral closure of a ring in sts quottent field. Theorem C follows in a 
relatively simple fashion from our arithmetic definitions and from 
some well known theorems in valuation theory. Theorem A lies much 
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deeper and its proof is more difficult. As to Theorem B, it definitely 
must be sacrificed when we are dealing with singular varieties. 


4. Locally normal and normal varieties. We use the homogeneous 
coordinates 1o, m, ` °°, Na of the general point of V (§2) and we define 
the quotient ring O(P) of any point P of V as the ring of all quotients 
f(n)/g(n), where f and g are forms of like degree in fo, m,---, fa and 
where g0 at P. In other words, the quotient ring Q(P) consists of all 
functions in our field 2 which have a definite and finite value at P. 
In a similar fashion, we define the quotient ring O(W) of any irreduc- 
ible algebraic subvariety W of V by the condition that g(n) *~0 on W 
(that is, that g should not vanish at every point of W). 

One is led to the consideration of quotient rings when one examines 
the equations of a birational correspondence between V and another 
variety V’. For it is seen immediately that if the nonhomogeneous 
coordinates $f,- >- , m of the general point of V’ belong to the quo- 
tient ring O(W) of a given W on V, then to W there corresponds a 
unique subvariety W’ on V’ and moreover QO(W’) will be a subring 
of O(W). If OCW’) = Q(W), then also W will be the only subvariety 
of V which corresponds to W”. In this case we say that the birational 
correspondence is regular at W, or along W. In particular, if the bira- 
tional correspondence is regular at a point P of V, then as an analyti- 
cal transformation it is regular in the neighborhood of P. Therefore, 
the quotient ring of a point determines uniquely the analytical struc- 
ture of the neighborhood of the point. In the sequel we shall say that. 
a birational correspondence is regular on JV if it is regular at each 
point of V. 


DEFINITION 2. A vartety V ts locally normal along a subvartety W, 
if the quotient ring Q(W) ts integrally closed in tis quoisent field (thai 
is, in D). j 

DEFINITION 3. V ss locally normal, sf t 1s locally normal at each poini. 


The last definition refers only to points. The reason for this is the 
following: If V is locally normal at one point P of a subvariety W 
of V, then it is also locally normal along W. Hence if V is locally nor- 
mal, in the sense of Definition 3, it is also locally normal along any W. 

It is not difficult to show that V is locally normal if and only if the 
following condition is satisfied: Jf Œ ts the conductor of the ring 
K[mo, m,- , In| with respect to the integral closure of thts ring in tts 
quotient field, then the subvartety of V determined by the (homogeneous) 
ideal © is empty. This implies that either € has no zeros at all, or 
its only zero is the trivial one: (0, 0,---, 0). Therefore, € is either 
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the unit ideal or is a primary ideal belonging to the irrelevant prime 
ideal (No, ly oo ty Na). 

If Œ is the unit ideal, we say that V is normal, that is, we give the 
following definition: 


DEFINITION 4. A variety V is normal tf the ring K [no m,---, Na] 
4s integrally closed in tis quoitent field. 


It can be proved that the singular manifold of a locally normal 
r-dimensional variety is of dimension less than or equal to r—2 (in 
particular, a locally normal curve 1s nonsingular). The converse is not 
generally true, except in the case r=1, since a nonsingular curve 4s 
always locally normal. However, the converse is true for hypersurfaces, 
that is, for V,’s in an `S, Thus any surface in Ss is locally normal if 
and only if it has a finite number of singularities. 

It is important to point out that nonsingular varsetses are always 
locally normal. 

Our definitions clearly indicate that normal varieties can differ from 
locally normal varieties only by some property at large, since locally 
they cannot be distinguished from each other. This difference at large 
is put into evidence by the following characterization of normal varie- 
ties, due to Muhly: A varsety Vis normal if and only sf the hypersur- 
faces of tts ambtent space, of any given order m, cut out on V a complete 
linear system. Now it can be proved that locally normal varieties are 
characterized by the completeness of the above linear systems for 
suffictently high values of m. This last result, in conjunction with the 
fact that every nonsingular V is locally normal, contains as a special 
case of the well known lemma of Castelnuovo concerning nonsingular 
curves. This lemma plays an important role in Severi’s proof of Rie- 
mann-Roch’s theorem for surfaces. 

We have already pointed out that for locally normal varieties Theo- 
rems A and C hold true. Moreover it can be shown that these are the 
only varieties for which these theorems are true. It may be added that 
there is really no great loss of generality in confining the theory of 
birational correspondences to locally normal varieties. For it can be 
shown that any variety V determines uniquely, to within regular bt- 
rational transformations, a locally normal variety V’ which is bira- 
tionally equivalent to V and which is such that: (a) to each point P’ 
of V’ there corresponds a unique point P of V, and we have always: 
OP’) DQ(P); (b) to any point P of V there corresponds a finite num- 
ber of points on V’; (c) if Vis locally normal at P, then the birational 
correspondence between Vand V’ is regular at P. It is not difficult to 
show that these properties of the birational correspondence between 
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V and V’ imply that, to within a regular birational transformation, 
V is the projectson of V' from a center S, which does not meet V". 

It would be of interest to characterize the locally normal varieties 
for which Theorem B holds. It can be proved that the following con- 
dition is sufficient for the validity of Theorem B: If P is any point 
of V and if W is any (r—1)-dimensional subvariety through P, then a 
sufficiently high multiple of W should be locaHy (that is, at P) com- 
plete intersection of V with an hypersurface of the ambient space. 
In terms of ideal theory, this means that in the quotient ring of Pa 
sufficiently high power of any minimal prime ideal should be quast- 
gleich (in the sense of van der Waerden) to a principal ideal. This 
condition gives us a good insight into the “real” reason of the validity 
of Theorem B for nonsingular varieties; for we know that if P isa 
simple point, then every minimal prime ideal in O(P) is itself a prin- 
cipal ideal. 


5. Monoidal transformations. I should now like to discuss briefly 
„a special class of birational correspondences which seem to be very 
useful in the theory of singularities, whether we deal with the resolu- 
tion of singularities or with the analysis of the composition of a singu- 
larity from the standpoint of infinitely near poihts. These special 
transformations are the hyperspace analogue of plane quadratic 
transformations, and they are therefore of importance also for the 
general theory of birational correspondences. 

When we are dealing with locally normal varieties V, we find it 
most convenient to define fundamental varieties of a birational cor- 
reapondence between V and another variety V’, as follows: 


DEFINITION 5. An trreducsble subvartety W of V is fundamental tf a 
corresponding subvarsety W’ of V’ existis such that O(W)DO(W’). — 


We know from §4 that if O(W)2>Q(W’), then W” is the only sub- 
variety which corresponds to W. Hence if W is fundamental, then the 
relation O(W)DO(W’) is true for any W’ which corresponds to W. 
If the birational correspondence has no fundamental points on V and 
on V’, then O(W) =Q(W’), for any two corresponding subvarieties W 
and W’, and the transformation is regular on V (and on V’). We do 
not regard two birational transformations as being essentially distinct 
if they differ only by a regular birational transformation. 

We consider a birational correspondence between two locally nor- 
. mal varieties V and V’, and we again restrict ourselves to the case 
in which the given correspondence has no fundamental points on V”. 
Then V’ is in regular birational correspondence with the join V of V’ 
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and V, and we may replace V’ by V. Consequently, we assume that 
the equations of the birational correspondence between V and V’ are 


- of the form: F pe 
Pii = m4, t= 0,1,---,98,7=0,1,-+-,m, 
where %o, %1,°°°, Na are the homogeneous coordinates of the general 


point of V and where the ¢, are forms of like degree in the n’s. Here p 
is a factor of proportionality and the 7,; are the homogeneous coordi- 
nates of the general point of V’. It can be shown that the fundamental 
locus on V is given by the base manifold of the linear system 
Apot -© Anha =O, provided we first drop all fixed (r—1)-dimen- 
sional components of the system. In terms of ideal theory, it means 
that we first write each principal ideal (¢,) as a power product of 
minimal primes, say (¢,)=%8,, where A is the highest common di- 


visor of (ġo), +++, (dm). Then the fundamental locus is given by the 
ideal (Bo, Bi, --- , Ba). This ideal is of dimension less than or equal 
tor—2. 

The special transformations which we wish to discuss are those for 
which (fo, Qu, ° , dm) is itself a prime ideal, of dimension sSr—2 


or differs from a prime ideal by an irrelevant primary component. 
For the lack of a better name, we call them monoidal transforma- 
isons.) The irreducible subvariety W of V defined by the ideal , 
(bo, Qu - °°, Om) is called the center of the transformation. It is not 
difficult to see that a change of the base of the ideal (¢o,--- , du) 
does not essentially affect the transformation. A quadratic transforma- 
iton is a special case of a monoidal transformation, the center is in 
that case a point. 

The effect of a monoidal transformation consists in that the center 
W is spread out into an (r—1)-dimensional irreducible subvariety W’ 
of V’. Moreover, points of W which are simple both for V and W, corre- 
spond to simple points of W’. This is the main reason why a monoidal 
transformation is a useful tool in the resolution of singularities, since 
while it may conceivably simplify some singular points which lie on 
- its center, it does not introduce new singularities.‘ 

There are two outstanding problems concerning monoidal trans- 


3 With some non-essential modifications, and without their projective trimmings, 
the space Cremona transformations, known as monoidal transformations, are monoidal 
transformations in our sense, 

t There is one exception: toa simple point of V which is singular for W there may 
_ correspond singular points of VI For this reason it is usually advisable to “smooth 
out” W, that is, to resolve the singularities of W, before one applies the monoidal trans- 
formation. i 
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formations which play a role in the problem of resolution of singu- 
larities, but which at the same time are decisively of interest in 
themselves. We proceed to outline these questions... 


PROBLEM 1. Given any ltraitonal correspondence between two non- 
singular models V and V’, and assuming thai there are no fundamental 
points on V’, show that the bsrational transformaiton can be decomposed 
inio monotdal Jransformaitons. 


In other words, the question is to show that for nonsingular models 
the monoidal transformations form a set of generators of the bira- 
tional group. It is very likely that this decomposition exists also when 
only VY’ is nonsingular. 


PROBLEM 2. Given any btrattonal correspondence between iwo arbs- 
trary (not necessarily nonsingular) models V and V', and assuming as 
before that there are no fundamental potnis on V’, show that the funda- 
mental varieties on V can be eliminated by monoidal transformations. 


By this I mean that it is asked to transform V by a sequence of 
monoidal transformations into another variety V* such that the bi- 
rational correspondence between V* and V’ has no fundamental 
points on V*. 

As to Problem 1, we have a proof in the case of surfaces. In this 
case, the result can be regarded as a generalization of the well known 
theorem of Noether on the decomposition of plane Cremona trans- 
formations into quadratic transformations, although Noether’s theo- 
rem is not a special case of this general result. It may be well to 
clarify the connection between the two results. In the first place, a 
quadratic Cremona transformation is not at all a quadratic trans- 
formation in our sense. Our quadratic transformation has only one 
ordinary fundamental point, and its inverse has no fundamental points 
at all, while a plane quadratic transformation and its inverse both 
have three fundamental points, which in special cases may be inf- 
nitely near points. For this reason a plane Cremona transformation 
can never be a quadratic transformation in our sense. The transform 
of a plane x under a quadratic transformation in our sense is not a 
plane, but a certain rational surface M in Ss, or any other surface in 
regular birational correspondence with-M. Of course, an ordinary 
quadratic transformation between two planes x and x’ can be ex- 
pressed as a product of quadratic transformations in our sense, or 
more precisely as the product of 3 successive quadratic transforma- 
tions and of 3 inverses of quadratic transformations. Since our proof 
takes care of surfaces over abstract fields K, it yields immediately a 
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corresponding result for the fundamental varieties W of dimension 
r—2 in the general case, for the adjunction of certain r—2 transcen- 
dentals to the ground field will make a surface out of the variety V 
and a point out of W. In particular, the decomposition into monoidal 
transformations is thus established for birational correspondences be- 
tween nonsingular ,three-dimensional varieties, provided the corre- 
pondence has only fundamental curves, but no isolated fundamental 
points. 

In applications of Problem 2, the main interest lies in the elimina- 
tion of the simple fundamental varieties of V. In this case we have a 
complete proof, provided the resolution theorem is granted for varie- 
ties of dimenston two less than the dimension of V. Thus, in the case 
of three-dimensional varieties we have to use only a thing as little 
as that of the resolution of singularities of an algebraic curve. It is 
clear that Problenr 2 is to be viewed as a step in an inductive proof 
of the general theorem of the resolution of singularities rather than 
as a problem for the solution of which we first need that general theo- 
rem. The really important problem is Problem 1. Its solution seems 
to be essential for the resolution of singularities of higher varieties. 
Thus, it is possible to carry out the resolution of singularities of three- 
dimensional varieties, because we have the theorem of local uniform- 
ization for the varieties of this dimension, plus the solution of 
Problem 1 for surfaces over abstract fields of constants. 
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The following discussion is closely connected with Lebesgue’s theo-. 
rem that the derivative of an integral is equal to the integrand almost 
everywhere. It is well known that in generalizing this theorem to 
higher dimensions, great care must be exercised in the choice of the 
systems of intervals or sets used for n-dimensional differentiation. 

Lebesgue! had already observed that arbitrary intervals (parallel 
to the axes) cannot be used for the generalization of that theorem, 
but only such intervals whose edges have a bounded ratio, or, more 
generally, such sets which are regular relative to the cubes. This also 
corresponds to the behavior of the most essential tool used in the 
proof, namely, Vitali’s covering theorem. Saks? and, independently, 
Busemann and Feller? found later that there is a remarkable differ- 
ence between the integrals of bounded‘ and unbounded functions: in 
the first (but not generally in the last) case, differentiation relative 
to arbitrary intervals (parallel to the axes) furnishes the integrand 
almost everywhere. But, according to Zygmund and Nikodym" and 
to Busemann and Feller,’ even in the case of bounded integrands, 
differentiation relative to the system of all rectangular parallelopipeds 
(arbitrarily oriented) does not always furnish the integrand almost 
everywhere. 

As to integrals in abstract spaces—in the case of bounded inte- 
grands, de Possel® gave necessary and sufficient conditions for the 
systems of sets used in differentiation to permit a generalization of 
Lebesgue’s theorem; while in case of arbitrary integrands, de Possel’ 


Presented to the Society, September 5, 1941; received by the editors July 14, 1941. 

1 H. Lebesgue, Annales de I’ Ecole Normale, (3), vol. 27 (1910), pp. 363, 387. 

2S. Saks, Théorte de PIntégrale, Warsaw, 1933, p. 232; Theory of the Integral, 
Warsaw, Lwow, 1937, p. 132. 

_ 3H. Busmann and W. Feller, Fundamenta Mathematicae, vol. 22 (1934), pp. 
226-256. 

4 Further generalizations: A. Zygmund, Fundamenta Mathematicae, vol. 23 (1934), 
pp. 143-149; B. Jessen, J. Marcinkiewicz, A. Zygmund, Fundamenta Mathematicae, 
vol. 25 (1935), pp. 217-234. 

s O. Nikodym, Fundamenta Mathematicae, vol. 10 (1927), pp. 167-168 (note cf. 
A. Zygmund). j 

* R. de Possel, Comptes Rendus de l'Académie des Sciences, Paris, vol. 201 (1935), 
pp. 579-581; Journal de Mathématiques, (9), vol. 15 (1936), pp. 391-409. ` 
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and Hahn (in a still unpublished manuscript’) gave sufficient condi- 
tions suggested by Vitali’s covering theorem. 

On the other hand, in the case of bounded integrands, the original 
result of Lebesgue has been supplemented in an essential way by a 
theorem of Denjoy,® ndtnely, that differentiation of an integral fur- 
nishes the integrand certainly wherever the integrand is approxi- 
mately continuous. Denjoy proved this theorem for the case of one 
dimension, Saks? generalized it for more dimensions, namely—as in 
Lebesgue’s theorem for bounded functions—using arbitrary intervals. 
Of course, the definition of approximate continuity depends on the 
notion of the density of a set M, and as the density of M results from 
differentiation of the characteristic function of M, the notion of ap- 
proximate continuity also depends on the systems of sets used for this 
differentiation. Therefore, it is natural to use the same systems for 
definition of density and consequently of approximate continuity as 
for differentiation of the integral, especially if we are speaking (as in 
the theorem of Denjoy) about approximate continuity and differen- 
tiation simultaneously. 

In preparing the second volume of Hahn’s ReeHe Funktionen,” I ob- 
served that there is an essential difference between the generalization 
of Lebesgue’s theorem and that of Denjoy: While in the case of 
Lebesgue’s theorem (also for bounded integrands) only rather specta} 
systems of sets can be used for differentiation, it is possible for the 
generalization of Denjoy's theorem, in any metric space (as will be 
shown), to dtfferenisaie relative to quite arbtirary, only indefinitely fine, 
systems of sets (see Theorem 1).* In a certain sense (namely, for regu- 
lar derivatives), the approximate continuity at a point is even neces- 
sary and suffictent for the derivative of the integral to be equal to the 
integrand, assumed as bounded (see Theorem 4). 

Another theorem of Denjoy"* states that every measurable function 
is approximatély continuous almost.everywhere. The systems of sets 


1 This manuscript forms the basis of the second volume of Hahn’s Rese Funk- 
ionen which is now being elaborated and prepared for publication by the author of 
the present paper. The more general systems used by de Possel (see Footnote 6) in 
the case of bounded integrands, or the quite arbitrary “indefinitely fine” systems to 
be uscd here, had not been considered by Hahn. The notations of this second volume 
are used here. 

t A. Denjoy, Sur les fonctions dértvées sommablas, Bulletin de la Société Mathé- 
matique de France, vol. 43 (1915), p. 172. 

* For instance, in the s-space relative to the system of all the rectangular paral- 
lelopipeds (arbitrarily oriented). 

1¢@ A, Denjoy, loc. cit., p. 170; see also W. Sierpinski, Fundamenta Mathematicae, 
vol. 3 (1922), p 320. 
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used in the generalization of this theorem can be the same!! as, but 
cannot be more general than, those used in the generalization of Le- 
besgue’s theorem for bounded integrands, for the two theorems of 
Denjoy taken together immediately imply Lebesgue’s theorem for 
bounded integrands. 

Thus we have the following situation: For the generalization of 
Denjoy’s theorem that the derivative of an integral furnishes the inte- 
grand (assumed as bounded) certainly wherever the integrand is ap- 
‘proximately continuous, the systems of sets used for differentiation 
can be chosen quite arbitrarily; yet in order to get Lebesgue’s result 
that the integrand is obtained almost everywhere (or Denjoy’ s second 
result that the integrand is approximately continuous almost every- 
where), the systems of sets employed must be rather special. 

Let R be a metric space, M a o-field consisting of subsets of R, with 
REM; let @ and Y be totally additive, finite set functions in M; let 
¥(M) 20 for MEM, (so that ¥(M) is monotone increasing in M), 
and let M be complete for y. 

A system QCP of sets may be called an tndefinstely fine system of 
seis, if to every point a@ RF there corresponds a certain subsystem 
Le C OQ consisting of non-empty sets such that for eyery p> 0 there is 
a set QE QO, contained in the sphere Sa (with center a and radius p). 

If there is a sequence of sets Q,€ Q. converging to a so that the 
sequence!? 6(Q,)/W(Q,) converges to a limit d," then d will be called 
a derivate of @ with respect to ¥ at the point a relative to Q. The larg- 
est and smallest of these numbers d” (if a is fixed) are called the upper 
and lower derivate of @ with respect to y at a relative to ©: 


D(a, ¢,¥,0), D(a, ġ, 4, O). 
If 


D(a, $, Y, Q) i D(a, $, Y, ©), 


we call this value the derivative D(a, ẹ, Y, Q) of @ with respect to y 
- at a relative to Q. o 

Following Lebesgue! we say that a sequence of sets M,EDM con- 
verges regularly to a (for y relative to Q), if there exists a number 
t(a)>0 and a sequence of sets Q, € Q. converging to a, such that for 
almost all y we have: 


i We shall not prove it here. 
18 If ¥(O,) «0, this quotient is to be 0, + ©, — ©, according as ¢(Q,)=0, >0, <0. 
u Which may be finite or infinite. 


~ 


y 
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(1) M, S Qr, ¥(M,) Er t- YQ). , 


Lf we have $(M,)/¥(M,)—D(a, ġ, Y, Q) for every sequence M, con- 
verging regularly to a (for Ņ relative to Q), we say that the derivative 
D(a, ¢, Y, ©) is regular at a. 

If A CM, let usseto(M) =¥(A M); then Dla, p, y, Q), D(a, ¢,¥, Q), 
and D(a, ¢, Y, Q) become the upper density dla, A, Y, Q), the lower 
denstiy d(a, A, Y, Q), and the denstty d(a, A, Y, Q) of A at a fory 
relative to Q; all these values are greater than or equal-to 0 and less 
then or equal to 1. 

Let R* be the set of all those a ER for which there is a sequence 
of sets Q, Œ ©, converging to a, such that ¥(Q,) =0. Then we have: 


(2) d(a, A, 4, Q) = 0, for alla € R*. 
Lemma 1. For every a ER — R* we have: . 
d(a,A,¥,Q)+d(a,R—A,yp, O) = 1; 
d(a, A, y, Q) + d(a,R — A, Y, Q) = 1. 


Proor. If QEOQ. then ‘¥(4Q)+¥((R—A)Q)=¥(Q); thus, if 
¥(Q) 0: ¥(AQ)/¥(Q) +¥((R-A)Q)/¥(Q) = 1. 


Lemma 2. If d(a, Ai, Y, Q) =0 and d(a, Ax, Y, Q) =0, then also 
dla, Ai+tA 3, Y, £2) =), 1 


Proor. Let QE Qe. be a sequence converging to a and die 
e>0; then Y(4:0,) < ¢(0,), ¥(A30,) Se (O,) for almost all »; thus 
also ¥((A:+41)Q,) S 2e (Q,), that is, ¥((A1+A2)Q,)/W(Q,) 9. | 


Lemma 3. If d(a, Ai, Y, O)=1 and d(a, As, Y, 12) =1, then also 
dal(a, Aia, Y, Q) = 


ProoF. According to (2):a E R—R*; therefore because of Lemma 1, 
d(a, R=, Y, Q) =0, d(a, R-As, Y, Q) =0, which implies by Lemma 
2, d(a, R~AxiAsa, Y, £2) =0; therefore again because of Lemma 1, 
d(a, A 144, y, Q) =1. 

If a, B are two real numbers (+o permitted), we write: 
|| —8| =| S(a)—5(8)|, where S(Ẹ) means the “bounding transfor- 
mation” E/G] l). Furthermore, [f(x)<y] denotes the set of all 
xER, for which f(x) < y holds; similar notations are used in analogous 
cases. 

In the following, let f always be a ¥-measurable function (that is, 
measurable with respect to y as measure). 


" H. Hahn, Reells Funktionen, 1, Leipzig, 1932, p. 178. 
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The function f is called approximately continuous” at the point a 
~ (for w relative to Q), if for every e>0 the set [æ —f(a)]| <e| has 
density 1 at a (for Ņ relative to ©). If f(a) is finite, in this definition 
(f(x) —f(a)]| <e may be replaced by | f(x) —f(a) | <e. 

Equation (2) immediately implies the following lemma. 


Lemma 4. If f is approximately continuous at a (for p relative to Q), 
ithena ER- R". 


LEMMA 5.1° In order that f be PENE A continuous at a (for Ņ 
relaisve to Q), th ts necessary and suficient that for every y>f(a) and 
for every y'<f(a) the sets [f(x)<y] and [f(x)>~y’] have density 1 at a 
(for relative io Q). 


Necsssity. Let e>0 be sufficiently small; then y>f(a), y’ <fa) 
imply [|lf(~) —f(a)|| <e]& [f(x) <y] and C[f(x) >y’]. 


SUFFICIENCY. If for every y>f(a) and every y’<f(a) the sets 
[f(x) <y] and [f(x)>vy’] have density 1 at a, then, because of Lemma 
3, the same is true for te set [f(x) <y]: [f(x) >y’] and thus also for 
the set [||f(x) —f(a)||<e]. 


LEMMA 6. In order that f be not approximately contsnuous at the point 
a&R—R* (for relative to ©), tt is necessary and suficient that there 
extsis etther a y>f(a) oray'<f(a), so that the upper density (for W rela- 
Hive to Q) of the set [f(x) zy] or [f(x) Sy’ | is positive at a. 


NECESSITY. Because of Lemma 5, there exists either a y>f(a) ora 
y’ <f(a), such that the set [f(x) <y]=A or [f(x) >y’]=.A’ has a lower 
density less than 1 at a. But R—A=[f(x)2y|, R-A’= U(x) Sy’ J, 
and, becauge of Lemma 1, we have either d(a, R— A, á £)) >0 or 
d(a, R-A’,y, Q)>0. 


SUFFICIENCY. Using the same notation, we have ather d(a, R—A, 
Y, Q)>0 or dla, R—A’, Y, Q)>0. Thus because of Lemma 1, either 


dla, A, ¥,Q) <1 
OT 


da A", p O) <1. 


Therefore, because of Lemma 5, f is not approximately continuous ~ 
ata. 


s A. Denjoy, loc. cit., p. 165, 
uA. Denjoy, loc. cit., p. 169. 
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LEMMA 7. If |f| Sk holds, except perhaps on d set of p-measure sero, 
and if f is approximately continuous at a, then also | f(a) | Sk. 


Proor. We set [f(x) >k] =4; then ¥(A)=0. If f(a) >&, then, ac- 
cording to Lemma 5, A has density 1 at a; thus there exists a set 
OEXO,, such that ¥(4Q) >0; therefore we have f(A) >0, contrary to 
¥(A)=0. In the same way we see that f(a) < —2 is impossible. 

Now let the function f be not only ¥-measurable in R, but also 
y-tntegrable (that is, integrable with respect to the measure W) for all 
MEM in the sense of Radon and Fréchet;!7 we set @(M) = (M) ffdy, 
where f is integrated with respect to y over the set MEM. If the 
y-measurable function f is y-bounded (that is, bounded, except per- 
haps on a set of -measure zero), then f is also p-integrable. 


THEOREM 1. Let Q be an indefinitely fine system, let f be y-measur- 
able and -bounded'* in R, and 6(M)=(M)/fdy. If f is approxi- 
mately continuous at a for W relative to Q, then ġ has the derivative 
D(a, $, Y, Q) =f(a) ata. 

Proor. Let 0,€ Q. be a sequence of sets converging to a. As we 
have aC R—R* according to Lemma 4, we can assume (Q,) 0. As f 


is ¥-bounded, because of Lemma 7 f(a) is finite. For a given e>0, we 
write: B= [|f(x) —f(a)| <el. Then we have 


(3) 6(0,) = (B) | jay + O — B) f a 


Because of | f(x) —f(a)| <eon B, we have 


(4) QB) f fä = Ho) + td HOB), AER 


As f is ¥-bounded, there is a finite c, such that | f(x)| Sc, except per- 
haps for a set of y-measure zero; thus we have 


(5) (O, — B) f fa = boh — B), AEF 


As f is approximately continuous at a, we have d(a, B, Y, Q) =1, thus . 
¥(Q,B)/¥(Q,)—1, and therefore 


iT J, Radon, Sitzungsberichte, Akademie der Wissenschaften, Vienna, Ia, vol. 122 
(1913), pp. 1324-1332; M. Fréchet, Comptes Rendus de l'Académie des Sciences, 
Paris, vol. 160 (1915), pp. 839-840; Bulletin de la Société Mathématique de France, 
vol. 43 (1915), pp. 248-265. 

18 That the condition, f be ¥-bounded, is essential is already shown by an example 
given by A. Denjoy, loc. cit., p. 173 (for the 1-dimensional case and ¥ meaning Le- 
besguc’s linear measure). 
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»— B 
P 4-2) 
¥(Q,) l 
As e>0 is arbitrarily small, both these relations, together with (3), 


(4), (5) give 6(Q,)/¥(Qr)f(4). 
THEOREM 2. In Theorem 1, the derivative D(a, ġ, ¥, Q) is regular. 


Proor. Let ((M,)) be a sequence of seta regularly converging to a 
(for 4 relative to Q); that is, there must exist a sequence Q, € ©, con- 
verging toa, and a t >0, such that (1) hold. Because of Lemma 4, we 
can assume: ¥(Q,) 0, thus according to (1) also ¥(M,) <0. Now (1), 
(6) imply: ¥(M,—B)/¥(M,)0, and therefore ¥(M,B)/¥(M,)—>1. 
As (3), (4), (5) hold, if we substitute M, for D,, we get as before: 
$( M,)/b(M,) f(a). 

An inverse of the Theorems 1 and 2 is contained in the following 
theorem, for which, however, we do not have to assume that f is 
y-bounded, but only that it is y-integrable. 


THEOREM 3. Let Q bean indefinitely fine system and (M) =(M) ffdy. 
If at the point a@ R—R"*, the dertvative D(a, ġ, Y, Q) ts regular and 
equal to f(a), then f ts approximately continuous at a (for 4 relative 
to Q). 


Proor. Assume that f is not puto nee continuous at a (for y 
relative to Q). Then, because of Lemma 6, there exists either a 
y >f(a) or a y’ <f(a), such that the upper density (for 4 relative to Q) 
of the set [f(x) 2y]=C or [f(x)Sy’]=C’' is positive at a. Suppose, 
we have the first case (the second case is to be treated in the same 
way). There exists a sequence of sets O,€ Qa, converging to a, so that 
WEC O,)/¥(0,)d(a, C, Y, 2) > 0; thus there exists a ¢(a) >0, so that 
¥(CO,) >t (a)-¥(O,) > 0 for almost all y, that is, the sequence ((C Q,)) 
converges regularly to a (for y relative to Q). Because f(x) 2y 
on C and y>f(a), we therefore have ¢(CQ,) =(CO,) [fd z ywl(CQ,) 
>f(a)¥(COQ,) for almost all »; thus the sequence ¢(CQ,)/W(CQ,) can- 
not converge to f(a). 

The Theorems 1, 2, 3, together give the following result: 


THEOREM 4. Let Q be an indefinitely fine system, let f be ~-measur- 
able and W-bounded in R, and 6(M)=(M)ffd. In order that at the « 
point aC R—R*, ¢ have the regular dertvatsve D(a, ġ, Y, Q) =f(a), Hts 
necessary and sufficsent, thai f be approximately continuous at a for ¥ 
relaitve to $Q. 


UNIVERSITY OF New MEXICO 


A NOTE ON HILBERT’S OPERATOR 





H. KOBER 
The transformation 
1 S afa i ° d 
os=>rr f joie | pere 
T —0 t— y K ed ‘t ý 


is well known to have the following properties: 


LEMMA 1.1! When i <p< œ, then Of ts a coniinuous (bounded) lsnear 
transformation with both domatn and range L,(— œ, œ), and GY = —f. 


Lemma 2.2? When f(t) EL: (— œ, œ), then Of extsts for almosi all xin 
(— œ, Œœ), but does not necessarily belong to Li(a, b), where a, b are arbs- 
trary numbers (— © Sa <b S o); however (1+x%)-}| Gf *ELi(— ©, œ) 
when 0<q<1. When f and Of belong to Li(— œ, 0), then GYF = —f. 


The case p=1 appears to present the greatest difficulties. In the 
present note I shall deal with the set of elements f(t)ELi(- œ, œ) 
for which HfELi(— œ, æ). In consequence of the lemmas, in this set 
or in L,(—«, ©) (1<p<o), Of has no characteristic values other 
than ++. We shall start from the sets of characteristic functions and, 
incidentally, from the class §,, the theory of which has been de- 
veloped by E. Hille and J. D. Tamarkin; §, is the set of functions 
F(z) (s =2-+4y) which, for y>0, are regular and satisfy the inequality 


(2) [ [F+ i) pass Me or |F(s)| S M 


baaa "i 


for 0<p< œ% or p= œ, respectively, where M depends on F and p 
only.? By &, we denote the corresponding class defined for y <0, and 
by F(&), G(t) the limit-functione? (y0; x =#) of elements F(s) Ep, 
G(s)ER,. By fF and &,, respectively, we denote the two sets of 
those limit-functions, and by ©; +8, the smallest linear manifold 


Received by the editors August 5, 1941. 

1 M. Riesz, Mathematische Zeitschrift, vol. 27 (1928), pp. 218-244. 

2 E C. Titchmarsh, Introduction to the Theory of Fourier Integrals, Oxford, 1937, 
$5.14. E. Hille and J. D. Tamarkin, Fundamenta Mathematicne, vol. 25 (1935), pp. 
329-352. Comparing our notation with that of Hille-Tamarkin, we have Qf = — f. 

? Loc. cit., Lap < œ. T. Kawata, Japanese Journal of Mathematics, vol. 13 (1936), 
pp. 421-430, 0<p< œ. The limit-functions exist for almost all żin (— ©, ©) and be- 
long to L(— ba 0), 
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containing both ©; and R,. Obviously an element f(t) belongs to 
©, +8, if and only if it can be represented in the form 


(3) JH =F +6 =F) +F), FEG FEO, GER, 
and this representation is unique, except for a constant when p= œ. 
Theorem 1 (b), as yet unpublished, is due to H. R. Pitt, Aberdeen, 


to whom I am greatly indebted. 
We obtain the following results: 


LEMMA 3. Leb 1 SpsS œ ; let the norm of an element o(s) belonging to 
D, or R, be defined by 


2 1/p 
O Old f lo@lak o [oO ip sub. | 9) 


for 1Sp<@ or p=o, respectively. Then Öp and R, are complete 
normed linear spaces, that is to say, (B) spaces tn the terminology of 
Banach. i 


THEOREM 1. Let f(f)ELi(— ©, œ). (a) A necessary condition that 
HfELi(— ©, œ) ts 


(5) f tao. 


(b) (Pstt's theorem.) The condition ts not suffictent. 


THEOREM 2. (a) A necessary and suffictent condtiton that both f and 
Of belong to Li(— œ, œ) ts that f belongs to H + Ri. (b) With domain 
Gi +R, Ofisa linear closed‘ unbounded transformation in Li(— ©, œ). 


THEOREM 3. The set Gi Ri is a non-closed subspace of L and ts 
nowhere dense in Li. Its closure ts the subset of Li satisfying (5). 


We note that, by Lemma 1 and by the argument which will be em- 
ployed in the proof of Theorem 2(a), O; +R; =L, for 1<p< œ. 

We shall now give the proofs of the above results; some examples 
will be given at the end of this paper. 


Proof of Lemma 3. We need only show that the space §, is com- 
plete. Let { F,(s) } EO, n=1, 2,---, be a sequence satisfying the 
condition of convergence | Falt) — Falt) | »—0 (m>n— œ). Then there 
exists an element F(t) CL, such that | F(t) — Falt) | »—0 as nœ oœ ; we 
have to show that F(é) is the limit-function of an element (2) E Ó». 


‘ That is to say, fE DIF R? , gam Dfa (n= Í, 2, ` RAN ), | f—fa| 1—0 and |e—g.| 10 
imply g= Hf. 


t 


! 
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By a result due to Hille and Tamarkin,’ F,(s) is represented by its 


“proper Poisson ea 


Ipo OB. el 
3 ro < G= a. ate 
ra z= + ity; y—0.. 
t 
Ot HETO y 
(1) TE 


For y2¢>0, by Hélder’s theorem, we have uniformly 
(8) | e(s) — Fae) | S re? | G2 + 1) |,-| F@) — F.() |, 7 0 


as nœ, where 1/p+1/p’=1. Hence (s) is a regular function for 
y>0, and it is obviously bounded when p= œ. 
Now let 1S p<. By a well known convexity theorem, 


J p(x + iy) |pdx S =f 7 =) + z) |>dz 
l = f IPE [rae | 


Thus (2) € $y. By the same argument and by Fatou’s theorem, 


r0 -rohs ing { flor} 


S | FG) — FG) |» 0. 


By (8), the result holds for p= œ. Therefore F(#)mp(t), which com- 
pletes the proof. 

To prove Theorem 2(a) we require a result which we deduce from 
theorems by Hille and Tamarkin: 


Lemma 4. A necessary and sufficient condition that f(t) belongs to 
L,(— œ, ©) (1Sp< œ) and that Hf =1if or Of= —if ts that f(t) be- 
longs to Dy or Ry, respectsvely. 


Let f(t) EH, and f(t) =9(4) +40). Since f(s) is the limit-function 
(y-—0, x =1) of an element F(s) C,, and since F(s) is represented by 





(9) 


its proper Poisson integral, we have! y(x) = — Gg and, by Lemmas 1 


t Loc. cit., Theorem 2.1 (ii), 13 p< œ. The result holds for pm œ, 
© Hille and Tamarkin, loc. cit., Theorem 3.1. For p= 2, the lemma is an easy con- 
sequence of Theorem 95, Titchmarsh, loc. cit. 
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and 2, p(x) = Sy; therefore Gf = G(y +H) = —Y+ip =4f. Conversely, 
let f@) CL, and $f=1f. For y>0, the function 


1 = 3G 
F(z) = — Í JO g 
l Dat -~ t 
i8 regular and representable by its proper Poisson integral, and 


its limit function is (1/2) {f(x)—sOf} = (4/2) (@)+S(@)) =f)! 
Hence F(s)CQ,, and so f(t) E Op, which proves the lemma. 


Proof of Theorem 2(a). Let f€ Lı and fE L, then the functions 
= (1/2 -+6f), G= (1/2) + Of) 


belong to Li; by Lemma 2, $%f= —f, and so SF =iF, G = —iG. By 
Lemma 4, we have FE $/, GERi, and so f= F+GEG!/ +R. 

Conversely, let fE G? +R. Then, by (3) with p=1, and by Lemma 
4, 


`Y 


Of = OF + 9G = iF —G) ELi(— œ, &), 


which proves Theorem 2(a). Part (b) will be proved after Theorem 3. 
To prove Theorem 1, we need a further result due to Hille and 
Tamarkin.’ 


LEMMA 5. Let 1Sp<o, Let p(t) belong to L, and possess a Fourier 


transform W(x), R 


N 
w(x) = (2r)-1/? Lim. index yf b(be—**3ds, 1/p + 1/p’ = 1. 
N-+0 —N 


Then $1) CH, or RS tf and only if (x) vanishes in (— œ, 0) or tn 
(0, ©), respectively. 


i 


For completeness we add the following result: 


Lemma 5’, Let2<p< œ and le d(t) belong to L, and have no Fourier 
transform in Lp. Then plt) ED, or Ry sf and only tf there is a sequence 
{ba(t) | belonging to Oy or A} and satisfying the hypotheses of Lemma 5 
and such that CIO) —¢,(t) | gD as now. 


7 Loc. cit., Lemma 4.2, and Annals of Mathematics, (2), vol. 34 (1933), pp. 606- 
614, Theorem 3. 

The mosi araire Given fab the Reacsalies oa BW a due to 
Paley-Wiener; H. Kober, Quarterly Journal of Mathematics, vol. 11 (1940); pp. 66- 
80, Theorem 2(b). Let $) EG, and | /#)—fa(f)| p20, where fali) (w= 1, 2, - - - ) bas 
a Fourier transform in L,’; then the functions ¢.(é) = (1/2) (/.—s@f,.) have the desired 
properties. The converse is proved by Lemma 3. 


- 
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By Theorem 2 and Lemma 5, f(t) can be represented as the sum of 
two functions F(t), G(t) belonging to Lı and such that their Fourier 
transforms y(x), ¥(x) vanish for x<0 or x >0, respectively. By con- 
tinuity, they also vanish at x =0; so does the Fourier transform of f(t), 
which gives (5). For the Fourier transform of an element F(t) EL: is 
continuous in (— ©, œ). 

To prove Theorem 1(b), take fi(#) =! log-* ¢ and fa=2/log 2 in 
(0, 1/2), ft) =fs(¢) =0 otherwise. Let f(t) =/f,(t) —fa(#), then obvi- 
ously f(t) belongs to Zi(— ©, œ) and satisfies (5). But Sf does not 
belong to Li(— ©, œ), since 


fi lehlere @, 














, 2 0 1 
f | Ofa | dx = Í log| 1 == dz < œ. 
mee | x log 2 —i/2 2% 
For, in (0, 1/2), we have 
1 p1 Sean ° log“? tdt 
RREN LE RCH A 
TVo TEE 0 (a+ Dt 
1 f*log*idt 
oS pS ee 
rv = Sata 


hence $f: does not belong to Z:(—1/2, 0), which proves the theorem. 


Proof of Theorem 3. Let E be the subset of L satisfying (5). By 
Theorems 1 and 2, Of +8 is a subset of E and different from E. It 
is easy to see that E is closed in Lı. We are left to show that E is the 
closure of G +/. 

Let f(t) be a step-function belonging to E. Denoting by e(t) the 
step-function which is equal to 1 in (0, 1) and to zero otherwise, we 
can represent f(t) by a finite sum > Gat(t/bs) (ba $0, a, complex). By 
(5), Dit] bn | =0, and go 


rOf= dia (108 





ba 
t= =| ) agn ba = Ola, r> to. 
T 


Hence $fELi, fEG/ HRI. We can now approximate to any f(#)CE 
by a sequence { fa(t)} (n=1, 2,---) of step-functions belonging to 
Si +R. Let f() satisfy (5), and let {g,(4)} be a sequence of step- 
functions such that | F(t) — Ealt) | i—0 as #n— œ. Take 


LOBO- Of KOR = 1,2, 


426 H. KOBER ; [June 


\ 


Then f,(¢) is a step-function, f,(#) satisfies (5); therefore f E $i +21. 
Finally, by (5), we have 


i-fh=|f-m-ef VO- a0 


1 





s|f—eh+|f UO -Olas 2l- els 


which tends to zero as n— œ. Thus E is the closure of Gi 48. 

The set E is nowhere dense in Li. For when fEL,, then, given e>0, 
any element g(t)=f(é)+8e(t) (0<|8|<e) belongs to the sphere 
lg—f| i<e¢, while g does not belong to E; when f belongs to Lı but 
not to #, then no element g of the sphere le—f| 1< | {fede | belongs 
to Æ. Thus we have proved the theorem. 


Proof of Theorem 2(b). In the domain $/ +8/, by Lemma 2, we 
have sO Of) =f; hence +Of is involutory. By Lemma 3, both $/ and 
RY are closed spaces in Lı. Therefore sf, and therefore $f, is closed; 
for a linear involutory transformation in a (B) space is closed if and 
only if the spaces of the characteristic functions are closed.’ By Theo- 
rem 3, i +87 is not closed. Therefore Of is not bounded in this 
domain; for a linear closed transformation in a (B) space is continu- 
ous if and only if its domain is closed.!° Thus we have proved the 
theorem. 

The following are examples for the case fELi(—, œ), Of 
ELi(— œ, ©). We may start from Lemma 4," but it is easier to 
make use of Theorem 2. 

(1) Let Tı(s) or 73(s) be polynomials of degree a>0 or B>0 and 
such that they have no zeros for y 20 or y S0, respectively; let a, b be 
any numbers such that — œ <a < —1/æ, — œ <d<—1/f. Then, ona 
suitable Riemann surface, any branch of { T1(s) }« (y>0) or { 72(s) | b 
(y <0) belongs to §; or ĝ&ı, respectively. When f(#)=j;7i(#)}¢ 
+-{73()}*, by Lemma 4, we have Of =48{ Tilx)}*—4 | Ta(x) PEL. 

(2) Let oi(s) = (1 —cos as)s—*, pa(2) = {ain az —2sin (as/2) }s,a>0, 
and let f(t)=Agi(t)e*+Bos(e*'; then Hf =id p(x —i Bg), 
and fEly, EL. It can be shown that this result holds when 
gi{t) (J =1, 2) are integral functions such that ¢,(#) EL, and that, for 
any e>0, | g,(s)| <K,exp {(a+e)/s| } ; in this way we can construct 

* H. Kober, Proceedings of the London Mathematical] Society, (2), vol. 44 (1938), 
pp. 453-465, Theorem 6’(a). 

10S. Banach, Théorie des Opérations Linéatres, Warsaw, 1932, p. 41, Theorem 7. 
Probably the converse is well known. 

a Or from Theorem 3.1, Hille and Tamarkin, loc. cit. 
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all integral functions f(s) satisfying the conditions fH) ELin HEL, 
f(z) | <Ky.exp { (2a+ e)| 3| }. The proof is based upon a result due - 
to Plancherel and Pélya.”? 


THE UNIVERSITY, 
EDGBASTON, BIRMINGHAM, ENGLAND 


12 Commentarii Mathematici Helvetici, vol. 10 (1937-1938), pp. 110-163, §27. 


THE BEHAVIOR OF CERTAIN STIELTJES CONTINUED 
FRACTIONS NEAR THE SINGULAR LINE 


H. 3. WALL 
1. Introduction. We consider here continued fractions of the form! 
& gs (1 — ggss (1 — gadgas 
(1.1) f(s) = oe 
1 + 1 + 1 be 1 Heee, 


in which goZ 0, 0<g 51, (n=1, 2,3,- -- ), it being agreed that the 
continued fraction shall terminate in case some partial numerator 
vanishes identically, There exists a monotone non-decreasing function 
(u), 0Su <1, such that 


(1.2) ft) = J ae 


and, conversely, every integral of this form is representable by such a 
‘continued fraction. Put M(f) =1.u.b.jsį<1 |J(2)|. Then M(/) S1 if and 
only if the continued fraction can be written in the form 

(1 — h)ks (1 — Aadhss 
Lap 1 + 1 E 





(1.3) - f(s) == 


in which OSA, S31, (n=1, 2,3,---). These functions are analytic in 
the interior of the s-plane cut along the real axis from s=—1 to 
B= — 0, 


The principal object of this paper is to prove the following theorem: 


THEOREM 1.1. If 0<h, <1, (n=1, 2,3,---), and kh —>1/2 tn such 
a way that the series >| ha—1/2| converges, then the function f(s) given 


Presented to the Society, October 25, 1941; received by the editors August 14, 
1941. 

1H. S. Wall, Continued fractions and lotaly monotone Sequences, AEE TE of 
this Society, vol. 48 (1940), pp. 165-184. 


428 . H. 8. WALL : [June 


by (1.3) approaches a finte lami als) as s—>—s, 521, eee the upper 
half-plane, and the limit a(s), the complex conjugate of a(s), as s—>—s 
from the lower half-plane. The function als) ts conitnuous, and is real sf 
and only sf s=1. There is a constant C such that f(s) | <C over the enisre 
plane of z exterior to the cut along the real axis from s= —1 to s= — ©. 


Inasmuch as the function (1. 1) can be written in the fori 
f(s) =go/[1+-sf*(z) ], where f*(s) has the form (1.3), one may conclude 
at once that if go>0, 0<g,<1, (n=1, 2, 3,---), >| ga—1/2| con- 
verges, then the function f(s) given by (1.1) approaches a finite limit 
B(s) as s+—s, s>1, from the upper half-plane, and the limit 6(s) as 
s—>—s from the lower half-plane. The function f(s) is continuous and 
not real for s>1. The function f(s) given by (1.1) may become infinite 
as s-+—1, for example, if go=1; Ea =1/2 (n=1, 2, 3,---), then 
f(s) = (+s). 


2. Proof of Theorem 1.1. There is a one to one correspondence be- 
tween functions of the form (1.3) and functions e(x) which are real 
when x is real, analytic for læ] <1, and for which M(e) S1, such that 
if f(s)s>e(x) then? 

2.1) +- EEIN s= 4z/(1 — 2), |z| <1 

p 1+ zelz) i l 

(1) The transformation z = 4x/(1— x)? maps the interior of the circle 
læ | = 1 one to one upon the interior of the z-plane cut along the real 


axis from s= —1 to z= — œ. Hence it follows at once from (2.1) that 
`` H M(e) <1, ten 
1+ M(e) 
f(s) =a ~ f 
| £8) | TH ; 


over the entire domain of analyticity of f(s). 
(ii) In (2.1) put x=£+4n, e(x) =u-+, f(s)=P+4Q, where $, n, 
Kor P, Q are all real. We then find for Q the value 
n(s? + è — 1) Hole + 9? — 1) 
2 | 1 + xe(x) |a 


lí s21, o= [s —2+2i(s—1)"3]/s, so that la| = 1, then as x—ø from 
the interior of the circle læl ={=1, g must approach —s from the upper 
half-plane. If M(e)<1, and e(x) approaches a limit e(e) as z~o, 
| x| <1, then it follows from (2.1) that. f(s) approaches a finite limit 


" £H.S. Wall, Some recent dovelopments in the theory of continued fractions, this Bulle- 
tin, vol. 47 (1941), pp. 405-423; Theorem 5.1, p. 415. 


(2.2) C= 


_ 


1942] CERTAIN STIELTJES CONTINUED FRACTIONS 429 


a(s) as s-+-—-s from the upper half-plane; and from (2.2) it follows 
that Q has the limit 
(s— 1) | e(o) |? — 1 
$ | 1 + celo) |3 i 

where is zero if and only if s=1. Hence a(s) is real if and only if s=1. 
Inasmuch as f(8) =f(z), it follows that f(s) has the limit a(s) as s—>— s 
from the lower half-plane. Clearly a(s) is continuous if e(x) is con- 
tinuous for |x| S1. l 

(iii) To complete the proof of Theorem 1.1 it remains to be proved 
that when >| ha— 1/2| converges then M (e) <1 and e(x) is continu- 
ous for |x| £1. Put eo(x) =e(x), 


1 ia — llr) 
2.4 3 E. 
(2.4) ex+1(%) eae 
Then #,.1.=1—2h, (n=1, 2, 3,---). Now, Schur? proved that if 
[tnt] <1, (w=1, 2,3,---), and È |f| is convergent, then M(e) <1, 
and e(x) is continuous for |x| <1. Since 0<4,<1 by hypothesis, it 
follows that ~1<#,_1<1; and since the series >| ha 1/2| converges 
by hypothesis, it follows that >>|#,| converges. 

This completes the proof of Theorem 1.1. , 

It will be seen from (2.3) that if f(s) has a real limit ass—>—s, s>1, 
then M(e) =1. This is true also if f(s) becomes infinite as s—+—s, s21, 
and in this case 6(x)—+—1/o0 as x—o. Inasmuch aslim,._, (s-+s)f(s) =0, 
UM, f(s) =0, if M(e)<1, it follows that the corresponding mass 
function @(#) (cf. (1.2)), is continuous for OS“3S1 in this case.‘ 

3. An example. If we apply the transformation (2.4) to a function 
f(s) of the form (1.3) we obtain a sequence of functions f(s) =f(s), 
fils), fa(s),-+-- all having continued fraction expansions of the 
same character as that of f(s). Suppose that in (1.3), 0<4,<1, 
(n==1, 2, 3,---), and that the series >, | ha — 1/2] converges. On ap- 
plying Theorem 1.1 we find at once that as s—-—s, s21, I(s)>0: 


(2.3) 


ba = ¢6,(0); #=0,1,2,-°+-. 


1 1— a 
tage So eae: 


s 1— pals) 


and that a@;(s) is real if and only if s=1; a1(1) =1; œ(s) is continuous 
for s21. By mathematical induction, f:(s), fs(s), --- also have this 


3 I. Schur, Uber Potensrothon, dis im Innern des Enheitskrieses beschränkt sind, 
Journal fur die reine und angewandte Mathematik, vol. 147 (1916), pp. 205-232, and 
vol, 148 (1917), pp. 122-145. 

‘I. J. Schoenberg, Uber dis asympiotische Verteilung reeller Zahlen mod 1, Mathe- 
matische Zeitschrift, vol. 28 (1928), pp. 171-199; p. 179. 
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property. Let Ay /1+(1—Al)Ags/1i+(1—Ag)Ags/i+ --- be the con- 
tinued fraction for fi(s). Then we shall prove that >| ae — 1/2] 
may diverge alihough >| h,—1 /2| converges, and that the convergence 
of the series 9| ha —1/2| is not necessary in order that the conclu- 
ston in Theorem 1.1 skak hold. For this purpose, let 4,=1/2, 
(n=1, 2, 3, a J: Then f(s) =1/[14+(1+s)"*], (f(0) =1/2), and 
fils) =1/[1+(1+s) 42] [1+2(1+8)"*], (f1(0) =1/6). The function fals) 
has the properties stated in Theorem 1.1 for the function f(s) of that 
theorem, excepting that, as we shall see, the series Dolk —1/2| 
diverges. In fact, hia = (4n 4+3)/2(4n +1), hin = (4n—3)/2(4n—1), 
(n=1, 2,3,- ), in consequence of the following theorem: 


THEOREM 3.1. Let k be a parameter subject only to the conditons 
(3.1) k =Æ (3 — 4n)/2, (1 — 4x) /2, # = 1,2,3,---, 


and put 


(h) 


korere Daks r, 
je (pA SO, Ss... 


Then the continued fraction f,(s) ~h™/1+(1 —AP) AM 3/14 
(1—AW)AMs/1+--- converges unsformly in a suffictently small 
netghborhood of z =Q, and the analytic function falz) satisfies the relation 


i bk — fala) 
(3.2) Jels) a T FOP) 


ProoF. The uniform convergence follows from the fact that all the 
partial numerators after the first are numerically less than or equal 
to 1/4 for sin a sufficiently small neighborhood of the origin. To prove 
(3.2), write the nght-hand member in the form: 


La o _ 1- (hi) \ B =4 (hy hi hy 3/(1+ hy) 
sl RDH oslo 14 1 
(1 _ ha )hy S (1 E he Jhr } 
+ 1 + 1 Pasg 


! We are to show that this is equal to fy;:(s). This can be done by show- 
ing that the odd part of the last continued fraction is identical with 
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the even part of the continued fraction for fi41(s). We omit here the 
details of the calculation.’ . 

Let e.(x)oof.(s), (n=0, 1, 2,--+). Then we find for the ¢,’s the 
following recursion formulas: 
1 kh+Q@— be + Gz — Dela) 
x (3 — 2) + (2 — ka t+ hax)en(z) 
(n=0, 1, 2,---). For the- special example under consideration, 
e(x) = ¢9(x) 40 and e1(x) =2/(3— x). Hence, although M(e) <1 in this 
case, nevertheless M(¢,)=1. From the way in which (3.3) was-ob- 
tained it follows that if ¢9(x) is an arbitrary function which is real 


when x is real, analytic for | | <1, and such that M(¢,.) $1, then the 
functions ¢:(x), es(x), +--+ are all of this same character. 


(3.3) éxyi(z) = » ky = @,(0), 


NORTHWESTERN UNIVERSITY 


$ O, Perron, Dis Lekre von den Ketionbruchen, 2d edition, Leipzig and Berlin, 1929 
p. 201. 


ON LOCAL CONVEXITY IN HILBERT SPACE 
I. J. SCHOENBERG 


1. Introduction. Let M be a set of points in a normed vector space 
V. M is said to be convex if p and q being any two points of M, the 
whole rectilinear segment pq belongs to M. A weakened form of con- 
vexity, due to H. Tietze,! is as follows: 


DEFINITION OF LOCAL CONVEXITY. Let pC M. The set M ts said to be 
locally convex at p tf there extsts a possisve p= p(p) such that the inier- 
section M- S(p; p), of M with the open sphere S(p; p) of center p and 
radius p, +s convex tn the ordinary sense. The set M +s caled locally 
convex tf M is locally convex at all sts posnts. 


Every convex set is locally convex. The converse is not true since 
every open set is obviously locally convex. Tietze’s chief result con- 
cerning local convexity is as follows: 


THEOREM 1 (of Tietze). Let E, denote the k-dimenstonal euclidean 
space. A closed and connected set Min Es which ts locally convex ts also 
convex tn the ordinary sense. 


By means of his concept of local euclidean dimension of a set M at 
a point pC M, Tietze reduces the proof of Theorem 1 to the case of 
locally convex continua with interior points and which coincide with 
the closure of their set of interior points. Tietze then proves the theo- 
rem for continua in F, and finally extends the proof to cover any Fy. 
Tietze’s method does not seem to be applicable for sets in Hilbert 
space. 

The following lines contain a simpler method of dealing with this 
problem which allows the establishment of Tietze’s theorem in any 
real or complex normed vector space whether separable or not. For 
the sake of definiteness we state and prove our theorem for real 
Hilbert space.? 


Presented to the Society, September 8, 1939 under the title Om local convexity in 
cxuchdean spaces; received by the editors August 13, 1941. The present note is an im- 
proved version (see Footnote 6). 

1H. Tietze, Uber Konvexksit im kleinen und im grossen und uber gewisse den Punk- 
ion einer Menge sugeorducten Dimenstonszaklen, Mathematische Zeitachrift, vol. 28 
(1928), pp. 697-707. 

2 Recent results have demonstrated the breakdown of some classical properties of 
convex sets when we pass from euclidean spaces to Hilbert spaces. See, for example, 
David Moskowitz and L, L. Dines, Cotvexsiy in linear spaces with an inner product, 
Duke Mathematical Journal, vol. 5 (1939), pp. 520-534, in particular the example on 
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THEOREM 2. A closed and connected set M in the real Hilbert space 
H which is locally convex ts also convex in the ordinary sense. 


2. On &convexity and three lemmas. All our sets are in Hilbert 
space unless otherwise stated. Astrengthened form of local convexity 
is as follows: 


DEFINITION OF 6-CONVEXITY.’ Lei 8 be a positive number. A set is 
said to be b-convex if p and q being any iwo points of M, of distance 
pq <ò, the whole segment pq belongs to M. 


It is clear that -convexity implies local convexity. The converse 
is not true. Thus the following two' sequences of points on the x-axis 


(space En) 
1 
Mi: i}: n= 1,2,- 
n 


Ms: {itt tot, #=1,2, 
2 n 
are clearly locally convex but not &convex, no’ matter how small ô 
may be. Notice that M, is bounded but not closed and Ms is closed 
but not bounded, hence none of these two sets is self-compact. For 
self-compact sets both types of convexity are equivalent, a fact which 
we now state. 


Lemma 1. A self-compact ses M which is ee convex 4s also 8-con- 
vex for some appropriate value of 6. 


Indeed, the contrary assumption to the effect that M is never 
dé-convex, no matter how small 6 is, implies that for every integer ns 
our set M contains a pair of points Ga, 5, with a,5, <1/n and such that 
the segment a,b, does not wholly belong to M. Since M is self-com- 
pact we may assume a,—+, b,—-p and p E M. But this clearly contra- 
dicts the local convexity of M at the limiting point p. 





pp. 531-532. This makes it the more remarkable that Tietze's theorem does hold in 
Hilbert space. 

3? The -convexity is readily seen to be equivalent to «s#form local convexity. By 
this we mean local convexity of a set in the sense of our first definition with a radius * 
p=p(p) >0 which is independent of p. 

A &convex set is a very special instance of a metric space with clementary arcs in 
the sense of Marston Morse, Thé Calculus of Variations in the Large, American Mathe- 
matical Society Colloquium Publications, vol. 18, New York, 1934, p. 298. See also 
J. H. C. Whitehead, Convex regions in the geometry of paths, Quarterly Journal af 
Mathematics, vol. 3 (1932), pp. 33-42. 
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Our principal tool will be the following elementary geometrical 
lemma in euclidean space: 


LEMMA 2.4 Let po, ti, ++, Pa (Popa) be posnts tn the euclidean 
space Ey. Let IL denote the open polygonal line joining successively the 
given points po, pi, © -> , Pa. Regarding Er as a vector space we dersve a 
new sequence of points by setting 


H= po, pr=Hpotpod, pfr=Hpi+fa),---, 
Pei = Elpa zo Pr); Dn = Py. 


Repeating the same operation on the newly derived broken lene Il’ 
=p ipg +--+ pa, let ‘ 


p's ca pa = $o, p ad 4( p21 + po), Po — 4 (po F pi), T Sng 
Pai = Elpa- H pa), Pa = Pn pa 


Repeating this operaiton indefinitely we obtain an tnfintte sequence of 
broken lines 

g~ ee ppd ees i m = 1, 2; 3, SOT ATY 
ak jointing the porinis po and pu. Let N be an open set contatning the 
closed segment bopa. Then N wll contain the whole broken line II™ for 
all suffictently large values of m. 


Since our proof will be independent of the dimension k we may ` 
without loss of generality assume that k=2. Let p® =p, and 0 =i. 
For convenience we now extend the definition of the points p™ 
(—m Si Sn) for all integral values of 4 (=0, +1, +2,--- ) by setting 

1) po = p= po if iS — Mm, 
2, =p =~ if iB. 


We then have without exception the relation 


(m) (m--1) (m—1) 


Pr = 4(p, + pur J m= 1,2,...;4=0, t1, +2., 


and therefore 


in 1 
(2) ” = ae {Ps + Cmi F Cafe bee H Pan: 





. ‘Lemma 2 was suggested by the related problem (Number 3547) proposed by 
Martin Rosenman, American Mathematical Monthly, vol. 39 (1932), p. 239, and by 
its elegant solution due to R. E. Huston, ibid., vol. 40 (1933), pp. 184-185. 
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We now choose in our plane Es a coordinate system (x, y) such that 
Po=(0, 0), pa =(1, 0). Furthermore, let the open.set N contain the 
open rectangle 


on 


(3) R: —e<r<i+e, —eLly<e. 


Finally let p,= (x, y,). In view of (2) and (3) it suffices to establish 
the two inequalities 


1 
(4) ~e< da t Casta ts tte} < 1e, 
1 
(5) = e< a I H Cua e + Yip) <6, 
for sufficiently large values of m. From (1), for m =0, we get 
.. = eg = T = X = 0, Ea = Xe = Aaa = ee = Í, 
= Ja = ya = Yo 0, Yam Yari = Yma = mO 


But then our inequalities (4) and (5) obviously hold for sufficiently 
large values of m, for the sum of any set of at most n—1 consecutive 
ones among the binomial coefficients 1, Cai, Cm $, 1, divided ` 
by their total sum 2"=1+C,1+ -° +1, tends uniformly to zero 
as m—> œ. Hence our lemma is eave 

Our geometrical Lemma 2 will be made effective for our purpose by 
the following third and last lemma which states the effect of the as- 
sumption of local convexity on connected sets. l 


LEMMA 3. Let M bea set in Albert space which ts closed, connected 
and locally convex. Then M 4s also connected in the following stronger 
sense: Any two posnts a and b of M may be joined by a finte polygonal 
line lying wholly in M.S 


Indeed, denote by N the set of points of M which may be joined 
to the fixed point a by a finite polygonal line lying in M. 


! A proof of Theorem 2 in the complex Hilbert space requires a proof of Lemma 2 
in the k-dimensional complex euclidean (unitary) spece Uy. The proof just given is 
readily adaptable to the space Us of two complex coordinates s= x’--42"", ymy’ +y”, 
The only change is that the rectangular neighborhood (3) of the segment pap, is to be 
replaced by the open set defined by —e<x’<i+e —a<r <a —e<y <e 
—e<y'’ <a This is essentially again the real case for the space E. 

* Open connected sets are known to enjoy this stronger connectivity property. In 
fact Lemma 3 implies this classical property since open sets are locally convex as al- 
ready mentioned. 

Lemma 3 was pointed out to the authur by S. Kakutani and J. W. Tukey. The 
earlier version of this paper was thereby simplified and the method became applicable 
to Hilbert space. 
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N is closed in M. Indeed, let gq, EN, gE M. Since M S(q;1r) is 
convex for a certain r>0, as soon as g,©S(g; r) we have gqCM, 
hence gC N. 

N is open in M. For if g@N clearly all points of M-S(qg; r) will be 
in N, provided r is sufficiently small. 

The connectedness of M now implies that N= M. 


3. Proof of Theorem 2. Let M be a closed and connected set in H 
which is also locally convex. Let a and b be any two points of M. 
We want to show that aC M. By Lemma 3 there is a aaa of 
points $1,:-+, Pa such that the polygonal line T=apips- + + pa_id 
lies in M. Let E, be a’euclidean subspace of H which ponies this 
polygonal line I]. Let furthermore 5(a; r) be a closed sphere of H of 
sufficiently large radius r 80 as to contain our polygonal line H. The 
intersection 


\ Wx M-E,-5(a; r) 


is obviously closed and bounded, hence also self-compact as being a 
subset of E.. But M; is also locally convex, being the intersection of 
three locally convex sets. By Lemma 1 we know that Mj, is 6-convex 
for some appropriate value of 6. On the other hand our assumptions 
insure that UCM. By subdividing, if necessary, the sides of I we 
may assume that the sides p:f.4: of the line H are all of length less 
than 6. We now perform the construction of Lemma 2. Since UC Mi, 
the -convexity of Mı and the triangle inequality imply that also 
O’ C My. Since all sides of all derived polygonal lines U are of length 
less than 8, induction with respect to m will show that H™® CM; for 
all values of m. By Lemma 2 II™ converges to the segment ab as 
m— ©. Since Mis closed we indeed have ab C Mi, hence ab CM. Thus 
M is convex and our theorem is proved. 


UNIVERSITY OF PENNSYLVANIA 


ON 3-DIMENSIONAL MANIFOLDS 
C. E. CLARK l 


Let P be a 3-dimensional manifold.' Let Q be a 2-dimensional mani- 
fold imbedded in P. Moreover, let P and Q admit of a permissible 
simplectal diviston K, that is, a simplicial division of P such that some 
subcomplex of K, say L, is a simplicial division of Q. Let K, and L; 
denote the ith normal subdivisions of K and L, respectively. We de- 
fine the netghborhood N, of L, to be the simplicial complex consisting 
of the simplexes of K, that have at least one vertex in L, together 
with the sides of all such simplexes. By the boundary B, of N, we mean 
the simplicial complex consisting of the simpléxes of NV, that have no 
vertex in Z,. Our purpose is to prove the following theorem. 


THEOREM. The boundary B, is a two-fold but not necessartly con- 
nected covering of Q, and change of permissible diviston K replaces By 
by a homeomorph of stself. 


Proor. The neighborhood N; is the sum of a set of 3-dimensional 


simplexes. Some of these 3-simplexes, say ai, Ga, +- , have exactly 
one vertex in Lu others, say bı, ba =- -, have exactly two vertices 
in Ly, while the remaining, say Cu ¢,---, have three vertices in Ly. 


Since K; is a normal subdivision of K, the intersection of Lı and b; 
or c; is a 1-simplex or 2-simplex, respectively. Let a, u and y; be 
the intersections of B, and ay, b, and c, respectively. We shall regard 
a, and y, as triangles with vertices on the 1-simplexes of a, and cs. 
Also we shall regard f; as a square with vertices on the 1-simplexes 
of b,. 

Any 2-simplex of La, say ABC, is incident to exactly two of the ¢,. 
Let c.=ABCM. There is a unique 3-simplex of Ni, say ø, that is inci- 
dent to 4B M and different from cı. This g is either a c, say ca or a bs 
say bs. If æ is cx, then the triangles y, and ys have a common side. Sup- 
pose that o is b= ABMN. The 2-simplex ABN is incident to a unique 
3-simplex of Ni, say r, with r~ABMN. This r is either cz or Ds. If 
T =b, there is a c, or bı. Finally we must find ac,=ABDS, D in La, 
S in Bı. We now consider By, Ba, ©- , and Bp. The sum of these 
squares is topologically equivalent to a square. One side of the square 
is coincident with a side of y: and the opposite side coincident with 
a side of Yp. 


Received by the editors July 21, 1941. 
1 Qur terminology is that of Seifert-Threlfall, Lehrbuch der Topologies. Manifolds 
are finite, while simplexes and cells are closed point sets. 
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Since K, is a manifold, we can repeat the construction and associ- 
ate with ABC and ABD a second pair of triangles in B, that are either 
incident along a common side or incident to opposite sides of a square. 
But there is not a third such configuration associated with ABC and 
ABD. We repeat the construction for all pairs of adjacent 2-simplexes 
of Lı. Then to each 2-simplex of L, there correspond two triangles in 
By. Moreover, if two 2-simplexes of L, are incident along a side, the 
four corresponding triangles can be paired so that the two triangles 
of each pair either have a common side or are incident to opposite 
sides of a square. 

Since P and Q are 3- and 2-manifolds, respectively, we can say 
that Q is two-sided in P in the neighborhood of any point of Q. More- 
over, the two y's of B, that correspond to a 2-simplex of L, lie on 
opposite sides of Q (in the neighborhood of this 2-simplex). 

Consider a vertex X of Lı and the 2-simplexes A, of Lı that have X 
as a vertex. On one side of Q (in the neighborhood of X) there corre- 
sponds to each A, a unique y., and the y’s have the same incidences 
as the corresponding A’s (we say that two y’s are incident if they are 
incident to opposite sides of a square). Let us denote by R the points 
of these y's and the squares incident to pairs of these y's. Let A de- 
note the points of all a,’s that are in a,’s incident to X and on the 
side of Q that we are considering. 

We shall show that R+4A is a 2-cell. To do this we shall show that 
R-+A is a manifold relative to its boundary, that its boundary con- 
sists of one or more circles, and that any 1-cycle of R+A bounds in 
R-+A. First we observe that B, is a manifold; this fact follows from 
the structure of B, and the fact that K, is a manifold; the argument is 
elementary and we omit it. Since R+A is the sum of 2-cells a, $, 
and y, the set R+A is a manifold relative to its boundary. 

To show that this boundary of R-++A consists of one or more circles 
we shall study the incidences among the cells of R+A. First, let a, 
have X as a vertex. If a 2-dimensional side of a, is not in B,, this side 
must be a side of an a; or b, Furthermore, this a, or b, has X asa 
vertex. Hence, any side of an a, is also a side of an a, or 8, of RA. 
Next, let c, have vertices XABM, M in Bı. The sides of y, that are 
in XAM and XBM are sides of ¥,'s or B,'s of R+-A. But the side of y, 
in ABM is not incident to any other 2-cell of R-++A. This side is part 
of the boundary of R+A. Finally, let b, have vertices XA MN, A 
in Lı. The sides of 8, in XAM and XAN are incident to sides of 8,’s 
or y,;8 of R+4; the side of 8, in X MN is incident to an a; or f, of 
R+4A; but the side of 8, in AMN is not incident to any other 2-cell 
of R+4. This side is part of the boundary of R+A. Examination of 
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the segments of the boundary of R+A shows that they fit together to 
form one or more circles. 

We next show that if Cis a ameona cycle of R+A, then C 
bounds in R-++A. We shall find it convenient to replace A by a new 
set that will never be empty. We define A’ to be A together with all 
vertices of ‘y's of R that are not in the boundary of R+A and all sides 
of squares of R that are not sides of y's of R and not in the boundary 
of R+A. If A is not empty, the set A’ is the same as A. But in any 
case A’ is not empty, and R+ A’ is the same set as R+-A. The set 
(R+A’)—A’ is homeomorphic to a 2-cell with an inner point re- 
moved because (R+4')— A’ can be obtained from the configuration 
of the 2-simplexes of Lı that have X as a vertex by removing X and 
replacing some of the 1-simplexes by squares (open along one side). , 
Hence, the cycle C is homologous in R+A’ to a cycle on A’, and we 
assume that C is on A’. The set A’ is part of b, the boundary of the 
combinatorial neighborhood of X in Ky. Since K, is a manifold, the 
set b is a 2-sphere. Assume that C does not bound in A’. Then C 
must surround a 2-simplex of b that is not in A’. We easily find a 
2-simplex of R-+A’ that is not incident along one of its sides to an- 
other 2-simplex of the manifold B;. This contradiction proves that C 
bounds, and the proof that R+ A is a 2-cell is complete. 

Now we draw some lines on R+ <A. If two y's have a common side, 
we draw a line coincident with this common side. If two y's are inci- 
dent to a square, we draw a line across the square half way between 
the y’s. All these lines are continued so that they meet at a point of A. 
These lines give a subdivision of R+A that is combinatorially equiva- 
lent to the combinatorial neighborhood of X in Lı. The lines can be 
drawn for all R+A of B, and we get a subdivision of Ba that is com- 
binatorially equivalent to a two-fold but not necessarily connected 
covering of Lı. 

A triangle of the covering is associated with a 2-simplex of Lı and 
a side of Q (in the neighborhood of this simplex). Hence, a homeo- 
morphism is determined between this covering and any covenig ob- 
tained by changing the permissible division K. 

The theorem is not true with B, rather than By. For example, let Q 
be the boundary of a 3-simplex of K. Then B, is a sphere and a point. 

We can prove the following theorem in the same way but with 
much less effort. 


THEOREM. The above theorem is true if P and Q are replaced by 2- and 
1-dimenstonal mansfolds. 


PURDUE UNIVERSITY 


A LINEAR TRANSFORMATION WHOSE VARIABLES 
AND COEFFICIENTS ARE SETS OF POINTS 


S. T. SANDERS, JR. 


Introduction. While the theory of the linear transformation has 
been developed in great detail, ‘attention has seldom! been called.to 
the transformation T in which variables and coefficients are sets of 
points. Doubtless the nonexistence of a unique inverse transformation 
has occasioned this neglect. In this paper the writer studies the itera- 
tion of T. 

Consider first the kamon 


xı = Guti + Cinta 
} 
tı = Gxt + Gace 
whose se mairt is 


Gii ig 


Mo 














Gai Gas 
where the a’s and x’s are sets of points, and the indicated sums and 
products refer to set operations. Applying T to the primed variables, 
we have the product transformation ' 











(2) +? (2) 77 
1 = Gi X41 + Gin Ti - f 
I7: (2) 77 (2) 773 
Tı = Gri Yi + Gas Xs 
of set matrix 
a Pi 
11 12 
M=] wm o% | 
G41 O42 
where 
(2) {2 
Gu = Gu + Gut, Gis = Gilis + Giras, 
(1) 


(2) (3) 
G = Gti + Ant, Gay = Grila + G43. 


Transforming in turn each new set of variables, we obtain product 
transformations T?, 7‘, ---, whose set matrices are M*, M4,--- 


Presented to the Society, December 30, 1941 under the title Om powers of a mairix 
whose slaments are sets.of points; received by the editors August 25, 1941. 
1Lowenheim, Uber Transformationen im Gebisiokalexl, Mathematische Annalen, 
vol. 73 (1913), pp. 245-272; Gebtetsdeterminatton, Mathematische Annalen, vol.79 
(1919), pp. 223-236. 
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Set matrices M(a.;) and M’(a,) are defined to be equal if a,,=ay, 
i, j=1;2,---, n, while if a,,Cay,? then we shall write MCM’. A 
sequence My, k=1, 2, - - - , of set matrices is increasing or decreasing 
according as MC May, or MayiCM,. 

From h follow auCaf? and amCaQ’. The assumptions ancag 
and as, aS are equivalent to 


(2) Gin + dai C ti + Gas, 


which is a reat and ent condition that MC M’. But from 
(1) we have a? +a® Ca?) +02, whence by (2) the inclusion MIC M“, 
and the nie eee is established, 


THEOREM 1. The sequences M™* and M***!, k=1, 2,---, of second 
order set matrices are increasing. 


From (1) follow also af Cay and a2 Can, while the assumptions 
a® Cay, and a® Can are equivalent to 


(3) 411611 C tiin, 


a necessary and sufficient condition that MW'C M. From (1) comes 
aa? Ca%a2, whence by (3) the inclusion MC M”, and the follow- 
ing ern 


THEOREM 2. The sequences M>” and M'**!, k=1, 2, -+ , of second 
order set matrices are decreasing. 


This theorem follows at once. 


THEOREM 3. Even powers of a second order transformaison are sdents- 
cal; likewtse odd powers beyond the first. 


The general case. Consider the transformation 
a 
T: t= D yti, ¢=1,2,---,m, 
* = 
of set matrix 
Gil Gigs ** Gis 
Gri Gez'** Cay 
Gut Gur‘ ** Gus 


where the variables and coefficients are seta of points in a space whose 
generality is limited only by the following assumption. 


* The symbol C denotes inclusion. 
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(A) The elements a;, of M are independent point sets. That is, if 
products Pi, Ps,---, Pa >>- of elements of M are such that 


PiC >> Pi, f 
byt] 


there is a subscript k =k’ such that? PiC Py. 
The following theorem will presently be established. 


THEOREM 4. The tieration of the transformatson T of order n leads to 
at most (n—1)*+N distinct transformations, where N ts the least com- 
mon mulitple of 1, 2,---,n, and at most N of these transformations 
recur persodically. If the coeffictents of T are independent, there are pre- 
casely (mw —1)?+N distinct transformations of which N recur periodi- 
cally, 


We shall denote by a the element in the sth row and jth column 
of M?. Clearly a is a sum of products of the form 


P= DibgFhghyFighy * * * Tkpi; 
for all distinct Po of selecting the subscripts ks, ksn >- , Èp from 
the integers 1, 2,---, n. The characteristic r form krka, 


kk, of the sakoe ipis of consecutive factors of P will be expressed in 
the word proper. Thus anasanaānan is a term of aË and a proper prod- 
uct, as opposed to the identical point set @isGs90s900. 

The order of a product P is the number of factors occurring in the 


product. The orders of products P, C,---, will be denoted by’ 
b,c,:--+.Acycle of P is a proper product Gs biss, © * ° a,x, Of fac- 
tors of P in which the subscripts fi, ks, --- , ka are distinct. It is con- 


venient to denote such a cycle by Ci,. Thus a::0n¢y¢n involves, the 
cycles C;=Gydn, C3=G4, and Ci =44u. A closed cycle of P is one 
whose factors occur consecutively in P. A product P is c-cycltc if every 
product of c consecutive factors is a closed cycle. It follows that these 
closed cycles are cyclic permutations of a single cycle C, known as 
the defining cycle of the product P. Thus d4jd31Gj20¢903; 18 aes 
with the defining cycle Cy = Gg,04101. 

Proper products are coterminal if corresponding terminal subscripts 
are equal. Thus P =dita0y and Pi =a, are coterminal. Such prod- 
ucts clearly are terms of elements similarly situatéd in set mat- 
rices MP and M”. It is convenient to denote a proper product 
Gsnayb, °° * Ge; by Pu. If coterminal proper products P,,, Py are 


? Thus, under (A), such inclusions ag digg, C P= a,.+419¢n cannot hold, since P 
does not involve one of the terms ais, dis, Guin. 


y 


-r 
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such that py<p, while P,;CPy, we say that Py is a contraction 
of P,;, while P,;is an expansion of Py. Thus aan is a contraction of 
Gantan, while the latter product is an expansion of the former. 


The following lemmas are immediate consequences of the preceding 
definitions. 


Lexma 1. A proper product of order pane n—1 involves a closed 
cyche. 


Lemma 2. The deletion of a closed cycle from a proper product of 
greater order yields a coniraciton of the product. 


LEMMA 3. The insertion of a cycle Cs, nto a proper product immeds- 
ately following a factor Gi,s,, or immediately preceding a factor ap,»,, 
ytelds an expanston of the product. Thus the appropriate insertion of 
Ci=aytu into Py=autudn yields Piy=Gudndwoudn, OF dudududsdn. 


Consider the sequence 
(4) Piz, Pin Pip i Py, 
in which each element after the first is obtained from its predecessor 
by the deletion of a closed cycle. The last element can involve no 
cycle, or is itself a cycle, and is called a stem of P;,;. The definition is 
not unique, since PË clearly varies with the sequence of cycles of Py; 
whose deletion leads to (4). Thus dudyGnduay has the stems Gnas 
and Gist. 

From Lemmas 1 and 2 follows this lemma. 


LEMMA 4. A stem of a proper product P ts a contraction of P whick 
has no coniractton. The order of a stem cannot exceed n. 


Increasing sequences. We first prove this lemma. 


Lemma 5. For every integer c not exceeding p nor n, there occurs in M?, 
p22, an elemeni involving a term which ts a c-cycltc product. 


If p=mc each diagonal element a2 involves certain c-cyclic terms 
in which a cycle C is repeated m times. If p=mc+r, 1S9r<c, each 
element a), ixj, involves certain c-cyclic terms in which the rth fac- 
tor, and hence the pth, is a,;. Thus, for" 24, alt) involves the 2-cyclic 
term 691019091413, while ai involves the 3-cyclic term GyduGpdnGu. 


THEOREM 5. Let M be a set mairix of order n whose elements are inde- 
pendent. The sequence M?!, M?!,---, Mrr, Mrrti,-- +, pe<peii, $8 
ete sf and only tf pi>n—1, tohile Prii—p, ts a mulistple of 
1 2.8 A% 
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_ By Lemma 1 a term P of af? involves a closed cycle C. Since 
tr — pris a multiple of c we can insert appropriately into P sufficient 
repetitions of C to yield by Lemma 3 an expansion P= P of order py41. 
Thus P is the required term of af”. 

Conversely, if piSn—1 there is a term P’ of af” involving no 
cycle, and which by Lemma 1, and (A) is not contained in a for 
t=p 2n. And if ~,)>n—1 while $,41—), is not a multiple of cn, 
there is by Lemma 5 an element a¥ of Mr involving a term P, 
which is a c-cyclic product. Now a product P,4: which contains P, 
can by (A) involve only factors of P,, and is hence c-cyclic. But since 
Prii— pr is not a multiple of c, it follows that P,+1 is not coterminal 
with P,, and so is not a term of af”. From (A) we conclude that P, 
is not contained in the set a’ and the theorem is established. 


Decreasing sequences. Before proceeding we prove two lemmas. 


Lemma 6. Let P bea proper product, S a sequence of cycles of P de- 
termining a stem P', h=h(S) the highest common factor of the orders of 
the cycles of S, and c the greatest of these orders. There is a contraction P 
of P involoing every subscript of P, and such that $Sc(n—c+2)—1,- 
pmp (mod k). 


Consider the following sequence 
S: P’, Cian, Ca eee Cs 


in which: (i) Cı is a cycle of S involving a subscript not found in P’, 
and has the maximum order of all such cycles. (ii) Each C following 
Cy, is a cycle of S involving a subscript which has previously appeared 
in S’, and one which has not done so. Further, all such cycles of S 
are in the sequence S”. 
_  Itis easily shown that every subscript involved in P occurs in some 

cycle of S’. For let $, be the first subscript of P not found in S’. Since 
k, cannot occur in the stem P’, it must first appear in P in a factor of 
the form á+, But k, occurs in some cycle C’ of S, while k, occurs ina 
cycle of S’. We infer from (ii) that C’ is a cycle of S’, and a contradic- 
tion is reached. 

‘Now if the cycles Ci, C3, -+-, Ca exist, at least one involves a sub- 
script of P’; for the contrary assumption leads to a contradiction, as 
in the above argument, on consideration of the first appearance in P 


of a subscript of Ci, Ca, ++, Ca. It follows that the cycles of S’ can 
be combined with P’ into a contraction P of P which involves every 
subscript of P. 


Consider now the order of P. We have 
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P 
pep t+ Vie, ase 
im | 


If p’Sc—2, P’ and C, together involve at least c distinct subscripts, 
whence kSn—c+1,andfSce—2+c(n—c+1) <c(n—e+2) —1. While 
if p’>c—2, P’ and Cı together involve at least p’+1 distinct sub- 
scripts, whence kSn—p’, and psSp’+c(n—p’)=cn—p'(c—1) Sen 
—(¢—1)*=c(n—c+2)—1. 

The congruence pmp (mod $) follows from the definition of P’ 
and P. The lemma is established. , 


LEMMA 7. Lebo >a> +--+ Ca bea se Sı of postive integers whose 
highest common factor is h=h(S,). The equation cui testa t -© Fimta 
=k has a non-negaiive integral solution (xi , xi, `> , tm) for every in- 
teger k which is a mulitple of h exceeding (cica/h) —c1— Cc. 4 


THEOREM 6. Let M bea set matrix of order n whose elements are inde- 
pendent. The sequence M?!, M?*,---, Mrr, Mrrti,.-. pr <peii, ts 
decreasing sf and only tf p:>(n—1)!, while p.41—p, ts a multiple of 
1; 28S eye: 


Sufficiency. For any term P of af; the theorem asserts the exist- 
ence of a term Pı of ag”) such that PCP. Our procedure is to insert 
into a contraction of P appropriate cycles of P of the precise total 
order required to yield the desired product Py. 

Let P’ be a stem of P, determined by a sequence S of cycles of P. 
Let P be the contraction of P presented in Lemma 6; and let 
S1: Cy, Ca, © + +, Cu, be cycles of S among whose orders, 6) >¢2> ++ -DCm 
occur all orders of cycles of S. If m=1, the required term P; is clearly 
encountered in the sequence (4) of products defining P’. 

Case 1. Cy <A, 

By Lemma 6 we have 


fr—P>(w—-1)?-—ale—o, +2) +1 


= cla ~-1)-—q—(-D+t+@— 1s — a — 1), 
whence 


l AEN 
(5) t= B> ala- I)a laisa a a 
Now by the same lemma, ~,,1:—$m0 (mod $), hence from p,41:—p,=0 


(mod 4) follows 


4 This lemma is readily established by mathematical induction. However, a better 
bound on &, namely, (c ca /h) —¢,—¢m has been communicated to the author by Dr. 
Alfred Brauer, 
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(6) $r — $ m 0 (mod A). 
By (5), (6), and Lemma 7 there is established the existence of non- 
negative integers, x{,%%,°-+-,x~. such that ` 
P+ Dy oasi = pr / 
fed 
By Lemmas 6 and 3 we can insert the cycles Ci, C3,---,C, into 


P and obtain the required product Pi. 
Case 2. =A, a <ni, 
Again by Lemma 6 


t— B> (w— 1)! — a(n — or +2) +1 


= ala — 2) — Gy — (a — 2) + (s — 2)(# — c1), 
whence 


104 
ae dd i a a a ae a 


and the proof proceeds as in Case 1. 

Case 3. =n, g=n—t. 

Here the contraction P’, instead of P, is employed. We have by 
Lemma 4 


pr — f > (n — 1)? — n = Ciis — 01 — Co. 


Since 4 =1 it follows by Lemma 7? that non-negative integers, xi, xf, 
exist such that p'+cxi +cxi = p,. Thus since P’ must involve a sub- 
script of C, and Cy, it is possible to insert the cycles Ci, Ca, into P’ 
and obtain by Lemma 3 the required product P. 


Necessity. As in Theorem 5 it can be shown that pru — pr must be 
a multiple of 1, 2, ---,#; while for the condition pı >(n—1)?, it will 
suffice to produce a term of an element of M”! which is not contained 

in the corresponding element of M?!, although p:— p1 is a multiple of 
1,2,°-°,%. 

Consider the s-cyclic product Pj of order ~,+2—1 whose defining 
cycle is C1=Gisda - > - Gap and the (#—1)-cyclic product Pi of order 
pa—tı—n+1 whose defining cycle is Cy=anau-:- dex. By inserting 
Pi into Pj following any factor ay, a proper product P of order ps 
is obtained which is a term of an element of the first row of M», 
Now from (A) and the structure of P it follows that any proper co- 
terminal product containing P can be had from P by deletion of the 
cyclea Ci, Cy. We are thus led to the equation 


(7) nzi + (s — I)ri = ps — fr, 
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with the restrictions 
(8) 4241S pita — i, 
(9) (n — 1). S ps2 — pinti. 


By (7) and (9), xı is a positive multiple of #—1, while from 
fi (n—1)? we have by (8), nxısn(n—1). Thus xı=n—1, but it is 
clear that the deletion of #— 1 cycles Cı from P will yield a product* 
whose first factor is ás. From (A) it follows that P is not contained in 
the corresponding element of M*}, and the theorem is established. 


Equality of matrices. Theorems 5 and 6 provide conditions for in- 
crease and decrease, respectively, in a sequence of ascending powers 
of M. In summation we have the following theorem: 


THEOREM 7. Let M bea set matrex of order n whose elements are in- 
dependent. The equality M?1=M?), py>p1, holds if and only tf 
pi>(n—1)3, while pı — p: ts a multtple of 1,2,---," 


Theorem 4 is an immediate consequence. 


SOUTHWESTERM LOUISIANA INSTITUTE 


$ Thus for #=3, p m4, pen we have P = tas nAn which has ` 
no contraction of order 4. 


A THEOREM ON LIE GROUPS 
DEANE MONTGOMERY AND LEO ZIPPIN 
It is the purpose of this note to prove the following theorem: 


THEOREM 1. Let G be a Lie group and G* a compact subgroup of G. 
Then there existis tn G an open set O contatning G* with the property 
that for each subgroup H of G lying in O there is an element g of G such 
that gp Hg ts in G*. 


Roughly, the theorem says that each subgroup near enough to G* 
can be transformed into G* by an appropriate element of G. This re- 
sult can be regarded as a generalization of the known fact that Lie 
groups cannot have arbitrarily small subgroups (other than the iden- 
tity), although it was not from this point of view that our interest 
arose. To make our meaning clear, assume that G* is an invariant 
subgroup so that the factor group G/G" is also a Lie group. If there 
were in G a subgroup H near G* it would go, by the homomorphism 
taking G into G/G*, into a subgroup near the identity of G/G*. The 
only subgroup of G/G* near the identity is the identity itself which 
means that if H is to be near G* it must actually be a subgroup of G*. 
We see that when G* is an invariant compact subgroup of G, the con-, 
clusion of the theorem is true in a trivial sense. 

Our proof of Theorem 1 in the more general situation is based on 
certain facts about the way in which G operates on the coset space 
G/G* which will be denoted by M. This is the space whose points are 
the cosets gG* of G* in G. The group G acts transitively on M which 
can be regarded as a Riemannian space and Cartan’ has shown that 
there exists in M a Riemannian metric for which G is a group of iso- 
metries. This fact will be of great importance in what follows. 

We begin, as we may, by supposing that M is endowed with a 
Riemannian metric invariant under G and, furthermore, we assume 
that M has been made into a metric space (Fréchet) in the usual way 


Presented to the Society, September 5, 1941; received by the editors August 29, 
1941. 

1 For all definitions and theorems on topological groups used in this paper see 
Pontrjagin, Topological Groups. The term compact, as used here, implies that the set 
is closed. 

3 La Théorie des Groupes Finis e Continus c T Analysis Sstus, Mémorial des Sci- 
ences Mathématiques, vol. 42, p. 43. For an excellent summary of properties of iso- 
metries and geodesics which will be useful here, see the paper by Myere and Steenrod, 
The group of tsometries of a Riemannian manifold, Annals of Mathematics, (2), val. 40 
(1939), pp. 400-416. 
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by letting the distance d(x, y), between two points x and y be the 
greatest lower bound of the lengths of geodesic paths joining a and b. 
This distance is invariant under G. Moreover, for small enough neigh- 
borhoods this distance is equal to the Jength of the geodesic joining 
x and y since in such neighborhoods geodesics furnish a proper abso- 
lute minimum for the lengths of paths. 

We shall use the symbol S(x, r), x a point of M and r a positive 
real number, to designate the set of points of M whose distance from x 
is at most r, and we shall call that set the sphere about x of radius r. 
The boundary of this sphere will be the set of points for which the 
distance is precisely r, the inside (or tntertor) will be the set for which 
the distance is less than r. We shall say that a sphere is convex if each 
pair of its points are the end points of a geodesic every inner point 
of which is snstde the sphere. It will be worth keeping in mind that, 
on our definition, when a geodesic belongs to a convex sphere only its 
end points can belong to the boundary of the sphere. 

It will be convenient to use a number of simple lemmas and we now 
turn to them. 


Lemma 1. If x ts any poini of M there existis a neighborhood U of x 
such that sf a, b, and c are three distinct potnts of U which le on one 
geodestc in that order, then 


d(b, x) < max [d(a, x), d(c, x) |. 


Let r be a positive number such that every sphere of center x and 
radius r’ Sr is convex.’ Let U be the interior of S(x, r). If a, b, and c 
are in U, consider the sphere S(x, rı) where r,=d(x, b). The boundary 
of this sphere meets the geodesic abc at b and this means that either 
a or c is outside S(x, r1) as otherwise the fact of convexity of. S(x, rı) 
would be contradicted. But if a point is outside S(x, rı) its distance 
from x is greater than r, and this concludes the proof. 


LEMMA 2. If x ts any poimi of M, there extsts a neighborhood U of x 
such that +f a, b, c, and e are four distinct points in U and a, b, and č 
are on a geodesic sn that order then 


d(b, e) < max [d(a, e), d(c, e)|. | ; 


Here we shall let U designate the interior of S(x, r/2) where r has 
the same meaning as in the preceding lemma. Since G is transitive 
over M there will be an element g in G such that g(e) =x. The points 

3 For the existence of such a number r in a Riemann space see the article by 


Whitehead, Convex regions in the geometry of paths, Quarterly Journal of Mathe- 
matics, vol. 3 (1932), pp. 33-42. 
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g(a), g(b), and g(c) are inside S(x, r), and they are on a geodesic since 
the isometry g preserves geodesics. Making use of Lemma 1, and using | 
again the fact the g is an isometry, we complete the proof of this 
lemma. 


LEMMA 3. [fxtsa point of M there is a netghborhood U of x such that 
if a, b, c are dtstinct points lying in that order on a geodesic in U and 
sf d, e, f are distinct and lhe in that order on a geodesic in U then 


 d(b, e) < max [d(a, d), dla, f), dle, d), dlc, f)]. 


First we conclude from Lemma 2 that d(b, e) is either less than 
d(a, e) or less than d(c, e). Say the notation is such that i 


d(b, e) < d(a, e). 
Now using Lemma 2 again we have 
d(a, e) < max [d(a, d), d(a, b) ], 
and Lemma 3 is proved. 


LEMMA 4. If xis any poini in M, there exists a neighborhood U of x 
such that +f Hts a closed subgroup of G and H(x)‘ is in U then H has a 
fixed point in U. 


Let U denote some convex sphere about x which satisfies the con- 
clusion of Lemma 3. We shall show that this U fulfills the conclusion 
of the present lemma. Suppose, therefore, that H is a subgroup of G 
such that A(x) is contained in U. 

Let q be a point in U such that A(g) is of minimum diameter with 
respect to all orbits of H which lie entirely in U. If H(q) =q our proof 
is completed so we may take it that H(q) >‘. 

In this case H(g) contains at least two points. Let b denote the mid- 
point of some geodesic determined by a pair of points of H(q); now, 
because H is a group of isometries, H(b) is entirely included in the set 
of such midpoints, and H(b) lies in U. It will now be shown that H(b) 
has a smaller diameter than A(g) and this will be a contradiction to 
our choice of q. This contradiction will complete the proof of our 
lemma. 

The diameter of H(b) coincides with the distance between two 
points of H(b). This implies that there is an $ in H such that the 
diameter of H(b) is 


d|b, k(d) |. 


4 This ts the orbit of the point x under the group H. 
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The point b is the midpoint of a geodesic abc where a and c are in 
H(q). The point (b) is on the geodesic h(a), A(b), A(c). Calling these 
points d, e, and f we may apply Lemma 3 and conclude that 


d|b, k(b)] < max {d[a, h(a) |, dla, klo], dle, &(a)], dlc, h(c) |}. 


This shows that the diameter of H(6) is smaller than that of H(q) and 
completes the proof of this lemma. 

It is now a simple matter to conclude the proof of our theorem. 
We have to recall that the “points” of the space M are the cosets gG”, 
g in G. Let us now interpret Lemma 4 in this light, with the group G* 
taken as the point x. The open set U of the lemma corresponds to a 
system of cosets gG* and the set of elements of G which belong to one 
of these cosets constitutes an open set O of G. The set O is a neighbor- 
hood of G*. 

Now let H be a subgroup of G which lies in O and let & be an ele- 
ment of H. Then, by the construction of O, every element of the coset 
kG* belongs to O and the point AG* of M-belongs to U in M. There- 
fore the premises of Lemma 4 are satisfied and we may suppose that - 
H has a fixed point in M. 

This means that there is a “point” gG* of M gidi that 


H(gG*) = gG*. 
This, however, is an equation i sets in G. We may write it 
HgG* = pG". 
From this we conclude that 
gH gG* = G*. 


But this means that for every choice of an element & in G* and ele- 
ment Ain H: g-'kgk is contained in G*. 

This means that for every choice of k in H: g—'hg is contained in G* 
and then finally, that the group g tHg is a subgroup of G*. This con- 
cludes the proof of our theorem. 


COROLLARY. The element g of Theorem 1 may be chosen within any 
prescribed neighborhood of the tdentsty if the open set O is chosen there- 
after suffictently small. 


This corollary is a consequence of our method of proof. If the neigh- 
borhood U of the last lemma is small H will have a fixed point y 
near x. Because of the transitivity of G over M there is a g in G such. 
that g=g(x) and this g may be chosen near the identity in G if y is 
near enough to x. 
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These results may be extended slightly in certain directions as fol- 
lows: 


THEOREM 2. Lei G be a compact connected fintie-dimenstonal group 
and let G* be a closed connected subgroup. There extsis an open set O 
containing G* such that if H is a closed connected group in O then H ss 
the transform of a subgroup of G*. 


Let Z be an invariant zero-dimensional subgroup of G such that 
f(G)=G/Z is a Lie group. By Theorem 1 there exists an open set O1 
containing f(G*) such that any subgroup of f(G) which is in O, can 
be transformed into a subgroup of {(G*). Let O=f-1(O,), and let H 
be a closed connected subgroup of G which is contained in O. There 
is a gı in f(G) such that gi f(A) g, is in f(G*). Let g be an element in 
f(e). Then g~Ag is a connected group such that f(g~!Hg) is in 
f(G*). This means that every element of g~!Hg belongs to the collec- 
tion of elements 'G*Z =f-1f(G"*). 

The set of elements G*Z forms a group which must have the same 
dimension as G* for both are taken by f into f(G*) and the homo- 
morphism f, since it has a zero-dimensional kernel, preserves dimen- 
sion.’ Hence the component of the identity of G*Z must be G*. For 
in any case this component certainly includes G* and it cannot be 
larger than G*, because if a finite-dimensional connected compact 
group contains another connected closed group as a proper subgroup 
it must be of higher dimension than this subgroup. This fact can be 
seen generally by observing that a similar fact is true for Lie groups. 

If the connected group g~!H¢ is in G*Z it must be in the component 
of the identity of G*Z. Therefore g—1Hg is in G* as we wished to prove. 


SWITH COLLEGE AND 
QUEENS COLLEGE 


i See van Kampen, Note on a theorem of Pontrjogin, American Journal of Mathe- 
matics, vol. 58 (1936), pp. 177-180, especially p. 178. 


A NOTE ON COMPLEMENTATION IN LATTICES 
| L. R. WILCOX 


The results of this note concern the notions of complementation 
and modularity in lattices. In the theories of modular lattices, for ex- 
ample, the theory of continuous geometries of von Neumann, the as- 
sumption of complementation has proved extremely powerful; the 
author has found that some analogue of this assumption is usually 
necessary in the study of non-modular lattices.! If Z is a modular 
lattice with 0, 1, and Ñ aC JL, then x is a complement of a in case 
a+x=1,ax=0. If L has the property 


(1) each a © L has a complement, 
then it may be proved that 


(2) a, b © L implies the existence of bı S b such that 
a+b,=a+, ab, = 0. 


Property (2) is the really useful one. Now if L is any lattice with 0, 1, 
then (1) does not imply (2); moreover, even (2) seems too weak for 
most purposes. However, if in (2) we assume in addition that (a, bı) 
(or (bı, a)) is a modular pair, then the usefulness of this assumption 
in analyzing the structure of L is considerably increased. At the same ' 
time, of course, limitations are placed on L, and it is these which we 
study here. - 

Let L be a lattice with 0 and 1. If b, cEL, we say that (b, c) isa 
modular patr and write (b, c)M if (a+b)c=a+bc for a Sc. We write 
(b, c) L if bc=0 and (b, c)M. The negation of M is M’. If b¢=0 and 
(b, c)M’ we write bllc. If L is a symmetric relation, Z is said to be 
L-symmetric; if M is symmetric, L is said to be M-symmetrec.? 


DEFINITION 1. Leta, b, b,CL. Then b; ts a right complement within b 
of atna-+b if 
bi 3 b, a+ bi =a+)b, (a, by) L. 
We say that b, ts a left complement wihin b of aina+5 if 
bi & b, a-+bi= a+b, (bro L l 
If a $b, the phrase “within b” is omitted; if a+b=1, the phrase 
Presented to the Society, September 5, 1941; received by the editors September 24, 
1941. 
1 This Bulletin, abstract 47-5-208 


3 See L. R. Wilcox, Modularity in the theory of lattices, Annals of Mathematics, (2), 
vol. 40 (1939), pp. 490-505, for the elementary properties of the relations Mand L. 
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“in a+b” is omitted. L is right (left) complemented if a, bCL implies 
- the existence of b; such that b; is a right (left) complement within b 
of a in a+b. If Lis L-symmetric, right and left complements coin- 
cide, and the words “right” and “left” will be omitted. 


THEOREM 1. Let (a, b) M. Then b, 4s a right complement within b of a 
sn a+b if and only tf bı is a right complement of ab in b. The forward 
smplication holds also for left complements. 

PROOF. Suppose 0,56, b; +a=6-+-a, (a, bi) -L (or (bı, a) L). Then 

bı + ab = (bı + a)b = (b + a)b = b 
(ab, bı) L (or (bı, ab) L) is immediate. Suppose that ab+5,=), 
(ab, b) L. Then 5:56; moreover, a+0,;=a+ab+6,=a+0. Clearly 
ab,=abb,=0. Let d 3 by, whence 

(d + abı = (d + a)bb; = (d + ab)bı 

= d + abb, = d + ab, 

and (a, b) M. Hence (a, bi) L, and 6; is a right complement within b 
ofaina-+b. 


We turn now to consequences of the assumption that L is left com- 
plemented. The fundamental result follows. 


THEOREM 2. If L 4s left complemented, then L is right complemented, 
the nottons of reght and left complement coincide, and L is M-symmeirsc. 
ProoF. Let (b, c)M. There exists a left complement cı within c of b 


in b+c. Now let b&b. Then by the second part of Theorem 1 ¢ is a 
left complement of bc in c, and 


(bi -4- c)b = (bi + be + 1) = bi ~- be, 
whence (c, b) M. The remainder of the theorem is immediate. 


COROLLARY. If L ts L-symmeirse and complemented, then Lis M- 
symmelric. 


REMARK. It is false that if L is right complemented then Z is left 
complemented. For, in the right complemented lattice consisting of 
0, 1, three points p, q, r, anda lines with s >p, gbuts>}r, the element 
s has no left complement (in 1). 

We shall henceforth assume that L is left complemented, It is now 
possible to prove a converse of Theorem 1. 


THEOREM 3. Let a, bEL. If every complement bı within b of a in 
a+b is a complement of ab in b, then (a, bD) M. 


l | 
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PROOF. Let d Sb, and let dı be a complement within d of a in a +d. 
Then 


l dta=sd+a, (dròl 
Now let 5’ be a complement within b of d+a in b+a. Then 
b +d ta=b +d+a= b+ a; 


moreover, (b’, d+a) L, whence (6’, du, a) L, and (6’+d,, a) L. De- 
fine bım b’ +d. Then bı £b, bı+a =b +a, (bı, a) L, that is, bı is a com- 
plement within b of a in a+b. By the hypothesis, bı is a complement 
of ab in b, whence bi+ab =b. Now ` 


(d + a)b = (d + a)(bı + ab) 
= ((ab + di) + b')(d + 0) 
= ab + dı S d + ab 
since &ab+dı Sd-+a, (b’,d-+a) L. But d-+ab < (d+a)b, whence (d-+a)b 
=d-+-ab, and (a, b) M. 
COROLLARY 1. (a, 6) M sf and only if every complement within b of a 
in a+b is a complement of ab in b. 
COROLLARY 2. (a, b) M’ tf and only sf there exists a complement bi 
within b of ain a+b such that bi+-ab <b. 
COROLLARY 3. a||b if and only if ab =0 and there exists b1<b such 
that by-ta=bta and (bi, a) als, 


REMARK. It should be observed that Corollary 3 justifies our use of 
the symbol | . Let, for example, L be a euclidean (or affine) geometry. 
Parallel spaces in L are then characterized by the condition ab =0 and 
the existence of a space bı <b such that 3,+a¢=5-+4a; if b, is chosen 
as a minimal space with these properties, and it can be so chosen, 
then (d;, a) L. 

It is easily seen? that an affine geometry is a left complemented lat- 
tice. Indeed, it may be shown that the property 


(3) bc = 0 implies (b, c)M 


holds in an affine geometry. Property (3) may be stated also in the 
following way. Define the set My’ as the set [bc; (b, c)M’|. Then 


(39 | Mz C [0]. 
It is of interest to investigate the nature of the set My for our general 
1L. R. Wilcox, loc. cit., pp. 496-499. 
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left complemented lattice L. It might appear that My’ is an ideal; 
that this is false will be shown by an example. However, the next theo- 
rem shows that My’ has one of the properties of an ideal. | 


Lemma 1. Let (b, c)M’ and a <bc. Then there exists b' <b with a=b'c 
and (b’, c)M’. Moreover, there exists x Sb with x(|c. 


Proof. Let x be a complement of bc in b, whence x+bce =b, (x, bc) L. 
Define bma- Sb. Then 


b'c = (a + x)c = (a+ x)bc = a. 
Suppose that (b’, c) M, that is, (a+x, c)M. Then cic implies 
(c1 + dc = (c1 + x + bedc 
= (a + x+ a+ boc 
=, + be + (4 + ade 
= 1 + be, 
contrary to (b, c)M’. Hence (b’, c)M’. The second part follows by 
putting a =0. 
THEOREM 4. IfxG Mi and y Sx, then yE Mr. 
Proor. Immediate from Lemma 1. 
We turn now to a general example of a left complemented lattice. 


Let A be a complemented modular lattice with operations ®, ®, 
and let œ be any element of A; let L be a subset of A with the follow- 


ing properties: 

(4) as[ez2¢So]CL1ieEl; 

(5) LEL, xa, y 2 ximpliesy € L; 

(6) z CL, y S x implies the existence of s E L such that 
sOy= 2, £@ y = 0. l 

A special case is the following. A is a projective geometry, and œ, 

hEA, 0< 0 <h<1, L'm |x; x <h, x not S œ], L=A—L’. Then L ob- 

. viously satisfies (4) and (5), and (6) holds by virtue of the irreduci- 

bility of A. If 4 is a hyperplane, that is, A is a maximal element less 


than 1, then L is an affine geometry (for example, A with & as ideal 
hyperplane) with the ideal elements of a restored. 


THEOREM 5. L ts a lattice in which the operations +, - are given by 


a&b tf ¢cQ@bEL 


(7) a+tb=a@, abe} 
ab O © otherwise. 


t 
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Proor. To show that a®b is a least upper bound of a, b in L it 
suffices to prove that a, DCL implies ab EL. If both a, bEa, then 
a@bEL by (4). Hence suppose a£ a; by (5)a DbEL. We shall prove 
directly that od as defined in (7) is effective as greatest lower bound 
of a, bin L. Clearly ab Sa, b; by (4) abEL. Let cEL, c £a, b. Then 
cSa@b. If cG&a, then a@bEL, and cSab by (7). If cEa, then 
csab a Sad. 

COROLLARY. If a€a, bEL, then ab =a @b. 

LEMMA 2. If b, cEL, then (b, c)M if and only if BQcEL. 

Proor. First let (b, c) M, and suppose b@c EL. Leta EL Be a com- 
plement of 6@c in c, existent by (6). Then 


(@@b)@c=a@b@a=-e, 
whence (ab) @cCL; thus by (7) 
¢G(b@oe = (604) Bc=(e@t+dbc=at+be=46O9(bOcQ), 


and it follows from the theory of modular lattices that (b@c) Qa 
=6®c. By (4) this contradicts the hypothesis, whence b@cEL. Con- 
versely, let b@cCL, and let a £c, aCL. If aa, then (6 Ob) @cEL, 
and by (7) and the modular law in A we have 

(8) (a@+bc=(60b) @c=4O0 (6 8c) =a be. 


Suppose a€a. If (a9b) @cEL, equalities (8) hold. If (406) @cEL, 
then 
(a+ b)c = (0 @ 6) cO = (4G (b Oo) @ o 
=3=4¢@0(68@c@w)S$a+bcS (a+ doc. 
By (8) and (9) we have (b, c)M. 
COROLLARY. L 4s M-symmeirsec. 
THEOREM 6. The latitce L is left complemented. 


Proor. Let a, bEL, and let hEL be a complement of a&b in b, 
existent by (6). Then 


ath=aO(e@db)O@bi=-aGb=a+); 
@@bh7=ea86@b,=-0CaCL, 


whence (a, bD) M by Lemma 2. But ab,=0, and it follows from the 
corollary to Lemma 2 that (b,, a) L. Thus b; is a (left) complement 
within b of ain a+b. 


(9) 
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THEOREM 7. The set ats a modular ideal in L containing the se Mr. 


Proor. It is obvious that a is an ideal; that it is modular follows 
from the corollary to Theorem 5, equations (7) and Lemma 2. Now 
if (b, c)M’, then by Lemma 2 b@cCEL, whence bc =(b@c)@ œ, and 
be Ga. Hence Mr Ca. l 

It should be observed that both possibilities Mr =a and My’ *a 
can occur. In our special example where A is a projective geometry 
and A~Z consists of all subelements x of a hyperplane $ with x not 
Sæ, M, =a if there exists EEL with » <k <k. On the other hand, 
if no element exists (in A) between œ and hk, then Mr xa, for then 
o @ Mr . This example shows also that Mg need not be an ideal. 


ILLINOIS INSTITUTE OF TECHNOLOGY 


SUFFICIENT CONDITIONS THAT POLYNOMIALS IN 
SEVERAL VARIABLES BE POSITIVE 


IRWIN B. PERLIN 


1. Introduction. Let T(x) denote a polynomial in a single real vari- 
_ able x with real coefficients. T. Popoviciu? established sufficient con- 
ditions that T(x) be positive for all real x. In this paper we shall con- 
sider polynomials in several real variables with real coefficients, and 
establish sufficient conditions that the polynomials be positive for real 
values of the variables. 


2. Polynomials in two real variables. In this section we shall de- 
velop sufficient conditions that a polynomial in two real variables 
with real coefficients be positive for all real values of the variables. 
Let us consider then, | 


Im fa 


T(x, I) = DY Dy beusi, 
| = 


where the 6,; are positive constants, and the c,; are real numbers. In- 
troducing parameters, we write T(x, y) in the following form 


Presented to the Society, April 13, 1940; received by the editor June 26, 1941. 
1 T, Popoviciu, Sur une condition suffisanis pour qu'un polyndme sou positif, Mathe- 
matica, vol. 11 (1935), pp. 247-256. 


+ 
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m—1 sl 


T(z, = 2, Daen Taaie k [Q + Bs, 2 =) 
s0 pnd) 


Cat aj 
Cai 274-1 
F (1 + Yg ») | 
Ca, 17 


3 
(1/A*) ea, 276148 837 — Caner ay 














+ pag -————_—_—_m ity 
Cai 3; 
2 
en (1/d cu 2762. 24-2 — Cts 2541 angana) 
. Ca 34 
=. Com il \? 
+ >. 2am 4m apximy?? 1+ Yu; y 
pond 2Cam 24 
é 3 
T (LAA Neam 161m 2443 — (1/2) Com gest armyan 
Com 33 . 
ml C 
+ > {Baa an c7hyt (: + Bua cil z) 
mð 268i ta 
4a 
hae GMA Jers anCoin2 an — (1/2) Carr S ayn) i 
í C4: $m 
m-i s1 


+ > > bates 974:104++-1 appixtrtlyirtl -F 2amaCam ney. 
foul pnd 


By comparing coefficients, we find 
Zaw = boo, 
2a,Biy = bays aj {= Bits 
t= 0,1,- m —1;7=0,1,:--, 2, 
Pafi = Bacay Mhi = Vesey 


¢=0,1,---,m;7 =O0,1,---,n — 1, 


1 
Pe es = Dai 4=1,2,-++,m, 
as T Aaa bo ai 7=1,2,-++,%, 


1 ' 1 
ile 1 Toan 1 + 2a; = bai 93; 


$=1,2,---,m;f=1,2,-++,#. 
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We define f1j= ha À (t= 0, Í, swr m; j =0, 1, E n). The last 
three equations can be written ` 

1 1 

qie EET pit 2a, = bnan 


#=0,1,:--,mjy=O0,1,---,n. 
The parameters a,; are determined by the recursion relations 
2 2 2 
AD Bae aoa pos pl — Daten ape pa — Ose apr 7 
CE SE eo 
Sai pi pt 


where we have defined 6_1,=};.;=Oanda,_;>a@_1,—1(¢=0,1,---,m; 
j=0,1,---,). Let us write © 


= Pa CA) 
200: 7A) 
where P A) and Q,,(A) are polynomials in A. The polynomials P,,{A) 
and Q,,A) satisfy the recursion relations 
i Paola) = ood, Qao(A) T 1, 
Pa) = Aby 9;04,(A) — bbu iP r1(A)O—1 (A) 
— Sar ap Pes (NO: 2410), 
Qa). = Phi, AP HA) 
where we define P.A) =P aA) =Q4fA) =Q maA) =1 (6 =0, 1, - + +, mj 


j=0,1,--++, n). Let à; be the greatest positive zero of Pu). Then 
we establish the following lemma. 


LEMMA 1. Ay 4s greater than or equal to the greater of Ai-i jand Ai fal 





ty 


We proceed to prove this lemma by induction. Obviously Ato 2 Aoo 
and aZ os. Since the degree of Pia <A) is greater than that of 
Poi ¢-1(A)Pi-s fA) and the degree of Pi aÀ) ‘is greater than that 
of Pia ¢-1(A) Pi À), it follows that the degree of P,,(A) is the same 
as that of Abas sP fA) Pi AÀ). We see that the coefficient of the 
highest power of A in P:,;(A) is positive. Let 7 equal the greater of 
Ai jand ¥ 1. Then Pir) S0. Hence, hy is greater than or equal to 
the greater of N1 jand Ay pi. 


THEOREM 1. Let r be a real constant. If r>Xun, ond 
Coe > 0, 
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1 3 
Ty Cai Eaj — Catt ay > 0, 
r 


`= 0,1, emm j= 0,1, i, 
2 
-7 OM aaCaces a — Ecri in > O, t= 0,1,- m— 1, 
f 


1 3 
“oh arent ates Onaj >, 0 
f 


i= 0,1,- m— 1;j=0, 1, #1, 
à ; 
Ta Cmm aram aia — Ham apa > O; j=0, EEEE eee 


cesis = 0,4 = 0,1,---, m-—-1;57=0,1+--,n—-—1. 
then T(x, y) >0 for aH real values of x and y. 

By the preceding lemma P,,(r) >0 @=0,1,---,m;7=0,1,-- ., 1). 
Hence aiy> 0 (s=0, Lee ,m;7=0, 1, mee, ,%), §,4>0 (s=0, hy C, 
m—1;7=0, 1, e . -,), andy, >0(t=0, 1, aos -,m:j=O, 1, a se -,n—Iy). 
It follows that T(x, y) >0 for all real x and y. 

3. Applications. In this section we shall study the case where b,;=1 
(su0,1,-++,2m;7=0,1,++-+, 27), and deduce a sufficient condition 
that the polynomial 


in 3a 
L(x, y) = Dy Dd, igy 
fol) famed) 


be positive for all real values of x and y. For this case, the polynomials 
PÀ) satisfy the recursion relations 


Pol) = A, 
PA) = AP oA) E +P. o(A), = l; rA cs mM, 
Pol) = APo A) — §Po À), j= 1,2,::,%, 


P;,Q) = Pe KAP, iA) ii iP, mAP p10) Pisa (A) 
= Pia Por 1) Po aQ), 


t= 1,2., m J= 1,2, 
where we define Pi, A) =P, A) =1(¢™=0,1,-- . m:j=0,1, - A). 
LEMMA 2. Au <2, £™=0,1,°-°, m;j=0, 1p, n. 


. We shall prove this lemma by showing that 
P,,() = Poi (A) ‘Pi ilà) > 0, Az 2. 
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We establish this result by induction. It is seen that the above is true 
for s+7=0 and 1. Now 


Pyo(d) = MPa ofA) — iP), 


P(t) & A — Pim ofA) > 0, he 2, 
Pod) & Pr10(d) > 0, | dz 2. 

And since Pod) =P pA) it follows that 
Po,(d) & Po QÀ) > 0, Ae 2. 


Now 


Py Qh) = Pin AA) Ps 10) — AP: 210) Poa 210) Pes CA) 
— Pia AA) Pi i) Ps pa), 


PN) & OA — 1) Per ANP: 21) > 0, A & 2, 
Pid) z Per ga)Pi mA) > 0, Ae 2. 
Hence Ñs; <2 (¢=0,1,--+,m;j—=0, 1, -+ , n). From Theorem 1 and 


Lemma 2 we have immediately the following result. 


THEOREM 2. If ¢99>0, 


2 
Cat C242 37 — Acaip 2, > 0, 
nee een ee eee eee es Y 


$ f 
Cai anCaita an — 2Cat41 ta > 0, ~ t=0,1,:.-:, m — Í, 


t 
Cu an ages M Geu az > 0, 
i= 0,1, me l= 0l, nM d, 


2 i 
Cim 161m 1443 — 2Com 341 > O, j3=0,1,--+,n-—1, 


Cita 2341 = O, i= 0,1,- m — 1;7=0,1,-,#— 1, 
then L(x, y) >0 for al real values of x and y. 
This theorem is a generalization of the theorem of E. B. Van Vleck? 
for the case of a polynomial in a single real variable x. 
4. Polynomials in several real variables. Let 


tu 27 Ts 
() T(x wares ta) = D eoe Da bpeooripe eta t+ Say 
p) g=) Tal) 


2E. B. Van Vleck, A suficient condition for the maximum number of smagmary 
roots of am equation of the nik degree, Annals of Mathematics (2), vol. 4 (1902-1903), 
p. 191. 


* 
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where the 6,,..., are positive constants, and the Cpe... are real num- 
bers. Let A denote the class of all the distinct permutations $j -k 
where $ ranges from 0 to #, j ranges from 0 to v,---, and & ranges 
from 0 to w. We define the following »+-1 functions over the class A 


ieee E SaS gaa ae ene” agua 
0,4+= y jj 0,k=w 

n as 
UER a Te tJe- kÆ eee > w, 


Sus- -u = f, 


where d,;.... represents the number of the indices 4, 7, +- , k which 
are equal to u, v, --. , w, respectively. Introducing parameters we re- 
write the polynomial (1) as 


ai aj ah 
T (21, Zt, t, Ta) = > | Sessa 3j. abt, Ta ots ty 
A 
C454137++-Bb a 
fraai + Biz.. n OOo z) 
Safe Wa y+ 2k 


Ca. 2f+1+- 8h : 
Hafina eg) po 
EE 2j- +h 


STETE TE ; 
aN Kaali Tope aa z) b+ Dijeni 


yy WOR Bf++ Bh 


g ; : 
(1A) Cn aj. --auCavca agote M Coser agoak Sadeh a as TE 
NR m r e m o r gi RUE REE a a a e AERP rt — Tı taI . * Ta 
Cii aj «+t 


2 
(1/¥*)es, 2j---BhCRi 2H- -Ak ~~ Cas Ahle TAY TT ` 
aa ETER" TEET r O 
C33 23- - -2b 


3 


T 242 th 
"Zy tg Ea be bh Big agen 


~ 2 


(1/\*) cas Caz. . neat agaa — Cas ages ampa/Sigeeee i ay FER" 
et ia aane xı +4 * * 6 Ta 
Ca. 3j- -3h 


Spit fetl trl 
a > bs ge A bipi teti- -tr4-1Cfp+i teti->» -arif a4 a ee Ta Ld 
pD quel | 


á 


~ 
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where $4 means that the summation shall extend over all permuta- 
tions 47: -: kEA. By comparing coefficients we obtain 


nao. -0 = boo.. +0, i 
VAa PETES o T EN — bavi Ry: + -Bhy 
V ERES o aye 00 = bzi rE SS EEES f) 
Zaijian = Oh ages amet, 
2 
Pajek = age Baye omy 
3 
Wafeerk om eps BY sf RE T 
2 
Lyfrorch — Ligne yess 


1 A 1 : 
CLIT. + +h + Ge pea Ph pie Fo + Biy-+-b-1) = bar ay---am 


where we define Coy. b= Me a =pyy...e=0, yy. eel, +k 
EA; br- =0 if p, Gg, +++, r are not in the ranges.0 to 2u, 0 to 
20,°--+,0to 2w, respectively. The parameters a,;..., are determined 
by the recursion relations 


Maoo...9 = Boo. +0, 


1 
VITE E TERES TU Gan aye 
a a EE E a A 


AnA j... = AA Iba, 3j- Ab ( 
hy OES QŒ, +i.» »h 
2 
ETER T ER 
pe 


ig shl 


We write. c4j...2=P,j...20)/#dQi...000), where P... a Qn) and 
Qij...) are polynomials in A. The polynomials P,;....(A) and 
O,;...a(A) satisfy the recursion relations 


Poo..-a(d) = boo.. .o), Qoo.+-o(A) = 1, 


3 
l n [Ori sf- -tO r aCA) 
Ph eee A = tees A Aba Juve (ae GE a, PO ee eg ee ee 
je aA) = Qu; 1004 Darak al Poa ath) 


ene g EEA oN) | 
= Pea) ae 
4 bai aiee aair. aCA) i 
Pii... aCA) ? 
Qur aA) = Poi yew) Ps pi aA) o Paama A), 
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where we define P,,...4(4)=Q,y...4(A) =1 for ij- RGA. Let dg. 
be the greatest positive zero of Pij.. aA). Then we can establish the 
following lemma. 


_ LEMMA 3. Aiz. .a is greater than or equal to the greater of Kin j-n 
As Flesch i * » Adg-- bed 


The proof of this lemma is similar to that given for Lemma 1. 
THEOREM 3. Let r be a real constant. If 1 Z)w...», and 


Coo.» 9 > 0, 

$ 
1 Chipi 9f---9h 
Ty O ta aba E ap I Ioa > Q, 
f Def-ed 

3 
1 C4 SaS ERES } 
Ty at ag aana ob — ooo > 0, 
f Sijah 

2 
1 Cas 99+>-Bh+1 
Ty Cte af. alas agea — Ia > 0, 
r CTA 


Ch441 31: et = O, 
then 
l Tai gees, a) >O 
for all real values of xi, £a, © >>, Xa. 


This theorem follows from the preceding lemma in the same man- 
ner thet Theorem 1 follows from Lemma 1. 
If we take the coefficients 


bner = 1, 


we can deduce a result generalizing Theorem 2. We consider the 
polynomial 


Ley tas yt) = o D oati Ta 
Fai) 


We define over the class A the following # functions 


; 0,i=0 0-7 =0 0,k=0 
Eee pee ri a  B SE a ky 


The recursion relations that the polynomials P,;...,(A) satisfy in this 
case are 
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Poo..-o(d) a A, P 
Pt) E Quad (> = Fl free aT) 
Qi.. aA) o Qy,-+-w-1(A) D 
PN T ar T | re Pia ee qo. 


Qir.) = Pery...a(d) Pepa. aA) + + Paaa A), 

where we have defined P,;...2(A) =Q,;...n(A) =1 for if- REA. 
LEMMA 4. 4;...0<m2/44+1. 
The proof of this lemma is similar to that given for Lemma 2. 


THEOREM 4. If Coo---0 > 0, and 


16 , E 31- -2h 50 
— Cung... -3h — —— : 
(nt + 4)2 cs 37: -BeCBt2 3j- -2h ae 

2 
16 Cy 2d 
oe a ON Ba BCA BEER + Be — a > 0, 
(n + 4) Sigeivk 
2 
16 Cy T 
—— Cn ay - apCai 2j- -a — bela aaa > 0, 
(n? + 4)? Or Tees 


Cai+1 Fan Saklani = 0, 
then L (x1, Xa, °° © , Xa) >0 for all real values of x1, %2, °° © , Xn. 


ILLINOIS INSTITUTE OF TECHNOLOGY 


ON THE MAPPING OF n QUADRATIC FORMS 
LLOYD L. DINES 


If Qi(s), Qs(s), -- - , Qa(2) are quadratic forms in the real variables 
gi, 3?ł, - - - , 3" with real coefficients, the question arises as to the con- 
ditions under which there exists a linear combination 


Aale) + AwDa(s) +--+ + AOn(s) 


which is positive definite. A number of recent papers have considered 
this question., 

For the case n=2 a OR answer was obtained by Paul 
Finsler,! and independently by a group of interested persons at the 
University of Chicago.’ 

For any finite s, Finsler obtained sufficient conditions under the 
restriction that the number of independent variables does not exceed 
four. The conditions are quite involved, and are in terms of a certain 
type of algebraic manifold which Finsler designates “Freigebilde” and 
of which he had made an elaborate study in an earlier paper. 

For any finite n and any finite number of independent variables 
Hestenes and McShane, in a joint paper,* obtained sufficient condi- 
tions. They are obviously not necessary, and though they seem ex- 
actly suited to the application which the authors desired to make, 
their lack of symmetry perhaps leaves something to be desired. 

In a recent paper the present author called attention to the suita- 
bility of the theory of convexity as a means for studying this type of 
question, and treated the case of two quadratic forms in m variables 


from this point of view. The purpose of the present paper is to makea ~- 


. similar study of the general case of n quadratic forms in m variables. 


1. The map M. The » quadratic forms Q,(s), Qa(s), -© , 0.(s) may 
be thought of as mapping the m-dimensional space Bw of points 
g=(g!,-s?7,---, s™) onto an #-dimensional space X, of points 


Presented to the Society, December 31, 1941; received by the editoras Septem- 
ber 5, 1941. 

1 Uber das Vorkommen dafintier und semidefiniter Formen in Scharen quadratscher 
Formen, Commentarii Mathematici Helvetici, vol. 9 (1937), pp. 188-192. 

2 From this group two-different proofs of the essential theorem appeared: one by 
A. A. Albert, this Bulletin, vol. 44 (1938), pp. 250-253: and one by W.T. Reid, ibid., 
pp. 437-440. 

3 A theorem on quadratic forms and tts applecatton in the calculus of varsaisons, 
Transactions of this Society, vol. 47 (1940), pp: 501 -512. 

1 On the mapping of quadratic forms, this Bulletin, vol. 47 (1941), pp. 494-498. 
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_ x=(x!, x’, -, x*). The map Mt consists of the set of points x de- 
fined by F 
z = (Qi(s), Qa(8), > > * + Qa(s)), 3 On Bm 
a formula which may be condensed to 
M: x = Q(3), 8 On Bu. 
In view of the homogeneity property Í 
(1) Q(is) = PO(s) 


the map consists of half-lines emanating from the origin x =(0). In 
the particular case »=2 it is convex, as was shown in the earlier 
paper. For »>2 it is not necessarily convex. For example, the map 
of three quadratic forms in two variables lies on a conical surface. It 
is not necessarily closed, but it may be shown to be closed if the forms 
Q,(s) have no common zero except s= (0). However, more useful for 
our present purpose than the map Wf itself is a certain subset of it 
which we now define. , 


2. The map Mı. By M, we shall denote the subset consisting of 
those points of M which correspond to points s on the unit (m —1)- 
sphere in Sa. The formula for the points of M is then 


Mı: æ=), [sll = 1. 


The particular usefulness of the map Mt, is due to the facts that it is 
bounded and closed, and that it contains the origin x= (0) only in ex- 
ceptional cases. That it is bounded follows immediately from the con- 
tinuity of Q(s) on the (m—1)-sphere. That it is closed may be seen 
as follows. 

-Suppose { x,} is a sequence of points in M, defined by 


(2) z= (s) ls = 1, 
and suppose there is in the space %, a point # such that 
(3) £ = lim Tj. 

frm 


We will prove that # belongs to M. 

The sequence of points {s,;} on the (#—1)-sphere ||s|| <1 has an ac- 
cumulation point 3, which must itself be on the (m—1)-sphere (that 
is, || #/| > 1), since otherwise it would be a definite distance from it. And 
from the sequence {s;} there can be chosen a subsequence {s,,} such 
that 


194] - MAPPING OF s QUADRATIC FORMS 469 


(4) lim s4 = 3. 

k= 
Then from (2), (3), (4), and the continuity of Q(s) it follows that 
£= (2), and hence £ belongs to Mh. 


3. The convex extension of M. The convex extension of a set of 
points may be defined as the smallest convex set which contains it, 
or (equivalently) as consisting of those points which can be the cen- 
troids of positive mass distribution (of total mass unity) at suitably 
chosen points of the given set. According to the latter definition, 
C(Xt1), the convex extension of M, consists of the points represented 
by ` 


CM): 2= Z male) 


where 


(5) lsi = 1, mp > 0, ond Em1. 
jml 
_It may also be remarked that whenever a representation (5) exists, 
there exists an equivalent one in which the number r of terms in the 
summation does not exceed n-t-1. 


4. On the existence of a definite »>A,0,(s). It is well known that 
through each point exterior to the convex extension of a bounded and 
closed set of points there passes a bounding plane’ (Schranke) for the 
set, while through no point of the convex extension does there pass 
such a plane. Hence if the origin x =(0) does not belong to C(t), 
there is a plane > -2,;A@!=0 such that 


(6) ENOG) > 0 -wheneser d= 


while if « =(0) does belong to C(Mt,) there is no such plane. And in 
view of the homogeneity relation (1), the validity of (6) is obviously 
equivalent to the validity of the same relation with s restricted only 
by s7(0). 

The condition that x = (0) shall belong to C(2t,) is that there shall 
exist valid relations 


(7) >, mQl) a 0, p= 1, Zi ‘ts A, 
pow] 


*For simplicity we use the term “plane” to designate the locus of a linear equa- 
tion in the x-coordinates, regardless of the dimensions of the space Xa. 
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where the g, and my are restricted as in (5). And again in view of the 
homogeneity property (1) and the homogeneity of (7) in the my, the 
only essential restrictions are s,>4(0) and m;>0. We have then the 
following theorem: 


THEOREM 1. A necessary and suffictent condition that there exist a 
linear combination > A,Q,(8) such that 


> AQ.) > 0 when s (0) 
int 


ss that there extst in Ba no set of points z, (0), (G=1,2,---,97r) suck 

that 

(8) >, ™70,(8;) a 0, ‘= 1, A coe 4 MH, 
p=1 

the coefficients m; being positive. 


5. On the existence of a semi-definite > »,0,(s). We have seen that 
when x= (0) is exterior to C(Wt,) there exist definite linear combina- 
tions > A,Q,(s). It is easily seen that under these circumstances there 
also exist semt-definite linear combinations. We seek here however the 
more critical conditions under which there exists a linear combination 
which is semi-definite but none which is definite. This is the case when 
x=(0) is a boundary point of C(t). For in that case there passes 
through x=(0) a supporting plane (Stützebene) ) A.x!=0 for Dt, 
such that 


(9) > als) '& 0, roD 


the restriction ||z| =1 being removable in view of the homogeneity 
property (1). The “=” sign in (9) is required for at least one point 
z7£(0), and hence the linear combination is truly semi-definite unless 
the Q,(s) are linearly dependent. We may now state this theorem: 


THEOREM 2. If the quadratic forms Q,(s) are linearly independent, 
necessary and sufficient condsiitons that they admit a linear combination 
which is semi-definite but none which is definite are: (a) that there extst 
in By a set of points s,74(0), (j=1, 2,---, 7) and associated postiwe 
constants m; such that f 


' 2, mOl) = 0, 


~ 
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and (b) that there extsi a set of real constants a= (at, a’, --- , a*) nol 
representable in the form 


(10) a= Y m0), 


each m; being positive and each s/ (0). 


We have already seen that condition (a) is the condition that x = (0) 
belong to C(9t,). Condition (b) is necessary and sufficient to assure 
that it be a boundary point. 

It is sufficient, for if some point a of ¥, is not representable in form 
(10), then no point on the half-line x =at, (¢>0), can belong to C(Dh), 
and the origin x=(0) can be approached by a sequence of exterior 
points on this half-line. 

It is necessary, for in its absence every point a of the space &, is 
representable in form (10), and as a result some point on every half- 
line x"=at, (¢>0), belongs to C(M). And since the origin x = (0) itself 
belongs to C(M2,), it follows that there is a hypercube with this origin 
at its center and all of its vertices belonging to C(t). The origin 
would then be an inner point of C(t). 


6. Generalization. Of the various properties of quadratic forms, 
only their continuity and their quadratic homogeneity were used in 
the above discussion. Indeed it remains valid if: (1) the m-dimensional 
space 8, is replaced by any normed linear space 8 in which the points 
on the unit hypersphere ||s|| = 1 form a compact subspace; and (2) the 
n functions Q,(s) are real-valued functions on 3, continuous on the 
hypersphere |s| =1, and having the property that for real #, Q,(ts) 
= (t)0,(s), where b(t) is a non-negative real-valued function which | 
vanishes when and only when ¢=0 and which has a real-valued in- 
verse #(p), not necessarily unique, but defined for all positive p. 
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MEASURE AND OTHER PROPERTIES OF A HAMEL BASIS 
F. B. JONES 


A Hamel basis! is a set a, b, ¢,- - - of real numbers such that if x 
is any real number whatsoever then x may be expressed uniquely in 
the form aa+fb+yc+ --- where æ, 8,y,--- are rational numbers 
of which only a finite number are different from zero. Since each of 
these sums is formed from a finite number of nonzero terms and the 
coefficients a, P, Y,- are rational and therefore form a countable 
set, it seems intuitively plausible that not only should the basis set 
be of the same power as the continuum but in some way be of the 
same “thickness” as the continuum. However, this intuitive feeling 
is seemingly contradicted by the only known results along this line, 
namely: the inner measure of a Hamel basis is zero and its outer 
measure may also be zero.? Nevertheless, this intuition is justified to 
some extent by Theorems 2, 4, and 5. A natural question arises: In 
order for a set of real numbers to contain a Hamel basis, what is both 
necessary and sufficient? For a certain family of sets (including the 
Borel and analytical sets) this question is answered in two ways. Cer- 
tain other properties of a Hamel basis are investigated, the most 
interesting being an example of a Hamel basis which contains a non- 
vacuous perfect set. Finally, some rather curious discontinuous solu- 
tions of the equation f(x)+/f(y) =f(#+,) are given. 


Measure. No Hamel basis of positive exterior measure is measur- 
able.* The next few theorems show this to be true also of certain trans- 
forms of every Hamel basis. 


DEFINITION. If M is a set of real numbers, by T(M) is meant the 
set of all numbers x' such that x'=x-+(y'—y), where x, y, and y’ be- 
long to M. 


With M considered as a linear set, T(M) is the sum of all transla- 
tions of M which intersect M. For convenience, T|T(M)] is abbre- 
viated 72(M), T[T*(M)] is abbreviated 7?(M), and so on and 
T*(M) =M. 


Presented to the Society, September 2, 1941; received by the editors September 8, 
1941, 

1G. Hamel, Hine Basis aller Zaklen und dee unstetigen Losungen der Funkttional- 
theoickung: f(x-+y) = f(x) +f(7), Mathematische Annalen, vol. 60 (1905), pp. 459-462. 

1 W, Sierpinski, Sur la question de la mesurabilité de la base de M. Homel, Funda- 
menta Mathematicae, vol. 1 (1920), pp. 105-111. 

? Ibid. 
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THEOREM 1. If H is a Hamel basis, then for each posstivce integer n, 
m,I*(H) =0.4 


Proor. Suppose, on the contrary, that for some positive integer #, 
m,7*-1(H) >0. Let a and b denote two numbers of H. Since the set 
of distances of the set 7*~'(H) contains an entire interval with its 
left end at zero,’ 7*(H) contains an interval V whose midpoint is b. 
Since a/b is irrational and a is not zero, there exists a rational number 
r which is not an integer such that ra belongs to V and hence to7*(4). 
But every number of 7*(H) can be expressed in the form ea Lia 
+-nytyt+ -+- where x1, xs, x, :-- belong to H and m, ta, m, - are 
integers of which only a finite number are different oon Zero. This 18 
contrary to the properties of H. 


THEOREM 2. If Hts a Hamel basis, then for some positive tnieger n, 
m,I*(H)>0. 


PROOF. Suppose, on the contrary, that for each positive integer n, 
mT*(H) =0. Hence my o T*(H) =0. Let My denote >) 7T*(H), and let 
a denote a fixed number of My. Evidently every number of the form 
a+n1(b—a)+m(c—a)+a(d—a)+--- (whereb,c,d,--- belong to 
H and n, ms, %3,--~+ are integers of which only a finite number are 
different from zero) belongs to M,. Hence the set of all numbers of 
this form are of measure zero. So the set of all numbers of the form 
a-+n(b—a)+n,(c—a)+n3(d—a)+ --- +a (where # is an integer 
and all-other symbols have the same meaning as before) is of meas- 
ure zero. Now any real number x can be expressed in the form 
aa+Bb+yc+ --+ (where a, 8, Y,- +- are rational numbers of which 
only a finite number are different from zero) and hence there exists 
an integer g (which depends on x) such that qa, q8, qy,- are in- 
tegera of which only a finite number are different from zero. Conse- 
quently, gx is of the form a+,(6—a)+m(c— a) +m(d— a)+ - 
+noa. It follows that the set of all real numbers x is of measure zero, 
which is false. , 


DEFINITION. If M is a set of real numbers, then D(M) denotes the 
set of ah numbers x—y where x and y belong to M and sèy. The set ` 
D(M) 4s called the set of distances of the set M.’ 


‘ Throughout this paper, if Q is a set, mO and m,Q denote the interior measure 
and exterior measure, respectively, of Q and mQ denotes the measure of Q if measur- 
able (in the sense of Lebesgue). 

ë H. Steinhaus, ea e a a a rarer re Funda- 
menta Mathematicae, vol. 1 (1920), pp. 93—104. 

t Steinhaus, loc, cit. 
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THEOREM 3. If H is a Hamel basis, then for eack postitve snieger n, 
m,D*(H) =0. 


Theorem 3 may be established by substituting D for T in the proof 
of Theorem 1. 


THEOREM 4. If H is a Hamel basis, then for some positive integer n, 
m,D*(H) > 0. 


Proor. Suppose the contrary. Let N=) D(H). Then mN =0 
Let Q denote the set of all points of H which are limit points of H 
from both sides, and let M denote a countable subset of H such that 
(1) M contains H~—Q and (2) every point of H— M is a limit point 
of M. It follows that each point of H— M is a limit point of M from 
both sides. Let x denote a real number. Then x is of the form 
aat+fb+yc+ --- (where a, b,c,--- belong to Handa, 8,y,--- 
are rational numbers of which only a finite number are different from 
zero). Hence there exists an integer q such that gx is of the form 
matmbtnect+ +--+ (where n, m, %,-+-- are integers of which only 
a finite number are different from zero). So gx is of the form > je,x, 
(where for each 4+,4=1,2,---,j, x, belongs to H and e, is +1). For 
each integer $, 4=1, 2,---,j (j is finite and depends on x), there 
exists a number y; of M such that > 4e,(x,—¥,) belongs to N." Hence 
gx = 2+) Jey, where # belongs to N. Since there are only countably 
many numbers of the form > Je.y,, it follows that the set of all a 


. numbers x is of measure zero, which is a contradiction. 


Lemma 1. If M is a set of numbers and every number of some num- 
ber snterval V can be expressed in the form aa+Bb+yc+ --- (where 
a,b,c,- belong to Manda, P, y, -> are rational numbers of which 
only a finite number are different from sero), then M contasns a Hamel 
basis. 

Lemma 1 may be established by well-ordering M and applying 
Hamel’s argument to this well-ordering. 


THEOREM 5. If M ts a set of real numbers and for some postive în- 
teger n, either m,T*(M) >0 or m, DM) >0, then M contains a Hamel 
bases. 

Theorem 5 follows from Lemma 1 and one of Steinhaus’ theorems 
on the set of distances of a set.* The condition in Theorem 5 under 


? This can be done by first choosing y so that ¢;(x1—1) 20. This makes o,(%,—) 
belong to D(A). H it is zero, choose +4 90 that #(4%:—-9:) 2,0; but if it is positive choose 
y 80 that 6,(x2—42) G0 but alzi — y) +e: — y) &O. This makes e (x1 — v1) Fax — y) 
belong to D*(H). Continue this process. 

* Loc. cit., Theorem 8, p. 99. 
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which the set M contains a Hamel basis is not necessary. This can be 
seen from Theorems 1 and 3. 


EXAMPLE 0. The Cantor disconitnuum® contains a Hamel bastis, be- 
cause tts set of distances contains the snterval from sero to one. 


DEFINITIONS. Let Fr denote the famsly of all sets M of real numbers 
such that for infinitely many different positive integral values of n, T*(M) 
ts measurable; and let Fp denote the family of all sets M of real numbers 
such that for infinitely many dsfferent postive integral values of n, 
D*(M) is measurable. 


THEOREM 6. If M is a set of the famsly Fr, then in order that M con- 
tain a Hamel basis 44 is necessary and suffictent that for some positive 
integer n, mT*(M) > 0. 


THEOREM 7. If M is a set of the famiy Fp, then in order that M con- 
tain a Hamel basis tt 4s necessary and suffictent that for some possitve 
integer n, mD*(M) >0. 


Lemma 2. If Mts an analytical set of real numbers, then both T( M) 
and D(M) are analytical sets. 


Proor. Being an analytical set of real numbers, M is the set of 
values of a function f,(x) of a real variable, defined and continuous in 
the set of all irrational numbers.!® Furthermore, D(M) is analytical! 
and the set N consisting of all real numbers x auch that either x or —x 
belongs to D(M) is an analytical set. Hence N is the set of values of 
a function f(x) of a real variable, defined and continuous in the set 
of all irrational numbers. Let f(x, y) mfi(x)+/.(y) where x and y are 
irrational numbers. Then T(M) is the set of values of f(x, y) and 
f(x, y) is defined and continuous in the set of all points of the number 
plane whose coordinates are both irrational numbers. It follows that 
T(M) is analytical.™ 


Perfect sets, analytical sets. Since every aucun set is measur- 
able,” the following three theorems may be easily established using 
Lemma 2 and Theorems 6 and 7. 


* The subset of the interval from 0 to 1 (of real numbers) remaining after deleting 
in succession every middle-1/3 segment (open interval). 

1 W., Sierpinski, Ustroduction to General Topology, The University of Toronto 
Press, Toronto, 1930, translated by C. C. Krieger, Theorem 73, p. 145. 

u W. Sierpinski, Sur Pensemble de distances entre les points Cun ensemble, Funda- 
menta Mathematicae, vol. 7 (1925), pp. 144-148, p. 146 in particular. 

n W. Sierpinski, Gexeral Topology, loc. cit., Theorem 89, p. 185 

n N. Lusin, Leçons sur las ensembles analytiques, Gauthier-Villars, Paris, 1930, 
p. 152. 
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THEOREM 8. In order that an analytical set A of real numbers shall 
not contain a Hamel basis +f is necessary and suficienti that for each 
postive integer n, both mT”(A) and mD*(A) be sero. 


THEOREM 9. No Hamel basis ts an analytical set. 


THEOREM 10. If an analytical set M 4s a subset of a Hamel basis, 
then for each postive integer n, both mTM) and mD*(M) are sero. 


THEOREM 11. Suppose that f(x) is a discontinuous real funciton 
which 1s defined for alt real values of x and which satisfies the equatton 
Fix) +f0) =flaty). If f(x) is bounded over the analytical set K of real 
numbers, then for each possisve integer n, mI*(K) =0. 


PROOF. Since f(x) is bounded over K, there exists a positive number 
B such that | f(x)| <B if x belongs to K. It follows from the elemen- ` 
tary properties of f(x) (which are imposed upon it by the functional 
equation) that for any positive integer n, | f(x)| <3*B if x belongs to 
T*(K). Suppose that for some integer #, m7*(K) +40. Since T*(K) is 
analytical, it is measurable, and hence, is of possésve measure. Then 
T**1(K) contains an interval. Since f(x) is bounded over this interval, 
by one of Darboux’s theorems it must be continuous.!* This is a con- 
tradiction. 


COROLLARY 1. If the discontinuous solutton f(x) of the functsonal 
equation f(x) +f(y) =f(xt+y) is continuous in an analytical set K of 
real numbers, then for each postive integer n, mT*(K) =0. 


COROLLARY 2. Suppose that A is an analytical subset of the plane 
image of a discontinuous solution of the equation f(x) +f) =f(x+y) 
and that K ts the projectton of A onto the x-axis. Then for each positive 
snteger n, mI *(K) =0. 


THEOREM 12. No discontinuous solution of the equatson f(x) +fly) 
=f(x+ty) ts continuous tn an analytical set which contains a Hamel 
basis. 


Theorem 12 follows immediately from Theorem 8 and Corollary 1. 


Remarks and examples. Burstin showed the existence of a Hamel 
basis H which intersects every perfect set of real numbers.!® It fol- 


u Darboux, Sur la composition des forces in siatiqus, Bulletin des Sciences Mathé- 
matiques, vol. 9 (1875), p. 281. 

4 C, Burstin, Die Spaltung dos Koniianum in cin L Sinns nichimossbare Mengen, 
Sitzungsberichte der Akademie der Wissenschaften, Vienna, Mathematisch-natur- 
wissenschaftliche Klase, Abt. IIa, vol. 125 (1916). 
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lows that H does not contain a perfect set. But every uncountable 
analytical set contains a perfect set.'* Consequently, this particular 
Hamel basis H does not contain an uncountable analytical set. This 
example and Theorems 9 and 10 might lead one to conjecture that 
no Hamel basis whatsoever contains an uncountable analytical set. 
That this conjecture would be false is shown by the following ex- 
ampie. ` 


EXAMPLE 1. There exists a Hamel basis which contains a perfect set." 


CONSTRUCTION. Let 11, r2, 73, -- -, denote a simple well-ordering of 
the rational numbers such that r,=0. Let J, denote a closed interval 
of real numbers not containing zero. The interval Iu contains two 
intervals Jy and J» such that (1) Inu precedes Jy and (2) no number 
of the form 1x71-+ narı except the forms x; or x, belongs to In+ Tn, 
where x1, %2@/,+Jy and where n;=r, 4, j7=1 or 2. Likewise Ja; con- 
tains two intervals In and In, and J contains two intervals In and Iu 
such that (1) In and Jy precede In and Iu, respectively, and (2) no 
number of the form mıxı + nsx: +x; except the forms xı, x1, or xs be- 
longs to > Tan where x1, x3, rs > Tae and where 2,=r,, 4, j=1, 2, or 
3. This process may be continued. For each positive integer k, let Ga 
denote the collection of mutually exclusive intervals Ix, las, © ©- , Ire 
where g=2*~!, For each k, each element of G, contains two elements 
of Gui and if x1, xs, --- , x» denote numbers of Gë, then no number 
of the form > 'n,x, except the form x, belongs to Gë, where m, =f; 
i, j=1,2,--+-, 2.18 Now let M denote [|7 G*. Evidently M is a per- 
fect set such that if 2is a number of M, then 2#a4+8B+ 7C+ --- 
where A, B, C,--+ are numbers of 4—# anda, B, y,--- are ra- 
tional numbers of which only a finite number are different from zero. 
It follows from this that if 2 is a real number which can be expressed 
in the formaA+BB+yC+ --- where A, B,C,--- belong to M and 
a, 8, Y, -++ are rational numbers of which only a finite number are 
different from zero, then it can be thus expressed in only one way, 
that is, the form is unique. ` 

Let I‘ denote a well-ordering of the real numbers not belonging to 
M and let a denote the first number of T which is not of the form 
aA+pB+yC+--- where 4, B,C,--- belong to Manda, f§,y,--:- 
are rational numbers of which only a finite number are different from 


16 Luain, loc. cit., p. 151. 

17 R, L. Swain, in a conversation with me, demonstrated the existence of a perfect 
set whose set of distances contains no rational number. His method of construction 
forms the kernel of the one that I use here. 

18 G denotes the sum of the elements of Ge. 
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zero. Let b denote the first number of I which is not of the form 
ad+BB+yC+--- where 4, B, C,--- belong to M-+a. This proc- 
ess may be continued. It follows from Hamel’s argument that 
M-+a+b+c+ --- is a Hamel basis.!* 

Since, from Theorem 11, no discontinuous (real) solution of the 
functional equation f(x)-+f(y) =f(«+y) can be continuous at any 
point or continuous in any set of positive measure, could such a dis- 
continuous solution be continuous in some perfect set? And could its 
image in the number plane (the graph of y=/f(x)) at the same time 
be connected? Example 2 shows that the answer is yes. 


EXAMPLE 2. There exist a discontinuous (real) solution of the func- 
tional equaiston f(x) +f(y) =f(x+y) and a perfect set M of real numbers 
such that (1) f(x) =0 if x belongs to the perfect ses M and (2) the plane ` 
image of f(x) is connected. 


CONSTRUCTION. Let M denote a perfect subset of a Hamel basis H 
such that H— M contains a perfect set. For each number x of M, let 
f(x) be defined to be zero. Define the function f(x) for each of the ` 
numbers of H—M in such a way so that if Q is a continuum in the 
number plane not lying wholly in a vertical line, then for some num- 
ber x of H— M, the point (rx, rf(x)) belongs to Q.*° Now if x is any 
number not belonging to H,x=aa+fb+yc4+ --- wherea,b,c,--- 
belong to Handa,B,y,--- arerational numbers of which only a finite 
number are different from zero. Let f(x) =af(a)+6f(b) +yflo)+---. 
It follows from Hamel’s argument that f(x) satisfies the functional 
equation.*! Furthermore, f(x) has the following properties: (0) f(x) is 
totally discontinuous but (1) f(x) is zero for all numbers in the perfect 
set M and (2) the plane image of f(x) is connected.*? 

In order for the plane image J of amy discontinuous solution of 
f(x) +f) =fla+y) to be connected, J must intersect every™ con- 
tinuum in the plane which does not lie in some vertical line. However, 
I need not intersect every perfect subset of the plane not lying in the 
sum of a countable number of yertical lines, for the image of f(x) in 
Example 2 does not contain any point of the line y= 1 whose abscissa 
belongs to M. So by virtue of the fact that J may be connected and 


o G. Hamel, loc cit. M+a+6+¢+ -- - denotes the sum of the sets, M,a,b,¢,-++. 

=F B. Jones, Connected and disconnected plans sets and the functional equation 
f(x) +f) —f(x+-y), this Bulletin, vol. 48 (1942), pp. 115-120, Theorems 2 and 4; r is 
rational. F 

n G. Hamel, loc. cit 

n F. B. Jones, loc cit. 

3 Ibid., Theorem 2. 
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still coniain a perfect set not lying in the sum of countably many 
vertical lines, it follows that J need not tntersect every such perfect 
set. Since, by Theorem 11, Corollary 2, J can not contain a perfect 
set whose projection ‘on the x-axis is of positive measure, one might 
suppose that J must intersect every such perfect set in order to be 
connected. The following example shows this supposition to be false. 


ExaMPLE 3. There extsis a discontinuous soluiton of the equation 
f(x) +f) =f (x+y) such that (1) the image I of f(x) in the number plane 
E is connected but (2) the tntersection of I with the x-axis is aa the 
set of rattonal numbers. 


Two lemmas are necessary. 


LEMMA 3, Suppose that M ss a bounded, closed subset of the number 
plane. If uncountably many horssontal lines intersect M in an uncount- 
able set, then each of c horssonial lines intersects M in an uncountable 
sel, ™ 


Proor. Let E denote the number plane. Let W denote the set 
of all points w of the y-axis for which there exist sets M, such that | 
(1) M» is a subset both of a horizontal line in Æ through w and 
of M and (2) every point of M, is a point of condensation of M, irom 
both sides. There exists a pair of vertical lines Lu and Lis (Lu being 
to the left of Lu) and an uncountable subset W, of W such that for 
each element w of Wi, M, contains points between Lu and Lis, to the 
left of Lu and to the right of Lis. Let Pu denote a point of M lying 
between Lu and Ly such that for uncountably many different ele- 
ments w of W;, M, is a subset of a horizontal line lying above Pu 
in Æ and for uncountably many elements w of W, M, is a subset 
of a horizontal line lying below Py in E. Let Wit and Wr denote the 
set of all of those elements w of W for which Mw is on a line above 
Py and below Pu, respectively. Select one of the sets Wi and Wy and 
denote the selection by WF. Then there exist vertical lines Ln, La, La, 
and Ly having that order from left to right (with Pu between Ly 
and Ln) and an uncountable subset W, of W such that for each w 
of Wa, My has points to the left of La, between Lu and Lm, between Ln 
and the vertical line through Pu, between this line and Ly, between 
Ly and Lu, and to the right of Lu. Let Pu and Py denote two points 
of M which lie on the same horizontal line such that uncountably 


™ cis the cardinal number of the continuum. It would follow from this lemma that 
any closed subset of the plane which cannot be covered by a countable collection of 
horizontal and vertical lines can be covered only by a collection of horizontal and 
vertical lines which contains at least c lines. 
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many elements of W3 lie above and uncountably many elements of W3 
lie below this line, denoting them by Wi and Wy. Select one of the 
sets Wi and Wr and denote the selection by W#. This process may 
be continued and an infinite sequence of points Pu, Pu, Ps, Pn, Pa, 
Py, Pir, +--+ obtained whose limiting set Q is uncountable and lies 
both in M and in a horizontal line. Since for each n, 2 =2, 3, 4,--- 

there are two selections possible in the selection of We, there are 2*9 
such limiting sets of which no three are identical. Hence there are c 
different such sets Q. 


Lemma 4, No compac continuum M lying in the number plane which 
ts not wholly tn a vertical line and whose common part with every hort- 
sonial iine ts totally disconnected ts a subset of the sum of less than c 
vertscal and horisontal isnes. 


Lemma 4 may be established by an indirect argument with the help 
of Lemma 3 and the fact that an uncountable closed plane set con- 
tains ¢ points. | , 

CONSTRUCTION OF EXAMPLE 3. Let I denote a well-ordering of type 
Qo (Q is the smallest ordinal having c ordinals less than it) of the set 
of all nondegenerate compact subcontinua of E not lying in a vertical 
line and let x1, x3, Xn °°, Xa, Xett)° °°) Xe °°) 83<M, denote a 
well-ordering of a Hamel basis H such that xı=1 and H contains a 
number of every perfect set of real numbers. Let y;=f(x1) =f(1) =0. 
If r is a rational number, let f(r) =rf(1) =0. Suppose that, for each 
ordinal s <_< Qo, f(x.) is defined to be a number ys. Then if x => r,x,, 
&<80, f(x) => rya 8<8o, where r, is a rational number and not zero 
for only a finite number of different values of s. Let J,, denote the 
image of f(s) as defined so far. Let M,, denote the first element of T 
which contains no point of J,,. Let zı denote the smallest ordinal such 
that (1) f(x.) is not defined so far and (2) there exists a number ys, 
such that (xs, Ys) belongs to M., and Y, is not the ordinate of any 
point of J,,. Since s < Qay, the existence of sı may be established with 
the help of Lemma 4 and the theorem that every uncountable inner- 
limiting set of real numbers contains ¢ mutually exclusive perfect sets. 
Then let f(x,,) =¥.,- If 3 is an ordinal less than s, such that for each 
ordinal s <2, f(x.) is defined to be y, then let f(xs) be a real number ys 
such that ys is not Ta Yn +) TaY, z< ë, where r, is a rational number 
which is different from zero for only a finite number of different val- 
ues of z and f, is a rational number. 

This completes the induction in the definition of f(x) if x belongs 
to H. If x is any real number, then X=) eke where r, ig a rational 
number which is different from zero for only a finite number of differ- 
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ent values of s. This expression for x being unique, f(x) is defined to be 
> rvs By Hamel’s argument” f(x) satisfies the equation f(x) -+f(y) 
=f(x-+y). Obviously the image J of f(x) intersects every compact 
subcontinuum of E not in a vertical line and hence intersects every ' 
such subcontinuum of E whether compact or not. Hence J is con- 
nected.*® Suppose that for two different numbers a, and as, f(a1) =f (a). 
But a1 =) Tiss and a=) Tasks, where ru and fg, are rational numbers 
which are different from zero for only a finite number of different val- 
ues of s. Hence > fuys=} Tuy.. Let # be the largest value of z such 
that fis —růru z0. Then ys=) Vs(1 ae — Tis) / (Tis — Te), 8< 3. This however 
is impossible if 2>1. Hence r1,—12,=0 if s>1 and a,=4a,=ru—frn. It 
follows from this that if Z is a horizontal line intersecting J at the 
point (x, y) then T-L is the set of‘all points (x-+r, y) where r is ra- 
tional. z 


Tas UNIVERSITY OF TEXAS 


z Loc. cit. 
% See Footnote 23. 


ON THE COMPOSITION OF FIELDS 
CLAUDE CHEVALLEY 


Let K/k, K'/k be two extensions of a basic field $. By a composte 
extenston of these two extensions, we understand the complex notion 
formed of an extension &/k of k, of an isomorphism r of K/k into 
&/k and of an isomorphism rf’ of K’/k into R/k, provided the follow- 
ing conditions are verified: 

(1) A is generated by the two fields K', K”. 

(2) If A, A’ are subsets of K, K’ respectively which are algebrai- 
cally independent over &, the set AX (A’)” is algebraically independ- 
ent over k. In other words, the algebraic relations which hold in & 
between elements of K", K are consequences of the algebraic rela- 
tions which hold between elements of K" alone or of K’” alone.! 


THEOREM 1. Any two given extensions K/k, K'/k have at least one 
composite extenston. 

Let B’ be a transcendence basis for K’/k. We can find a purely 
transcendental extension Q/K which has a transcendence basis B’”’ 
with the same cardinal number as B’ (r’ stands for a one-to-one 
mapping of B’ onto B’). The algebraic closure Q of Q contains the . 
algebraic closure P of the field P=&(B’"’). The mapping r’ may be 
extended to an isomorphism of K’/k with an extension K'’/k con- 
tained in P/k, and a fortiori in Q. We set R=KK’”’, and denote by T 
the identity mapping of K/k into R/k. We claim that the system 
(R/k, T, T’) is a composite extension of K/k, K'/k. 

It is sufficient to check the condition (2), and we may assume with- 
out loss of generality that A, A’ are finite. There exists a finite subset 
Bi of B’ such that k(A’, Bi ) is algebraic over (Bi ). Let d, d’, e be 
the number of elements in 4, Af, Bi. The elements of By, being 
algebraically independent over K, are a fortiori algebraically inde- 
pendent over k(A). Therefore, the degree of transcendency of 
k(A, A’, Bi”) over k is d+e. The degree of transcendency of 
k(A{*’, Bit’) over k(Ai*’) is e—d’. The degree of transcendency f 
of k(A, A’, Bit’) over k(A) is therefore less than or equal to e—d. 
It follows that the degree of transcendency of k(4, A’’) over k, which 


Received by the editors October 1, 1941. 

1 The problem of composite extensions has been considered by Zariski (Algebraic 
varieties over ground fields of characteristic sero, American Journal of Mathematics, 
vol. 62 (1940), pp. 187-221) in the case when one of the extensions K/k, K’/k is 
algebraic and normal. 
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is d+e—f, is-at least equal to d+d’, which proves that AUA’ is 
algebraically independent over k. 

Let (R/k, 7, 7’) and (1/k, 71, TL) be two composite extensions of 
K/k, K'/k. We shall say that these extensions are isomorphic if there 
exists an isomorphism o of R/k with 2’/k such that 7,;=07, ti =or’. 

The consideration of the case where K/k, K’/k are algebraic over k 
(but not normal) shows immediately that there are in general several 
non-isomorphic types of composite extensions. The extreme opposite 
case occurs when & is algebraically closed in K and K’ (k is said to 
be algebraically closed in K if every element of K which is algebraic 
over & lies already in $). In that case, the composite extension 2/k 
turns out to be unique; but, unfortunately, k may fail to be algebrai- 
cally closed in &. For instance, let us take K =K’ h(x, (a +bar) Y”), 
where p40 is the characteristic. of k, and where a, b are elements of k 
such that k((a)¥?, (b)/?) is of degree p? over k. It is easy to verify 
that k is algebraically closed in K; on the other hand, the composite 
extension is k(x, y, (a-+bx?)/?, (aby?) 4?) /k=R(x, y, (a)"?, (b)™?)/k. 

We shall get around this difficulty by introducing the following no- 
tion: 


DEFINITION 1. A field k is said to be quast-algebraically closed (q.a.c.) 
in K if every element a of K which ts algebraic over k is purely tnsepara-. 
ble over k (that is, 45 the unique root-of some equation with coeficients 
+n È). 


We shall prove the following theorem: 


THEOREM 2. Let (R/k, T, 7’) and (21/k, Ti, 71) be two composite ex- 
tensions of the extensions K/k, K’/k. Let L, L’ be fields such that: 
(1) kRCLCR,&CL'CR’; (2) L, L’ are algebratce over k; (3) L 4s ¢.0.¢. 
in K and L’ is q.a.c. in K’. If an isomorphism oo of Lt L'Y /k with 
In L'i /k ts such that oor coincides on L with t, and oor’ coincides on L' 
with ri , then oo may be extended to an isomorphism of (R/k, T, T’) with 
(R:/k, Tis Ti). i 


In other words, the type of the composite extension (R/ẹk, T, T’) is 
determined by the type of the composite extension (L" L'Y /k, 7, 7’) of 
L/k, L'/k. 

We shall first prove three lemmas. The fields which are considered 
in the first two of these lemmas are assumed to be all subfields of some 
all-inclusive field. 


LemMa 1. Let k bea q.a.c. sub-field of a field K. Let Z be a field such - 
that kk ZCK, and y be an element of K which is a root of an srreducsble 
equation F =0 with coefficients in Z. Let Q/k be an algebraic extension 
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of k, a bean element of Q and $ =Q, the irreducible equation tn k which 
as satisfied by a. Then the polynomial F ts a power of an trreductble 
polynomial tn the field QZ, and O43 a power of antrreducible polynomial 
sn K. Moreover, Q4s g.a.c.tn the field KR. 


We may assume without loss of generality that Q=&k(a), Let L be 
_ the algebraic closure of k in K (that is, the field consisting of the ele- 
ments of K which are algebraic over $). Let ®; =0 be the irreducible 
equation satisfied by a in L. Therefore $, divides ®. On the other 
hand, if p is the characteristic of k, the polynomial f has its coeffi- 
cients in & if u is large enough, and therefore ® divides 7. It follows 
that is a power of $. 

If $f =0 is the irreducible equation satisfied by ain K then f di- 
vides ®;. Therefore, every root of the equation f =0 is also a root of 
$ =0, which shows that the coefficients of Pi are algebraic over &. 
It follows that bf =, which proves that ® is a power of an irreducible 
polynomial in K. 

Let F,=0 be the irreducible equation satisfied by y in LZ, and let m 
be the degree of F. If # is the degree of #1, we have 


[LZ(y, «):LZ] = [LZ(y, a):LZ(y)|[LZ(y):LZ] = mn 
because $ is irreducible in K, and a fortsors, in LZ(y). It follows that 
[LZ(y, a): LZ(a)|[L£Z(a):LZ| = mn. 


But [LZ(æ):LZ] =n, since ® is irreducible in LZ; therefore we have 
[LZ(y, «):LZ(a) | =n which shows that F, is irreducible in LZ(a). On 
the other hand, F; divides F; since LZ is purely inseparable over Z, 
the same argument which was used above for 2; shows that F is.a 
power of Fi. Since ZC QZ =Z(a) CLZ(a), F is also a power of an irre- 
ducible polynomial in QZ. 

There remains to prove that k(æ) is q.a.c. in K(a). Let 8 be an ele- 
ment of K(a@) which is algebraic over k(a), and therefore also on k. 
There exists a power a” =a of a which is separable over k; we set 
8,=B™, whence 68,¢ K(a,) and 


| Bi = o + fai ee E h EK, 


where k= [RK(&):K]. If we write the corresponding formulas for the 
conjugates of pı with respect to K, and observe that a, is different 
from its conjugates, we see that the £,’s may be expressed rationally 
by means of the conjugates of a, Bı. It follows that o, &,---, Ext 
are algebraic over k, and therefore belong to L. Since L is purely in- 
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separable over k, we may conclude that some power 6? of B, lies in 
R(ox), where is the characteristic of k (6: k(a;)) Gf p=0). We have 
B” EQ which completes the proof of the lemma. 

Before stating Lemma 2, we have to introduce another notion. Two 
extensions K/k, Q/k of the field k which are contained in some larger 
field are said to be algebratcaly dissocsated if the following condition 
is realized: If A, B are subsets of K, Q, respectively, which are alge- 
braically independent over k, the set AUB is also algebraically i in- 
dependent. 


Lexma 2. The Lemma 1 (abstractton made of what concerns æ and P) 
remains valid when Q/k is.any extension of k, provided the extensions 
Q/k, K/k are algebraically dissociated. 


Let C be a transcendence basis of Q/k and Q the field &(C). Under 
our assumption the extension KRo/K is purely transcendental. We 
claim that Q, is q.a.c. in K Qo. It will of course be sufficient to prove 
it in the case where C consists’ in a single element t. Let P(#¢)/Q(t) =w 
be an element of KQ)>=K(#) (where P(t), Q(t) are polynomials with 
coeficients in K). We shall prove that if w is algebraic over Qo, it can 
be expressed as a rational function in ¢ with coefficients in L (the 
algebraic closure of k in K). From this result it will follow that LQ» 
is algebraically closed in KQp, and therefore that Qs is q.a.c. in KQo. 

The proof will proceed by induction on the number /=d°P+d°Q 
where d°P, d°Q denote the degrees of P, Q with respect to t. It is obvi- 
ous for }=0; assume that the result holds for /—1. If either one of the 
elements P(0), Q(0) is null, we can reduce ourselves to the case }—1 by 
considering instead of w one of the elements w/t, tw (these elements 
are also algebraic over Qo). So, let us assume that P(0)Q(0) +0. We - 
have by assumption a relation of the form 


Ao(t)P*(t) + Ai) PHO + --- + 4a(4)07@) = 0, 


where Ao(t), ->> , A(t) are polynomials in ¢ with coefficients in k, 
not all divisible by ż. Putting t =0, we conclude that P(0)/Q(0) is alge- 
braic over k, and therefore belongs to L. The element w’ = P(t)/Q(t) 
— P(0)/Q(0) is again algebraic over Q, and may be written in the form 
LP’(t)/Q'(t) with d°P’+d°Q’ =1—1. Therefore w /itE L(t) andwE Lis), 
which proves our assertion. 

The extension ZQ,/Z being purely transcendental (because K Q/K 
is), the polynomial F, which is irreducible in Z, remains irreducible 

1 This property was proved in the paper, Peacals on an algebraic varity and a new 


proof of a theorem of Bertsni, by Zariski, Trangactions of this Society, vol. 50 (1941), 
pp. 48-70. 
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in ZQ. The extension Q/Q being algebraic, it follows from Lemma 1 
(applied with Qo instead of k) that F becomes a power of an irreduci- 
ble polynomial in ZQ and that Q is q.a.c. in KQ; Lemma 2 has been 
proved. 

We pass now to the third lemma. The notations used in this lemma 
are the same as those introduced in the statement of Theorem 2. 


Lemma 3. Let Z bea field such that LC Z CK, and let y be an element 


of K. (1) If y 4s transcendental over Z, y" ts transcendental over ZK., 


(2) If y is a root of the trreductble equation F=0 in Z, the polynomial Fr 
4s a power of an srreductble polynomial in ZK’. 


(1) Let B’ be a transcendence basis of K’/k and C be a transcend- 
ence basis of Z/k; hence CJB" is a transcendence basis of Z*K’" /k. 
If y is transcendental over Z, the set CU {y} is algebraically inde- 
pendent; therefore CUB U { y'} is algebraically independent over 
k, which proves that y" is transcendental over Z*K’"’. ` 

(2) Since the extensions Z"/k, K’"/k are clearly algebraically dis- 
sociated over 2, assertion (2) results from Lemma 2. 

We pass now to the proof of Theorem 2. We consider the set 2 of 
the systems (Z, Z’, a(Z, Z^) composed (a) of fields Z, Z’ such that 
LCZCK, L'C2Z' CK’; (b) of an isomorphism o(Z, Z’) of Z2"Z’" with 
Zaz’ such that o(Z, Z’)r coincides with 7; on Z, that a(Z, Z’)r’ co- 
cincides with r/ on Z’, and that o(Z, Z^) coincides with ao, on LtL’”. 
We order the set Z by the convention that 


Z, Z, o(Z, Z')) & (U, U", o(U, U^) 


if ZC U, Z’'CU' and a(U, U^ coincides with ¢(Z, Z’) on Z*Z’™’. It i8 
trivial to verify that in this ordered set every completely ordered sub- 
set has an upper bound. Hence, by Zorn’s theorem, 2 has a maximal 
element, which we denote from now on by (Z, Z’, 7). Theorem 2 will 
be proved if we can show that Z =K, Z'= K". 

Let y be an element of K, and assume for a moment that y is 
transcendental over Z. Then y" is transcendental over Z" and y"! is 
transcendental over Z™. By Lemma 3, y is also transcendental over 
Z°Z'"', and a fortsors, over Z*Z'™’. Similarly, y™ is transcendental over 
ZZ. We set U=Z(y); then it is possible to extend o to an isomor- 
phism o* of UZ’ with U"Z'’ in such a way that o*(y") =". It fol- 
lows that o*r coincides with tı on U and that o*r’ coincides with r/ 
on Z’. But this is contrary to the maximality of (Z, 2’, a). 

It follows that K is algebraic over Z, and similarly that K’ is alge- 
braic over Z’. — 

Let us again consider the element yC XK; it is a root of an irreducible 
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equation F=0 in Z. By Lemma 3, F" becomes in 2°Z’"’ a power of 
an irreducible polynomial Fy, and we have F,(y") =0. The polynomial 
FY is irreducible in Z2Z'"’, and F" is a power of Ff. On the other hand, 
we have Fe =F" and F'(y")=0, whence Fia") =0. Therefore, we 
may extend o to an isomorphism o* of 2*2’*'(y") with ZZ’ (yr) such 
that o*(y") =". The isomorphism o*r of Z(y) into K2K'"’ coincides 
with the automorphism induced by 7; and g*r’ coincides on Z’ ‘with 
ti. By the maximality property of (Z, Z’, c), we have Z(y)=Z, 
whence K =Z, and we see in the same way that K’=2Z’, which com- 
pletes the proof of Theorem 2. . 


COROLLARY, Let K/k, K'/k be two extenstons of k, and assume thai k 
ss g.a.c. 4n at least one of them. Then there exssts only one type of compos- 
tie extension of our two extenssons. 


‘In fact, if k is q.a.c. in K’, we may apply Theorem 2 with L’=’. 
If we set op=1T17~}, op is an isomorphism of L" with L"! and oor coin- 
. cides with 7; on L; it follows that dọ may be extended to an isomor- 
phism of (R, r, 7’) with (Ri, 71, T7). 


THEOREM 3. Let (R/k, T, T) be a composte extension of K/k, K'/k 
and let L, L' be fields which satssfy the condsitons (1), (2), (3) of Theorem 
2. Then LL" is ¢.4.c.1n Q. 


By Lemma 1, LL” is q.a.c. in L°K’t’; by Lemma 2, we see that 
L'K'” is q.a.c. in K*K’’, because the extensions K™/k, K'Y /k are 
algebraically dissociated. Let a be an element of & which is algebraic 
over LL’; then, if p is the characteristic of k, the second result 
shows that, for s large enough, a? CLK’. Since a” i is also Sige ora 
over L'L’’, the first result shows that lar” mor” ELL, for s’ 
large ennie, which proves Theorem 3. i 


` COROLLARY. If kts g.a.c.in both K and K’, ü is also q.a.c. in KK’. 
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NOTE ON CLOSURE FOR ORTHOGONAL POLYNOMIALS 
J. SHOHAT 


In this short note we give a simple theorem concerning closure for 
orthogonal polynomials (OP). The importance of closure in the theory 
of OP, particularly in the study of expansions of functions in series of 
OP, can hardly be overestimated. 

The notations employed below are those of my monograph, Théorse- 
générale des polyntmes orthogonaux de Tchebtcheff (Mémorial des 
Sciences Mathématiques, vol. 66, 1934), referred to as M. 

We write generally 


I(x) iii Dy fabla) 
to signify that 
b 
Ja ga Í T(z)bs(x) dy, n = 0, 1, Z, ".? 3 
ou(z) ™ dal; a, b; dh), 
b 
f bul x)da(x)dy = dan, mn=0,1,2,-°-. 


The hereafter assumed existence of /2/?(x)dy implies, as is known, the 
convergence of the series > fof. By closure we mean the following 
equality, Parseval’s formula: 


f feow- Xe 
THEOREM. If closure holds for the “symmetric” sequence 
(1) {du(x; — h, k; dy)}, ¥(0) — p(x) m Y(— x) 
[or l 
{oa(z; — h, k; p(x))}, p(z) = p(— 2) 
then each of the folowing two sequences of OP is closed 
(2) {dalz 0, AY; dvi) }, foala; 0, W; dys) } 
dyi(x) = 2dy(x"!*),  dýa(x) = axdyi(x) 
lor 
Received by the editors October 2, 1941. 
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(palz; 0, A3; pi(z))}, {eala 0, BY; pa(x))} 
pile) = 2 /*p(2'/?), pala) = wpi(z)], 
and conversely. 
It suffices to give the proof for d¥(x) proper, for the case where 
d(x) = p(x)dx is quite similar. : 
We have, for any n=0, 1, 2,--- [M, pp. 19-20], 
palz; — A, h; dp) m dala? 0, A?; dys), | 
danti(x; — k, h; dy) = xps(x,3; 0, B*; dys). 


+ This yields at once, for any n=0, 1, 2,---, 


(3) 


fn =f ‘fa)on(a; — A h; dày 


n? ‘ 
7 J Fy(x)ba(z; 0, 47; dhidi m far, 


(4) 
f= f ‘fa)bmesa(s — h, k; AY) aY 
=f Falz)ba(z5 0, #5 djadja m faa 
_ where 
o ma-t, ggg, 
We have further 


f(z) = Falat) + 2Fi(z*) ~ D fapala; — h, h; dh). 
Making “igs of (3), (4) and (5), we get readily 
F(x?) TN yee ae h, h; dy), 


Falat) ~ > faaribrari(x; — h, k; dy), 
a) - 


6 © 
( ) F(x) da dD fn 1bn( 25 0, h?; dy), 


Fala) ~ È faxba(x; 0, h3; dps), 


ff 
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F (2) Fy(x*)dy = 0, 


f feos — 2 f= | J ' Päh S Sha] 
“p [ [Hea “= vhs. 


By Bessel’s inequality, both brackets on the right sade of (7) are non- 
negaisve, and this directly proves the theorem stated. 


REMARK. In the above discussion $ may be assumed to be infinite, 
for closure always holds for a finite interval. 

The most interesting application of the foregoing is to Hermite and 
Laguerre polynomials. In fact, it follows from the above theorem that 
the closure of both sequences 


{da(x;0, œ; erm), folz; 0, œ; o-*x2)}, a2 1/2, 


(7) 


implies that of CACT — o, we” | x| ža—t) } , and conversely. In. par- 
ticular, taking a=1/2, we conclude that the closure of Hermite poly- 
nomials dala; — 0, 0; e~ =) } implies that either of the two se- 
quences of Laguerre polynomials { ba(x; 0, oO ; emagin), { ba(x; 0, œ; 
e~*x1/2)} is closed, and conversely. 
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THE APRIL MEETING IN NEW YORK 


The three hundred eighty-sixth meeting of the American `e 
Mathematical Society, was held at Columbia University on Friday 
_and Saturday, April 3-4, 1942. The attendance was approximately 
two hundred seventy-five including the following two hundred four 
members of the Society: 


Milton Abramowitz, C. R. Adams, Felix Adler, Leonidas Alaoglu, C. B. Allen 
doerfer, Lawrence Annenberg, R. G. Archibald, B. H. Arnold, L. A. Aroian, Y. K. 
Bal, J. D. Bankier, J. J. Barron, Alfred Basch, P. T. Bateman, M. F. Becker, P. O. 
Bell, Stefan Bergman, Garrett Birkhoff, Gertrude Blanch, M. L. Boas, R. P. Boas, 
H. F. Bohnenblust, Samuel Borofsky, C. C. Bramble, Richard Brauer, Jewell H. 
Bushey, J. H. Bushey, W. E. Byrne, W. B. Campbell, Claude Chevalley, D. E. 
Christie, Alonzo Church, M.D. Clement, Harvey Cohn, J. B. Coleman, L. M. Comer, 
T. F. Cope, Richard Courant, W. H, H. Cowles, H. B. Curry, M. D. Darkow, Norman 
Davids, A. H. Diamond, R. P. Dilworth, J. L. Doob, Jesse Douglas, C. H. Dowker, 
Jacques Dutka, John Dyer-Bennet, J. E. Eaton, W. F. Eberlein, M. L. Elveback, 
Benjamin Epstein, Paul Erdds, J. M. Feld, W. K. Feller, Aaron Fialkow, F. A. Ficken, 
W. B. Fite, R. M. Foster, G. A Foyle, J. S. Frame, K. O. Friedrichs, Orria Frink, 
Guido Fubini, R. E. Fullerton, H. P, Geiringer, J. H. Giese, B. P. Gill, A. M. Gleason, 
M. C. Gray, H. J. Greenberg, Lewis Greenwald, C. C. Grove, Laura Guggenbuhl, 
N. G. Gunderson, Jacques Hadamard, Theodore Hailperin, F. C. Hall, P. R. Halmos, 
K. E. Hazard, M. H. Heins, Edward Helly, Olaf Helmer, E. H. C. Hildebrandt, 
Banesh Hoffmann, T. R. Hollcroft, Harold Hotelling, E. M. Hull, Witold Hurewicz, 
W. A. Hurwitz, L. C. Hutchinson, R. P. Isaaca, Nathan Jacobson, R. A. Johnson, 
G. K. Kalisch, Edward Kasner, S$. A. Kiæ, S. C. Kleene, R. B. Kleinschmidt, J. R 
Kline, E. R. Kolchin, B. O. Koopman, Arthur Korn, M. E. Ladue, J. S. Le Caine, 
Solomon Lefschetz, B. A. Lengyel, Howard Levi, Norman Levinson, E. R. Lorch, 
A. N. Lowan, N. H. McCoy, J. C. C. McKinsey, Brockway McMillan, L. A. MacColl, 
J. K. L. MacDonald, C. C. MacDuffee, G. W. Mackey, G. R. MacLane, H. M. Mac- 
Neille, M. S. Macphail, P. T. Maker, Imanuel Marx, W. P. Mason, A E. Meder, 
H. L. Mintzer, R. E. von Mises, E. C. Molina, Deane Montgomery, Richard Morris, 
Marston Morse, G. W. Mullins, F. J. Murray, C. A. Nelson, N. D. Nelson, Philip 
Newman, K. L. Nielsen, C. O. Oakley, Rufus Oldenburger, Oystein Ore, J. C. Oxtoby, 
N. G. Parke, L. G. Peck, A. S. Peters, George Polya, E. L. Poet, Willy Prager, M. H. 
. Protter, R. G. Putnam, J. F. Randolph, C. J. Rees, M. S. Rees, Eric Reissner, R. W. 
Rempfer, H. J. Riblet, Moees Richardson, R. G. D. Richardson, J. F. Ritt, H. E 
Robbins, J. H. Roberta, M. S. Robertson, S. L. Robinson, Benjamin Rosenbaum, 
J. E. Rosenthal, Raphael Salem, Hans Samelson, Arthur Sard, L. J. Savage, Rubin 
Schatten, M. G. Scherberg, I. J. Schoenberg, Alberta Schuettler, I. E. Segal, I. M. 
Sheffer, Seymour Sherman, C. A. Shook, P. A. Smith, D. C. Spencer, Wolfgang Stern- 
berg, J. J. Stoker, R. E. Street, R. G. Sturm, Alvin Sugar, J. L. Synge, Otto Szász, 
J. D. Tamarkin, ML E. Taylor, J. W. Tukey, J. L. Vanderslice, G. L. Walker, Henry 
Walman, R. M. Walter, W. R. Wasow, Louis Weisner, Hermann Weyl, A. L. White- 
man, D. V. Widder, V. A. Widder, Norbert Wiener, John Williamson, Audrey Wish- 
ard, Oscar Zariski, Leo Zippin. 


The meeting opened Friday morning with a section for papers in 
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analysis and applied mathematics, Professor Norman Levinson pre- 
siding, and another for algebra, geometry and logic, Professor 
Alonzo Church presiding. 

Friday afternoon there was a symposium on topics in the theory of 
functions, at which Vice President C. C. MacDuffee and President 
Marston Morse presided. These addresses were given: On entsre func- 
isons of exponenisal type, by Dr. R. P. Boas of Duke University; and, 
On the zeros of the derivatives of a function and tis analytic character, 
by Professor George Polya of Smith College. The discussion was led 
by Professor Norman Levinson of the Massachusetts Institute of 
Technology and Professor I. J. Schoenberg of the University of 
Pennsylvania. 

Saturday morning was devoted to a symposium on aeronautics at 
which Vice President J. D. Tamarkin presided. There was an address 
on Theory of wing flutter, by Dr. Theodore Theodorsen of Langley 
Field, Virginia, and on New approach to the three-dimenstonal wing 
theory, by Dr. R. E. von Mises of Harvard University. The discussion 
was led by Professor Willy Prager of Brown University, Dr. Eric 
Reissner of the Massachusetts Institute of Technology, Professor 
K. O. Friedrichs of New York University, and Professor J. L. Synge 
of the University of Toronto. 

Titles and cross references to the abstracts of papers read follow 
below. Papers whose abstract numbers are followed by the letter # 
were read by title. Papers numbered 1-8 were read before the section 
for analysis and applied mathematics; those numbered 9-17 before 
the section for algebra, geometry and logic; those numbered 18-39 
were read by title. Paper 7 was read by Professor Roberts, and paper 
12 by Mr. Tuan. Dr. Bers was introduced by Dr. A. M. Gelbart. 

1. Lipman Bers: A property of harmonic functions. (Abstract 48- 
5-170.) 

2. Otto Szász: On sequences of polynomials and the distribution of 
thetr zeros. (Abstract 48-5-193.) 

3. J. H. Bushey: The dtsirsbution funciton of the sample total under 
the type B hypothesss. (Abstract 48-5-217.) 

4. Hermann Weyl: Solution of the simplest boundary-layer problems 
in hydrodynamics. (Abstract 48-5-198.) 

5. Hilda P. Geiringer: On the numerical solutton of linear problems 
by group tteraiton. (Abstract 48-5-202.) 

6. Stefan Bergman: Three-dimenstonal flow of a perfect tncompres- 
sthle fluted and tis stngularsites. (Abstract 48-5-201.) 

7. J. H. Roberts and Paul Civin: Secttons of continuous collecttons. 
(Abstract 48-5-224.) 
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8. Witold Hurewicz: Ergodic theorem unthout tnvartant measure. 
(Abstract 48-7-235.) 

9. B. H. Arnold: Rings of transformaitons of certasn vector spaces. 
Preliminary. report. (Abstract 48-5-142.) 

10. F. A. Ficken: On Rosser’s generalisation of Euclsd’s algorithm. 
Preliminary report. (Abstract 48-5-151.) 

11. Rufus Oldenburger: The index of a quadratic form for an arbt- 
trary field. (Abstract 48-5-162.) 

12. Richard Brauer and Hsio-Fu Tuan: Some remarks on simple 
groups of finte order. Preliminary report. (Abstract 48-5-147.) 

13. J. S. Frame: Double coset matrices and group characters. (Ab- 
stract 48-5-152.) 

14. S. C. Kleene: On the forms of the predicates in the theory of con- 
structive ordinals. Preliminary report. (Abstract 48-5-215.) 

15. L. C. Hutchinson: On the lanear line complex in n-space. (Ab- 
stract 48-5-208.) 

16. Aaron Fialkow: Conformal differenital geometry of a subspace. 
(Abstract 48-5-207.) 

17. R. P. Dilworth: The partstton latttce. (Abstract 48-5-150.) 

18. Stefan Bergman: Determination of pressure in the two-dimen- 
sional flow of an incompressible perfect flutd. (Abstract 48-5-2004.) 

19. J. H. Bushey: The distribution function of the mean under the 
type a hypothesis. (Abstract 48-5-216-1.) 

20. J. H. Bushey:.The products of certain discrete and continuous 
orthogonal polynomials. (Abstract 48-5-218-t.), 

21. Leonard Carlitz: On the reciprocal of certain types of Hurunis 
serses. (Abstract 48-5-148-t.) 

22. F. G. Dressel: The fundamental soluiton of ihe parabolic equa- 
iion. II. (Abstract 48-5-171-¢.) ) 

23. A. M. Gelbart: Bounds for pressure in a two-dimenstonal flow 
of ansncompresstble perfect fluid. (Abstract 48-5-203-t.) 

24. P. R. Halmos and Hans Samelson: On monothetsc groups. (Ab- 
stract 48-7-250-t.) 

25. Nathan Jacobson: Classes of restricted Lie algebras of character- 
istic p. II. (Abstract 48-7-231-4.) 

26. Meyer Karlin: Characterisation of the extremals of a varsation 
problem of higher order in the plane. Preliminary report. (Abstract 
48-5-175-¢.) 

27. Joseph Lehner: On certain irrational modular equations. (Ab- 
stract 48-5-156-.) 

28. F. A. Lewis: Generators of permutation groups simply tsomorphic 
with LF (2, p*). (Abstract 48-5-157-#.) 
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29. A. N. Lowan, H. E. Salzer, and Abraham Hillman: Coeffictents 
of dtfferences sn the expanston of derivatives sn terms of advancing dif- 
ferences. (Abstract 48-5-176-1.) 

30. Rufus Oldenburger: Repeated linear factors of forms. (Abstract 
48-5-161-#.) 

31. Harry Pollard: An tnverston formula for the Stieltjes transform. 
(Abstract 48-5-182-¢.) 

32. Harry Pollard: On subsertes of a comvergent sertes. (Abstract 
48-5-183-t.) 

33. H. A. Rademacher: On the Bloch-Landau constant. (Abstract 
48-5-185-4.) 

34. M. F. Smiley: A remark on S. Kakutant's characierssation of 
(L)-spaces. (Abstract 48-5-191-t.) 

35. M. F. Smiley and W. R. Transue: Applications of transilsvtites 
of betweenness in lattice theory. (Abstract 48-5-165-2.) l 

36. J. L. Walsh: On the overconvergence, degree of convergence, and 
zeros of sequences of analytic funcitons. (Abstract 48-5-196-2.) 

37. G. T. Whyburn: Coherent and saturated collectsons. (Abstract 
48-5-226-t.) 

38. G. T. Whyburn: On the intertorsty of mappings. (Abstract 48-5- 
227-t.) ~ 

39. G. T. Whyburn: Unțtary subcontinua. (Abstract 48-5-228-t.) 

T. R, HorLcrorT, 
Assoctate Secretary 


THE APRIL MEETING IN BERKELEY 


The three hundred eighty-seventh meeting of the American Mathe- - 
matical Society was held at the University of California, Berkeley, 
on Saturday, April 11, 1942. The attendance was about seventy, 
including the following thirty-six members of the Society: 


5. P. Avann, H. M. Bacon, E. W. Barankin, K. E. Benson, B. A. Bernstein, 
H. F. Blichfeldt, T. C. Doyle, G. C. Evans, A. L. Foster, D, L. Fuller, S. M. Hallam, 
M. A. Heaslet, Einar Hille, Alfred Horn, R C. James, D. H. Lehmer, A. O. Leuschner, 
S. H. Levy, Hans Lewy, W. R. Mann, W. A. Manning, A. D. Michal, E. M. Morenus, 
C. B. Morrey, Jr., A. P. Morse, A. R. Noble, R. M. Robinson, E. B. Roessler, P. C. 
Rosenbloom, A. C. Schaeffer, W. H. Simons, Gabor Szegd, S. P. Timoshenko, F. A. 
Valentine, W. M. Whyburn, A. R. Williams. 


The meeting opened in the morning with a general session for 
contributed papers ať which Professor W. M. Whyburn presided. 
By invitation of the Program Committee, Professor W. A. Manning 
of Stanford University delivered an hour address on The simply 
transtive permutation groups. Professor B. A. Bernstein presided at 
this lecture. 

The afternoon session was devoted to a symposium on applied 
mathematics, Professor Gabor Szeg& presiding. Professor Theodore 
von Kármán spoke on Some problems in dynamics of compressible 
fluids; Professor E. E. Weibel on The photo-elastic method of stress 
determinaiton; and Professor C. F. Richter on Mathematical questions 
sn Sessmology. 

-Titles and cross references to the abstracts of the papers read fol- 
low below. Papers whose abstract numbers are followed by the letter 
t were read by title. The papers numbered 1—5 were read at the morn- 
ing session; those numbered 6-14 were read by title. 

1. G. E. Forsythe and A. C. Schaeffer: A remark on Toepltis mal- 
rices. (Abstract 48-3-108.) 

2. F. A. Valentine: On the extenston of a vector function so as to 
preserve a Lipschtts condstion. (Abstract 48-5-195.) 

3, R. C. James: Normabslity of topological abelian groups. (Abstract 
48-5-221.) ` 

4. S. P. Avann: On complete classes of projective quottents in a modu- 
lar lattice. (Abstract 48-5-145.) 

5. Einar Hille: Notes on Isnear transformations. IV. Representation 
of semi-groups. (Abstract 48-7-234.) 

6. W. A. Mersman: Heat conduciton in an infinite composite soltd 
with an interface resistance. (Abstract 48-5-205-t.) 
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7. Walter Leighton and W. J. Thron: On value regions of conisnued 
fracttons. (Abstract 48-3-113-4.) 

8. R. A. Beaumont: Projectsons of the prime-power abelian group of 
order p* and type (m—1, 1). (Abstract 48-3-103-t.) 

9. W. A. Mersman: Heat conduction in a pane composte solid. 
(Abstract 48-5-204-t.) 
10. Knox Millsaps: Abstract polynomials in non-abelian groups. 
= (Abstract 48-5-1584.) 

11. S. P. Avann: A numertcal condition for modularity of a finite 
laitice. (Abstract 48-5-144-t.) 

12. E. J. Pinney.: Calculus of variattons in abstract spaces and related 
topics. I. (Abstract 48-5-180-2.) 

13. E. J. Pinney: Calculus of variations in abstract spaces and re- 
lated topics. II. (Abstract 48-5-181-1.) 

14. A. D. Michal: A theory of fluctuations in Riemannian spaces. 
Preliminary report. (Abstract 48-5-209-t.) . 

A. D. MICHAL, 

Ading Associate Secretary 





THE APRIL MEETING IN CHICAGO 


The three hundred eighty-eighth meeting of the American Mathe- 
matical Society was held at the University of Chicago, Chicago, 
Ilinois, on Friday and Saturday, April 17-18, 1942. ; 

The attendance was one hundred eighty-three including chs fol- 
lowing one hundred sixty-one members of the Society: 


_A. A. Albert, J. V. Atanasoff, W. L. Ayres, Reinhold Baer, R. M. Ballard, R. H. 
Bardell, Walter Bartky, E. F. Beckenbach, J. C. Bell, D. L. Bernstein, S. F. Bibb, 
E. E. Blanche, G. A. Blis, Henry Blumberg, L. M. Blumenthal, R. W. Brink, E. L. 
Buell, H. E. Burns, I. W. Burr, L. E. Busb,.Herbert Busemann, Albert Cahn, W. C. 
Carter, E. W. Chittenden, L. W. Cohen, B. H. Colvin, J. J. Corli, L. L. Cronvich, 
A. R. Craw, E. L. Crow, D. R Curtiss, W. M. Davis, M. M. Day, L. E. Dickson, 
J. M. Dobbie, Roy Dubisch, W. D. Duthie, Phillip Eddy, Samuel Eilenberg, R. S. 
Embree, W. S. Erickson, E. B. Escott, H. P. Evans, H. S. Everett, G. M. Ewing, 
J. V. Finch, L. R. Ford, R. H. Fox, Bernard Friedman, H. L. Garabedian, B. H. Gere, 
H. A. Giddings, B. E. Gillam, J. W. Givens, E. L. Godfrey, R. A. Good, G. D. Gore, 
L. M. Graves, L. W. Griffiths, V. G. Grove, G. J. Haltiner, R. W. Hamming, O. G. 
Harrold, W. L. Hart, M. L. Hartung, G. E. Hay, C. T. Hazard, A. E. Heins, E. D. 
Hellinger, M. R. Hestenes, J. F. Heyda, T. H. Hildebrandt, A. S. Householder, H. K. 
Hughes, D. H. Hyeras, M. H. Ingraham, Dunham Jackson, R- D. James, R. N. Johan- 
son, Fritz John, R. E. Johnson, G. K. Kalisch, Samuel Kaplan, Wilfred Kaplan, Wil- 
liam Karush, D. E. Kibbey, Lois Kiefer, J. R. Kline, W. C. Krathwohl, H. N. Laden, 
J. C. Lapeley, R. A. Leibler, A. L. Lewis, D. R. Lintvedt, N. M. Liveæy, M. I. Logs- 
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don, A. T. Lonseth, Morris Marden, C. W. Mendel, Karl Menger, A. N. Milgram, 
W. L. Mitchell, M. G. Moore, C. W. Moran, Marston Morse, E. J. Moulton, S. B. 
Myers, Ivan Niven, E. N. Oberg, J. W. Odie, Rufus Oldenburger, C. D. Olds, Isaac 
Opatowski, G. H. Peebles, P. M. Pepper, I. E Perlin, Samuel Perlis, G. B. Price, 
Tibor Radó, P. V. Reichelderfer, W. T. Reid, Haim Reingold, C. V. Robinson, M. D. 
P. Rochford, W. H. Roever, A. E. Rows, R. G. Sanger, R. D. Schafer, Peter Scherk, 
O. F. G. Schilling, K. C. Schraut, G. E. Schweigert, H. A. Simmons, A. H. Smith, W. S. 
Snyder, N. E. Steenrod, R. C. Stephens, B. M. Stewart, E. B. Stouffer, H. P. Thiel- 
man, C. J. Thorne, C. B. Tompkins, P. L. Trump, A. W. Tucker, A. E. Turner, S. M. 
Ulam, V. J. Varineau, Bernard Vinograde, R. W. Wagner, H. S. Wall, K. W. Wegner, 
J. V. Webausen, G. W. Whitehead, L. R. Wilcox, J. E. Wilkins, František Wolf, R. S. 
Wolfe, Ruth Wolkow, Y. K. Wong, J. W. T. Youngs, Antoni Zygmund. 


The meeting opened Friday morning with two sections, analysis 
with Professor L. M. Graves presiding, and geometry and the theory 
of numbers with Professor V. G. Grove presiding. Saturday morning 
there were three sections, analysis with Professor J. V. Atanasoff 
presiding, algebra, Professor Reinhold Baer presiding, and geome- 
try and topology, Professor N. E. Steenrod presiding. All sectional 
sessions were held in Eckhart Hall. 

On Friday afternoon the Symposium Lecture was given by Pro- 
fessor L. M. Blumenthal with the title Some tmbedding theorems and 
charactertsaiton problems of distance geomeiry. Professor Karl Menger 
presided at this lecture which was given in Rosenwald Hall. 

On Friday afternoon following the Symposium Lecture, a tea was 
given by the ladies of the Department of Mathematics of the Univer- 
sity of Chicago. 

The attendance at the dinner on Friday evening at the Quadrangle 
Club was one hundred two. Professor Dunham Jackson served as 
toastmaster and introduced President Marston Morse who spoke on 
the present status of deferments for teachers of mathematics and 
stressed the danger of a serious shortage of qualified teachers at the 
college level. Following this talk Professor L. W. Cohen and Dean , 
Walter Bartky gave short talks. 

At the various sectional meetings on Saturday morning there was 
read a telegram from a group of Russian mathematicians addressed 
to all American mathematicians, expressing feelings of scientific unity 
and a belief in the triumph of our common cause. 

There were two meetings of the Council, one being a joint session 
with the Board of Governors of the Mathematical Association of 
America. The joint session was held at 12:15 p.m. in the Quadrangle 
Club and the regular meeting of the Council at 8:45 p.m. in the 
Common Room of Eckhart Hall at the University of Chicago on 
April’ 17, 1942. 
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At the joint meeting of the Council and Board of Governors Presi- 
dent Marston Morse reported on the steps which had been taken con- 
cerning the deferment of mathematicians and the procedures recom- 
mended to secure proper classification of competent teachers and 
graduate students by Selective Service Boards. The question of the 
use of all mathematicians who are inducted into the armed forces was 
also discussed and President Morse was authorized to make further 
investigations concerning this problem. 

The Secretary announced the election of the following seventy-six 
persons to membership in the Society: 


Mr, Blair Miller Bennett, College of the City of New York; 

Dr. Ferdinand Charles Biesele, University of Utah; 

Professor Conrad B. Bilgery, Regis College, Denver, Colo.; 

Professor Warren Hill Brothers, Jr., Talladega College, Talladega, Ala.; 

Mr. Hugh Daniel Brunk, The Rice Institute; 

Dr. Arthur Walter Burks, University of Pennsylvania; 

Sister Mary Roberdette Burns, Clarke oe Dubuque, Iowa; 

Mr. Albert Cahn, Jr., University of Chi 

Dr. Walter Francis Cassidy, St. John’s Univer: Bsn: N. Y.; 

Mr. A. John Coleman, University of Toronto; 

Miss Clara Marie Cooper, St. Vincent's College, Shreveport, La.; 

Mise Jane E. Crawford, American Mathematical Society, New York, N. Y.; 

Mr. Anthony B. Crawley, West Virginia State College, Institute, W. Va.; 

Professor Ray Harbaugh Dotterer, Pennsylvania State College; 

Dr. Ralph Waldo Erickson, Hibbing Junior College, Hibbing, Minn.; 

Mr. Edward Allen Fay, University of Rochester; 

Mr. Edwin Howard Feather, Valley Forge Military Academy, Wayne, Pa.j 

Dr. Hans Fried, Sproul Observatory, Swarthmore College; 

Professor Israel Everette Glover, Fayetteville State Teachers College, pees 
N. C.; 

Professor Joha M. González, Spring Hill College, Spring Hill, Ala.; 

Sister Agnes Ann Green, Immaculate Heart College, Los Angeles, Calif.; 

Dr. Frederick William Green, St. Louis Southwestern Railway Lines, St. Louis, Mo.; 

Professor William V. Houston, California Institute of Technology; 

Mr. Oscar Branche Jackson, Shell Oil Company, Tulsa, Okla.; 

Dr. Haym Jaffe, Penn Treaty Junior High School, Philadelphia, Pa.; 

Mr. William Katz, New York, N. Y.; 

Dr. David Milton Krabill, Potomac State School of West Virginia University, Keyser, 
W. Va; 

Sister Mary Pachomia Lackay, St. Teresa's College, Kansas City, Mo.; 

Mise Jane Marie Lawler, Kansas City, Mo.;~ 

Mr. Herbert R. Leifer, United States Department of Labor, Philadelphia, Pa.; 

Mr. Harold Wilbert Linscheid, Bluffton College, Bluffton, Ohio; 

Mr. Robert Lorenzen, New York, N. Y.; 

Professor John Joseph Lynch, Fordham University, New York, N. Y.; 

Dr. Henry Berthold Mann, Columbia University; 

Mr. Ernest Percy Miles, Jr., Naval Station, New Orleans, La.; 

Professor Carman Edgar Miller, University of New Brunswick; 
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Mr, Arthur George Montgomery, University of Minnesota; 

Dr. Elliott Waters Montroll, Cornell University; 

Mr. Joseph Baxter Nelson, University of Southern California; 

Sister Mary Cyprian Nightwine, Xavier University, New Orleans, La.; 

Mr. Henry Mortimer Nodelman, College of Pharmacy, University of Connecticut; > 

Dr. Nilan Norris, Hunter College; - 

Mr. Kenneth Alva Norton, Federal Communications Commission, Washington, D. C.; 

Sister Anna Concilio O’Neill, College of Saint Elizabeth, Convent, N. J.; 

Mr. Milton Oliver Peach, Carnegie Institute of Technology; 

Dean Henry William Pietenpol, Central College, Pella, lowa; 

Mr. George Piranian, The Rice Institute; 

Mrs. Marie Helen Polanyi, Bennington College, Bennington, Vt.; 

Professor Joseph William Porter, Bluefield State Teachers College, Bluefield, W. Va.; 

Miss Ruth Ellen Porter, Albany Senior High School, Albany, Ore.; 

Professor Francis McConnell Pulliam, Lambuth College, Jackson, Tenn.; 

Mr. Lawrence Lee Rauch, Princeton University; 

Dr. Helene Reschovaky, Baldwin School, Bryn Mawr, Pa.; 

Professor Charles Kendall Robbins, Purdue Univermty; 

Mr. Ira Rosenbaum, Camp Croft, 5S. C.; 

Mr. Joshua Heshel Rosenbloom, Federal Government Service, Philadelphia, Pa.; 

Professor Samuel Thomas Sanders, Jr., Southwestern Louisiana Institute, Lafayette, 
La.; 

Mr. William Leete Sandidge, Lynchburg, Va.; 

Mr. Milner Baily Schaefer, University of Washington; 

Mr. Charles W. Seekins, North Carolina State College; 

Mr. Samuel Shulits, United States Engineer Office, Charleston, S. C.; 

Mr. Danie! Harold Simmons, University of California at Los Angeles; 

Dr. Rolland George Sturm, Aluminum Research Laboratories, New Kensington, Pa.; 

Mr. Leonard W. Swanson, University of Minnesota; 

Professor Alejandro Terracini, Universidad di Tucuman, Tucuman, Argentina; 

Professor Louia F. Tolle, St. John’s University, Brooklyn, N. Y.; 

Dr.“Lewis Fletcher Walton, San Diego State College; 

Mr. Alan Wayne, Rhodes School, New York, N. Y.; 

- Professor Ernst Weber, Polytechnic Institute of Brooklyn; 

Mr. Donald Ward Western, Brown University; 

Mr. Robert L. White, University of California at Los Angeles; 

Mr. Donald Ransom Whitney, Mary Washington College, Fredericksburg, Va.; 

Mr. Lloyd Bayard Williams, Georgia School of Technology; 

Miss Ruth Wolkow, Barret Junior High School, Louisville, Ky.; 

Professor Cecil Benjamin Wright, East Texas State Teachers College, Commerce, 
Tex.; 


Dr. Alexander Wundheiler, College of the City of New York. 


It was reported that the following had been elected as nominees on 
the Institutional Memberships of the institutions indicated: 


University of California: Mr. Edward William Barankin, Miss Sarah Margaret 
Hallam, Mesara. Alfred Horn end Robert Mann. 

California Institute of Technology: Messrs. Sherwin Parker Avann, Gerald Harrison, 
Robert Clarke James, Chia Chiao Lin, Mark Muir Mills, Knox Taylor Millsaps, 
Wolfgang Kurt Herman Panofsky, Edmund Pinney, William Shand, Jr., Stanley 
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Cooper Snowdon, Clifford Ambrose Truesdale, and Donald Bingham Wheeler, Jr. 
Harvard University: Mr. Robert Wayne Byerly. 
New York University: Messrs. Imanuel Marx and Wolfgang Richard Wasow. 
Pennsylvania State College: Mr. Ralph P. Bentz. 
Wayne University: Mr. Gerald S. Heller. 
University of Wisconsin: Mesers. Robert Phillip Eddy, Raymond Scott ones 
John Vernor Finch, Donald R. Lintvedt, and Theodore Edgar Roda, Miss Marion 
Dell Wetzel, Mr. Norman Arthur Wiegmann. 


Dr. Andrew Paul Guinand of the Royal Canadian Air Force, 
Chatham, New Brunswick, Canada, was admitted to the Society in 
accordance with the reciprocity agreement with the London Mathe- 
matical Society and Professor Charles Blanc of the University of 
Lausanne was admitted to the Society in accordance with the reci- 
procity agreement with the Swiss Mathematical Society. 

The following appointments by President Marston Morse were re- 
ported: as representative of the Society at the Celebration of the One 
Hundredth Anniversary of the Founding of Hollins College (Virginia) 
on May 17—19, 1942, Dr. Nancy Cole; as auditors of the Society's 
books for 1942, Professors Samuel Borofsky and A. E. Meder, Jr.; 
as Committee on Arrangements for the Summer Meeting of 1942 
at Vassar College, Professors Mary E. Wells (chairman), W. D. 
Cairns, T. R. Hollcroft, Gertrude Smith, H. S. White; as Committee 
on Arrangements for the Annual Meeting of 1942 at New York City, 
Professors G. W. Mullins (chairman), W. D. Cairns, B. P. Gill, T. R. 
Holicroft, E. R. Lorch, Mina Rees, J. F. Ritt. 

The Secretary reported that the following had been chose: as the 
voting representatives on the Council of the editorial committees for 
the year 1942: Bulletin—-Dean Tomlinson Fort; Transactions—Pro- 
fessor Einar Hille; Colloquium—Professor M. H. Stone; American 
Journal of Mathematics—Professor R. L. Wilder; Mathematical 
Reviews—Professor Oswald Veblen. 

An invitation from Oregon State College to hold a meeting of the 
Society in Corvallis in June, 1943, in connection with the meetings 
of the Pacific Division of the American Association for the Advance- 
ment of Science, was accepted. 

The Secretary reported the receipt of a gift of $100 from Professor 
R. C. Archibald to be used as deemed most desirable by the Librarian. 

It was reported by the Bulletin Editorial Committee that, in the 
future the Index Number of the Bulletin will include indices of ab- 
stracts, meetings and papers, but will omit the Annual List of Pub- 
lished Papers and the index to Notes. 

The Secretary reported that Professor E. J. McShane had replaced 
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Professor J. L. Walsh as chairman of the editorial committee for the 
series, Mathematical Surveys. 

Associate Secretary Ingraham reported that the state of the fn- — 
ances of the Society was good, in spite of the present emergency. He 
also reported that approximately ten persons had taken advantage 
of the privilege of the reduction in dues offered to enlisted men in the 
armed forces of the United States and Canada. 

Titles and croes references to the abstracts of papers follow below. 
The papers were read as follows: Papers 1-8 in the section for analy- 
sis on Friday morning; papers 9-16 in the section for geometry and 
the theory of numbers on Friday morning; papers 17-22 in the sec- 
tion for analysis on Saturday morning; papers 23-29 in the section 
for algebra on Saturday morning; papers 30—36 in the section for 
geometry and topology on Saturday morning; and papers 37-47, 
whose abstract numbers are followed by the letter ¢, were read by 
title. Professor Jonah was introduced by Professor H. K. Hughes, 
Mr. Tomlinson by Dr. J. J. DeCicco, Mr. Rommel by Professor 
L. W. Cohen, Dr. Begle by Professor R. L. Wilder, Dr. Swain by Pro- 
fessor S. M. Ulam, and Professor Sadowsky by Professor L. R. Ford. 
Paper 1 was read by Dr. Bernstein, paper 5 by Professor Morse, 
paper 11 by Dr. Scherk, paper 13 by Professor Pepper, paper 18 by 
Dr. Hellinger, paper 20 by Professor Miller, paper 21 by Dr. Hyers, 
and paper 22 by Professor Cohen. 

1. Dorothy L. Bernstein and S. M. Ulam: On the problem of com- 
pletely addstsve measure in classes of sets with a general equivalence rela- 
iton. (Abstract 48-5-169.) 

2. W.S. Snyder: Non-parametric surfaces of bounded carsaiton. (Ab- 
stract 48-5-192.) 

3. P. V. Reichelderfer: On bounded variation and absolite continatly 
for parametric representaisons of continuous surfaces. (Abstract 48-5- 
187.) 

4. Tibor Radó: On a problem of Gedcse. (Abstract 48-5-186.) 

5. Marston Morse and G. M. Ewing: The non-regular case in the 
sartattonal theory tn large. (Abstract 48-5-178.) 

6. Fritz John: The character of soluttons of linear partial diferential 
equations. (Abstract 48-5-173.) 

7. František Wolf: On the limis of harmonic and analytic functions 
along radii which form a set of postive measure. (Abstract 48-5-199.) 

8. William Karush: A suffictency theorem for an tsoperimetric prob- 
lem in parametric form with general end conditions. (Abstract 48-7- 

236.) 
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9. H. F. S. Jonah: Congruences connected with the soluison of a cer- 
tain Deophantine equatson. (Abstract 48-5-155.) 

10. R. D. James: On Euler's conjecture. (Abstract 48-5-153.) 

11. Emil Artin and Peter Scherk: On ee sum of two sets of tntegers. 
(Abstract 48-5-143.) 

12. Herbert Busemann: Spaces wtth convex spheres. (Abstract 
48-5-206.) 

13. B. J. Topel and P. M. Pepper: Imbedding theorems under weak- 
ened hypotheses. (Abstract 48-5-213.) 

14. J. E. Wilkins: A characterisation of the quadric of Walcsynsks. 
(Abstract 48-5-214.) 

15. T. W. Tomlinson: Geometry of linear fractional polygentc func- 
isons. (Abstract 48-5-211.) 

16. A. E. Ross: On a theorem of Kloosterman. (Abstract 48-7-232.) 

17. W. H, Roever: Comment on the dersvation of the law of perfect 
gases. (Abstract 48-5-188.) 

18. E. D. Hellinger and H. S. Wall: Conirtbutsons to the analytic 
theory of continued fractions. (Abstract 48-5-172.) 

19. Isaac Opatowski: Confluent hypergeometric functions and Mark- 
off chains. (Abstract 48-5-179.) 

20. G. T. Miller and H. K. Hughes: Analytic continuation of func- 
trons defined by factorial sertes. (Abstract 48-5-177.) 

21. S. M. Ulam and D. H. Hyers: Approximate tsomeiries of the 
space of continuous functstons. (Abstract 48-5-194.) 

22. J. D. Rommel: On conservative transformations of functsons of 
two variables. (Abstract 48-7-244.) 

23. Bernard Vinograde: Spit rings and thetr representation theory. 
(Abstract 48-5-167.) 

24. Rufus Oldenburger: Expanstons of quadratic forms. (Abstract 
48-5-160.) 

25. A. A. Albert: The radical of a non-associative algebra. (Abstract 
48-5-141.) 

26. Ivan Niven: On matric polynomials. (Abstract 48-5-159.) 

27. R. D. Schafer: Alernatsve algebras over an arbitrary field. (Ab- 
stract 48-5-164.) 

28. R. E. Johnson: On structures of infinite modules. (Abstract 
48-5-154.) 

29. R. W. Wagner: Expresstbitty relations for bilinear operations. 
Preliminary report. (Abstract 48-5-168.) 

30. C. B. Tompkins: Local tmbedding of Riemannian spaces. (Ab- 
stract 48-5-212.) 
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31. M. M. Day: Compactness of a space wh monotone closure. 
(Abstract 48-5-220.) : 

32. Samuel Kaplan: Homologtes tn meiric separable spaces. (Ab- 
stract 48-5-222.) 

33. J. W. T. Youngs: On parametric representations of surfaces. II. 
(Abstract 48-5-229.) 

34. E. G. Begle (National Research Fellow): Imersedions of ab- 
solute retracts. (Abstract 48-5-219.) 

35. R. L. Swain: Proper and reductive transformatsons. (Abstract 
48-5-225.) 

36. A. N. Milgram: Dimenston of the points with at most n rational 
coordsnaies. (Abstract 48-5-223.) 

37. M.S. Webster: A convergence theorem for certatn Lagrange tnter- 
polation polynomials. (Abstract 48-5-197-t.) 

38. M. A. Sadowsky: Approxtmation by rational sequences. (Ab- 
stract 48-5-163-t.) 

39. H. M. Schwartz: On some general series expanstons. Prelimin- 
ary report. (Abstract 48-5-189-.) 

40. Walter Leighton and W. J. Thron: On the convergence of con- 
tinued fracttons. (Abstract 48-3-112-t.) 

41. A. R. Schweitzer: On a class of ordered (n+1)-ads relevant to 
the algebra of logtc. I. (Abstract 48-3-134-+4.) 

42. A. R. Schweitzer: On a class of ordered (n-+1)-ads relevant to 
the algebra of logic. II. (Abstract 48-3-135-#.) , 

43. Reinhold Baer: Radical ideals. (Abstract 48-5-146-t.) 

44, George Pólya: On the combinatory analysts of classtficatsons and 
permutations. (Abstract 48-5-184+.) 

45. M. L. Kales: Taubertan theorems. (Abstract 48-5-174+4.) 

46. R. F. Clippinger: Matrix products of mairsx powers. (Abstract 
48-5-149-#.) 

47. R. M. Thrall: On the decompostiton of modular tensors. (Abstract 
48-5-166-4.) 

W. L. Ayres, 
Assoctate Secretary 


ROBERT HENDERSON—IN MEMORIAM 


In the death of Robert Henderson on February 16, 1942, American 
mathematics lost one of its ablest leaders. Those who came into close 
association with him were deeply impressed not only by his ability 
but even more by the integrity of his intellect and character; they 
could not but feel that it was a privilege to know a man of such ex- 
traordinary parts. 

Mr. Henderson was born in Russell, Ontario, on May 24, 1871. 
He graduated from the University of Toronto in the Honours School 
of Mathematics at the head of his class in 1891 and-received an 
appointment as Fellow in Mathematics for the following year. In 
1892 the young man entered the Government Insurance Department 
at Ottawa and by 1896 he had passed the examinations of the Insti- 
tute of Actuaries of Great Britain and had become a Fellow. Soon 
thereafter he entered the employ of the Equitable Life Assurance 
Society of the United States and transferred his residence to this 
country. Here he progressed rapidly to the top of the profession and 
became Actuary in 1911. In 1929 he was made Vice President of the 
company, which position he held until 1936 when he retired. 

While nearly all of the two score papers which he published were 
concerned with actuarial problems, he never lost his interest in pure 
mathematics. As early as the meeting of October 1895 he presented a 
paper to the American Mathematical Society which was published 
in November of the same year. It is entitled Moral values and 
deals with some fundamental relations between probability and in- 
surance. He was an omnivorous reader and found time to keep up 
with many of the modern developments of mathematics. In the 
Annals of Mathematics, volume 24, he has a brief paper entitled 
Geodestc lines on Riemann space, which was stimulated by his interest 
in the theory of relativity. 

Mr. Henderson was prominent in the counsels of the Actuarial 
Society and served a term as Secretary, four years as Vice President, 
and two years as President. His contributions to the advancement 
of theory in the actuarial field were varied in character, but his work 
on interpolation and graduation and on frequency curves and mo- 
ments is perhaps the best known. 

In the early days of the Society, Professor Emory McClintock, 
who was its president for the period 1891-1894, made a profound im- 
pression on the development of actuarial science in America; Mr. 
Henderson proved to be a worthy successor. He was the recipient of 
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many honors; for his signal leadership in his field his Alma Mater 
honored him with the degree of Doctor of Science in 1930. For the 
Annual Meeting of 1924 in Washington, the Society invited him to 
give the- Josiah Willard Gibbs lecture; his title was Life insurance 
as a social service and as a mathematical problem (see this Bulletin, 
vol. 31 (1925), pp. 227—252, for the text). In 1927 he was elected to 
membership in the American Philosophical Society. ' 

When the Society was in sore financial straits in 1924 and Professor 
J. L. Coolidge was requested to head a movement to raise an endow- 
ment fund, Mr. Henderson rendered valiant service; he was in that 
connection appointed along with G. E. Roosevelt, the banker, and 
Professor W. B. Fite, ‘the treasurer, on a Committee on Invest- 
ments. During the succeeding years and until 1940 he served the 
Society on the financial side giving sound advice regarding invest- 
ments and other features of the financial problems. During much of 
that period he served on the Board of Trustees, where his counsel 
was invaluable. His interest in the Society was further evinced by his 
gift of one thousand dollars on retirement from the Board of Trustees 
in 1940. His donation was set up as a separate Fund bearing his 
name. He was generous also with his time in directions outside his 
immediate circle; as examples it may be cited that he was consultant 
to the Church Pension Fund of the Episcopal Church when it was 
established in 1915, was several times an adviser to the Director of the 
U. S. Census, and was for years a member of the Trustees of the 
Teachers Insurance and Annuity Association of America. 

R. D. MURPHY 
R. G. D. RICHARDSON 
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The Philosophy of Alfred North Whitehead. Edited by Paul Arthur 
Schilpp. (The Library of Living Philosophers, vol. 3.) Evanston 
and Chicago, Northwestern University, 1941. 20+745 pp. $4.00. 


This book is the third volume of a series entitled The Library of 
Living Philosophers published at Northwestern University under 
the direction of Professor Paul Schilpp. The basic aim of the series 
is to effect a clearer understanding of contemporary thinkers by per- 
mitting critics to ask them crucial questions which they are to 
answer. Each volume purports to be the edited record of this journal- 
istic version of the Socratic method. Unfortunately, the present 
volume does not realize this aim. Professor Whitehead’s health did 
not allow him to answer his critics. Nonetheless, there are interesting 
essays in the volume, and the publishing of some of Whitehead’s 
latest papers adds to its worth. Especially valuable is the eleven 
page Autobiographical notes, excellent as a revelation of White- 
head, the man. It is difficult to agree with the editor, however, that 
the essays entitled Mathematics and the good and Immorialty are 
summaries of Whitehead’s philosophy. It is even more difficult to 
consider them answers to his critics. They should be thought of as 
late chapters in the Whiteheadian corpus. 

But what does this volume contain by way of interest to the 
mathematician? There is little that will attract the pure mathe- 
matician. The only possible exception would be W. V. Quine’s essay, 
Whitehead and the rise of modern logic, but even this embraces too 
many of the evils of secondary sources. There are some interesting 
points regarding Whitehead’s contributions to Boolean algebra in 
his Treaisse on Untoersal Algebra, but these can be appreciated ade- 
quately only by a study of the original. By far the largest portion of 
Quine’s essay is devoted to the monotonous task of sketching the 
high points of Principia Mathematica. If one is familiar with mathe- 
matical logic this offers little that is new. If one is not familiar with 
mathematical logic, it is doubtful whether the essay will serve as an 
adequate introduction to the subject. 

Mathematicians with interest in the philosophical aspects of rela- 
tivity theory may find something to their taste in the essays by F. S. 
C. Northrop and E. B. McGilvary. These are entitled respectively, 
Whitehead’s philosophy of science, and Space-time, simple locatton, and 
prehension. Those with a general interest in philosophy will profit 
most from the volume. There are many essays covering a variety of 
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philosophical themes such as, Whttehead's theory of value and Whtte- 
head's sdea of God. l i l 

The book as a whole is well designed, and the print is good. There 
is an occasional typographical error such as formula (12) on page 
150 which should read, 


[â ~ (aE a) Eâ ~ (aca]me ~ [å ~ (aca) E~ (aE a)]. 
A. R. TURQUETTE 


Introduciton to Logic and to the Methodology of Deductive Sciences. By 
Alfred Tarski. Enlarged and Revised Edition. New York, Oxford 
University Press, 1941. 18+239 pp. $2.75. 


This is an amplified and revised version of a book which first ap- 
peared in Polish in 1936, and was translated into German in 1937. The 
intention of the original book was to give an elementary but clear 
account of the concepts of modern mathematical logic for the benefit 
of readers interested in mathematics but with no technical knowledge 
of it beyond that possessed by a well trained college freshman. In the 
English version various additions have been made to make the work 
more suitable as a textbook for college courses. 

This book and its preceding editions have been already reviewed 
in several places; in particular the German version was reviewed in 
this Bulletin (vol. 44, p. 317) by Quine. For a considerable list of 
other reviews see the indexes to volumes 4 (1939) and 6 (1941) of the 
Journal of Symbolic Logic—on pp. 193 and 187 respectively—; to 
the lists there given should be added the review by Frink in Mathe- 
matical Reviews, vol. 2 (1941), p. 209. In view of this fact it is super- 
fluous for the present reviewer to do more than summarize the 
general purport of these reviews and to add to the criticisms certain 
amplifications of his own. 

All reviewers, including the present one, are agreed that this is a 
work of exceptional merit. For the purpose for which it was originally 
designed it is a masterpiece of exposition. Whether the patching 
which the book has received to convert it into a textbook will succeed 
in that endeavor is doubtful—for some there will not be enough tech- 
nique and for others not enough application to extra-mathematical 
domains—; but the value of the book for the independent reader is 
enhanced thereby. The exercises at the ends of the chapters are an 
excellent feature. For the seasoned mathematician the book is, per- 
haps, too easy, and it certainly does not give an adequate idea of the 
difficulty of some logical problems; nevertheless it contains material 
of interest and value. Within the limitations imposed by its objec- 
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tives it is the most accurate and perspicuous survey of its subject 
which now exists. - 

A defect which has been noticed by several reviewers is an unwar- 
ranted departure from accepted terminology. This is especially patent 
in the case of the algebra of propositions. Here the book avoids the 
word ‘proposition’ altogether; in the place of it and its derivatives we 
find such words as ‘sentence,’ ‘sentential calculus,’ and so on. There are 
two circumstances which probably have a bearing on this choice of ter- 
minology. In the first place in the German language there is no dis- 
tinction analogous to that between the English words ‘proposition’ 
and ‘sentence’: there are, to be sure, two words, ‘Satz’ and ‘Aussage,’ 
but the distinction between them is not parallel. Now those who pre- 
fer the ‘sentence’ terminology have generally come under the influ- 
ence of the Vienna Circle, which originated, of course, in a German- 
speaking community; and it is likely that some of these persons do 
not sense the violence they are doing to the linguistic instincts of 
those for whom the English language is native. (It is said that Car- 
nap, since he has lived in America, has become more sympathetic to 
the use of ‘proposition.’) In the second place the word ‘proposition’ 
seems vague and has for some a metaphysical connotation; these 
propositions must be mysterious beings indeed, since we have no 
exact criteria for identity amongst them; moreover they are unneces- 
sary. 

In defense of the more usual terminology, reply may be made as 
follows. In the first place it is purely a mistake in translation to foist 
upon the English language an incongruous Germanism. Moreover, 
the notion of sentence is just as vague as that of proposition. Indeed 
-~ consider the following lines of type (suggested by Church’s review— 
see the list above cited): 


(1) 24+3=5 

(2) The sum of 2 and 3 is 5. 

(3) The sum of 2 and 3 is 5. 

(4) The sum of 2 and 3 is 5. 

(5) The sum of 2 and 3 4s 5. 

(6) Die Summe von 2 und 3 ist 5. 
(7) Dle Summe von 2 und 3 ift 5. 
(8) 3-4+2=5 

(9) 2+3=5 


How many sentences are there? For Lesniewski presumably there 
would be 9n, where n is the number of copies of this magazine; for a 
typographer, 8; for Quine, who says he regards a sentence as a shape, 
7; for a grammarian 5; for a German logician, understanding ‘sen- 
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tence’ as translation of ‘Satz,’ there might be 3. (Carnap’s usage in 
the Logica? Syntax is distinct from any of the first four; for when 
Countess Zeppelin translated his book into English she was com- 
pelled to translate inside quotation marks in order to preserve the 
meaning which Carnap wished to convey, which translation would 
have been improper if any of the first four senses had been intended.) 
Moreover the use of ‘proposition’ does not connote a belief in mysteri- 
ous entities running around the universe; one can simply understand 
a proposition as a sentence in the above logician’s sense. Finally the 
vagueness inherent in both the words ‘proposition’ and ‘sentence’ is 
irrevelevant since in logic we have no concern with equality of propo- 
sitions but only their equipollence. In short the replacement of ‘propo- 
sition’ by ‘sentence’ serves no useful purpose and introduces, rather 
than eliminates, confusion. This is the opinion of every mathemati- 
cian, 80 far as the reviewer knows, who has commented on the sub- 
ject; Quine, who would doubtless disagree, is a philosopher. It should 
be noted that there is no departure from accepted usage in the Ger- 
man version; there ‘Satz’ and ‘Aussagenkalktl’ are used in their usual 
senses. . ' 

There is a related but distinct criticism in regard to the interpreta- 
tion of the propositional algebra. Tarski uses the syntactical inter- 
pretation, whereby the variables ‘p,’ ‘g’ are to be replaced by sen- 
tences and the connectives (‘V,’ ‘=, ‘~’) are conjunctions. An- 
other interpretation is possible, namely: where these variables arere- 
placeable by nouns, that is, noun clauses such as ‘that 2 precedes 3.’ 
On the first interpretation ‘p—q' gives rise to the sentence 

sf 2 precedes 3, then 3 folows 2; 
on the second to the complex clause 
that (that 2 precedes 3) implies (that 3 follows 2), 
which, when preceded by the assertion sign (or some similar indica- 
tion) becomes the sentence 
that 2 precedes 3 implies that 3 follows 2: 
Either interpretation can be used, the second having the advantage ~ 
of making the algebra have characteristics more similar to those of 
mathematical theories in general. As Quine points out, Tarski vacil- 
lates between these two. 

A final criticism is that the first chapter, on variables, could profit- 
ably be completed by considering the types of bound variables that 
occur in the infinitesimal calculus—for example, in 


d 
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Such an addition might lead up to an explanation of the Church A- 
quantifier, in terms of which, in connection with constants, all other 
quantifiers can be defined. 

HASKELL B. CURRY . 


Two-Dimensional Potential Problems Connected with Rectilinear 
Boundaries. By B. R. Seth. Allahabad, India, The Allahabad Law 
Journal Press, 1939. 118-pp. 


This attractive little volume grew out of a course of lectures de- 
-livered by Dr. Seth at the University of Lucknow in 1939, It deals 
primarily with the application of the Schwarz-Christoffel transforma- 
tion in the solution of several problems and potential theory and re- 
lated fields of mathematical physics. Among the problems discussed 
are special cases of the problem of torsion of a long prism as well as 
the Saint-Venant flexure problem, and problems of ideal fluid flow 
around prisms. 

The author restricts himself to rectilinear boundaries for which the 
Schwarz-Christoffel transformation allows mapping on a half-plane. 
By confining himeelf to rectangular regions, special triangular regions 
such as the equilateral triangle, the 90°, 60°, 30° triangles and other 
similar special regions, he is able to express the mapping and the 
solutions of the problems for them in terms of the classical elliptic 
functions. Among other regions considered is the ‘‘angle-iron,’’ the 
region on the outside of a rectangle, and the L-section. 

The book will be welcomed by workers in this field of mathematical 
physics, as well as by mathematicians who are interested in applica- 
tion of elliptic functions. 

H. PoRITSKY 


Operational Methods in Applied Mathematics. By H. S. Carslaw and 
J. C. Jaeger. Oxford, Clarendon Press, 1941. 164-264 pp. $5.00. 


In May 1815 Simeon Denis Poisson read before the Paris Academy 
a memoir on the distribution of heat in solid bodies. Extracts from 
this memoir were at once published in the Journal de Physique and 
in the Bulletin de la Société Philomathique. The memoir was subse- 
quently enlarged and became, perhaps, one of Poisson’s favorites 
because in May 1821 the work was printed and distributed privately 
two years before its final publication in Journal de l’École Polytech- 
nique, vol. 12, no. 19, pp. 1-162. Poisson here made, I think, the first 
use of the method of the inverse Laplace transformation. In an at- 
tempt to find the distribution of temperature in a uniform rod radiat- 
ing at its ends he was led to two linear functional differential equa- 
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tions for the unknown function f in his general solution of the equa- 
tion of the conduction of heat. To solve these equations Poisson 
formed two Laplacian integrals involving the function f, the argu- 
ment of the exponential function being xs in one case and — xs in the 
other. By an integration by parts, equations were found from the 
functional differential equations which led to the values of the inte- 
grals. Poisson then deduced the value of a Fourier integral involving 
the function f and finally derived f by means of the Fourier inversion 
formula. He gave indeed a formal! derivation of the inversion formula 
for the Laplace integral, a formula which is usually written as an 
integral along ‘a vertical line in the complex plane. 

Poisson thus initiated a-method which has been found particularly 
useful during the last forty years. When V. Pareto in 1892 used the 
multiplication theorem for Laplacian integrals to solve a type of in- 
tegral equation and M. Lerch in 1892 preved the uniqueness theorem 
for the representation of a function by a Laplacian integral involving 
a continuous function f, the method became a powerful mathematical 
tool. Further progress was made in 1896 when H. Mellin gave a 
rigorous discussion of the inversion formula used by Poisson. In 1902 
H. M. Macdonald used the inversion formula for the evaluation of 
some definite integrals and in 1903 Lerch made a similar application 
of his theorem when his work was republished in Acta Mathematica, 
volume 27. This volume happened to contain also an account of 
Fredholm’s pioneer work on linear integral equations and so the men 
interested in integral equations became acquainted also with Lerch’s 
work. Sketches of the method under discussion and its application to 
differential equations and the evaluation of definite integrals ap- 
peared in a Smith's Prize essay of 1905, in a report on integral 
equations and in a paper of 1910 on radioactive transformations. 
The subsequent history of the subject and its connection with the 
operational calculus of Heaviside is given in the historical introduc- 
tion of the book under review. This book is particularly welcome now 
that the subject is widely taught because the exposition is good and 
there are numerous illustrative examples taken from the subjects 
of dynamics, electric circuits, the conduction of heat, hydrodynamics, 
electric waves and diffusion. ‘There is also a large collection of exam- 
ples to enable a student to develop his skill. 

The appendices contain a proof of Lerch’s theorem, a note on Bes- 
sel functions, a discussion of impulsive functions and a treatment of 
two-point boundary value problems for ordinary linear differential 
equations. There is also a table of Laplace transforms. 

' H. BATEMAN 


NOTES 


A pamphlet entitled Some milstary applications of elementary mathe- 
maitcs has been prepared by the Department of Mathematics at the 
United States Military Academy at West Point. The material ‘in- 
volves mathematics of high school and freshman grade. This pam- 
phlet is being used at the Institute of Military Studies, University of 
Chicago, and may be obtained by qualified institutions for $0.15 a 
copy. Address Director, Institute of Military Studies, University of 
Chicago, Chicago, Illinois. 


Professor E. T. Copson of University College, Dundee, and Pro- 
fessor W. H. McCrea of Queen’s University, Belfast, have been 
awarded the Keith Prize of the Royal Society of Edinburgh. 


The Chauvenet Prize has been awarded to Associate Professor 
Saunders MacLane of Harvard University for his two papers Modular 
fields and Some recent advances in algebra published in the American 
Mathematical Monthly. 


Professor W. D. Cairns, Secretary-Treasurer of the Mathematical 
Association of America, has announced that the Department of 
Mathematics of the University of Toronto has won the first prize of 
$400 in the fifth annual William Lowell Putnam Mathematical Com- 
‘petition, held March 7, 1942. The members of the team were K. S. 
Hoyle, H. V. Lyons, M. A. Preston. The second prize of $300 is 
awarded to the Department of Mathematics of Yale University, the 
members of whose team were F. H. Brownell, A. M. Gleason, A. E. 
Roberts. The third prize of $200 is awarded to the Department of 
Mathematics of the Massachusetts Institute of Technology, the 
members of whose team were E. D. Calabi, W. S. Loud, G. P. Wach- 
tell. The fourth prize of $100 is‘awarded to the Department of Mathe- 
matics of the College of the City of New York, the members of whose 
team were Herman Chernoff, Harvey Cohn, Edward Gordon. In 
addition to these prizes to the departments of mathematics with win- 
ning teams, a prize of $50 each is awarded to the following five persons 
whose scores ranked highest in the six-hour examination (names listed 
alphabetically): Harvey Cohn, A. M. Gleason, W. S. Loud, H. V. 
Lyons, M. A. Preston. One of these five will be chosen to receive a 
$1000 year scholarship at Harvard University, this award to be an- 
nounced later. The members of the four winning teams will receive 
individual cash awards according to the ranks of their teams, and all 
individuals receiving awards will also receive medals. Honorable 
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mention has been awarded this year to four teams and to five indi- 
viduals. The teams are from the Department'of Mathematics, Cooper 
Union Institute of Technology, members of the team being Harold 
Grad, M. S. Klamkin, Kenneth Robinson; the Department of Mathe- 
matics, Harvard University, members of the team being R. M. 
Bloch, L. S. Shapley, J. A. Zilber; the Department of Mathematics, 
New York University, members of the team being Melvin Lax, 
Harold Lewis, Henry Shenker; and the Department of Mathematics, 
Swarthmore College, the team members being N. B. Hannay, W. H. 
Mills, M. S. Raff. The five individuals receiving honorable mention 
are E. D. Calabi, Massachusetts Institute of Technology; C. P. Gads- 
den, Tulane University; K. S. Hoyle, University of Toronto; Melvin 
Lax, New York University; W. H. Mills, Swarthmore College. 


Mr. I. M. Vinogradov has been elected to membership in the 
American Philosophical Society. 

Professor A. N. Whitehead has been elected pence of the British 
- Mathematical Society. 


Mr. Philip Hall and Mr. A. H. Wilson of Cambridge University 
and Mr. G. H. Henderson of Dalhousie University have been elected 
fellows of the Royal Society 


Dr. Vannevar Bush, president of the Carnegie Institute of Tech- 
nology, received an honorary doctorate from Rutgers University. 


Professor F. A. Foraker has received an honorary doctorate from 
the University of Pittsburgh. 


Professor T. R. Hollcroft of Wells College has received an honorary 
doctorate from Hanover College. 


Professor F. D. Murnaghan of Johns Hopkins University has been ` 
elected to membership in the National Academy of Sciences and the 
American Philosophical Society. 


Dr. J. A. Sharpe, a member of this Society, has been elected by the 
Society of Exploration Geophysicists to a three year term as editor 
of Geophysics, a quarterly journal of general and applied geophysics. 


Dean H. M. Westergaard of Harvard University has been elected 
to membership in the American Philosophical Society. 


Dr. Howard Levi of Columbia University and Dr. L. I. Wade of 
Duke University have received fellowship appointments for 1942- 
1943 from the National Regearch Council. Dr. Levi and Dr. Wade 
will work at the Institute for Advanced Study. 
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Guggenheim Memorial Fellowships for work in mathematics have 
been awarded to Dr. J. C. C. McKinsey and Dr. Alfred Tarski. 


Professor Willy Prager of Brown University has requested the cor- 
rection of information about him which was received by the American 
Mathematical Society and published on page 25 of volume 48 of this 
Bulletin. He was acting director of the Institute of Applied Mechan- 
ics at Göttingen and professor of mechanics at Istanbul before coming 
to the United States. 


Assistant Professor Harriet W. Allen of Hollins College, Hollins 
College, Virginia, is temporarily serving as physicist, in the Bureau 
of Ordnance, Navy Department, Washington, D. C. 


Dr. H. C. Ayres of the United States Naval iii has been pro- 
moted to an assistant professorship. 


Mr. V. P. Barta has accepted an appointment as research physicist 
at the Massachusetts Institute of Technology. 


Dr. Walter Bartky of the University of Chicago has been promoted 
to a professorship of applied mathematics. 


Assistant Professor Julia W. Bower of Connecticut College has 
been promoted to an associate professorship. 


Associate Professor R. V. Churchill of the University of Michigan 
has been promoted to a professorship. 


Mr. E. C. Coker of Clemson College, Clemson, South Carolina, has 
been promoted to an assistant professorship. 


Assistant Professor Marguerite D. Darkow of Hunter College has 
been promoted to an associate professorship. 


Assistant Professor Paul Eberhart of Washburn Municipal Uni- 
versity, Topeka, Kansas, has been promoted to an associate profes- 
sorship. 

Mr. B. G. Farley of Massachusetts Institute of Technology will 
_be a research associate in electrical engineering at the Radiation 
Laboratory. 

Professor W. B. Fite of Columbia University has retired. Professor 
J. F. Ritt will succeed him as chairman of the department of math- 
ematics. 

Assistant Professor J. S. Frame of Brown University has been 
appointed to an associate professorship at Allegheny College. 
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Assistant Professor E. E. Haskins of Northeastern University has 
been promoted to an associate professorship. 


Associate Professor C. T. Hazard of Purdue University has been 
promoted to a professorship. 


Assistant Profeasor E. A. Hazlewood of Texas Technological Col- 
lege has been promoted to an associate professorship. 


Professor W. V. Houston of California Institute of Technology is 
working as a physicist in the Division of National Defense of Colum- 
bia University. 


Mr. J. F. Kenney has been appointed to an assistant professorship 
at the University of Wisconsin. 


Associate Professor Marie Litzinger of Mt. Holyoke College has 
been promoted to a professorship. 


Assistant Professor Sidney McCuskey of Case School of rear 
Science has been promoted to an associate professorship. 


Assistant Professor H. L. Miller of the University of Cincinnati has 
been promoted to an associate professorship. 


Associate Professor Deane Montgomery of Smith College has been 
promoted to a professorship. 


Assistant Professor C. W. Munshower of Colgate University has 
been promoted to an associate professorship. 


Dr. D. C. Murdoch of the University of Saskatchewan has been 
promoted to an assistant professorship. 


Associate Professor C. O. Oakley of Haverford College has been 
promoted to a professorship. 


Dr. George Polya has been appointed to an associate professorship 
at Stanford University. 


Assistant Profeasor E. J. Purcell of the University of Arizona has 
been promoted to an associate professorship. 


_Dr. Eric Reissner of Massachusetts Institute of Technology has 
been promoted to an assistant professorship. 


Professor F. G. Reynolds of the College of the City of New York 
has retired. 


Assistant Professor H. J. Riblet of Hofstra College will be re- 
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search associate at the Radiation Laboratory, Massachusetts Insti- 
tute of Technology. 


Professor P. R. Rider of Washington University is to be an ex- 
change professor at the National University of Mexico under the 
auspices pf the Division of Cultural Relations, United States De- 
partment of State. 


Assistant Professor Robin Robinson of Dartmouth College has 
been promoted to a professorship. 


Assistant Professor E. A. Saibel of Carnegie Institute of Technol- 
ogy has been promoted to an associate professorship. 


Professor S. T. Sanders of Louisiana State University has retired. 
Professor W. V. Parker will succeed him as head of the department of 


mathematics. 


‘Dr. L. W. Tordella of Loyola University, Chicago, Illinois, has been 
promoted to an assistant professorship. 


Dr. Abraham Wald of Columbia University has been oae to 
an assistant professorship. 


Dr. J. F. Wardwell of Colgate University has been promoted to an 
assistant professorship. 


Dr. Antoni Zygmund of Mt. Holyoke College has been promoted to 
an associate professorship. 


Dr. P. R. Halmos has been appointed associate at the University of 


Illinois. 


Mr. Thorstein Larsen has been appointed associate in electrical 
engineering at Johns Hopkins University. 


Dr. Abe Gelbart of North Carolina State College, Raleigh, will be 
on leave for the academic year 1942-1943 at Brown University. 


The following appointments to instructorships are announced: Air 
Corps Technical School, Scott Field, Illinois: Dr. Louis Garfin; Am- 
herst College: Mr. N. D. Nelson; University of California (Berkeley): 
Dr. František Wolf; University of Colorado: Mr. George Ulrich; 
Columbia University: Miss Margaret P. Martin; Compton Junior 
College: Dr. A. E. Marston; Connecticut College: Miss Alice E. 
Turner; Cornell University: Dr. C. E. Rhodes; Harvard University: 
Dr. Harry Pollard; University of Illinois: Dr. R. W. Hamming; 
Johns Hopkins University: Dr. G. W. Whaples; Louisiana State 
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University: Dr. K. L. Nielsen; Loyola University, New Orleans, 
Louisiana: Mr. E. H. Larguier; Montana State University: Mr. Roy 
_ Dubisch; Naval Pre-Flight Training School, Chapel Hill, North Caro- 
lina: Dr. R. P. Boas; Princeton University: Mr. C. A. Truesdell; 
R.C.A. Institutes, Inc., New York City: Mr. H. M. Nodelman; 
Rutgers University: Mr. R. B. Kleinschmidt; Stanford University: 
Dr. J. G. Herriot; United States Merchant Marine Academy: Mr. B. 
M. Ingersoll; United States Naval Academy: Dr. H. T. Muhly; Uni- 
versity of Wisconsin: Dr. R. H. Bruck, Dr. Bernard Vinograde. 


Professor Emeritus Susan R. Benedict of Smith College died on 
April 8, 1942, at the age of sixty-eight years, She had been a member 
of the Society since 1912. 


Professor Emeritus L. S. Hulburt of Johns Hopkins University 
died on March 29, 1942, at the age of eighty-four years. He had been 
a member of the Society for thirty-five years. 


Professor Byron Ingold of Culver-Stockton College, Canton, Mis- 


- gouri, died March 23, 1942. — 


Assistant Professor Elizabeth E. = of Milwaukee State 
Teachers College died on March 26, 1942. She had been a member of 
the Society since 1927. 


Professor W. W. Landis of Dickinson College died April 9, 1942, at 
the age of seventy-three years. He had been a member of the Society 
since 1897. 


Associate Professor Roy MacKay of New Mexico State College 
died May 12, 1942. 


Professor Maria M. Roberts of Iowa State College died on April 
12, 1942, at the age of seventy-four years. She had been a member of 
the Society for twenty-five years. 


Professor J. H. Weaver of Ohio State University died April 7, 1942. . 
He had been a member of the Society since 1916. 


ABSTRACTS OF PAPERS - 


SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary and the 
Associate Secretaries of the Society for presentation at meetings of 
the Society. They are numbered serially throughout this’ volume. 
Cross references to them in the reports of the meetings will give the 
number of this volume, the number of this issue, and the serial num- 
ber of the abstract. 


ALGEBRA AND THEORY OF NUMBERS 


230. Reinhold Baer: Rings wih duals. : 


The ring R’ is said to be a right-dual of the ring R, if there exists a duality between 
the partially ordered set of all the right-ideals in R and the partially ordered set of all 
the night-ideals in R’. If the ring R possesses a right-identity element, and if there ex- 
ists to every quotient-ring of R a right-dual possessing a left-identity element, then 
both the maximum and the minimum condition are satisfied by the nght-ideals in R, 
and R meets a generalized uni-seriality requirement. A complete theory of the primary 
rings with right-duals may be developed, determining their structure and their duali- 
ties. (Received May 13, 1942.) 


231. Nathan Jacobson: Classes of restricted Lie algebras of charac- 
terssitc p. II. 


Let A= P(x, -> , ta) be an associative commutative algebra having the basis 
xtra: ++ xe, OSA SP—1 such that z,” =¢, is in the field ® of characteristic p. 
The restricted Lie algebras considered in this paper are the derivation algebras 6 of 
A's of the above type. The case where @ is a field was defined in a previous paper of the 
author and the case where m = | and $ = 1 has been considered by Witt, by Zaseenhaus 
and by Ho-Jui Chang. The author proves that @ is normal simple except when p 
=2 and m={, The derivations of @ are all inner and if p25 the automorphisms of 8 
have the form D—S"DS where S is an automorphism of @. This implies that if p25, 
two algebras 6(%) and 0(Ma) are isomorphic if and only if the associative algebras A, 
and @, are isomorphic. (Received April 3, 1942.) 


232. A. E. Ross: On a theorem of Kloosterman. 


Kleosterman (Acta Mathematica, vol. 49 (1926)) determined conditions under which 
the form (1) f=as*-+-by?+-cx!-+de? would represent all large integers and pointed out 
that there was a finite (and actually small) number of such forms f for which his 
method failed to yield conclusive results. Upon close examination of these exceptional 
cases one notices that should one replace the original form f by a suitably chosen equiv- 
alent form fı =2/Ax (this Bulletin, abstract 45-9-369) then one can reduce the prob- 
lem to the study of a related form of type (1) to which Kloosterman’s sufficient condi- 
tions apply. Although the need for choosing the quotients of the upper left-hand corner 
principal minors of A by the order invariants as primes introduces an element of tenta- 
tiveness, the actual computation is carried out without difficulty. (Received April 17, 
1942.) 
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233. H. Schwerdtfeger: A complete parametrization of the symplec- 
tc group. 


While all known parametrizations of the symplectic group omit certain “excep- 
tional” elements, the parametrization derived in the present paper covers the whole 
group. Let « be the s-rowed unit matrix and F the matrix with first row 0,0 and sec- 
ond row «0. A 2s-rowed real regular matrix T is proved to be symplectic if and only if 
I’ FT— F H is symmetric (contact condition), and satisfies the condition: (F — F) 
-(H-+-F) is idempotent. To prove the sufficiency of the latter condition one has to 
show that for any such matrix H a symplectic T can be found with which it is asso- 
ciated by the said relation. By establishing a set of normal forms for H under the 
transformation S'HS where S is a 2m-rowed matrix for which SFS = F, that is, S is 
the matrix with first row o,0 and second row 0,01, a set of normal matrices T can be 
found such that RTS is the most general symplectic matrix where R is the matrix with 
first row p,0; second row 0,9 and p,o are any regular *-rowed matrices. The method 
has been carried through in detail for *=2. (Received May 1, 1942.) 


ANALYSIS 


234. Einar Hille: Notes on lsnear transformatsons. IV. Representa- 
hion of semt-groups. 

Let {T,} be a semi-group of linear bounded transformations on a separable Ban- 
ach space to itself, defined for s>0. Let T, be weakly measurable and ||T,|| $1 for 
s>0. Let T, (E) be dense in E, Put A,=—(1/k)[T,—J]. For 4-0, Tix—x everywhere 
in E and Ayx—Ax in a dense set D(A). Here A is linear, closed and ordinarily un- 
bounded. The resolvent R(A) of A is the negative of the Laplace transform of T, and 
is bounded for RA) >0. Conversely, T, is expressible in terms of R(A) by the inversion 
formula for Laplace integrals which gives an interpretation of T, as exp (sA). A 
further interpretation is given by Tx = lims. exp[sAalx, valid in D(A). The method 
is essentially that of Stone. (Received April 6, 1942.) 


235. Witold Hurewicz: An ergodic theorem without tnvartant meas- 
ure. 


Let E be an abstract space carrying a completely additive measure » defined on a 
completely additive field S of subsets of E (it is assumed that a set XC Q with (X) 
= co can always be split into a countable number of sets with finite measures). Let 
T be a one-to-one point transformation of E on itself satisfying the conditions: (1) 
XE Q implies T(X)E Q; (2)T(X)C XE implies (X —T(X) } =0 (incompcessibility 
condition). Finally let F(X) (XE QA) be an additive finite-valued set function, abso- 
lutely continuous with respect to the measure u. For XC Q, let Fa( X) =) tue ATX), 
Hal X) => t-9u(T'(X)) (m= 0, 1,2, < ++ ). Since Fa is absolutely continuous with respect 
to the measure ua, Fa( X) = /afedjw, where fa is a measurable point function defined on 
E. It can be shown that the sequence {fa} converges almost everywhere to a function 
$, invariant with respect to T, By “almost everywhere” is meant that the points of 
divergence form a set M such that u(T*(M)) =0 for s—1,2,---+. If the measure u is 
finite and invariant with respect to T, this theorem coincides with Birkhoff’s ergodic 
theorem. (Received April 24, 1942.) - 


236. William Karush: A suffictency theorem for an tsopersmeirec 
problem in parametric form with general end conditions. 
The problem studied is that of minimizing an integral I(C) =g(a) +/iif(a, y, ydi 
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in a clasa of admissible arcs C: ay, y(t) (hm 1,2,°+°,r;81,2,°°°, 854 StSets) in 
ay-space satisfying conditions of the form y,(4)= yula) and J,(C) —g,+-/ifdt=0 
(smel,2;o0m1,2,-+-, 9). The parameters a, are independent of t. It is shown that a 
set of sufficient conditions for a proper strong relative minimum on an are Æ which 
does not intersect itself is that E satisfy the multiplier rule including the transversality 
conditions, nonsingularity, the strengthened Weierstrass condition, and that the 
second variation of I along E be positive. The method of proof is a generalization of 
methods used by M. R. Hestenes for non-parametric problems. In particular, use is 
made of a generalized field theory and of properties of broken extremals. Among other 
things it is shown that in the sufficiency proof one can assume, without loes of general- 
ity, that E is an extremal of no integral of the form qJ, where the constants ¢ are not 
all zero, that is, that E is normal relative to the fixed end point case. (Received April 
17, 1942.) 


237. Walter Leighton and W. J. Thron: On the convergence of con- 
tinued fractions to meromorphic functions. 


In the continued fraction i+ XK(aax/1) let the numbers a, be complex and denote 
by L (the point «© may be in this set) the set of the limit points of the sequence 
{any}. If lim Gm0, the continued fraction converges to a meromorphic function of 
the complex variable x in every region contained in the set D, where D is defined as 
follows: GD if |z+1/k| >efor all KCL, k40, and if |x| <M. The constants e and 
M are arbitrary. In this theorem the role of the sequences {as} and {am4:} can be in- 
terchanged. (Received May 28, 1942.) 


238. A. N. Lowan and H. E. Salzer: Coeffictents in formulae for nu- 
merical integraiton. 

The values of BS (1)/n! and BY” /#!, where B® (1) denotes the #th Bernoulli 
polynomial of the ath order for s=—1 and B® denotes the ath Bernoulli number of 
the sth order, were computed for #= 1, 2,--+, 20. The quantities B(1)/n1 are re- 
quired in the Laplace formula of numerical integration employing forward differences, 
as well as in the Gregory formula and the central difference formulae. The quantities 
BS” /ml are used in the Laplace formula employing backward differences, (See Milne- 
Thomson, Calewlus of Finis Differences, pp. 181-187, 191-193.) The above results 
were obtained in the course of work carried out by Mathematical Tables Project 
(Work Projects Administration, New York City), on computational tools for nu- 
merical integration, (Received May 21, 1942.) 


239. Szolem Mandelbrojt and F. E. Ulrich: On a generalssatson of 
the problem of quast-analytscsty. 


If {MM} is a sequence of positive numbers, let C(M,) be the class of functions 
infinitely differentiable on O32x< © such that to each function f(x) of the class there 
corresponds a positive constant k with the property that Ree (ng 1) for all 
OSx2< w. Let (1) T(r) —1.u.b.(r*/M,) for » 21. It is known that if a function f(x) be- 
longs to a class C(M,) such that (2) {7 log T(r)dr/r*= œ, and if f™(0) =0 (#20), then 
f(x)m0. In the present paper conditions are obtained under which a function belong- 
ing to C(Aé,) will be idehtically zero when it is supposed that only a partial subse- 
quence of its derivatives are zero at x=0. For instance, suppose that f(x) belongs to 
C( My), (3) fo |f(x)| dx< o and (4) f?™(0) =0 (#2 1) with (5) G=lim aupe.e(7n/m) <2. 
If (6) lim supe. | f™(0)|¥*< œ and if (2) holds, then f(x) m0. Condition (6) can be re- 
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moved and the conclusion will still be valid if in (2) T(r) is replaced by Ty(r)= 
Lub. (s/M) for sa 1, where {àu} is the sequence of positive integers complemen- 
tary to the sequence { ra} with respect to the non-negative integers, and w is a positive 
constant less than (2/G) —1. If f(x) is even and periodic, condition (3) can be removed. 
(Received May 11, 1942.) 


240. Marston Morse: Unstable minimal surfaces bounded by a rec- 
isfiable contour. 


Recent theorems of Morse and Tompkins and of Shiffman establish the existence 
of an unstable minimal surface of disc type under appropriate hypothesis on the mini- 
mizing sets of the Douglas Dirichlet integral, and on the bounding curve g. A similar 
theorem is now proved by the author supposing g is no more than simple and rectifi- 
able, and that at least two relative disjoint minimizing sets belong to the area func- 
tional A. The surfaces admitted are harmonic and of disc type. The method of the 
author does not require the analysis of the harmonic surfaces bounded by polygons 
as does the method of Courant and Shiffman (announced orally recently but not yet 
published). The theorem is a corollary of theorems proved by Morse and Tompkins in 
their recent paper in the Annals of Mathematics on Minimal surfaces of non-minimum 
type by a new mods of approxtmaiton. The theorem of Morse and Tompkins on the rela. 
tive continuity of A covers the moet difficult point in the analysis. (Received April 17, | 
1942.) 


241. M. E. Munroe: On the fintie dimensionality of certain Banach . 
Spaces. 

It is shown that if B is a Banach space, a necessary and sufficient condition that 
every unconditionally convergent series of elements of B be abeolutely convergent is 
that B be finite-dimensional. On the basis of this result it is shown that finite dimen- 
sionality of the range space is necessary and sufficient that (1) all additive absolutely 
continuous functions of measurable sets be of bounded variation, (2) all Pettis inte- 
grals be of bounded variation, (3) all additive absolutely continuous functions of 
measurable sets be Bochner-Dunford integrals, and (4) the Pettis and Bochner-Dun- 
ford integrals be equivalent. (Received May 13, 1942.) 


242. Mary De Pazzi Rochford: Completely non-tntegrable pfaffians. 


The pfaffian } | Pdz, is called completely non-integrable if there does not exist 
even a continuous function à which is an integrating factor, that is, makes {> P,dx; 
independent of the path. If (1) P,(a, - ++, £a) is continuous for i= 1,» #—1, (2) 
P,=0, (3) Pi actually depends upon Xe, that is, Pilu +++, te1, Xe) ef Pils, ¢ ++, Sey 
xa) for a system t, °t, Xa (4) Ps,---, Pas do not depend upon x, then Pida, 
+ «+++P,.dx._1 is completely non-integrable. (Received May 20, 1942.) 


243. Mary De Pazzi Rochford: Dsfferentrabilsty properties of certain 
functions of two vartables. 


Let P and Q be two continuous functions of x,y. If {[Pdx+Qdy is independent of 
the path, then for each ys and y: there exists a function »(x,ysm) such that Q(z, 
4(x,¥o,%1)) hasa total derivative with respect to x which is equal to the difference quo- 
tient [P(x,y —P (z) |/(90—n1). For each continuous function g of one variable, 
even if g is nowhere differentiable, there exists a function »(x,7on) such that g(x 
+4(x,yan)) has a derivative with respect to z which is equal to [g(x++a) —2(x 
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+) ]/(e—n). If 8(/Ody)/ax exista, then each Integrating factor of Pdx+Qdy=0 
has a similar differentiability property. (Recetved May 20, 1942.) 


244. J. D. Rommel: On conservative transformations of functions of 
iwo vartables. 


Necessary and sufficient conditions are given in order that y(s, #) = {> /Sk(s, t, o, T) 
x(o, r)dodr shall transform x(e, r) such that limy,,,«*(¢, r) exists into y(s, t) such that 
lim. cy(s, £) exists, From this result a characterization of regularity is obtained. By 
considering step-kernels and step-functions, regular transformations of double se- 
quences are characterized, (Received April 18, 1942.) 


245. Raphael Salem and D. C. Spencer: The influence of gaps on 
denssty of integers 


An infinite sequence of integers is said to have the complete gap property with re- 
spect to a(x) (w(x) being a positive non-decreasing function for x 2,0) if in every closed 
interval (a,a +7) (a &0, lata) there exists an open interval of length not legs than 
w(J) which contains no point of the sequence. Such a sequence will be denoted by 
S[w(x)]. Let »(m) be the number of terms of the sequence not greater than m. The 
following theorems are proved: (1) If the integral f, (w(x)/x#)dx diverges, lim »(m)/m 
=0. (2) If w(x) is such that w(x)/x* decreases and the integral converges, there exists 
an S[æ(x)] with lim inf »(m)/m>0. (3) If o(s)=6xe (0>0>1/3), then r(m)/m m 
O(m) where a= [log (1-26)/(1-3¢) |/[log 2(1-20)/ (1-30) |. (4) If 0<8<1/3, there 
exists a sequence S|ox] with m= =0O(»(m)/m). (5) If w(x) =0x (1/356<1/2), then 
»(m) = O(log m). (6) If 1/3 40 <1/2, there exists a sequence S [6x] with log m = O(»(m)). 
(7) If ox) 22/2, there exists no infinite sequence S| «(x) |. (Received April 30, 1942.) 


APPLIED MATHEMATICS 


246. H. K. Brown: The resolutton of boundary value problems by 
means of the finte Fourier transformatton. 


The finite sine transformation and the finite cosine transformation are defined as | 
the linear functional operations $ (G}—/¢G(x)sin sxdx=—z,(n) and ((G} = fe G(x) 
-cos nadz = p(n), respectively. The inversion of the product of the transforms of Gand H 
can be made by means of four Faltung theorems, The finite sine transformation was ap- 
plied to a problem in general heat flow in one dimension in which the nonhomogeneous 
linear partial differential equation has coefficients which may be functions of the 
time. It was proved in detail that this problem can be resolved into a standard heat 
flow problem which -has a differential equation of simpler type and constant coeffi- 
cients, The Faltung theorems permitted an inversion in closed form of the solution 
of the transformed boundary value problem. A general heat flow problem of similar 
type in three dimensions was resolved into the same standard problem in one dimen- 
sion. By the introduction of a fundamental set of solutions of the transformed problem 
it was possible to make a resolution of the boundary value problems of a general 
vibrating string, membrane and beam. (Received April 11, 1942.) 


. GEOMETRY ; 
247. C. J. Everett: Afine geometry of vector spaces over rings. 


Methods of E. Artin's Coordinates ix affine goomstry (Publication of the University 
of Notre Dame, Reports of a Mathematical Colloquium, (2), Issue 2) are used to show 
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that a “plane geometry” subject to a weaker set of axioms on “points” and “lines” 
permits a point coordinatization P = (x,y) with x, y in a ring R with unit, without 
zero-divisors, and with every two elements (a,b) (0,0) having a g.c.r.d.md (d right 
divisor of a, b divisible by every right divisor of a,b); set of all points on a line: 
(x-+ak, y-+bk), x y fixed; a, b fixed, not 0, 0, with g.c.r.d. 1; k arbitrary in R The in- 
tuitive ideas in the “geometry” of the lattice points (integer coordinates) of the affine 
real plane are thus abstracted in equivalent geometric and algebraic forms. (Received 
May 20, 1942.) 


STATISTICS AND PROBABILITY 


248. Henry Scheffé: On the theory of testing composite hypotheses 
wiih one constrasnt. 


Suppose that one has a sample from a population whose distribution function de- 
pends on / parameters œ, &,:°--, 6:, and that on the evidence of the sample it is 
wished to test the hypothesis Hs:6:—0,°. Not only are many statistical problems of 
practical interest precisely of this type, but the theory of testing such hypotheses with 
one constraint is intimately related to Neyman’s theory of confidence intervals (Pro- 
ceedings of the Royal Society, 1937). Type B regions for testing He were defined by 
Neyman (Bulletin Société Mathématique de France, vol. 64, (1935)} who gave a 
method of finding such regions in the case /=2. His theorem is generalized to the case 
122 in the present paper. Type B: regions are defined as the natural generalization of 
the type A: regions of Neyman and Pearson (Statistical Research Memoirs, 1936) to 
permit the presence of the nuisance parameters %, +, 6; in the distribution. Sufh- 
cient conditions are given that a type B region be also of type Bı. The paper will ap- 
pear in the Annals of Mathematical Statistics. (Received May 29, 1942.) 


TOPOLOGY 
249. W. H. Gottschalk: On k-to-1 mappings. 


Let A and B be compact metric spaces and let the mapping 7(A)=—B be continu- 
ous and at moet &-to-1, where & is an integer. Let o(x) denote the Urysohn-Menger 
order of the point x. It is shown that if y& B has exactly # inverse points ™,---, Xa 
then ).?_,0(x,) Sk oly). Suppose A and B are continua and T is (exactly) k-to-1. 
It follows from this inequality that if y is an end point of B, then each inverse point 
of y is an end point of A. Let P denote the property of being a subcontinuum of A on 
which T is k-to-1. It is proved that if A has (the inducible property) P irreducibly, 
then B contains no end point; and, in case A= 2, B hás the stronger property of con- 
taining no cut point. It follows that no dendrite is a continuous k-to-1, k>1, image of 
a continuum; or, equivalently, every continuous k-to-1, k>1, image of a continuum 
contains a non-cut non-end point. (Received April 11, 1942.) 


250. P. R. Halmos and Hans Samelson: On monotheltc groups. 


A topological group is monotketic (van Dantzig) if it contains an element (called a 
generaior) whoee powers are dense in the group. (I) A compact abelian group is mono- 
thetic if and only if its character group is algebraically isomorphic to a subgroup of 
the circle. (I1) A compact separable abelian group is monothetic if and only if the quo- 
tient group with respect to the component of the identity is such. (Here separability 
means the existence of a countable dense set.) In particular a compact separable and 
connected abelian group is always monothetic. (III) Almost every element (Haar 
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measure) of a compact abelian ancii group, satisfying the second countability 

axiom, is a generator (SchreJer and Ulam). The countability restriction is essential jn 

(III); the set of generators of the toral group of dimension continuum has inner meas- 

ure 0 and outer measure 1. Similarly, without the hypothesis of connectedness the set 
-, of generators can have any measure between 0 and 1. It is an easy application of (I) to 
- describe completely the uy of totally disconnected monothetic groupe. (Re- 
ceived April 6, 1942.) 


251. A. D. Wallace: Separation spaces. IT. 


A definition of compactness is given for a separation space. The use of closure is 
avoided. It is shown that a compact connected nondegenerate, separation space con- 
tains at least two non-cut points. For metric spaces this result ia well known. This. 
. note will appear in Annaes da Academia Brasileira de Sciencias. (Received-May 21, 

` 1942.) 
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TRAVELING WAVES ON ELECTRIC POWER SYSTEMS 
L. V. BEWLEY 


The problems of traveling waves on the transmission lines of a 
power system! differ considerably from those of traveling waves on 
telephone or telegraph circuits. The primary object in the case of the 
former is to know how to protect the system from abnormal voltage 
disturbances which might danrage apparatus or cause discontinuity 
of service; whereas the object in the case of the latter is the transmis- 
sion of signals. Attenuation, distortion, wave shape modification, and 
successive reflections are deliberately sought after on the power sys- 
tem as a means of rendering the surges innocuous, but these effects 
must be carefully avoided or nullified on the communication circuits 
so as to preserve the wave shape and transmit the signal with strength, 
fidelity, and without interference. On the power lines, the surges often 
. originate from unknown causes, or at the point of origin are of un- 
known magnitude and shape (except from a statistical point of view); 
while on the communication circuits the initial shape and magnitude 
of the wave train are known with exactness. External fields (due to 
charged clouds), corona, flashovers, faults, and so on are of great 
importance with respect to surges; but are of no concern in the normal 
functioning of a telephone or telegraph line. Thus on the power lines 
surges originate from external or undesirable causes and every effort 
must be made to withstand or control them; while on communica- 
tion circuits the transients are the direct means to the end. 

These differences have led to corresponding differences in the 
mathematical approach. The power engineer is satished with ap- 
proximations which would be intolerable to the communications 
engineer, and he is willing to take a license with mathematical rigor 
which would make any self-respecting mathematician groan. Higher 
mathematics has found little or no application in the study of surges 
on power systems. This has been due primarily to the fact that the 
boundary conditions are not definite enough to justify purely mathe- 
matical refinements; particularly since engineering results must be 
obtained in a short time by men who are not mathematicians. How- 
ever, there are numerous aspects of the problem which lend them- 
selves to mathematical excursions. It is my purpose in thig lecture to 


An address delivered before the meeting of the Society in Bethlehem, Pa., on 
December 30, 1941, by invitation of the Program Committee under the title The matke- 
matical theory of travelang waves; received by the editors January 10, 1942. 

1 Traveling Wawes on Transmission Systems, L. V. Bewley, New York, Wiley. 
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give you the engineering methods, and perhaps, here and there, to 
suggest how advanced mathematics might be applied. j 

The general problem. Figure 1 indicates a multi-conductor trąns- 
mission line, protected by a ground wire? at the peak of the towers, 
terminating at a power station containing a lightning arrester, a cir- 
cuit breaker, a transformer, and a generator. A cloud, floating over 
the line, has been charged by the action of the rising air currents on 


bushings 

HLE 
LIQ 
e gy 





FIG. 1 


the falling raindrops, and this cloud charge has induced a stationary 
counter-charge on the conductors of the transmission line. As the 
potential of the cloud increases, local breakdowns occur throughout 
its mass, thereby uniting some of its regions and making available, 
through partially ionized paths, a reservoir of charge. Eventually the 
field gradient reaches an intensity sufficient to initiate a leader stroke 
or dart, which starts towards ground. The progress of this dart is not 
continuous, but by jerks, each jerk depending upon the supply of 
additional charge to the head of the dart. It is like the armored force 
in a blitzkrieg break-through—it strikes to the limit of its capabilities 
and must then wait for tactical reinforcements and logistical support 
before renewing its attack. As the dart approaches earth, the field 


1 The purpoee of a ground wire is to intercept a lightning stroke and thereby pro- 
tect the power conductors from destructive surges. Those surges which do come in to 
the station are absorbed by the lightning arrestor. 
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gradient at the transmission line increases and this causes a migra- 
‘tion of charge up through the towers onto the ground wire, and from 
the remote parts on the line conductors towards the region of field 
concentration. The dart finally makes contact—say with the ground 
wire at the tower—and a lightning surge moves out in both directions 
on the ground wire, inducing waves on the line conductors. But when 
these waves reach the next tower, reflections occur, and very soon all 
the neighboring spans are filled by numerous waves reflecting back 
and forth, and perhaps flashovers have taken place to the line con- 
ductors. These waves are rushing, with the speed of light, towards 
the power station, where they may enter the windings of transformers 
and generators, causing steep gradients which may breakdown the 
turn-to-turn insulation, and oscillations which may develop destruc- 
tive voltages on the major insulation to ground. Perhaps a bushing 
flashover, or an insulation failure will cause the circuit-breaker to 
function, interrupting the normal 60 cycle power current, and this 
operation will initiate a new transient which is called a “switching 
surge.” And perhaps an insulator flashover out on the line will culmi- 
nate in intermittent arcing which may result in a cumulative build- 
ing-up of dangerous voltages—the so-called “arcing ground.” š 
The engineer does not tackle this problem in its entirety by at- 
tempting to include all the terminal apparatus as boundary con- 
ditions. Rather is he compelled to make a piecemeal attack, by 
handling each part of the problem as a separate and independent 
proposition, thereby isolating and defeating them in detail. To this 
end, certain aspects of the problem will be considered under four 
main headings. 
Multi-velocity waves (tensor notation). Consider a system of n 
overhead transmission line conductors with voltages e, currents +, 


charges QO", and fluxes ¢,. Then in terms of Maxwell's electrostatic 
potential coefficients prs 


(1) t= Pld? 
from which 
(2) O = Ke, 


where K” is the inverse of pr in the matrix [pr]. These coefficients 
are calculated for parallel cylindrical conductors in the presence of 
ground by including the images of the conductors in the ground 
surface. 
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The magnetic flux linkages are given in terms of the inductance 
coefficients by 


(3) $r = Lrt’. 


There are leakage currents flowing to ground and between con- 
ductors of amount Ge,. The G” coefficients are supposed to include 
the effects of both leakage and corona. 

And finally, there are resistance drops Rt’ in the conductors due 
to the flow of currents. 

Herefrom, the differential equations for the multi-conductor trans- 
mission system become (putting p =0/ðt, in the Heaviside sense) — 


Oty 


(4) Da por + Ret! = (Laup + Ri), 
oi! 
(5) = p = p0'-+ G''e, = (Kp +G"*)e,. 


Eliminating +‘ there results _ 

s 2 . 
6 J, ~ 6— Je, = 0 
6) (1: - 1) 
in which & is the Kronecker delta and 


(7) (Ape RI PLC 


Now if the losses are ignored (R, =0, G*=0), (6) is satisfied by the 
traveling wave? 


(a) 
(8) 6s = a, fay(% — Tiat) 


which substituted in (6) gives 
s IN ca 
(9) (tk? — b, —) a, f la lE — Dat) = 0. 
ox? 
Since this equation must be satisfied for waves of the same velocity 


(10) (EAs ba, SO. 


The velocities are given by the roots of the determinant 


3 An enclosed index is used here to suspend the summation convention, 
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(11) ak tee Sle Ho. 


To each root of (11) there correspond » values of a’, and any (n— 1) 
of them may be determined in terms of one value taken arbitrarily. 
Let this one value be a =1. Solving (10) 


(a) =A 


(12) 6 = Teal (LK ota) wheres sé 1, r x 1, 


in which |;| is |c*| with the s—1 row and r= 1 column deleted, and 
A; is the cofactor of bf in |b]. 
The complete solution then becomes 





(13) tr = Oy [fal — Dayi) + Falt + 1058). 
By (5) the corresponding currents are 
(14) ¢=—p Í K' eda = K'o (fa — Edt) = Y (fa — Fa). 
Transition points. Consider the general case of Figure 2 in which 
any number of incoming lines terminate at a transition point con- 


sisting of an inter-connected network and any number of outgoing 


inadent 


a emer: A a G e ae 





incomung lines, 


transition 
network 
Fia. 2 


lines. When the incident waves on the incoming lines reach the transi- 

tion point, currents will flow into the network, transmitted waves 
will move out on the outgoing lines, and reflected waves will start 
back on the incoming lines. In tensor notation let: 

Z„ =surge impedances of incoming lines,‘ 

‘The surge impedance of a line is the coefficient of proportionality between its 
voltage and current (¢—s4), Its reciprocal] is called surge admittance. For surges on 
transmission lines, these parameters are essentially constant, and are an indication of 
the current associated with a surge of given voltage. 
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y™ =surge admittances of incoming lines (inverse of 3"), 

Zue =surge impedances of outgoing lines, 

y** ==surge impedances of outgoing lines (inverse of sus), 

Z a =branch impedances of the network, 

Cy, =transformation tensor specifying the total interconnections 
of the network and outgoing lines. 

Then 


(1) Zæ =(Zpt+Sxe) =impedance of network and outgoing lines be- 
fore interconnection, 

(2) Zey =C C$ Za =impedance after interconnection of the net- 
work and outgoing lines. 


Now Za may include branches other than those connected to the 
incoming lines. The open circuit branches will have been eliminated 
by Ca, but the branches other than those connected to the incoming 
lines will have to be eliminated by the substitutions: 


(3) Zap = Zn tle tle +Z 
(4) E, = Zn l’ + Zal", 

(5) l 0 = Zal + Zp, 

from which 

(6) E, = (Zo — Zna Y Zp) = Zal. 


Now let (6, #7) and (e’,, +") be the incident and reflected waves, 
respectively, on the incoming line. Then at the transition point 


(7) - e +e = E, = Zal’, 

(8) i -+ i” = Ir, 

so that 

(9) er + er = Zali + i) = Zay" le — ei) 
from which 

(10) (8; + Zay Jer = (— & + Zay Jee 


This system of equations defines the reflected voltage waves e. 

The total voltage at the transition point then follows by (7), the 
total current by (8), the remaining network currents by (5) and the 
network voltages by (4), and so on. 


Successive reflections. The calculation of successive reflections is 
oftentimes a long and involved process; particularly in those cases 
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where reflections may occur from a whole series of neighboring junc- 
tions. An example is the case of lightning striking the ground wire at 
midspan. The incident waves move out in opposite directions until 
they reach the nearest towers, where they reflect as a consequence of 
the surge impedance of the continuing ground wire in parallel with 
that of the tower. Transmitted waves quickly reach the foot of the 
tower from which they reflect as a result of the ground resistance. 
Other waves reflect from the next tower, and from the next after 
that, and so on. Thus within a few microseconds the system is alive 
with a whole series of waves moving in different directions, arriving 
at different times, of different magnitudes and polarity, and having 
experienced different attenuations and distortions. 

In order to keep track of all these components a lattice diagram has 
been devised, such as shown in Figure 3 for the case of lightning 
striking a ground wire at midspan. The progress of each wave com- 
ponent is easily followed as it slides downhill along its zig-zag path, 
giving rise to reflections at each junction. Thus at any instant of time 
the waves at all points on the line can be identified; or at any point 
on the line the time of arrival of each wave can be seen. 

To construct such a reflection lattice it is first necessary to de- 
termined the reflection and refraction coefficients’ at each junction, 
and to post these on the sketch of the system being studied, as has 
been done on Figure 3. The coefficients are, in general, Heaviside 
operators, such that when operating on an incident wave (regarded 
as a time function reckoned from its instant of arrival at the particular 
junction) they give the reflected or transmitted wave. Those shown | 
in Figure 3 are A, B, C, D, B’, C’, D’. The initial wave coming down 
the lightning stroke of surge impedance 2Z, (the 2 is occasioned by 
the condition of symmetry which permits the amputation of the sys- 
tem to the left of the stroke) refracts onto the ground wire a wave 
A-f(t) which moves on to the top of Tower 1, where it reflects a 
portion AB’-f(t) back towards its origin, and transmits a portion 
AB-f(t) to the next ground wire section and also down the tower. 
When the wave reaches the foot of the tower it reflects a portion 
ABD’ -f(t) back up the tower. Likewise reflections return from the top 
and foot of Tower 2 and from the towers beyond. Now each of these 
reflections could be traced out independently on the lattice and all 
waves fully accounted for. But the labor is great. The work can be 

+A “reflection coefficient” is the operator determined from equation (10) of the 
previous section on transition points, which permits the calculation of a reflected wave 
in terms of the incident wave. Likewise, the “refraction coefficient” gives the trans- 
mitted wave. 
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simplified by introducing the concept of “wave trains,” and fre- 
tarder operators.” 
The system of waves reflected back on the ground wire due to the 
arrival at a tower top of a wave f(#’) and the successive reflections 
lightning stroke 
(reflects) B’ ~t1+ B (transmits) 








fia 


ABD(D F) 


ABD(D'F) 


Fra. 3 


up and down the tower is seen from the lattice to be a “wave train” 
of Type I: 


eB’. f(t!) + BDF - f(t — 2k) + BDF(D'F’)-f(? — 4k) p 
BDF 

=p [n + > E (DEY — 2i) | 

= Bt + od) bme] 

= Blayf(h 





(1) 
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in which (m) is a “retarder operator” such that the time of arrival 
of a wave to which it is applied is retarded by (24m), thus 


(2) o(m)- fF) = fe — 2h). 


The wave train transmitted on to the next tower by the incident 
wave and its tower reflection is the Type II wave train 


DF 
Pees B| fe) + <= EWP) — 2h) 


= Bil + cd bolm] 
= BB af(?). 


In terms of the wave trains of Types I and II the complete history 
of the reflections can now be written down. 

The initial wave transmitted by a lightning surge to midspan is 
Af(t) which arrives at the first tower at time 0.5s and gives rise to the 
Type I wave train of the first order. 


(3) 


- (4) e1 = A Bag f(t — 0.5s). 
This wave train arrives at midspan at time s and reflects therefrom as 
(5) > és = AB’C’a, f(t — $). : 


When the reflected wave train arrives at the tower at time (1.5s) 
it generates a new Type I wave train of the second order 
(6) e1 = AB'C'amoaf(t — 1.55). 
Continuing this process we find combinations of the form QaQ@s@p'* 
in which products are to be interpreted as 

Awitna = [1+ 0D) b= b(m)] [1 + oD) be *4(m)] [1 + 0 D7 b> 49(p)] 
(7) = [1 + 3a) bolm) + 3099 b" elm -+ n) 

+a), 2 bate tg(m + a + p)]. 


_ Now in addition to those wave trains operating between midspan 

and Tower 1, contributions eventually arrive from neighboring 
towers. Thus at time (0.5s) there is transmitted beyond Tower 1, 
owing to the initial wave Af(#), the Type II wave train of the first 
order 


(8) E, = ABBaf(t — 0.53). 


This wave train reaches Tower 2 at time (1.5s) where it generates 
a Type I wave train of the second order 
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(9) Ey = ABB'Bwan f ~ 1.55). 

This wave train arrives at Tower 1 at time (2.5s) and generates a 
third order wave train of Type I 

(10) Ey = AB B'Buas8,f(t — 2.5s), 

and this wave train, reaching midspan at (3s), reflects therefrom as 
(11) E, = AB*BC'Badnf afli — 3s). 


With the assistance of the lattice diagram and retarder operators, 
the potential at any point can be written down. For example, at the 
top of Tower 1° 


V = ABBAf(t — 0.55) + ABB'ClanBaf(t — 1.55) ` 
+ AB(BC)taeaBpf(t — 2.58) F- 
-+ AB B'BdinSaf(t — 2.58) +--- 


Induced lightning surges. Suppose a cloud bearing a charge Qe 
is over a transmission line, Figure 4, and is discharging either to 


(12) 





ELAA\ 


Q (x)æb G(x), 


Fia. 4 


ground or to another cloud according to some function of time Y(t); 
that is, the charge remaining in the cloud at any instant is Qo [1 —y (8 ]. 
Depending upon the shape and size of the cloud charge, its height 
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above ground, and its position with respect to the transmission line, 
the line will experience a gradient 


(1) g(z, #) = G(x) [1 — (4) ] 


in which G(x) represents the initial distribution of gradient (at the 
beginning of cloud discharge) as a function of distance along the line. 
Under the influence of this field, charges of opposite sign to that of 
the cloud will leak over the insulators, or migrate from the remote 
parts of the system, and collect on the line conductors as bound 
charges. The density of bound charge at any point x will be propor- 
tional to the gradient and to the height A of the conductor above 
ground (since the field is substantially uniform for a hundred feet 
or so above ground). These bound charges nullify the potential due to 
the external field, so that initially the line charges are given by 


a 


(2) r = 0 = G(x) -hr + prQ’, r=1,2, A. 


Suppose then m of the n wires are ground wires perfectly grounded 
throughout their length, and let these ideal ground wires be repre- 
sented by (j, k) indices. The remaining (n —m) wires are power con- 
ductors, and will be represented by (u, v) indices. i 

Now if the field gradient G(x) is suddenly removed, the bound 
charges on the line wires will not change at the first instant, but those 
on the ground wires are instantly replaced by new charges Q’ since 
the ground wires must remain at zero potential. Therefore 


(3) 0 = £n0"* T Pi’, 
(4) Vu = pur F Pur”. 


From (2) and (3) all the charges Q* and Q” may be found; and from 
(4) the potentials V, may be determined. These potentials immedi- 
ately move out as pairs of traveling waves (in opposite directions). 
At the first instant, however, the forward and backward waves 
fa(x—vt) and F,(x+f) add up to the voltages given by (4), and the 
resultant current flow must be zero in the isolated power conductors. 


Thus 


(5) Ta + Pu = V 
(6) F=f, —F,) = 0. 
Hence _ 


(7) Fy = fu = V./2, 
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that is, the forward and backward waves on a conductor are the 
same shape and magnitude. i 

However, the release of the bound charge is not instantaneous, but 
according to the law of cloud discharge (t). The corresponding 
traveling waves are then given by Duhamel’s theorem 


ap (r) PA 





(8) =f erat eea) 


(9) = jim Z {fle + o(m — Bat] + fle — s(a — BAL] } Avs 
0 
where n At=t,k At {r and Ay, =Y |(k+1)A]—y [k - At]. The applica- 
tion of the integral is limited to relatively simple expressions for f and 
y, but the summation can be tised for any functions whose graphs 
are known or assumed. Ultimately, since both f and y derive from 
experimental data, it is best to use the summation expression. Both 
graphical and tabular methods have been devised for its ready ap- 
plication, and engineering solutions are quickly arrived at. 
Equation (8) can also be derived by setting up the conditions in. 
terms of retarded potentials. Very few engineers deal with retarded 
potentials, whereas a considerable number of them are familiar with 
Duhamel’s theorem through Heaviside’s operational calculus. 
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SOME NEW METHODS OF SOLUTION OF TWO- 
DIMENSIONAL PROBLEMS IN ELASTICITY 


IVAN 8. SOKOLNIKOFF 


1. Introduction. The main purpose of this address is to bring to 
the attention of the workers in the theory of elasticity and related 
branches of applied mathematics a simple general method of solution 
of several important classes of two-dimensional boundary value prob- 
lems. I use the term “two-dimensional” or “plane” boundary value 
` problems in the sense that their mathematical formulation requires 
the introduction of only two independent variables. In this sense the 
problems of St. Venant on torsion and flexure of cylinders, and the 
problems on deflection and buckling of elastic plates, which have a 
three-dimensional physical aspect, are two-dimensional. 

The method which I intend to discuss was developed mainly by a 
group of Russian mathematicians, and despite the fact that it has 
been utilized extensively in Russia for more than a decade, it is 
virtually unknown in this country. A great variety of problems to 
which it has been applied to obtain useful solutions includes an 
investigation of flexure and torsion of beams, a study of thermo-elastic 
stresses in composite cylinders, an analysis of deflection of anisotropic 
plates, and a multitude of problems characterized by the states of 
plane stress and plane strain. 

Inasmuch as familiarity with the concepts of applied mathematics 
is a rare virtue, I shall reduce the use of the technical language to a 
minimum, and shall ask you to take for granted certain basic equa- 
tions of the theory of elasticity. Failure to comprehend the origin of 
these equations will not impair the understanding of the general 
method of their solution. 

We shall suppose that a two-dimensional region R, occupied by an 
elastic medium, is referred to a system of cartesian axes (x, y). To fix 
the ideas we can think of the region R as representing the cross-sec- 
tion of a long cylinder whose elements are parallel to the s-axis, and 
whose lateral surface is subjected to a distribution of external forces 
that is independent of the s-coordinate. Under the action of such 
forces, the medium, in general, will be distorted, and the displace- 
ment of the points of the region œR in the directions of the x- and y- 
axes will be denoted by u(x, y) and v(x, y), respectively. If the medium 


An address delivered before the meeting of the Society in Bethlehem, Pa., on De- 
cember 30, 1941, by invitation of the Program Committee; received by the editors 
January 21, 1942. 
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is assumed to be isotropic, then the stresses produced in the medium 
are connected with the derivatives of # and v by the formulas (Hooke’s 
law) 


f Ou Ou ða Ot 
(1.1) Tss = MAH 2u—) try =M+2—) Tey = “(= +), 
Ox Oy dx ay 
where the r’s are the components of the stress tensor, A and p are 
elastic constants introduced by Lamé, and A=du/dx+00/dy. 
If the medium is in equilibrium (in the absence of body forces) 


then the components of the stress tensor r satisfy throughout the 
interior of the region the differential equations 


OT ve OT OT: OT 
= — 0, f -+ ae = 0, 
Ox oy Ox oy 


while on the boundary C of the region R they fulfill the conditions 


(1.2) 











p Tas COS (T, v) + Tay cos (y, v) = X(s) 
( = ) Tay COS (x, v) + Tyy CO8 (y, v) m Y(s), 


where v denotes the exterior normal to the contour C, and X and 
Y are the x- and y-components of the prescribed external force 
estimated per unit length s of the contour C. 

I shall call the problem of determining the solution of the system 
of equations (1.1), (1.2), (1.3), for the five unknown functions Tss, 
Tey, Tyy, #, V, the first boundary value problem of the plane theory of 
elasticity. Instead of specifying the distribution of external force on 
the boundary C of the region R, we can impose the requirement that 
the displacements u and v assume prescribed values on the contour 
C. This latter problem will be referred to as the second boundary 
value problem. 

The great majority of the two-dimensional boundary value prob- 
lems in the theory of elasticity is reducible to the solution of these 
boundary value problems. We shall be concerned only with those 
solutions in which the components of the stress tensor are continu- 
ous and single-valued throughout the region R together with their 
first and second partial derivatives with respect to x and y. The dis- 
placements u an v will be assumed to be continuous and single- 
valued in the region R together with their partial derivatives including 
those of the third order. These restrictions arise essentially from 
physical considerations, and it is a consequence of the restrictions 
imposed on the displacements u and v that the components of the 
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stress tensor determined from equations (1.2) satisfy in the region R 
the Beltrami-Michell equation of compatibility, namely 


(1.4) V tee ta) — 0, 


where V?m0*/dx?+0?/dy?. 
It is clear that equations (1.2) represent a necessary and sufficient 
condition for the existence of a function U(x, y), such that 
i ðU ðU tU 
( 55) Tas — ay? ) Tyy ~ Jx ) T 3y = — andy. 
and it follows at once from (1.4) that U(x, y) satisfies the biharmonic 
. equation 


~ (1.6) viv'U = 0 


throughout the region R. The function U is commonly known as 
Airy’s stress function. 

Substituting the relations (1.5) in the boundary conditions (1.3) 
and combining results lead to a compact boundary condition in the 
form 


d /aU ð 
(1.7) IRE iText, on C, 











ds 


where d/ds represents differentiation along the arc length of the con- 
tour C and #?= —1. Inasmuch as the right-hand member of (1.7) isa 
known function of the points of the contour C, it is clear that the 
solution of the first boundary value problem is reduced to the de- 
termination of the biharmonic function U(x, y) whose derivatives, 
dU/dx and 0U/dy, are specified functions of the points of C. This 
latter problem was subject to a prize offered by the Paris Academy, 
and its complete theoretical solution for the case of a finite simply- 
connected region R, bounded by a contour C satisfying certain gen, 
eral conditions, was obtained by J. Hadamard and G. Lauricella.t 
They solved the problem by reducing it to the solution of a Fred- 
holm’s integral equation. 

A significant step in the direction of the development of the theory 
was made by G. V. Kolossoff, whose Dorpat dissertation? (1909) was 
concerned with the application of the theory of functions of a com- 
plex variable to the solution of plane problems of the theory of 
elasticity. Further important results were obtained by N. I. Mus- 

1 Among the recipients of the prize were A. Korn, J. Hadamard, and G. Lauricella. 


See references [1], [2], and [3] at the end of this paper. 
1See [4-8]. 
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cheli3vili, who made use of conformal mapping and of integrals 
analogous to those of Cauchy to obtain an elegant solution of the 
first and second boundary value problems for an arbitrary simply- 
connected domain (finite or infinite). 

In a series of papers dating from 1919, Muscheliavili gave a de- 
` tailed analysis of the character of solution in simply- and multiply- 
connected domains and illustrated his method of solution by provid- 
ing practically useful solutions of a number of specific problems 
[9-21]. 

The questions pertaining to the existence of solution in multiply- 
connected domains were dealt with extensively by S. G. Michlin, 
who gave, in the period from 1933 to 1935, several methods of theo- 
retical solution of the first and second boundary value problems 
[22-26]. 

In the following section I shall limit myself to a discussion of 
Muschelišvili's method of solution of the boundary value problems 
of plane elasticity for simply-connected domains. While the applica- 
tion of this method to multiply-connected domains is important from` 
a technical point of view (see §3) the essence of the method is ade- 
quately illustrated by a consideration of the simpler case. 


2. Reduction of the problem to a functional equation. It is clear 

from equation (1.6) that the function VU = P(x, y) is harmonic in R. 
Let Q(x, y) denote the conjugate harmonic function, and introduce 
an analytic function ¢(s) of a complex variable s™x-++y defined by 
the formula 


P+ iQ = 4¢'(3), 
where prime denotes the derivative with respect to s. If the real and 


imaginary parts of the function ¢(s) are denoted by p and q, respec- 
tively, then it is easily verifed that 


: V(U — px — gy) = 0. 
Accordingly, the function 
pı = U — pu — qy 
can be considered as the real part of some analytic function x(s), and 
since 
2(pa + gy) = £ (2) + s 4(5), 
one can write the biharmonic function U in the form? 


3? The possibility of representing a biharmonic function with the aid of two an- 
alytic functions of a complex variable was noted first by É. Goursat, Bulletin de le 


— 
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(2.1) 2U = 3 els) + s) + x(s) + xis), 


where bars denote the conjugate complex values. 
Inserting the value of U given by (2.1) in the left-hand member of 
equation (1.7) yields the boundary condition in the form 


| 
(2.2) (X + i¥)ds = — id[o(s) + s #6) +y], 


where ¥(s) =x (s). 
If both members of equation (2.2) are integrated along the contour 
C from some arbitrary point $s, there results 


f (X + iY)ds = — ilele) + s $ (3) + ¥(s)] + const., 


so that the boundary condition can be written as 
(2.3) le) + sp) + (5) = fils) + ifls), on C, 


where 


i Í ais fils) + if(s). 


The constant of integration has been omitted in the formula (2.3) 
since it can be fixed in an arbitrary manner without affecting the 
state of stress.‘ . 

A reference to the formulas (1.5) and (2.1) shows that the com- 
ponents of the stress tensor 7 are easily calculable once the functions 
o(s) and (s) are known, and it is readily checked by integrating 
equations (1.1) that 


2 2 
(2.4) zutu + i) = = (— ries TE 
ay A+ pb 


Thus the complete solution of the firat boundary value problem is 

made to depend on the solution of the functional equation (2.3). 
The formulation of the second boundary value problem in the form 

of a functional equation likewise presents no difficulty. In fact, the 


Société Mathématique de France, vol. 26 (1898), p. 236. The derivation of Goursat’s 
formula given above is due to N. I. Muachelifvili, Bulletin de I’ Académie des Sciences 
de |’ URSS, 1919, pp. 663-686. The analytic character of solutions of a biharmonic 
equation follows from this derivation, while the derivation of Goursat depends on 
the assumption that every biharmonic function is analytic. 

1 This statement follows from the fact that the state of stress, in a simply-con- 
nected domain, is not altered when the function ¢(s) is replaced by ¢({s)+cis-+a+1#8 
and ¥(s) by y(s)+a' +i, where c, a, £, a’, and # are arbitrary real constants. See, 
for example, reference [15] listed at the end of this paper. 
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desired functional équation, in this case, follows almost at-once from 
equation (2.4). 

The limitations of time do not permit me to enter upon the dis- 
cussion of the interesting questions connected with the existence and 
uniqueness of solution of the problem, and I shall confine myself to 
a remark that the proofs of uniqueness and existence of solution 
present no serious difficulties if one assumes the functions ¢(s), ¢’(s), 
and ¥(s) to be continuous in the closed region R, the prescribed func- 
tions X(s) and Y(s) to satisfy Hdlder’s condition, and the contour C 
to have a continuously turning tanget.’ It may be remarked that 
these restrictions are dictated by the behavior of stresses and dis- 
placement occurring normally in physical problems, and that they 
can be considerably relaxed by an analytically inclined mathe- 
matician. 

I shall indicate in the remainder of this section some modes of 
attack on the problems that lead to the determination of the func- 
tions ¢(s) and ¥(%) in practically useful forms. 

The solution of the functional equation (2.3) is almost immediate 
when the region R is that bounded by a unit circle |s| $1. Since the 
` functions ¢(s) and (s) are analytic in R, one can write 


(2.5) se) = Cast, ve) = Cbs, |s| <1. 


The functions X and Y, characterizing the prescribed distribution 
of stress on the boundary of the unit circle, can be regarded as func- 
tions of the polar angle 0 defined by the relation s—e*. Then the 
right-hand member of (2.3) can be expressed in the form 


fit ifi = if (xt iY)ds = Tce, 


if one assumes that the functions fı and fs are of bounded variation. 
The Fourier coefficients c, being known, one can insert the foregoing 
expansion in the right-hand member of (2.3) and the series (2.5) in 
the left-hand member. A comparison of like powers of é“” on both 
sides of the resulting equation will yield expressions for the unknown 
coefficients a, and b, in terms of the known values ca. The justifica- 
tion of the validity of the formal solution obtained in this manner 
presents no difficulty in most problems of practical interest, since the 
behavior of functions describing the specified distribution of stress 
on the boundary cannot be too pathological. 


s See, for example, [26]. 
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If the contour C bounding the region R is not a circle, one can in- 
troduce a function 


s = wf) 


that maps the region R conformally on the unit circle Ir] <1. Let the 
transforms of the functions ¢(z) and y (s) be denoted, respectively, by 
é1 and Yı, so that ¢:(f) =[w(¢) | and y(t) =p [w(t) ]. Then a simple 


calculation shows that the functional equation (2.3) goes over into 


MO) Ty + Fle) = fit ifs 
w (o) 
where g =e" represents a point on the boundary y of the circle 
|t| =1, and fı+4fs is the transform of the right-hand member of (2.3) 
and hence can be regarded as a known function of 8. 
The method of solution in series indicated above can be applied to 
determine the analytic functions 





(2.6) ılo) + 





of) = D at", P = D bg", isp <4, 
onl) non) 


and it is not difficult to verify that the coefficients a, and 5, can be 
determined explicitly in terms of the Fourier coefficients of the func- 
tions fit+4f, and w(c)/w’(c), whenever the mapping function w(t) is a 
polynomial.‘ 

H it is recalled that the mapping function for a suitably restricted 
simply-connected region can be approximated by a polynomial 
s=w,({) of sufficiently high degree (in the sense that the polynomial 
s=w,({) maps the region |f| <1 on some region R, which can be 
made to approximate the region R as closely as desired) then the 
practical usefulness of the method of solution outlined above becomes 
immediately obvious. f 

In a number of important problems the determination of the func- 
tions ġı(f) and Y(t) can be greatly simplified by transforming the 
functional equation (2.6) into an equivalent pair of integral equations. 
Thus, consider the equation (2.6) and the equation 


(2.7) di(c) + Oi (o) + Yle) = fi — ifs 


which is obtained from (2.6) by forming the conjugate expressions. If 


‘For further particularas see [13, pp. 287-296]. A detailed exposition and some 
specific calculations pertaining to several problems of physica] interest are contained 
in [30, pp. 266-311]. 
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ed 


both members of these equations are multiplied by (1/2x8)do/(o —$) 
and the resulting expressions integrated over the contour y of the 
unit circle, one obtains 

Af die) de 1 6 90) TO 

riJ y o — fo ame y wc) E i 




















1 
= WHO) 2 A, 
2xtd 4 e — 
e a. 1 6 wey HO) 
Pile TEK wa) di lo do 
driv, ao—f deriv, wle) e— t 
i yle) 
CES = Ë 
; 2ri aa n 0), 
where 


ADM=s5 fint /o-D de, BO == feie- 


The complete equivalence of the simultaneous equations (2.8) with 
(2.6) follows at once from the theorem of Harnack. The equations 
(2.8) can be simplified by applying Cauchy’s integral formula, and 
by observing that 


ir Te 


DTi q o— 


eg OL 





where f({) is any function continuous in the closed region lt | Siand 
analytic in the interior of the unit circle y. Making use of these 
simplifications leads to a pair of integral equations 








as) ¢ ae 
i + Pd (0) = AS), 
) T a $i h 








yl) + — y a) s qY TAO = BO 


It was demonstrated by Muschelišvili that the solution of these 
equations for the unknown functions ¢:(f) and y(t) can be obtained 
in an elementary way in terms of the integrals of Cauchy’s type when- 
ever the mapping function. w({) is rational.’ 


T See, for example, [13, 16]. 
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The system of integral equations (2.9) is not of the standard type, 
but it is possible to reduce the first of equations (2.9) to an ordinary ` 
integral equation of Fredholm, of the second kind.’ Once the function 
#1({) is determined from this equation, the second of equations (2.9) 
permits one to calculate the function ¥i({{) by quadratures. Some 
effective methods of numerical solution of such equations were given 
recently by E. I. Nyström, D. I. Serman, A. Gorgidze, A. Rukhadze 
and others [27-29]. 


3. Thermal stresses. One of the technically important problems is 
that of determining the state of stress produced in an elastic body 
by heating. Consider a body in the shape of a right cylinder whose 
length is large compared with the linear dimensions of the cross-sec- 
tion, and let the xy-plane of the cartesian coordinate system lie in 
one of the cross-sections of the cylinder. If such a body is subjected to 
a change in temperature which is a function of the x- and y-coor- 
dinates alone, then the change of temperature will cause the body to 
expand. In general, the expansion of an elastic body cannot proceed 
freely and the body becomes stressed. The problem of determining 
the distribution of thermal stresses assumes particular importance in 
a study of compound columns. A concrete beam reenforced by steel 
and subjected to varying temperatures is a specific example. 

It is not difficult to see that the determination of stresses in this 
case essentially reduces to the solution of a system of equations 
which differ from the system (1.1), (1. 2), (1.3) only in that Hooke’s 
law (1.1) is replaced by a more general one that takes into account the 
effect of thermal expansion on stresses. This generalized law has the 
form 


Ot 
Tas = AA + 2u 3x = (3A T 2ujaT(x, Y), 
x 


Ov 
Tyy = AA + 2p ep — (3A + 2u)aT (x, y), 


(= Ta = 
Try = — Ss 
sy 5 H a dy ) 


t This reduction is accomplished essentially by differentiating both members of 
the equation with respect to f and by allowing f to approach os, where e, is an 
arbitrary point of the contour y. The resulting equation has the form ¢’(oa)+(1/2x4) 
LK (oe, op p (o)do = Flor), where Flos) is a known function and the kernel K(oo, o) 
is a continuous function provided that suitable restrictions are imposed on the map- 
ping function w(t). See, for example, [13, 16]. 
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where a is the coefficient of the linear thermal expansion and T(x, ¥) 
is the known change in temperature of the body. 

If we introduce a stress function U(x, y) defined by the formulas 
(1.5) and perform calculations analogous to those that led to the bi- 
harmonic equation (1.6), there will result the equation’ 


(3.1) yyy + ky’T = 0, 


where k = 2u(3A-+ 2p) (A+ 2p) la. 
Setting U = ¢— V, where V is a suitable solution of the Poisson 
equation 


V*V = kT, 
shows that equation (3.1) is equivalent to a system of two equations 
yait = 0, VIV = AT. 


A calculation in every respect parallel to the one that led to the 
boundary condition (1.7) in this case yields - 


E d (3$ (da aay d /aV OV a 
a) ars : a) = ed ee . =) aed 
and it follows that the thermo-elastic problem is identical with the 
first boundary value problem discussed in §§1 and 2. 

An assertion of the mathematical equivalence of the two problems 
does not settle many specific questions regarding the behavior of 
cylinders when subjected to heat. The implications of the connection 
of the derivatives of the function ® with those of the function V as 
expressed in formula (3.2) were analyzed by B. E. Gatewood in a 
doctoral dissertation.“° Gatewood also studied the thermo-elastic 
problem for cylinders with longitudinal cavities and obtained some 
interesting results for cylinders composed of different materials. 
These results, however, are too specialized to be entered upon in this 
address. 

It ig obvious that a similar mode of attack can be expected to suc- 
ceed in a study of thermal stresses in elastic plates made up of 
several layers of different materials.U 


* Of course, the equation of compatibility, in this case, assumes a form different 
from (1.4). 

1° Thermal siresses in long cylindrical bodies, dissertation, Wisconsin, 1939, 96 pp. 
See, also, B. E. Gatewood, this Bulletin, abstract 45-9-314. A paper based on this 
dissertation appears in Philosophical Magazine, (7), vol. 32 (1941), pp. 282-301. 

u Some references to recent work on thermal stresses are given at the end of this 
paper. See [31-42]. 


n~ 
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4. Deflection of non-isotropic plates: The industrial demands for 
lighter and stronger materials have given a new impetus to a study 
of the behavior of various structural members made of non-isotropic 
materials. In particular, the need of an accurate knowledge of the 
performance of plates and shells made of plywood is-strongly felt, 
and in this connection some extensions of the method outlined in 
§2 offer new possibilities. I shall indicate only one such extension 
which yields fruitful results in a study of small deflections of a thin 
non-isotropic plate subjected to a load g(x, y) distributed normally 
over one of the faces of the plate. A very general type of anisotropy 
is assumed, and it will be supposed that the xy-plane of the co- 
ordinate system is the only plane of elastic symmetry. 

It can be shown,” by utilizing the usual assumptions of the thin 
plate theory, that the differential equation governing small deflection 
w has the form: : 





= parent f= SU ae ce 2(bis + bea) 
A Tar ` T aray — — 
l l his d4w  3q(x, y) 
$096 —— a a F. 
axdy* ay" 2h} 
where the b,; are the elastic constants and 2h is the thickness of the 
plate. 


The equation (4.1) can be written in a symbolic form, with the aid 
of four linear operators, as 





DiDiD,Diw = —! 
w = } 
: 2% 


where D,=0/0y—y,0/0x, and the constants u, are the roots of the 
characteristic equation 


(4.2) brut + Sbr? + 2(bis + beju? + 3biru + bu = 0. 


It follows from the fact that the potential energy of any physically 
realizable state of stress is positive that the roots u, of the char- 
acteristic equation (4.2) are complex, and since the coefficients b,; 
are real, they must have the forms:” 


i = a + Bt, Is = y t+ &, Ms = fi, Ha = is, 
where a, 8, y, 6 are real and 80, 60. ` 


n See [43, 44] 
u A proof of this was given by S. N. Lechnitzky [43]. 
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Accordingly, the general solution of equation (4.1), for the case of 
distinct roots,“ can be written as 


(4.3) wm > Filz + pry) + wlr, y), 
b= 


where wo(x, y) is any particular solution of (4.1), and the F» are 
arbitrary functions. Since the deflection w(x, y) is real, it follows 
that the functions F,(x-+y.y) must be conjugate in pairs, so that one 
can write the solution (4.3) in the form: 


(4.4) w = (si) + ¥(s2) + (81) + w(t) + wlz, y), 
where $(s1) and ¥(3) are arbitrary functions of the complex variables 
(4.5) i= x + my, Sy = x + psy. 


Let the region corresponding to the middle surface of the unstrained 
plate be denoted by R and introduce two new systems of cartesian 
coordinates (xı, yı) and (x3, yz) related to the coordinates (x, y) by 
the formulas 3 


(4.6) %ı = xı + 71, $2 = zı + 1a. 


It follows from inspection of (4.5) and (4.6) that the three systems 
of coordinates (x, y), (xı, yı), and (xa, ys) are connected with ofe 
another by the equations X 


zı = x + ay, yı = By, \ 
zı = x + VY, Ys = OY. 


Hence to any point P in the region R there correspond points P, ánd 
P, in some regions Rı and R; of the zı- and s:planes, respectively, 
and it is obvious that the regions R; and R, are obtainable from the 
region R by a homogeneous deformation of the xy-plane. Thus, when 
the complex variable s=x-+++y varies in the region R, the variables s; 
and s, vary in the corresponding regions Ri and R. Consequently, 
the functions ¢(sı) and ¥(ss) entering in the general solution (4.4) 
can be regarded as functions of the ordinary complex variables s; and 
s, defined in two different planes. 

Ordinarily one is interested in determining the deflection w when 


4 In case of equal roots (mı u3, u3 44) the general solution assumes the form 
wm(xtpay) Filxtuy)t(etey) Fialetuay) + Filat my) + Filet uy) Heol, y) 
and a similar discussion can be carried out for this special case. If the plate is isotropic 
the equation (4.1) assumes the form V*°V40=—q/D, where D is the flexural rigidity, and 
the general solution can be written as w=¢(s)+3¥(s)+4(s)-+sy(s) +-we(x, y). 
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the edges of the plate are subjected to a prescribed distribution of 
moments and shearing forces. Inasmuch as the moments and shear- 
ing forces are easily expressible in terms of tbe derivatives of the 
deflection function w(x, y), one is led to a set of functional equations 
(appropriate to various modes of fixing plates at the edges) for the 
determination of the functions ġ(s:ı) and ¥(s3). In general, the func- 
tional equations are of the type 


(4.7) a(z) + aap (1) + 01,0) + aw = 4,9), 7 = 1,2, 


‘ where the a,; are known constants and A (s) are known functions 
prescribed on the contour C bounding the region R. 

The problem of determining the functions ¢(sı) and p(s) in this 
case is naturally more involved than in the corresponding isotropic 
problem, but the complications are not of a basic sort. One practical 
mode of solving a system of equations (4.7) is to introduce a pair of 
suitable mapping functions s:—;({) and s3=w3({) transforming the 
regions R; and R; into the unit circle Ir | S1 in the auxiliary f{-plane, 
and thereafter proceed in the same manner as indicated in §2. 

Some interesting results pertaining to the problem of deflection of 
~a clamped non-isotropic plate, subjected to a quite general distribu- 
tion of normal load, were obtained recently by V. Morkovin in a 
partially completed doctoral dissertation. By utilizing the method 
outlined above, Morkovin obtained in closed form the solution of 
the problem of deflection of a clamped elliptical plate when the load- 
ing function g(x, y) is a polynomial in x and y. The important case of 
a clamped circular plate follows directly from it by specializing the 
values of the parameters appearing in the solution. 


5. Concluding remarks. The foregoing account of a somewhat 
novel use of the theory of functions of a complex variable was can- 
cerned mainly with the applications to two-dimensional problems of 
elasticity. However, the central idea of replacing the differential equa- 
tion and boundary conditions by an equivalent functional equation 
is obviously capable of extension to problems in other branches of 
applied mathematics. 

A consideration of the problems of equilibrium of cylindrical bodies, 
and especially those relating to a study of initially curved and twisted 
beams, shows that occasionally there are advantages in utilizing 
similar notions in some classes of three-dimensional problems [48- 
56]. 

The importance of the theory of functions of a complex variable 
in connection with the solution of the boundary value problems in- 
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volving Laplace’s equation is, of course, recognized by every applied 
mathematician. However, even in the consideration of such problems 
as those of Neumann and Dirichlet, the engineers appear to be so 
absorbed in special devices and artifices that a simple formulation of 
such problems is often overlooked. 

In order to set in relief the basic notions that underlie the foregoing 
formulation of the two-dimensional problems of elasticity, it may not 
be out of place to recall a simple approach to the problem of Dirich- 
let. 

Let the function U(x, y), continuous in the closed simply-connected 
region R and harmonic in the interior of R, assume continuous values 
f(s) on the boundary C of R. Then the boundary condition can be 
written in the form ' 


o(s) + o(s) = 2f(s) on C, 


where Reg(s) = U(x, y). Now, if the region R is mapped conformally 
on the unit circle | t| S1 with the aid of the function s=w(f), then 
the foregoing boundary condition assumes the form 


ble) + glo) = 2f,(8), 


where o =e, and ¢:(f) and f,(8) are the transforms of (s) and f(s). 
Multiplying by (1/2xs)do/(o—f) and integrating over the contour 
y, yields 

{ t (c) de + t éi(c) Jo = 1 flO) 


tres, o— t 2riJ, o— t wiv, ot 








$ 


and the evaluation of integrals gives at once 





bf) = a Í AU ds + const., 
ftJ o—¢ 

which is merely the formula of Schwarz. 

The remarkable simplicity of the formulation of the two-dimen- 
sional problems of elasticity with the aid of functional equations is 
likely to produce an impression that the task of obtaining practically 
, useful solutions is a straightforward matter. While it is true that in 
some cases the solution of rather difficult problems is obtained with 
remarkable ease and rapidity, in many instances severe calculational 
difficulties are present. These difficulties are connected mainly .with 
the determination of the mapping function. However, recent ad- 
. vances in the development of practical methods of constructing map- 


+ 


” 
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ping functions for simply- and EE AEE domains justify 
some degree of optimism. 
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UNIVERSITY oF WISCONSIN 


ON EQUIVALENCE OF CERTAIN TYPES OF SERIES 
OF ORTHONORMAL FUNCTIONS 


G. H. PEEBLES 


If one hasa set of “properly” independent functions #:(x), w(x), +--+, ~ 
tha(x),- °° and a function p(x) which on an interval (a, b) is non-nega- 
tive, integrable and such that [3p(x)dx >0, one can construct a second 
set v(x), m(x), E. Da(x), tea [pa(s) = au(x) + vets +Gantts(%), 
where das is a constant] whose members satisfy the relations 


i ; 
| f Pe)r(2)on(2)de = dan 

Associated with such sets of orthonormal functions is the problem of 
expanding an “arbitrary” function f(x) in a convergent series of the 
members of a particular set, that is, the problem of determining con- 


ditions sufficient for 
é 


" s ` è 
(1) lim Di ola) | DONDo)di = f(z). 


One approach to the problem lies in showing that expansion (1) is 
equivalent to another expansion, usually a Fourier series, whose be- 
havior is known.! In the case of orthogonal polynomials, where 
u(x) =x”, the writer was able to show, under conditions not too 
restrictive, that the expansions of a function in terms of the two sets 
of orthogonal polynomials corresponding, respectively, to different 
, weight functions converge to the same value or diverge together.’ 
_ It is the purpose of this note to point out that similar results can be 
obtained for systems of orthonormal functions constructed from a set 
[#2(x) | which has the property that the product of any two members 


Presented to the Society, September 7, 1939; received by the editors August 7, 
1941. Results presented to the Society, April 14, 1939 under the title The boundedness 
of certatn systems of orthogonal functions, are implicit in the brief discussion on bound- 
edness of orthonormal functions which appears at the end of this paper. 

! Theorems and references on equiconvergence for orthogonal polynomials are 
given by G. Sregd, Orthogonal Polynomials, American Mathematical Society Col- 
loquium Publications, vol. 23, 1939, chaps. 9 and 13. For equivalence for another 
type of orthogonal functions, see J. Mercer, Sturm-Liouville series of normal funciéons 
in tke theory of inisgral equations, Philosophical Transactions of the Royal Society of 
London, (A), vol. 211 (1912), pp. 111-198; pp. 174-177. 

t An equivalence theorem for series of orthogonal polynomeaals, Proceedings of the Na- 
tional Academy of Sciences, vol. 3 (1939), pp. 97-104. 
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tia(x)tm (x) is a linear combination of the first n+m+ 8 members, 
where 8 may depend on n and m, but never exceeds some integer, 
say, J. A set with this property, for instance, underlies a set of poly- 
nomials in two variables orthogonal on an arc of an algebraic 
curve? If the curve is the hyperbola y?=x?—1, the set [#,.(x)] is 
1, x, (e?—1)¥3) 2) x(x? —1)13, -,. The system of trigonometric 
functions 1, sin x, cos x, sin 2x, cos 2x,- -, which is essentially a set 
of polynomials orthogonal on a circle, wil be used later for the pur- 
poses: of illustration. 

The proof of the equivalence of expansions is usually made to de- 
pend on asymptotic formulas for the orthogonal functions. The 
method used here, however, rests chiefly on the familiar closure 
formula of Parseval and a fundamental property of orthonormal func- 
tions, namely, that [?p(x) [p(x) -2 reme) | *d is a minimum with re- 
“spect to the choice of the values of the c's when cs = [3p (x)o(x)v(x)dx. 
In addition to the assumption that t„(x)ua(x) is a linear combination 
of not more than the first »-++m-+j members, it is convenient to sup- 
pose at the outset that the u’s and all functions to be introduced are 
such that Parseval’s closure formula holds and the necessary integrals 
exist whenever the argument so requires. 

Let [v,(x)] and [w,(x)] be the sets of orthonormal functions con- 
structed from the u's on the interval (a, b) and associated, respec- 
tively, with the weight functions p(x) and q(x) =r(x)p(x). Let 


s(a) = D bla) = Lala) [pose 


and 


Soe È wa) f Oea 


be the corresponding nth order partial sums of the expansions of a 
function f(x). The difference between the two sums is a linear com- 
bination of the «’s, and so may be expressed in terms of the w’s: 


(2) Salz) — $,(x) = 2 T kn Walz). 


The coefficient 


*See Dunham Jackson, Orthogonal polynomials on a plane curve, Duke Mathe- 
matical Journal, vol. 3 (1937), pp. 228-236; pp. 232-235; Orthogonal polynomials in 
. teres variables, ibid., vol. 4 (1938), pp. 441-454. 

4 See Footnote 1. 
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b 
rm =f ADIS) — (a)r 


è 
= f 22) f(a) wala) JL) — sala) Jae. 


Hence, if one sets By, = [2p(x) r(x) w,(x)0,(x)dx, the assumption of the 
validity of Parseval’s formula allows one to write 


& 
Tre = 2, biBin 
è {—p-j-1 


which with Cauchy’s inequality yields the relation 


rs] 2 1/2 e] 2 1/2 
| Fa] S {> st {> Bul. ; 
fw I $w- 
Since lim,y..) 24:40, it is clear from the last inequality and 


relation (2) that, if one writes la (Den Ba) 3, the existence of 
L = lims.o) aila is sufficient for 


pe [Sa(x) — sa(z)] = 0 


for any value of x for which | w,(x)| is bounded for all values of k. 
The preceding result depends on Parseval’s formula and not on the 
rule of combination assumed for the #’s. A more serviceable form 
stating that L surely exists, if the ratio function r(x) belongs to a suit- 
able class of functions, is obtained when the special rule of com- 
bination holds. 
The integral formula 


© b a 2 

@ te È Ba fo [tee - È Bante) |as 
mwnt a paa I 

provides a means for getting at conditions sufficient for the existence 

of L. An immediate consequence of (3) is that Im is bounded for all 

values of n and k, if r(x) is bounded on (a, b); for, if C is an upper 

bound of r(x), by Bessel’s inequality for orthogonal functions, 


ae < f s(a (r(x) wa(x) | dx = Í C r(x) p(x) [wa(x)] dx =C, 


This result will be needed immediately. 

Suppose C2 r(x) and r(x) is a linear combination of the #’s of order 
m. Then r(x)w,(x) is a linear combination of the u's and consequently 
of the v's, of order not more than m-+-k-+7. The integral of formula (3) 
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vanishes for n2m+-+); therefore 14, =0 for kSn—(m-+y), and L 
exists since always > kilha S (mt+y)C. 

Suppose that on (a, b) C2ar(«x) 2e>0 and that r(x) = lim... G,(x), 
where G,(x) is a linear combination of the u’s with e,, the maximum 
or least upper bound of | r(x) G(x) | on (a, b), such that $ rea is 
convergent. Since w,(x)G,_+»— (x) is a linear combination of the v's of 
order » at most, one has for kSn—~j—1 


ha S i f 962) [wi(z)r(x) — TOOLS. É 
s me f “9(2) [wa(a) ae K 


b 1/2 
L f rare [(2) haa = Cie ay 


For the remaining j+1 values of k (n—j,n—j+1,---, 2), has Crt. 
Hence L exists. 

The next assumption concerning the nature of r(x) is very specific, 
but the result, when combined with that obtained in the case where 
r(x) is a linear combination of the #’s, may increase the generality of 
the results as an example will show later. On (a, b) suppose, unlike 
, the last case, the lower bound of r(x) is zero, but there exists an mth 
order linear combination of the u's kw(x) such that C2-r(x) & [Aw (x) |? 
and such that r(x)/ha(x), like r(x) in the preceding case, can be ap- 
proximated by a set of G's. Then for kSn—m—2j-—1 


b 1/3 
ha = i Í p(x) [Am (22) wlx) ] [7 (x) / n(x) = Gamana) l'a} 


s tn f HO (x) [a(a) Jat “en Cu—m—h—23- 


As before, if > ren is convergent, L exists. 

A review of the conditions imposed on r(x) discloses that in no case 
is r(x) allowed to become infinite and that only under very restrictive 
hypotheses is r(x) allowed to vanish. If r(x) were discontinuous, one 
would expect, in general, that approximating sums of the sort re- 
quired would not exist. An example in trigonometric functions on the ` 
interval (—2z, r) will indicate briefly how and when the results just 
obtained may be used to circumvent difficulties presented by such ex- 
ceptional points. 

In the case of trigonometric functions, theorems due to Dunham 
Jackson provide the desired information about the approximating 
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sums.’ For present purposes it suffices to know that a function of 
period 24 which possesses everywhere a kth order derivative satisfy- 
ing a Lipschitz condition of order a can be approximated by a trigo- 
nometric sum of order # so closely that the absolute value of the error 
nowhere exceeds K/m*t+, K a constant. Hence, if r(x) =¢>0 and has 
a derivative which satisfies a Lipschitz condition of order œ and if 
r(x) and f(x) are of classes L,(—x, x) and L3(—-x, x) so that 
Parseval’s formula holds, one has equivalence between the expansions 
of f(x) in the two sets of trigonometric sums corresponding to p(x) 
and r(x)p(x) wherever the sums associated with r(x) p(x) are bounded. 
Suppose, however, that r(x), a function of period 2x, is bounded, 
stays away from zero and has a second derivative everywhere in 
(—x, x) except at x=0. At the origin, suppose r(x) tends to vanish 
on the left and to become infinite on the right, but in such a way that 
r(x) 2 sin? x everywhere and lim,_o,; sin x p(x) exists. The function de- 
scribed has no particular merit except that it serves to illustrate how 
exceptional points may be handled. Let it again be assumed that-f(x) 
and r(x) are of classes L,(—7, x) and L3(—7, r). It follows from the 
first case considered, where r(x) is a linear combination of the 
u's, that L corresponding to, the weight functions sint? x r(x)p(x) 
and r(x)p(x) exists. On the other hand sin!°x r(x) & (sinx)? and 
gin!*x r(x) /sin*x, on removing the discontinuity at the origin, has 
a second derivative everywhere and so can be approximated by an 
nth order trigonometric sum with the absolute value of the error not 
exceeding K/n*. Hence, by virtue of the third case, L corresponding 
to the weight functions sin!’ x r(x) p(x) and p(x) also exists. Therefore 
the expansions of f(x) corresponding to r(x)p(x) and p(x) are each 
equivalent to the expansion corresponding to sin!’ x r(x)p(x), where- 
ever the sums orthonormal with respect to the last weight function 
are bounded. It follows that the expansions associated with r(x)p(x) 
and p(x) are equivalent, wherever the sums orthonormal with respect 
to sin!’ x r(x) p(x) are bounded. 

The results on equivalence given here depend, in part, on the 
boundedness of the functions orthonormal with respect to r(x)p(x). 
There is at hand in the foregoing discussion a result which may be 
useful in this connection. Referring to the definition of B,», one sees 
that formally 


(4) r(x)w,(x) = 2 Bav, (x) 


tom b} 


s Dunham Jackson, The Theory of Approximation, American Mathematical So- 
ciety Colloquium Publications, voL 11, 1930, chap. 1. 
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(5) an(s) = 2 Bawls). 
imm} i 


Since Ba S {> Bh} 3 = h,a in all the cases of the ratio function 
r(x) considered, the right-hand members of (4) and (5) are absolutely 
convergent and bounded, wherever, respectively, the v's and w's are 
bounded. Hence, if conditions are such that the nght-hand member 
of (4) converges to the value of the left-hand member and if a set of 
points is known for which the v’s are bounded, then the w’s are 
bounded on the same set except where r(x) =0. Similarly, bounded- 
ness of the w’s leads through (5) to results on the boundedness of 
the o’s. 


UNIVERSITY OF MINNESOTA 


A MAPPING CHARACTERIZATION OF PEANO SPACES 
O. G. HARROLD, JR. l 


The Habn-Mazurkiewicz theorem states that any Peano space 
(compact, connected, locally connected, metric space) is a continu- 
ous image of the interval 0Sis1, and conversely. Clearly, the 
: Mapping function is not uniquely determined. If the Peano space M 
has special topological properties, the mapping may be selected in a 
simpler fashion than might be expected generally. On the other hand, 
special properties of M may impose certain necessary restrictions on 
the mapping. For example, if Af is a regular continuum in the sense 
of Menger, then, by a theorem due to N&dbeling,! there is a continuous 
mapping f of the circle? onto Af such that each point of finite order is 
covered by the mapping a number of times which does not exceed 
the order of the point. That is, if o(x) is the order of the point x and 
m(x) is the number of points in f-1(x), then m(x) So(x) for each point 
for which o(x) is finite. On the other band, if At is of dimension n, 
then any continuous mapping of a 1-dimensional compact set onto Mt, 


Presented to the Society, September 5, 1941; received by the editors October 21, 
1941, 

1G. Nobeling, Regulars Kurven als Bilder der Krotskinss, Fundamenta Mathe- 
maticae, voL 20 (1933), pp. 30-46. 

2 The interval may be used instead of the circle if we make f(0) =f(1) and count 
inverses on OSGi <1. 
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in particular, of an interval or circle, is such that there is a dense set 
of points in the n-dimensional part of Af each of which has at least n 
inverse points in the original set.* 

Denote the set of local separating points of the Peano space Mt 
by Lt If MCM- L, that is, if At contains no free arcs,’ there is a 
strongly irreducible mapping of the interval 3 or circle @ onto At. 
That is, for such spaces there exist continuous mappings of 3 or C 
onto Aft such that no proper closed subset maps onto the whole space. 
Thus if M is an n-dimensional sphere and f is a strongly irreducible 
mapping of 3 onto M, there is a dense set of points each covered at 
least n-+1 times and also a dense set of points each covered just once. 

In addition to the symbols f, M, L, m(x) and o(x) used above, the 
following notations will be observed. Let y denote the aggregate of 
points x CA lying in an open free arc of Af—a—b. If for a (continu- 
ous) mapping of J into a subset of M, yEy implies m(y) <2, the 
mapping will be said to be of type M. 


THEOREM 1. Let a and b be potnts of the Peano spaceX. There is a 
conistnuous mapping of ithe tnterval OStS1 ontoX of type M such that 
f(0) =a, f(1) =b. 


The theorem asserts, essentially, that there is a mapping of 3 onto 
X such that every free arc is swept through at most twice. 
‘The following lemmas will be useful in the proof of Theorem 1. 


Lemma 1.1. If Dis a subcontinuum of the dendrite D°, to e>0 there 
is a finste collectton D1, D?,---, D* of dendrites in D°? such that 
D=D'CD!C --: CD*=D* and each component of D‘t!~—D* has a 
diameter less than or equal to e. 


Let p be a convex metric’ on D’. Let d=glb of numbers r such that 


7 If the original set is locally euclidean, the phrase at least n may be replaced by 
ai least n+1. See W. Hurewicz, Uber demensionserhohonde sistige Abbildungen, Journal 
für die reine und angewandte Mathematik, vol. 169 (1933), pp. 71-78. 

4 The point # is called a local separating point of M provided that to every neigh- 
borhood U of p there is some pair of points of the component of U containing p which 
is separated in U—>p. 

s The set A is called a free arc of M provided A is an arc and the interior of A is 
open in M. An open free arc is an open subset of M which is homeomorphic to0<#<i. 
A point is said to lie in an open free arc provided there is a neighborhood of the point 
in M which is an open free arc. It is to be noted that if M is an arc, neither end point 
lies in an open free arc. 

* O. G. Harrold, Jr., A nots on strongly irreducthle maps of ax interval, Duke Mathe- 
matical Journal, vol. 6 (1940), pp. 750-752. 

7 The metric p is called convex after Menger provided that to each pair of distinct 
points x and y in M there is a point of M—x—~y euch that p(x, s)-+p(s, ¥) = p(x, Y). 
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D*CS(D, r). Each of the sets D'=S[D, (¢—1)e], #1, 2,---,misa 
subcontinuum of D*. The sets Dt satisfy our requirements, where n is 
the smallest integer such that (n—1) Zd. 


Lemma 1.2. Lee X be a Peano space. There is a sequence (T,) of 
dendritic graphs tn X such that (a) lim T;=X, (b) T1441. T,, and (c) each 
component of T.11-T, has a diameter less than or equal to 1/20, 


That a sequence of dendrites exists in X satisfying (a) and (b) is 
well known. Application of Lemma 1.1 to the successive terms of this 
sequence gives the desired result. 


Proof of Theorem 1. The theorem is true for a connected dendritic 
graph with m end points, as a simple induction shows. Suppose, tem- 
porarily, that neither a nor b lies in an open free arc. Let 7; be a 
dendritic graph in X containing a and 5:33 Let fı denote a continuous 
mapping of type Dt of 3 onto Tı with fi(0) =a, fi(1) =b. Let (T,) be 
a sequence of dendritic graphs satisfying Lemma 1.2. Since Ta is a 
graph, 7;—7; has but a finite number of components which may be 
denoted by Ci, G,---, Ch. Each Ci T; is a point ci. Let xE fre). 
By a rearrangement of notation it may be supposed that 0<%1<-2, 
<- <x,,S1, pi, where each x, corresponds to a distinct ¢,. 
Set di=min |x,—2,|,+4j, |x,], 2,0, |1—x,|,x,*1. To ¢=1/2 there 
is a dy>O such that |x—y| <d implies p[fi(x), fly) |<e/2=1/2', 
where p denotes the metric of X. Put W=S(ai-+ai+ -` +z 4/3), 
where d=min (di, dy). Let J, be the component of W containing x,. 
Let Ji, Ta,--++, Ip be the intervals on 3 complementary to W, 
where J; becomes degenerate if x1=0 and J,,11 degenerate if x,,=1. 
The interval 3 is now subdivided into the intervals (in order) 


Th, Ji, In, Ta, > + +, Ipp Let t denote the piecewise linear map ob- 
tained by sending J; onto (Qx;) with order preserved, I: onto 
(xia), +--+, Ipp onto (xp,1). For Ef 1, put falx) =f, [é(~) ]. On J; 


define a map g, of the desired type so that g,(J,) =D;. where D, ia the 
enclosure of all components Cj having c, as a limit point. The set Di 
i8 a dendrite of diameter less than or equal to 1/21. The map g, may 
be so selected that for the end points of J,, g:=/s. 


See K. Menger, Untersuchungen uber allgermecine Metrik, Mathematische Annalen, 
vol. 100 (1928), pp. 81 ff. For the existence of the metric assumed here, see C. Kura- 
towski and Whyburn, Sur les elemenis cychiques ef lsurs applications, Fundamenta 
Mathematicae, vol. 16 (1930), pp. 305-331. 

8 T; could be taken to be an arc but in order that the discussion to follow be gen- 
eral It is assumed only to be a connected linear graph containing no simple closed 
curve. 
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The definition of f4 is now completed: if xCJ,, fe(x) = g.(x). Clearly, 
fa(3)=T, and fa is continuous. For x ©) J, | «—é(x) | <d, hence 
plfilx), fa(x) | <1/2% If xE, pl filx)s fa(x,) |<1/22, and since the 
diameter of D, is less than or equal to 1/23, p[fe(x), fa(t-4(x,)) | <1/2?. 
But f2(¢-'(x,)) =fi(x.), hence by the triangle inequality ol filx), fa(x) | 
<1/2. Thus if denotes the usual metric of the function space X3, 
otf, fa) 5 1/2 

To show that fs is of type M consider a point y&¥- T3. It is to be 
shown that fy!(y) contains at most two points, that is, m(y, Ja) £2. 
If yET,—Th, y lies in an unique D,, hence m(y, fr) S2. If yET1—)_Di, 
Jay) =f fry). Since fi bas the desired property and # is 1-1 on the 
set composed of the interiors of the intervals I, m(y, fa) S2. Con- 
sider the remaining case y=c,. Here m(y, fi) =1, for suppose, on the 
contrary, JTY) Dat g. Since yEy, ya, b, hence qı and qa divide 3 
into three subintervals 4, B and C. But each of these subintervals has 
as an image under fı a nondegenerate continuum containing y. Hence 
points of T; near y have three inverses on 3, which denies the prop- 
erty of fi. Since yEy, only one component C;’=D; of Ta— T; can 
have y as a limit point. The mapping g; has the desired property, 
thus fr'(y) =gz'(y) +fr4[#-4(y) ] is precisely a pair of points. Hence 
for yEy- Tı, m(y, fs) S2, and fa is of type M. | 

The general inductive hypothesis is now clear. 

To the dendrite T, there is a continuous mapping fa, f.(3) =7., of 
type M and such that f,(0) =a, fa(1) =b. Further, o (fi J) 21/278, 
i=2,3,-- n. The construction of fayı from f, is accomplished pre- 
cisely as above. 

There is thus determined a sequence of points (f,) of the space XI 
such that to e>0 there is an index WV such that for $, 7>N, ofu f) <e. 
The space XI being complete, let lim f, =f. Clearly, f(3) =X. To com- 
plete the proof of Theorem 1 it will suffice to show that yEy implies 
f(y) has at most two components. For, if we grant this, the fac- 
torization f=[A(x)], where k is the monotone transformation ob- 
tained by shrinking the components of f—!(y) into points and & is the 
corresponding light transformation, yields k(3)=X, m(yvEy, k) £2, 
hence k is of type M. 

Suppose, on the contrary, yy and Xi, X: and X; are three compo- 
nents of f-'(y). Since yEy, ya, b, hence 3—9 X, has precisely 4 
components R; #=1, 2, 3 and 4. Suppose w; and t; are the left and 
right end points of X,, respectively. (If X, is a point, w,=#,.) Let the 


* If f, EXS, off, g) = lub plf(s), g(x) ], zE 3. 
1» This is an application of a factor theorem for continuous transformations due 
to Ellenberg and Whyburn. 
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notation be arranged so that w, =R, X. i=1, 2 and 3. The points w, 
and w, t7£j, are, of course, distinct. Let A, 4+=1, 2 and 3 be a sub- 
interval of R, containing w, such that f(4) C U, where U is any fixed 
open free arc of X containing y. Let B,,14=1, 2 and 3 be a proper sub- 
interval of Rayı — A+ containing $, such that f(B,)C U, where 4,=0 
by definition. Since X, is a component of f-!{y), the sets of f(4,), f(Bà 
are nondegenerate subarcs of U with at least the point y common. 
Some point y° of U—y must be covered by at least three of these six 
sets. Denote three of the corresponding sets A, (B,), ¢+=1, 2 and 3 
by Ci, Gy and C;. One end point of Ci, say a, maps into y. As C: is 
traversed from a, let b; be the first point in f—'(y*). Let G denote any 
subarc of U—y—vy® which lies between y and y°. Set d=p(G, y+y") 
>0. Then for n large enough o(f,, f) <d/3. But f,(a,0,) is a connected 
subset of U which contains a point from each component of U—G, 
hence f,(a,);) DC. This denies that f, 18 of type M. The proof of Theo- 
rem 1 under the special restriction that neither a nor b lies in a free 
arc has been completed. 

To remove the restriction suppose first that only a lies in a free 
arc of X. Imagine that X is situated in the Hilbert cube and let £ be 
an arc which is joined onto X at a and has no other point in X. Let 
a! be the other end point of e£. Construct a mapping as above with 
f(0) =at, f(1) =b, f(3) =X+cA. Since neither a! nor b lies in an open 
free arc of X+c/4, such a mapping will exist. Let x! be the least x for 
which f(#) =a. Then the mapping f on the interval x! St <1 satisfies 
our requirements. A similar modification suffices to treat the case in 
which b is an open free arc and also the case in which both a and b 
have this property. 

Set W =X —y. The set W is open. Put Q=~+(W- N), where Nis the 
set of nonlocal separating points of X. We come now to the principal 
result. 


THEOREM 2. Leta and b be poinis of the metric space X. In order that 
X bea Peano space 4 ts necessary and suffictent that for any countable 
subset P of 2—a—b there be a continuous mapping fof OStS1 ontoX 
such that f(0) =a,-f(1) =b and yCP implies m(y) S2. 


ProorF. The sufficiency is clear. If y =0, the result is known, in fact, 
in this case a mapping of the described type exists such that for yvEP, 
m(y) =1.' It is supposed, then, that ¥ +0. By application of Theorem 
1, there is a mapping of type Mt of 3 onto X with f(0) =a, f(1) =b. The 
desired map will be obtained by a modification of f. 

To facilitate the discussion it will be supposed that X has an S-met- 
ric, that is, a metric p such that for each r>0 and x €X, S(x, r) is a lo- 
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‚cally connected continuum." Let A =aita;t - =?-W=P-W-N. 
Set di=p(a1,X—W). Choose a number e, such that d1/2 <61 <dı and 
Á- { S(a1, 6.) — Sla, e:)} =0. This is possible since A is countable. 
Let ay, be the first point of A in 1 — Sı, where S,=S(qi, ¢1). Let 
ds=plas,, (X-W)+.5,|. The number eis chosen so that d1/2 <61 <da 
and A- {S (am, 61) —5(as,, 61) } =0. Continuing in this way a sequence 
of spheres (S,) is determined such that (a) 5, is a Peano space, 
(b) 5,-5;=0, #747, (c) 8(S,)30, (d) $*5,=@ and (e) A -(S,—S,) =0. 

Set V;=f-4#(S;). Let Vi;,7=1, 2,--- be the components of V,. Let 
Va be a component of V; such that Vy f(a) #0. Every point of 3, 
is either a nonlocal separating point of 5, or a limit point of such 
points. This is clear if xCS,, for SCW. If re$,- S, x is a limit 
point of points of S, and hence a limit point of nonlocal separating 
points of 5,. Thus, having shown that 5, is a Peano space with no free 
arcs, there is a strongly irreducible mapping, fal Vd) =S., such that 
f=fa on Vui-Vuand y€? S, implies fa (y) is a single point. 

On V,,,j7>1, two cases are distinguished according as f maps the 
end points of V,, into the same point or not. If f carries the end points 
of V, into x, define fmx on V,,. If f carries the end points of V;; into 
distinct points x and y, proceed as follows. The set 5,—A is a con- 
nected and locally connected G; set!* in a complete space, hence there 
is an arc R,,C5,—A which joins x and y.4 On Y, define f., to be a 
homeomorphism into R,; such that f. agrees with f on V.,— V,;. 

The new mapping g will now be defined. On 3— >, V,;, set g(x) m f(x), 
On V,;, set g(x) =/f,,(x). Since f agrees with g on the end points of 
V,; and each f,; is continuous, g is continuous (we use here the con- 
dition (c) on the spheres (.S;)). Clearly, g(3) =X. If yveEP-y, my, fp 
=m(y, £) S2, by virtue of the fact that f is of type M. If yEP W, 
y lies in an unique S;and g—"(y) =fa (y), hence m(y, g) = 1. 
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uJ. L. Kelley, A matric connected with property S, American Journal of Mathe- 
matics, vol. 61 (1939), pp. 764-768. 

% The complement of a countable set of nonlocal separating points in a Peano 
space is connected and locally connected, see G. T. Whyburn, Semt-dosed sets and col- 
lections, Duke Mathematical Journal, vol. 2 (1936), pp. 685-690. 

u This is the well known Moore-Menger generalization of the arcwise connectivity 
theorem for regions in a Peano space. 


GENERALIZATIONS OF THE BERNOULLI POLYNOMIALS 
AND NUMBERS AND CORRESPONDING 
SUMMATION FORMULAS 


TOMLINSON FORT 


The Bernoulli polynomials and numbers have been generalized by 
Nörlund: to the Bernoulli polynomials and numbers of higher order. 
The Bernoulli numbers have been generalized by Vandiver. Analo- 
gous polynomials and sets of numbers have been defined from time 
to time, witness the Euler polynomials and numbers and the so-called 
Bernoulli polynomials of the second kind.? 

In the present paper a generalization is made which includes all the 
above and many other interesting classes of polynomials and corre- 
sponding sets of numbers. As a matter of fact the definition of new 
classes of polynomials by the processes of this paper is a simple mat- 
ter. In this connection particular attention is called to 2, (d), (hb), (i), 
G), (k), (1). 

An important part of the paper is the development of a whole cate- 
gory of summation formulas related to the studied polynomials as the 
classical Euler-Maclaurin? formula is related to the Bernoulli poly- 
nomials or as Taylor’s formula is related to (x—a)". 

It will be observed that the work could be varied in detail resulting 
in closely related polynomials and numbers to those which are ob- 
tained. The particular procedure adopted is chosen so as to generalize 
the Bernoulli polynomials and numbers as now usually defined.‘ 


1. Definition of the polynomials and numbers. Let us be given two 
linear operators P and Q with their inverses P~! and Q~}. We shall 
assume that P reduces the degree of any polynomial by 1 and that Q 
reduces the degree of any polynomial by £20, that P operating ona 
constant gives zero and that Q operating on any polynomial of lesser 
degree than k gives zero. We assume that P, P-!, Q, Q~! each, where 


Presented to the Society, December 29, 1941; received by the editors of the Trans- 
actions of this Society October 1, 1941; accepted by them, and later transferred to 
this Bulletin. 

1 N. E. No&rlund, Differensenrechauag, p. 119. For other generalizations see H. S. 
Vandiver, Proceedings of the National Academy of Sciences, vol. 23, p. 555. See also 
Leonard Carlitz, this Bulletin, abstract 47-7-296, also abstract 47-9-358. 

1 See C., Jordan, Calculus of Fintie Differences, p. 265. : 
, 3 For usage of the name Euler-Maclaurin see footnote of a paper by the author 

this Bulletin, vol. 45 (1939), p. 748. Usage in the present instance is that of Norlund, 
loc. cit., p. 29. 
4 See, for example, Norlund, loc, cit., p. 17. 
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applicable, gives a unique result except that it is permitted that the 
result of operating with P~ lack in uniqueness by an arbitrary addi- 
tive constant and by Q-! by an additive arbitrary polynomial of de- 
gree less than k. 

We assume, moreover, that we are given a set of polynomials f,(x) 
where f,(x) is of degree n, such that 


(1) Sol x) = i, 
(2) Pf,(x) = Afal), 
QOin(n — 1)--- (n — k + 1)f,-4(x) 
n(n — 1) 
(3) = Lofa(z) + Life1(z) + — i afela) ESPE 


-+ Cys nln afr) tere t eart oe +oOB RAN, 


where alo, ++, „Lua are independent of x but uniquely determined. 
The c’s may be determined constants or may be arbitrary depending 
upon the nature of the operator Q-1. 

From (3) 


l 
p PO n(n — 1) +- (we — k + 1)faala) 
(# — 1)(» — 2) 
(4) = liofei(x) + (n — 1) aLifas(*) + a af a(t) 
+e) + Cyt wbe—afi-i(x) 
+ [terms of degree less than k — 1]. 


However, 
1 
—O'Pa(n —1)+-+ (n — k + Dfrs(2) 


= O-(s — 1)( — 2) v. (n = k)fa—k-1(2) 


(S) = w-whofei(a) + (n — 1) a -Difas(x) 
(n — 1)(# — 2) 
+ ate ale) = + Cai, k aLa fi—1(%) 


+ [terms of degree less than $]. 
We next assume l 
PO`fualr) = O--Pf,_s(xz) + [terms of degree less than &]. 


Under this assumption 
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— 1 — 2 
wlafs_i1(x) + (n — 1) Li faa(x) + Sova salafa 2) 
a EE we Cais aly —afr—i(2) 
(6) = »—ofn—1(#) aa (n m 1) ni faal 2) 
(# — 1)(# — 2) 
+ af ale) +. ++ Cui b nilah] eila) 


+ [terms of degree less than &]. 
Equating coefficients we find 
alo = a—iLe, aly = ail, aL: = nila, oe ee 


In other words, the L’s are independent of ». Henceforth we write 
simply Lo, Li, La, +- . We let 


Fala) = Lof,(x) + nLifyai(x) 


(D` n(n — 1) 

+ a Mla) ee + Dyfo(x), no, 0. 
By (3) 
(8) OF .(z) = a(n — 1)--- (n — k+ D) faali), n kR. 


For reasons of symmetry and consequent simplification of the sequel 
we do not take the L,’s just defined as our fundamental sequence 
of numbers but the set g. determined from the following equations 
f.(g) = Z, where subscripts are applied to g rather than exponents in 
the expansion of f,(g). Such a determination is always possible and 
unique. We then write 


Fala) = fog) fax) + afile) faala) 
(9) n(n aa 1) 
= Of ale) +:-->+f(@flz), #20. 


We choose to write this f,(a-+g) of which more will be said later. We 
then have 

(10) F(x) = Jala T £), 

(11) PF, (2) = nFy_1(x), szi. 
The polynomials F,(x) are the polynomials in which we are interested 


s If we replace (2) by Pfalz) mn(n— 1). (s—hk-+1)f.i(2) and add the require- 
ment that the result of operating with P on any polynomial of degree less than & is 
zero, we are led to sequences of polynomials each of degree differing from that of the 
previous by k, a somewhat more general situation than that treated in the text. 
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and the numbers g, constitute the corresponding sequence of num- 
bers. 


2. Special cages.* We now consider these special cases. 
(a) Bernoulli polynomials and numbers: 


as Q=A,  fa(x) = 2%. 
dx 


(b) Bernoulli polynomials and numbers of the second kind: 


d 
PSA are fala) = x™ = g(x — w)- ++ (2 — (n — Io). 
“ x 
(c) Bernoulli polynomials and numbers of higher order as defined 
by Nörlund: 


d 
= m y = b rm gn A l 
P pA Q eg? fala) = x*, | k>i 
(d) Bernoulli polynomials and numbers of the second kind of 
higher order:’ 
a* 
P=A, Q=—», fala) = 2), k> 1. 
w dax” , 
(e) Bernoulli polynomials with Bernoulli numbers of higher order 
as defined by Vandiver: 


d 
Po=—) a AS k = me 
= @= Ap fale) =(@ +0 
Vandiver's numbers are the L,’s of the text rather than the g,’s. 
(© Euler polynomials: 
d 
P = —, Q=M, f(s) =y", 
dx 


* Certain notation in this section is as follows: 


af) fe +1) J); Sls) = — le +4) =S); 
A JAA As); MJE) = He + u) +40); 
at * * the w, My #) 
T(x) Sg) — fl) q ri 1, 
qt — = 


T This name is applied through analogy with the Bernoulli polynomials of higher 
order as defined by N&riund and asa natural extension of the Bernoulli polynomials of 
the second kind already referred to. 
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(g) Euler polynomials of higher order: 


a 
P = —; Q = M>, f(x) = z". 
dx 
d 
(h)? P=—, Q=T*, f(z) = 2, k> 0. 
dz 
1) P : A* 
(i \ er =, a? 


f.(x) any set of Appell’ polynomials. 


d? 
(3) P=A, Q= ce 
f.(x) any set of Appell polynomials of the second kind. 
(k) P = aD + aD H oo H rD m RAD), 
where D=d/dx and do, Gi, -* > , Gr are constants; Gr1740, Q = bô" 
+b Ar 1+ - - +6,, bo, ba, +>, ba being constants. f,(x) are poly- 


nomials obtained by successive solutions of the equation 
R(D) fa(2) = mfe-a(2). 
(1) Interchange D and A in (j). 


3. Summation formulas. In the remainder of this paper we shall 
assume f,(0) =0. 
We first prove a lemma with reference to f(x). We shall prove that 


fala + h) = falx) + afar) fila) 
(12) nin — 1) 
+ op OAM Feee t falk). 
To do this we write 
(13) fala + &) = bo(x) + b(a) filh) + bala) falh) + +++ + bn(2)fa(A), 


where the b’s are as yet undetermined. Such an expression is possible 


*F. H. Jackson, Quarterly Journal of Mathematics, vol. 41 (1909-1910), p. 195. 
* We understand by a set of Appell polynomials a set of polynomials such that 
(d/dx) f(x) = f,1(%) and of the second kind such that 


Af a(x) = nfa (3). S 


572 TOMLINSON FORT [August 


since f,(x-+h) is a polynomial of the mth degree in 4. We determine 
the b's by successively applying the operator P to (13) as a function of 
k and then letting k =0 remembering that f,(0) =O. 

We have attached a meaning to f,(x+g). With this meaning in 
mind we prove that 
(14) Jalla + A) + 8) = fala + (A+ 8)). 
Exponents are applied to x and k, subscripts to g. Expansion of the 
left-hand member of (15) is the same as that given in (9) with (x+%) 
replacing x. The whole expansion carried out on both sides of (12) is 
exactly the same as the expansions of ((x«-+h4)+g)* and («+(A+¢))* 
with the exponents replaced by the f-function. Thus f(x) replaces x”. 
Inasmuch as the binomial expansion yields an identity so does the 
expansion in terms of f that we are considering. 

Now consider any polynomial of degree m-+k which we write 


¥(g) = Go + afila) +--+ + Guinfars(2), 
ylz + g) = ao t+ afila + g) ++) + mafaa + g) 
ma do + Gy i(x) + +++ + myama). 


Hence by (8) Q(x + g) = a(k!) + amalk +1) +--+ fi) t: 
Famm tk)(m+k—1) - + -(m4-1)f.(x). That is, Ob(x+g) = P(x), 
m-+k 20. Similarly 


(15) Qla +h +g) = PHa + h). 
We apply Taylor’s formula symbolically to this, that is, we write 
Ova + A+ og) = cola) + er(x)Fi(h) + +++ + Cal) Falh) 


and determine the c’s by first letting k= —g and then successively 
applying P, remembering (10) and letting h= —g after each applica- 
tion.1° We get 





H oyla). 
Hence by (15) 


(16) P(x + K) = 





This is a polynomial identity. Let via aoe where some particu- 
lar determination is chosen in case P~* is not unique. Then 


a 





PQP-*y(2). 


1+ Here, of course, when & is replaced by g an exponent is changed to a subscript. 


(17) x(z + k) = > 
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Like (16) this is a polynomial identity. It includes as special cases 
Taylor's formula, the Euler-Maclaurin formula! of classical mathe- 
matics, the Boole formula, and so on. 

Formula (17) will be written out in detail for two interesting special 
cases. 

Let 


a = 
P = —-, Q = b, pis f dx, kR=1,2,-::; 
“ dx " 0 


: s ni. rb—1 
x(x + h) = a f f e. Í x(zdzdz + dx 
” Jo 0 0 
(h) F #1 £k- 
+ B: (A) a J oe f x (vps) dzidza -> dži 
o Yo 0 


1 (h) 7 
i yl h)A d 
+ + T nT PT ) : x(21) Tı 


(18) 





i i 
+= BP gee) + + — BOA Hla). 


Secondly we let P=A, Q=d*/dzxt, paid care where 


22h; 
dè? S 
deas D e w 


a* aD 2 


b sprt 
PoS E Do 
(19) #-) cy~ů S} —1"0 
(b) 
- ea L Exa 


(b) 


— -a OF Sna = x2) +: 
r Opa An x(a). 


In the above formulas 2 is the Bernoulli polynomial of order 
k and degree j, similarly bj” (>) is the analogous polynomial which we 
designate as the Bernoulli polynomial of the second kind of order k 
and degree 7. 


u Norlund, p. 29. 
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Formula (18) should be compared with a related formula of Nér- 
lund.* If the operator £2) 208 - - - ) B25 "is applied to both sides 
of (18) we get an interesting result which should be compared with 
a formula studied by the author in an earlier paper.” 


4. A remainder formula. Let us assume that ¥(x) is no longer a 
polynomial but that it is such a function that all operations applied 
to it in the sequel are meaningful. Wè consider formula (16) as our 
fundamental form. 

We assume that Qy(x)+) 0(F.(t)/0!)P°OQW(x) involves m+1 
points, dependent upon x alone, which we call set 1. Some or all of 
these may coincide. For example, A" (x) involves m-+1 distinct 
points and (d™/dx")Qy(x) m-+1 coincident points. Let x be a con- 
stant and ¢ a variable. When ż is such that +-+# coincides with any 
one of the points of set 1 





m FÀ 
P(e +) = [OMe + Prone) | 

T | 
vanishes, inasmuch as every term is identical with the like term which 
is built for the polynomial of degree m which coincides with y(x} at 
the points of set 1. It has been remarked that (16) is an identity for a 
polynomial. Now denote by p(t) a polynomial of degree m+ 1 which 
vanishes when x-+# coincides with any one of the m+ 1 points of set 1. 
Let the coefficient of "+! in p(t) be 1. Choose a constant T such that 


F,(2) 





Pist) = | OM) + Pros) | - Te 
vanishes at the additional point where ‘=’. Then by repeated appli- 
cation of Rolle’s theorem (m+1)!T =d™*1(P4)(£)) /dx™t! where & is 
somewhere between the extreme values of the (m+2) points com- 
posed of the points of set 1 and the additional point x+h. We have 
a final form for the remainder to formula Ai 


1 gut 
(20) R= me Di! PRE OE REN "  (P). 
The corresponding formula for (17) is 
21 R T h sali 
(21) Pe ka Tzar XE). 


LEHIGH UNIVERSITY 


4 Loc. cit., p. 160. 
u Loc. cit. 


FACTORIZATION OF DIFFERENTIAL IDEALS 
HENRY J. RIBLET; 


1. Introduction, With the ultimate objective of introducing num- 
ber theoretical considerations into the theory of algebraic differential 
felds; conditions on a differential ring R are given which are sufh- 
cient to insure that any differential ideal in it may be uniquely ex- 
pressed as the product of a finite number of prime differential ideals. 
This program is justified by its intrinsic interest and the fact that the 
existence of such conditions suggests the possibility of obtaining a 
number theoretical complement for the theory of differential ideals 
in the ring of differential forms as developed by Ritt, Raudenbush 
and others,’ paralleling the interdependent, classical theories of poly- 
nomial and number ideals. 

With an additional axiom and certain alterations of the definitions, 
the proof of the basic theorems follows the pattern used by van der 
Waerden® in presenting the method of Krull.‘ Our procedure will be 
to discuss in detail only those questions raised by the altering of 
definitions. 


2. Definitions. By a dtfferenisal ring R, we shall mean a com- 
mutative ring with a unit element but no divisors of zero which is 
closed under differentiation. Its quotient field will be denoted by ĝ. 
A differential ideal a in R is an ordinary ideal closed with re- 
spect to differentiation. R will satisfy the ascending chain condition 
for differential ideals if every sequence of differential ideals, each 
properly containing the previous one, is finite in length. A differ- 
ential ideal is said to be devtsorless if the only differential ideal 
which properly contains it is the unit ideal R. A princspal differential 
ideal is a differential ideal which is principal in the usual sense. The 
unit ideal is an example. R will be said to be tntegrally closed if each 
element in #, having the property that all its integral powers have a 
fixed denominator, is in R. A differential ideal p in R will be called 


Presented to the Society, April 26, 1940 under the title Factorisaiion of deferential 
ideals in an algebraic field; recerved by the editors November 6, 1941. 

1H. J. Riblet, Algebrate diferential fields, American Journal of Mathematica, vol. 
53 (1941), pp. 339-446. 

3 J, F. Ritt, Algebraic aspects of the theory of dsfferential equaitons, American 
Mathematical Society Semicentennial Publications, vol. 2, bibliography. 

3? B. L. van der Waerden, Moderne Algebra, vol. 2, p. 85. 

t W. Krull, Zur Theorie der algemeinen Zaklringe, Mathematische Annalen, vol. 
99 (1928), pp. 51-70. 
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prime if the existence of two differential ideals a and b such that 
a- 60 (p) implies that amQ (p) or b=0 (p). 

It may be commented that the definition of an integrally closed dif- 
ferential ring is taken from Krull.’ The more familiar definition® is a 
consequence of this plus the stronger assumption that an ascending 
chain condition holds for all ideals in R. It should be observed also 
that this definition of primeness for differential ideals is not equiva- 
lent to that of Raudenbush.’ If we restrict ourselves to the perfect 
differential ideals? of R, however, the two definitions coincide. 


3. Axioms. Let R be a differential ring in which the following 
axioms are satisfied: 

I. The ascending chain condition for differential ideals in R holds. 

II. Every prime differential ideal in ® is divisorless. 

ITI. Every prime differential ideal in R contains a principal differ- 
ential ideal. 

IV. R is integrally closed. 

With these axioms, we then prove the two basic theorems on prime 
factorization: 


THEOREM 1. Every differential idei in R is a product of a finite num- 
ber of prime differential ideals. 


THEOREM 2. If am (b), then each prime factor of a always occurs at 
least as often as a prime factor of b. 


The proofs are identical with those given in Van der Waerden.® 
The only question occurs in using the symbol p~! to denote the 
set of elements in & such that if a is one of them, a-p is in R. It 
is clear that p~! is closed with respect to addition and with respect 
to multiplication by elements of R. It is also true that it is closed 
with respect to differentiation for, if aE p~! and p&p, then a- pCR. 
Hence a:p%~—a®-pER, where (1) denotes differentiation. Now 
a-pYEeR, so a - PER; but $ is any member of p and accordingly 
a™ Ep7, Note that Axioms III and IV allow us to prove that 
p- paR. 

From the two theorems, it follows that divisibility implies fac- 
torization and that each differential ideal in R may be expressed 


'W. Krull, ibid., p. 60. 

*B. L. van der Waerden, loc. cit., p. 90. = 

TH. W. Raudenbush, Jr., Ideal theory and algebraic differential equations, Trans- 
actions of this Society, vol. 36 (1934), p. 365. 

3 H. W. Raudenbush, Jr., ibid., p. 362. 

* B. L. van der Waerden, loc. cit., pp. 97—100. 
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uniquely as a product of a finite number of prime differential ideals. 
The consistency of the axioms is easily shown. If we define differentia- 
tion in the ring C(x), obtained by adjoining x to the field of the 
rational numbers, in amy way so as to leave it closed, it may be shown 
that Axioms I-IV are always satisfied. In C(x, y) differentiation 
may be defined in such way that the statement as above still holds. 
This is of interest because every ordinary ideal in C(x, y) may not be 
expressed uniquely as a product of a finite number of prime ideals. 


HOFSTRA COLLEGE 


ON THE ITERATION OF LINEAR HOMOGENEOUS 
TRANSFORMATIONS 


ARNOLD DRESDEN 


1. Statement of problem. The question which this note tries to an- 
swer is that of determining under what conditions on the matrix (a;;), 
($, j=1,---+, n), the s-fold multiple sequence of complex numbers 
Xe, td, -- >, x0,- -- (k=1, 2,--+, n) obtained by iteration of the 
linear homogeneous transformation x4 =a,,x; will converge for every 
initial set x=(x1, %3,:--, xa). Convergence is to be understood 
in the sense that there exists a set X1, X3,--°-, Xa such that, for 
R=1, 2.0% n MX, asm. 


2. Jordan normal form. We begin by recalling that a matrix 
A = (a,;) with complex elements is similar to its Jordan normal form 
Je This means that there exists a unimodular matrix P, such that 
A=P-1J,>P and Jo=PAP—!, where Jo is the direct sum of Jordan 
matrices Ji,---, Jw. To each elementary divisor (A—A,)* of the 
characteristic matrix M —A (p=1,2,---, N) andetes-+--- +ey 
=n, corresponds a Jordan matrix J,. If ¢,>1, then J, has zero ele- 
ments everywhere, except in the principal diagonal, all of whose 
elements are A, and in the diagonal immediately below the prin- 
cipal diagonal, all of whose elements are 1.1 If ¢,=1, then J, consists 
of the single element X,. 

It follows that any integral power of J» is the direct sum of the same 
powers of the Jordan matrices J,. Let us now denote by J an arbitrary 
Jordan matrix of order n>1, 


Recetved by the editors August 25, 1941, 
1 See, for example, MacDuffee, Introduction to Abstrad Algebra, p. 241. 
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> 0 0 0 0 
» 00. 0 
0 1 aA O: 
I= 
G e & shee Oi De 46 
O - + +++) O LA 
It is then easily seen that J? is a matrix of order n, whose first column 
is X?, 2A, 1, 0, -- - , 0, and whose second column is obtained from the 


first column by shifting the elements one place downward, as far as 
the length permits, and placing 0 in the first place; the third column 
is obtained from the second in similar manner; the last column is 
00---0A*. A simple induction enables us to prove that, for any 
positive integer 4, the matrix J* is of order n, that its first column 
consists of the successive terms in the binomial expansion of (A+-1)4, 
followed by zeros, provided »2hA+1 and otherwise of as many of 
these terms as the length of the column permits, that each of its 
columns after the first is obtained from the one to the left of it by 
shifting the elements one place downward and filling the open position 
above with a zero, and that its last column is000---OAM. If Jisa 
Jordan matrix of order 1, consisting of the single element \ then J” 
consists of the single element A*. 


3. Reduction of problem; solution. Returning now to our linear 
homogeneous transformation, we write it in the form. 


(1) x = 2A, 

where x and x’ stand for the row-vectors (£i, x31,::-°, xa) and 
(xi, xš, ->> , Za ), respectively. By means of the unimodular matrix 
P, we map the space of the row-vectors x on the space of the row- 
vectors y: x = yP, y = xP. This mapping carries the transfor- 
mation (1) into a transformation in the y-space: 

(2) y = x P = gAP = yPAP = yJo. 


It follows from the mapping that the vectors x™® will converge, in 
the sense described in §1, if and only if the vectors y“™ converge. But 
(m) (m—1) mm m m 7 
Y == y Toms = Yo = oJ, +I, +--- +Jy). We obtain 
therefore the following form for the mth iterate of the transfor- 
mation (2) in terms of the roots A, of the characteristic equation 
la, ;7\6,,| =0 and the exponents e, of the corresponding elemen- 

tary divisors (A—A,)* of MT — A, provided every e,>1. 
(m) = : m] m— ertl 
no å =My t Cm thr v3 H+ Cm, 6-141 ¥ ep 


m— erit 


Va = IVs + Conk, y + PNS + Cm, oj —2A1 Ve 
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(m) = 

Ye aa Ài Yay 
(m) m m-l m— egtl 

Yeal = Às VY ey+1 + Cm.1à3 Yett + at ey + Cm, og—1A2 Y ert øg 
(=) w m— artt 

Yati = As Yata ap ea Cm, tÀ Yate 


"3 
{m} m 
Vertes = As Verto 


a oa AN Ya. 

This form makes it evident that the set y will converge as m in- 
creases indefinitely, if and only if IAs] <i, for p=1,---, N. If, on 
the other hand, all the elementary divisors involving a root ^, are 
linear, then convergence will occur also if 4,=1. We have therefore 
obtained the following answer to our question: 


THEOREM. The steratton of the linear homogeneous transformation 
xi aye, (k, j=1, 2,---, #) will converge for every iniiial set x, if 
and only if all the roots of the charactertsttc equaiton of the mairtx (a;,) 
are less than unsty tn absolute value, except ihai the roots, which are in- 
volved only in linear elementary divisors, may be equal to untty.? 


4. Remark. It is clear that it is possible for some of the variables 
y™ to converge to limits while others do not converge; for example, ` 
the iteration of the transformation yi =1/291, yf =yatys, yi =y + Yu 
yd = will obviously yield a convergent sequence for y and for y™, 
but not for y@, if we start with the initial set y:=a, y2=b, ya=y,=0. 
In this case the roots of the characteristic equation are 1/2 and 1, 
with multiplicities 1 and 3, respectively. It may be worth while to 
determine, in the general case of the linear homogeneous transforma- 
tion, which variables do and which do not converge upon iteration, 
in case some, but not all the roots of the characteristic roots of the 
matrix of the transformation are less than unity in absolute value. 


SWARTHMORE COLLEGE 


2 In an earlier incomplete formulation of this theorem, the exceptional character 
of the linear elementary drvisors was overlooked. The author is indebted for the detec- 
tion of this error to Professor W. T. Reid, who called attention to the fact that 
convergence would take place if A were an idempotent matrix, In this connection it 
may be of interest to observe that for a matrix which satisfies an equation of the form 
Attia At rei, aii the elementary divisors of AJ—A are linear. For, on the one hand, 
its Jordan normal form would have to satisfy the same relation, while it follows from 
_ our discussion that this can not be the case if AJ—A has a non-linear elementary 
divisor. 


A SUFFICIENT CONDITION FOR CESARO SUMMABILITY 
G. D. NICHOLS | 


S. Chapman! has proved the summability (C, k) of the series > rte 
-~ where (k—1)Ss<k, and 0<8<2x. More recently M. S. MacPhail? 
has proved the exact summability (C, k) of the series X P(r) -f(r), 
where P(r) is a polynomial of degree k —1 and f(r) is a periodic func- 
tion of mean value zero. He also gave a closed expression for the 
Cesaro “sum” of such a series. H. L. Garabedian? earlier published a 
special case of this result. 

The purpose of the present paper is to prove the following closely 
related theorem in which the condition on the coefficients is somewhat 
more general. Also “sum” formulas are given for each of the sine and 
cosine series separately. 


THEOREM. The series (1/2) P(0)+)_P(r) cos rx and >_P(r) ain rx are 
summable (C, k) provided {A*P(r) } ss a monotone null sequence, and 
P(r) together with ats first k +1 dersvatwes each exist and are continuous 
for postive values of r (xxé2nx in the cosine series). 


The proofs for the sine and cosine series are almost identical so only 
the proof for the latter will be given. Consider the series 


(1) Sa = (1/2) P(0) + 3 P(r) cos rz. 


If we multiply both sides of (1) successively & times by 2 sin x/2 
there results, for & even, 


(e-2)/2 


(2* sin® #/2)S, = (1/2)Doxn + >> Dra cos rx 
(2) a: 
+ (~ 1)" $, A*P(r) cos (r + (2/2)) x + (Cos) s, 


where the symbol (Cos), represents k cosine terms, the highest order 
of any of the coefficients being the same as the order of P(n). 
For k odd, we have 


Presented to the Society, January 1, 1941; received by the editors October 20, 
1941. 

1S. Chapman, Proceedings of the London Mathematical Society, (2), vol. 9 
(1911), p. 398. 

2 M. S. MacPhail, this Bulletin, vol. 47 (1941), p. 483. 

s H. L. Garabedian, this Bulletin, vol. 45 (1939), p. 592. 


580 


CESARO SUMMABILITY 581 
(h~2)/2 
(2° sin? #/2)S, = > Cy, sin (2r — 1)x/2 
(3) im a-—t | 
+ (— 1) +012 57 A*P(r) sin (r + (2/2) 2 + (Sin), 


where (Sin), has the same significance as (Cos), above. For k=1 the 
first summation in (3) is to be omitted. The expressions for D,, and 
Cre in (2) and (3), respectively, are given in the sequel. 

If we now apply the Cesaro definition for the “sum,” e, of-a non- 
convergent series, there results from (2), 


(2* sin* x/2)o = (1/2)Dos i Da cos rx 
, T C(n— r+ (k/2) +1, k) 
imie ANP con n 
(4) + lim (~ 1) 2 TESE A*P(r) cos (r + (k/2)) 
(Cos). 


+ lim —— 
soo (n+ 1n +2)--- (n+ k) 


where the C's following the second summation are the binomial co- 
efficients. 

To prove the existence of the first limit in (4) we first note that 
since there are the same number of factors in numerator and denomi- 
nator of the fraction preceding A*P(r), the fraction is positive and 
never greater than one for the values of #, r, and k under considera- 
tion. Since {A*P(r) } is a monotone null sequence by hypothesis, the 
existence of the first limit (except for x =™2nx) follows by Dirichlet’s 
test.‘ 

We wish to show that the second limit in (4) is equal to zero. Since 
the order of (Cos), is the same as P(m), this can be done by showing 
that if {A*P(#) F} is a monotone null sequence then the kth derivative 
of P(n) approaches zero as n becomes infinite. 

For this purpose we have 


(5) PC (n) + (h/2) PO (2) = A*P(n), 


where {> as n— œ. This is a special case of a formula due to Mar- 
koff,’ and depends on the continuity of P(n) and its first +1 deriva- 
tives. 

Since, by hypothesis, A*P(1)—0 as n— œ, it is only necessary that 
if (y-+(k/2)y’) 0 asn— œ y and y’separately do so, where y = P“ (#), 
and y afid y’ are continuous. A proof of this fact is given by Brom- 


t Bromwich, Theory of Infinis Series, p. 49. 
* Markoff, Differensenrochnung, p. 21. 
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wich.* Hence the summability of the original series is established. 

In case P(r) is a polynomial of degree k—1, the first limit in (4) is 
also zero and ø is obtained in closed form from the firsdimmation. 
Formulas for Dy and Cr are now given for this case. They can be 
established by induction, but the details are rather tedious and will 
be omitted 


kt 


y PA= Ee (eens) [CC (8/3 +r 1) 
won he / trl + C(x, (k/2) asi 1)| ' 


For k odd, and P(r) a polynomial of degree k—1, there results 


from (3), 
(h—1)/2 


(7) (2* sin? 2/2)o = >) C, sin (2r — 1)2/2, 
k~2 
Ca= 2, (-1)2teatP(0) [C(z, (4/2) 
(8) own (h-—2r—1) /2 


tr — (3/2) + C(x, (4/2) — r — (1/2). 


For the sine series, > P(r) sin rx, the results for P(r), a polynomial 
of degree k —1, follow. For k odd, 


(h-1)/2 


(9) (2* sin* x/2)o = >> An cos (2r — 1)a/2, 
fax] 
and for k even, 
(2) /2 
(10) (24 sin? x/2)o = >) By, sin rz, 
fei 


where 4,, and Ba are given by 


k3 


ge OO eae 
— C(x, (k/2) + r — (3/2))) 


wt 


Ba= 2, (— AHA- pP(0)[C(z, (2/2) — r — 1) 
(12) oom (Sr —2)/2 
— C(x, (k/2) +r — 1)]. 


If the upper limit on >> in (4), (7), (9), and (10) is less than the 
lower limit, the value of the summation is to be taken as zero. Also 
C(s, 0) =1 for all n including zero, and C(n, m) =0 for n <m. 

UNIVERSITY OF ARKANSAS 

* Bromwich, Theory of Infintte Series, p. 272. 


ON THE THEORY OF THE TETRAHEDRON 
N. A. COURT 


I. DEFINITION. We associate with the general tetrahedron (T) 
=ABCD a sphere (Q) whose center ts the Monge point M of (T) and 
the square of whose radius ts 


(a) q? = (MO? — R?)/3, 


where O and R are the center and the radius of the circumsphere (O) 
of (T). 


In what follows, a number of propositions regarding the sphere 
(Q) will be established and it will be shown that from the properties 
of (Q) may be derived, as special cases, properties of the polar sphere 
(H) of the orthocentric tetrahedron (Ta). 

For want of a better name we shall refer to (Q) as the “quasi-polar” 
sphere of the general tetrahedron (T). 

The expression MO?— R? is the power of the Monge point M of (T) 
for the sphere (0). 


THEOREM 1. The square of the radius of the quast-polar sphere of the 
general tetrakedron is equal to one-third of the power of the Monge pormi 
of the tetrahedron for tts carcumsphere. 


The sphere (Q) is real, a point sphere, or imaginary according as 
MO is greater than, equal to, or smaller than R. Moreover, we have 
MO <2R, for the mid-point of MO is the*centroid G of (T), and G 
necessarily lies within the sphere (Q). 


COROLLARY. In an orthoceniric tetrahedron (Ta) the Monge point 
cosncides with the orthocenter H, and the above properties of (Q) are vakd 
for the polar sphere (H) of (T,). 


The Monge point M of (T) is a center of similitude of the circum- 
sphere (O) and the twelve point sphere (L) of (T),? “hence M is the 
center of a sphere of antisimilitude of (O) and (L), that is, a sphere 
with respect to which the spheres (O) and (L) are inverse of one an- 
other. 


Presented to the Society, December 31, 1941; received by the editors November 
22, 1941. . ' 
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The line of centers LO of the spheres (L), (0) meets (O) in the 
points whose distances from M are MO—R and MO+R. Again, the 
line LO meets (L) in two points whose distances from M are ML—R/3 
and ML-+R/3, for the radius of (L) is equal to R/3. Now the points 
MO+R, ML—R/3 correspond to each other in the inversion con- 
sidered (and so do the points MO— R, ML+R/3), hence if x? is the 
constant of inversion, we have 


a? = (MO + R)(ML — R/3) = (MO + R)3ML — R)/3 
= (MO? — R*)/3 = g. 
But the constant of inversion is the square of the radius of the sphere 


of inversion, and the sphere of inversion is coaxial with the two 
inverse spheres. 


THEOREM 2. The quast-polar sphere of the general tetrahedron is co- 
axtal with the carcumsphere and the general twelve point sphere of ihe 
tetrahedron. 


COROLLARY. To the square (L) of (T) corresponds-in the ortho- 
ceniric telrahedron (Ta) the second twelve point sphere, and from the 
above property of (Q) we obtatn the known property of the polar sphere 
of (T a) 3 


THEOREM 3. The sum of the powers of the vertices of a general tetra- 
hedron with respect to the quass-polar sphere of that tetrahedron is equal 
to one-third of the sum of the squares of the edges of the tetrahedron. 


The power D, of the vertex D of (T) for the sphere (Q) is 
D, = MD?! — ¢@ = MD! — (MO? — R?)/3, 
and from the triangle DMO we have 
DM’ + DO? = 2DG? + MO?/2 = 2DG* + 206°, 
hence 
D, = 2D + 2(0G? — R?)/3. 


Adding to D, the analogous formulas relative to the verticea 
A, B, C of (T) we obtain 


Ag+ Bet Ce +D, = AG? + BG + CG? + DG + 806 — R2)/3. 


Now if we denote by &? the sum of the squares of the edges of (T), 
we have 


~~ 


t MPSG, p. 264, §805. 
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AG + BG? + CG? + DG? = k?/4,4 
(b) l OG? — R? = — k3/16,' 
hence 
Ae + Bet Cyt Dy = k?/2 — kt/6 = k?/3. 


COROLLARY. In an orthoceniric tetrahedron the sum of the squares of a 
patr of opposte edges is constant, hence the sum of the powers of the 
vertices of the tetrahedron for the polar sphere is equal to the sum of the 
squares of a patr of opposte edges.‘ 


THEOREM 4. The sum of the squares of the distances of the Monge 
point of a tetrahedron from the mid-potnts of the edges ts equal to three 
times the sum of the squares of the radit of the csrcumsphere and the 
gquast-polar sphere of the tetrahedron. 


Let E, F be the mid-points of the edges DA, BC of (T). The mid- 
point of the bimedian EF om, of (T) is the centroid G and therefore 
we have, from the tnangle MEF, 

ME + MF’ = 2MG + EF'/2 = 206 + m./2. 


We have two analogous formulas relative to the other two pairs of 
opposite edges of (7). Adding the three relations we have 


L ME’ = 606" + (m. + m + m)/2. 


Now the expression in the parenthesis is equal to’ &2/4, hence, making 
use of the formula (b), we have 


>, ME = 6(R! — k?/16) + 42/8 = 3R? + 3(R? = k?/12). 
But, eliminating OG between the formulas (a) and (b) we have 
(c) CRY B/12 = g, 
hence 
L ME = 3(R* + 9°). 
COROLLARY. The propostiton ts valid for the orthoceniric teirahedron.® 
THEOREM 5. The sum of the powers of the Monge potnt of a tetra- 
4 National Mathematics Magazine, vol. 15 (1941), p. 273, §3. 
s V. Thebault, Nouvelles Annales de Mathématiques, (4), vol. 19 (1919), p. 425. 
è Mathesis, vol. 42 (1928), p. 338, §2. 


7 MPSG, p. 56, $186. 
$ MPSG, p. 275, Example 4. 
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hedron with respect to the six spheres having for dtameters the edges of 
the tetrahedron is equal to six times the square of the radius of the quasi- 
polar sphere of the tetrahedron. 


The power of the Monge point M for the sphere (BC) having for 
diameter the edge BC =a of (T) is equal to MF*—a*"/4. We have five 
analogous expressions relative to the other five edges of (7). Adding 
the six expressions we have 


>| MF? — k/4, 
or, using the value of >| MF? from the preceding article, 
6(R* — k*/16) + k?/8 — k?/4 = 6q’. 


In an orthocentric tetrahedron the spheres having for diameters the 
edges of the tetrahedron are orthogonal to the polar sphere. 


COROLLARY. The power of the orthocenter for the six spheres is equal 
io the square of the radius of the polar sphere. 


The powers of the Monge point of (T) for the two spheres having 
for diameters a pair of opposite edges of (T) are equal.’ 


THEOREM 6. The sum of the powers of the Monge potnt of a tetra- 
hedron with respect to three spheres having for diameters three concurrent 
(or coplanar) edges of the tetrahedron is equal to three times the square 
of the radius of the quast-polar sphere. 


The centroid G of (T) bisects the segment AA’ joining A to the 
corresponding vertex A’ of the tetrahedron (T^) twin to (T), hence 
A MA’O is a parallelogram. 

Let A: be the diametric opposite of A on the circumsphere (0) 
of (T). The quadrilateral M/A’Ai0 is a parallelogram, for OA: and 
MA’ are equal and parallel. Hence the diagonal MA, bisects the 
diagonal OA’, and therefore meets the median A’G of the triangle 
A’OM in the centroid G. of that triangle. Thus 


GG. = A'G,/2 = AG/3, 


and G, is therefore the centroid of the face BCD of (T). Moreover 
MG, = MA,/3. 

Let As be the second point of intersection, besides A, of the line 
AM with the sphere (0). The line A,A; is perpendicular to the line 
A MAs, hence if Fis the foot of the perpendicular from G, upon AMA: 


we have 


? G. Gallucci, Nouvelles Annales de Mathématiques, (3), vol. 16 (1897), p. 17, $5. 
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MF: MA, = MG,: MA, = 1:3, 
and therefore 
MA-MA, = 3MA MF. 


But MA MA, is the power of M for the sphere (0), hence by Theo- 
rem 1, MA: MF is equal to the square of the radius of the quasi-polar 
sphere (Q), that is, the points A, F are inverse with respect to (Q). 

The median AG, of (T) subtends a right angle at F, hence the 
sphere (AG,) having AG, for diameter is orthogonal to (Q), simi- 
larly for the three analogous spheres (BG,), (CG,), (DG,). Thus this 
theorem follows: 


THEOREM 7. The quass-polar sphere of a tetrahedron ts orthogonal to 
the four spheres having for diameters the four medians of the tetrahedron. 


Since the points A, F are inverse for (Q) (Theorem 7), the polar 
plane æ of A for (Q) is perpendicular to A M at F; hence the line FG, 
is the trace of a in the plane A MGO. 


THEOREM 8. The polar reciprocal tetrahedron of a given tetrahedron 
(T) wath respect to the quast-polar sphere of (T) is circumscribed aboui 
the medsal tetrahedron of (T). 


THEOREM 9. The faces of the polar reciprocal tetrahedron of a given 
tetrahedron (T) with respect to the quast-polar sphere of (T) cut the 
spheres having for diameters the corresponding medians of (T) along 
four circles lying on the same sphere, namely, the twelve point sphere 
of (T). ` 


The point G, lies on the twelve point sphere (L) of (T), and the 
diametric opposite of G, on (L) lies on the line A M;# hence the point 
F also belongs to the sphere (L). Thus the plane a (Theorem 8) cuts 
the two spheres (AG,) and (L) along the same circle, and FG, is a 
diameter of that circle. 


THEOREM 10. The faces of the polar reciprocal tetrahedron of the 
medial teirahedron of a gwen tetrahedron (T) with respect to the quasi- 
polar sphere of (T) cuis the spheres having for diameters the respective 
medians of (T) along four circles lying on the same sphere, namely the 
circumsphere of (T). 


The polar plane of G, with respect to the quasi-polar sphere (Q) 
passes through A and is perpendicular to MGa. hence the trace K 


19 American Mathematical Monthly, vol. 39 (1932), pp. 196, 197, §$11, 13. 
u MPSG, p. 251. 
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of this plane on MG, lies on the sphere (AG,) having for diameter 
the median AG, of (T). 

On the other hand, the line MG, passes through the diametric 
opposite A, of A on the circumsphere (0) of (T), hence K lies on (0). 
Thus the line AK is a common diameter of the two circles along which 
the polar plane considered cuts the two spheres (AG,) and (0). 


Il. DEFINITIONS. We associatie with the general tetrahedron (T) the 
sphere having for center the centroid G of (T) and for the square of sts 
diameter one-third of the sum of the squares of the bimedians of (T). 
The sphere will be denoted by (G) and referred to as ithe G-sphere of (T). 
The sphere (G) is concenirsc with the three spheres haoing for diameters 
the bamedsans of (T). 


In an orthocentric tetrahedron the bimedians are equal, so that 
the three spheres having these bimedians for diameters coincide, and 
the G-sphere coincides with them, in the first twelve point sphere 
of the orthocentric tetrahedron, the three bimedians being diameters 
of that sphere. 


THEOREM 1. The quast-polar sphere and the (G)-sphere of the general 
tetrahedron are orthogonal. 


- The square of the radius, g*, of the sphere (G) is equal to’ ($I, 
Theorem 4) 
(ma + my -+ m.)/3:4 = k /48, 
~hence 
g? + g? = (R? — k2/12) + 27/48 = R? — k*/16 = OG? = MG’, 


that is, the square of the line of centers of the spheres (2), (G) is 
equal to the sum of the squares of their radii. 


COROLLARY. The polar sphere and the first twelve posni sphere of the 
orthocentrsc tetrahedron are orthogonal," 

THEOREM 2. The sphere (G) belongs to the coaxtal pencil formed by 
the circumsphere, the twelve poini sphere, and the quast-polar sphere 
of the tetrahedron. 


The centroid G is the second center of similitude, besides the point 
M, of the circumsphere (O) and the twelve point sphere (Z) of (T). 
Now the quasi-polar sphere (Q) being a sphere of antisimilitude of 


n MPSG, p. 262, $799. 
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(O) and (L) ($I, Theorem 2), the sphere (G) having G for center and 
orthogonal to (Q) (§II, Theorem 1) is the second sphere of anti- 
similitude of (O) and (L); hence (G) is coaxial with these spheres. 


THEOREM 3. The four spheres having for centers ihe veritces of a 
tetrahedron and orthogonal to the quast-polar sphere cut the spheres 
having for diameters the respective medians of the tetrahedron akong 
four circles belonging to the same sphere, namely, the (G)-sphere of the 
tetrahedron. 


The sphere (4) having A for center and orthogonal to the sphere 
(Q) is coaxial with the spheres (G) and (AG,), for the centers of these 
three spheres are collinear and all three are orthogonal to (Q). Simi- 
larly for the vertices B, C, D of (T). 


UNIVERSITY OF OKLAHOMA 


EUCLIDEAN CONCOMITANTS OF THE TERNARY CUBIC 
T. L. WADE 


1. Introduction; construction of concomitants. In this paper we use 
the results of Cramlet [1] and the writer [2] to study the euclidean 
concomitants of the ternary cubic curve 


Taped X*X* = O, 


where a, b, c=1, 2, 3 and Tass is symmetric. With tensor algebra as 
the medium of investigation all types of concomitants are readily con- 
structed, and their geometric interpretations are also readily made in 
most cases. As is conventional in classical invariant theory, the word 
concomitant will be used as meaning rational integral concomitant 
unless stated to the contrary. 

As a consequence of Theorem 3 in [2], we have the following theo- 
rem. 


THEOREM I. Every euclidean concomitant of the ground form 
Tab AXX” (a, b, c=m1, 2, 3) ts expressible by composition as a tensor 
of order sero with the use of the coeffictent tensor T ase, the variable coords- 
nale tensors X* and U., and the numerical tensors «***, L., and E”. 


Presented to the Society, September 5, 1941; received by the editors of the Trans- 
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The tensor cs will not appear here since we are dealing with a 
ground form in X*. In detail, 
; 10 0 


L, = [0,0,1], E*®=| 0 1 0 
00 0 


h 


It is convenient to introduce the tensor A**, where 


0 i 0 
aesan = 0 0 


0 0 QO 


Theorem 3 of [2] is the first fundamental theorem of euclidean in- 
variant theory in tensor form, and Theorem -I above is the particular 
form of it which we need here; this theorem constitutes a basis for the 
construction of concomitants. 


2. Reduction of concomitants. In[2] an algebraically complete sys- 
tem of euclidean invariants for the cubic Ty,X*X'X°=0 is given in 
tensor form. For the conic Ca X °X?’ =0 the familiar algebraically com- 
plete system of three invariants is aleo an irreducibly complete sys- 
tem. But this is not true for the cubic. In this paper we shall find an 
irreducible system, complete through the fifth degree, of euclidean 
invariants for the cubic, and shall investigate geometric interpreta- 
tion of these invariants in connection with other concomitants of the 
ground form. It is generally recognized that the problem-of reduction 
of concomitants is more difficult than the problem of construction. 
See H. Weyl [3]. 

It is of interest to note that between the simple case of the conic 
and the situation for the general cubic is that of the degenerate cubic 
considered as the line B,X*=0 and the conic Cax&x ‘X’ =0. They have 

the irreducibly complete system of eight invariants 


I, = BBE, Ty = Cal etre’, Ty = Caled “Att, 

li = Cat”, Is = Ca EME’ B.Ba, Is = CaL reete t B By, 

Ty = Caler AtB, Is = CaA “E BBa. 
Six of these are algebraically independent; they may be chosen as 


I,- --, 26; then J; and J, are expressible in terms of them by means 
of the syzygies 


3(11)* we 3I — Usa — 21s, 
(Is)? Ka IIgs = (7,)? — (VIa. 
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The five invariants Is, Is, Is, Iy, and CuA**A**B,B, form an irreduc- 
ibly complete system of affine invariants for the line and conic. They 
were Studied recently by Weitzenbick [4], who used the symbolic | 
notation of his text [5]. 

We now state the second fundamental theorem in the detailed and 
explicit. tensor form needed to investigate the relations on the con- 
comitants constructed in accordance with the first fundamental theo- 
rem. 


THEOREM I]. Every tdenisty satisfied by the concomstants constructed 
by the first fundamental theorem for a set of ground forms in X* can be 
established with the bastc tdenisites: 


Iden epi — muedbe rest esd phu |. cab Free, 
Iden errs ye ene Yet esda bt esbd ye 
Iden ethecdes ex edbegees_} cedegbey_| cabdeses 


1. 
2, 
J 
Iden 4. ASA” mEYE — Hed fee 
Iden 4’. EEH emASAȚE Et., 
Iden 5. ASE% wmA”E4AnE», 
Iden 6. At*Xe mAPX HAX pL’, 
Iden 7. Atbetts mad shesdet 4 segddet gabe gd 
Iden 8. eA maedde4 eet cede be} gabe 4 oo 

Iden 9. ASAU ee Aehgedt deed be 

Iden 10. ESE* E” m ESEYE 1. Frad Feb res — Es Fos Feb — Joes Fob Fred 
HEELE, 

Iden 11. XEVE” m Xe Reed ps yigi papu yd puypi 
HE“E Xt4 etA nL; XS, 

Iden 2 may be established by expanding 


8). 83 83 X 


b b b b 
E 8; 
s ‘ Ps s ea 0, 
a be 8. 
d d d 
E E 
and using 
a € a 
5, bs. 8s 
è b > 
ett? cx ĉi by 33 . 
5 b d 


Most of the other identities are consequences of Iden 2 in rather obvi- 
ous ways. We remark briefly about some not of this class. To obtain 


Iden 4 consider 
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Bs ba 


3 4 5 E 
b b P = 
ae 


* d 
by by 


be be 
Iden 10 may be obtained from the determinantal product 











E E 


-m 
. 


a a g r T 
by òs ôs by 8, 61 
b b d $ J 
ĝi 6g 53 1-1 bs 83 33 m= 0, 
8: ös öl 10 0 0 
and Iden 11 from 


SO Be be Be X 
B bs bs ll Bs be Xl me A ZX. 
sa & | folo r 


1 


That these identities constitute a reduction basis for the concomi- 
tants constructed by the first fundamental theorem may be seen by 
observing that they give the alternate ways of writing all types of 
products which arise. 


3. Anirreducible system, complete through the fifth degree, of eu- 
clidean invariants for the cubic Ty, X* X?’ X“. We note that the cubic 
has only one “formal” invariant of the first degree, Tu.€***, and this 
vanishes identically due to the skew-symmetry of e***; so (i) for the 
cubic there is no invariant of the first degree. 

We can construct three (and only three) invariants of the second 
degree: 


A = Tama hi EEE, B = T aad a E EE, 
C = Tann yoy A Eh, 


Invariants a8 Tees bpp A AOA and Taar bpr SE Esh 
which vanish identically on the interchange of equivalent indices are 
not listed here, nor in similar circumstances in the future. In this con- 
nection one should keep in mind the skew-symmetry of e*** and of 
A*t. The only identities applicable to A and B are Idens 4’ and 10. 
The application of the latter to each of these merely gives A aA and 
BaB. The application of Iden 4’ to either of them results in 
Cm A -— B. The only identities applicable to C are Idens 4 and 5. The 
first results in the relation just given, and the latter in Ce C. Thus 
Cm 4 — B is the only relation on the invariants A, B, C. Therefore, 
(ii) for the cubic there are two irreducible invariants of the second 
degree, and these may be chosen as 
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IT, = Tanal 6,498, E Eh, II = Tee, Tiin ESEN Esh, 
Often we shall use the contracted notation 
wT = T aissa I snaran oa Peserseia- 

To illustrate, Ii = œT Em Etpe, 

There are three invariants of the third degree to consider: 

A = gT Ati fang ameno B = pT. Erg anahe, 
C = aT Ahha nss, 

Applying Iden 5 to A%sẸEħb: of B, we get B= —A—A, or B= —2Å. 
Applying Iden 4 to A#t*14 5241 of C, we obtain C=A — B. On applica- 
tion of the appropriate reduction formulas in all possible ways to 
A, B, C, it is found that there is no relation on these expressions other 


than the two given. Hence: (iii) For the cubic there is one irreducible 
invariant of the third degree, and this may be chosen as 


TIT = (1/6) aa Tinh T annA SA HOLA sesiho, 


The number of formal invariants which one can construct increases 
rapidly as the degree goes beyond three. Their consideration is facili- 
tated by considering all invariants of a certain type together. (iv-1) 
For the cubic there is only one invariant of the fourth degree which 
contains the numerical tensor e*** four times, and this is irreducible, 
it being the well known projective invariant of the fourth degree 


IV, = wT ettbisigszbadigesca dighed 
There are six invariants of the fourth degree which contain factors 
like «*** twice, the remaining factors being like Es: 
Á = wT cthitguhafadphapad B= yT-qtihigshafebh pad pid, 
C = wT ethiaghadizaakhapad D= yT eihngiad paspna pads, 
E = wT tiingaaapadpadpha F= pT- endhi fess Fesds pad, 


Applying the basic identities in all possible ways, we find that these 
invariants are connected by the relations 


Am D+2F; Ba E4+42F; BsC+2D; Cm2D+E —2P; 


and only these. Therefore: (iv-2) For the cubic there are two irreduc- 
_ ible invariants of the fourth degree which contain factors like e** 
twice, the remaining factors being like #**, and these may be chosen 
as 
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IV; = WT- etibisi gbres di Freses [ebsea Fer ds 

TVs = (aT ettbroighterdi pah pordi Heads, 
Like considerations lead us to the conclusions: (iv-3) For the cubic 
there is one irreducible invariant of the fourth degree which contains 


factors like e«**° twice, the other factors being like £*’, and this may 
be chosen as 


IV, = (4) T esosho pbro f dids 4 zdy, 
(iv-4) For the cubic there is one irreducible invariant of the fourth 


degree whose numerical tensor product is composed entirely of factors 
like E**, except for one factor like A**, and this may be chosen as 


IVa = wl: Emah Ea Pin paip iad, 
For invariants of the fourth degree constructed wholly with the aid 
of E**, there are five possibilities : 

A= yT EnEn Eha fa feds f dsd, 

B = wT: Eh fash fan fie pand pad, 

Cs wT: Esh Ennpud phn phd fods, 

= wT Ese Eab pha phd fords fosd, 

= yT Enap fhe phi panpid, 
Applying the identities 1-11 in all possible ways it is found that there 
are four and only four relations on these expressions; so: (iv-5) For the 


cubic there is only one irreducible invariant constructed wholly with 
the aid of E**, of the fourth degree, and this may be chosen as 


IV. = ay T. Bun peti Ehn pha eae Fy dads, 
Then 
B = IVs + (1/2)(IIs)* — (1/2)(1Z)4, 
C wt IV, + II — (I1), 
D m IVa + (1/)IL -Is — (1/2) (17,)3, 
E m IV, 4 (1/2) (ID! — (1/2)17,- Ia. 
All other invariants of the fourth degree are found to be reducible; 
so we may summarize as follows: (iv) For the cubic there are six ir- 


reducible invariants of the fourth degree, and these may be chosen 
as IV, IVs, IV, IVa, IV, IVa. 
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In a similar manner it is found that: (v) For the cubic there are two 
irreducible invariants of the fifth degree, and these may be chosen as 
Vre mT - etibiergesbacrges dies ha pha p dia, 
Va = T- attbiergenbacages dis 4 be fy dada A 6303 
A typical reduction is that of A = y T- efha 4 eh Heads Homa phidh Heres fem, 
Iden 5 applied to Ast**Hése2 of 4 gives Awm4lI,-JII—A, or 


Awi2II,- III. 
We may combine (i), (ii), (ili), (iv), (v) in the following theorem. 


THEOREM III. For the cubic TenX*X*X° (a, b, c= 1, 2, 3) there are 
eleven srreductble euclidean invariants of degree less than six, and these 
may be chosen as IL, Il, III, IV, IVs, IVs, I V4, IVs, IVs, Vi, V3. 


4. An irreducible system, complete through the fourth degree, of 
euclidean covariants for the cubic. There seems to have been no sys- 
tematic study of euclidean covariants for the cubic curve of the third 
order. The best known are the Hessian, the polar conic of the line at 
infinity, and the Laplacian. We shall often speak of a covariant of 
degree + in Teb and order j in X* as a (t, J) covariant. The line at 
infinity is a (0, 1) covariant, having for its equation 2=L,X%*=X*=0. 

4.1. (4, 1) covartants. For the cubic Ta.X*X*X* there is only one 
(1, 1) covariant, and this is Lı = Ta EX". There is no (2, 1) covari- 
ant. There are four irreducible (3, 1) covariants, and these may be 
chosen as - 


Lu = (ay T-ettbieigtstans Ehas yga, Ln = T- EthEanEanEnh ya, 
La = wT AChbeaghaphayea L= T Auheankhhpanxes, 
The other (3, 1) covariants 
= pT EshEenEnapiays B= pT EshEanEhapaayes, 
C= wT AnhEemenaifasye D= pT EE mhAhapanngs, © 

are expressible in terms of the irreducible ones by the relations: 

A m Lya + (IIa — II) + 2111-2, 

B = La, + (1/2)(ITa — IIL, + 2771-8, 

C æ D3, 

D m Lu — Ln. s 


In like manner it is found that there is only one irreducible (4, 1) 
covariant, and this may be chosen as 


L, m T eha Ean pdd phapa Xa, 


_~ 
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Therefore we have this theorem. 


THEOREM IV. For the cubtc there are seven irreductible (4, 1) euclidean 
covartants (¢=0, 1, 2, 3,-4), and these may be chosen as Q, Li, Ln, La, 
La, Lu, and La. 

4.2, (4, 2) covartants. Obviously there is no (1, 2) covariant. There 
are four (2, 2) covariants: . 

A= yT kohifonyayh, B= œT- Asi 4 esha ary bs 
C = gT Arn Liha Yar yes, D = wT EuhEahxyaxyss, 
The expressions C.and D contain no significant reducible factor, and 
consequently are irreducible. Iden 4 applied to A*sthA**: gives 
Bwa(L;)?—A. This is the only relation that exists on A and B; 80 (i) 
there are three irreducible (2, 2) covariants, and these may be chosen 
“as 
Ca = aT- Ash A sh Yar Xba Cu = al Amn Eh XeaXes, 
Cy = T- E”hphhysxs, 
One may construct three (3, 2) covariants 
A = pT emhiandf sa fan ya Yh, B = nT etibid sr aa Yaa Yes 
C = aT. etibie 4 hn Fine ya yas 
Applying Iden 5 to 4 ***2C*3"3 of A we obtain A 2B. Iden 6 applied to 
AX of B gives BaC—~B—Ly-%, or 2B mC — Ln: g. There is no 
other relation on these expressions. Therefore (ii) there is one irreduc- 
ible (3, 2) covariant, and this may be chosen as 
Cy = al: L MAEN X Oa XSF, 
(iii) By a similar procedure it ia found that iae are five irreduc- 
ible (4, 2) covariants, and these may be chosen as 
Ca = wT etibisigasbaes roa di fird Yaa Xba, 
Cy = WOT- etiisigatiidi aa fads Ya Kh 
Cas se (a) Ts bier dighaen ds Fraiba Presds Yaa Ysa, 
Cu = (4) T . e@ibietgerbies 77 dids d 43 aya yh, 
g Cis = yT hier dighoads Feds 4 bret Yon Yes, 
Combining (i), (ii), and (iti) we have this theorem 


THEOREM V. For the cubtc there are nine irreducible (4, 2) euclidean 
covartanis (m1, 2, 3, 4), and these may be chosen as Cu, Cu, Cu, Cs, 
Ca, Ca, Ca, Cu, Cas- 


1942] TERNARY CUBIC 597 


Using the general methods of construction and reduction as we 
have above, we find that this theorem follows. 


THEOREM VI. For the cubic (4 =1, 2, 3, 4): (1) there are six euchdean 
irreductble (i, 3) covariants, and these may be chosen as 

Ty = (3) T. eheenhay ahy, 

Tn = pT AEn panynh yaxa, 

T3 = DT. Annpnapeayhyays, 

Ta = yT ethan fna pada pada yn yes Xess, 

Ta (4) T. efibio Flies Fei apadyayeays 

T = Tab AX’ X". 


(ii) There are three irreducible (i, 4) covartanis, and these may be 
chosen as 


I 


Qs = mT Eh XeXeX4Xh, Qu = yT eindignaapaayaxnyes, 
Qa = mT ernaiginagaayayayn ye, 
(iii) There are two irreducible quintics, and these may be chosen as 
Ry = wT EnnAhayayayhynya 
Re = wT enaizhapagyayaynyhyes, 
liv) There 4 no irreducible covariant for? <5, 736: 


5. Geometric interpretations. It should be understood that the gen- 
eral cubic curve given by the general equation of the third degree 


in X*, 
T = ThA’ KZ" = 0, 
(a, b,c—m1, 2,3 and Ta. symmetric) is under consideration here. For 
such cubic no invariant is zero, and no covariant vanishing identi- 
cally, unless specifically stated so. The point PeT sarba 
esibir 4 orbs fests (7, = 0 in expanded form is 
(TinaTin + TiTe: — TinaTin — T 1237 in) Uı 
(TiTi + TuTis — TusTis — TiuTin) Ua 
(TiuTus = (Tin) Sr (Tiss)? -+ T 13T m) Us =Q. 

Keeping this expanded form in mind, and examining the contents of 


the paper by Thomae [6], or that by Stuyvaert [7], we observe the 
truth of this theorem. 


THEOREM VII. Pa is the unique point whose polar conic is a circle. 
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When we speak of the polar of a point (or of the pole of a line), 
unless specified to the contrary, we mean with rae to the funda- 
mental cubic T. 


THEOREM VIII. (a) The polar conic of Pits Ci, and (b) Cits a circle. 


Obviously the polar conic of Y* with respect to T has the equation 
Tas YX’ X’ = 0. Let YUL = Ty ayy bap er Ate. Then (a) is 
evident, and (b) follows. 


THEOREM IX. Every covarsant consc of the cubic T whose coefficients 
are of the third degree in T w ts a circle. 


In §4.2 it was shown that one can construct three (3, 2) covariants, 
there designated by A, B, C, and that these are connected by the rela- 
tions A m2B,and 2B æm C — Ln:8. By Theorem VIII, C; is a circle, and 
as a consequence of the relations just given A and B are also circles. 
Recall from §4 that there are no covariant conics of degree less than 
two, that there are covariant lines of the first and third degree, but 
none of the second, and further from $3 there is no invariant of degree 
less than two. As a consequence of these facts we conclude that every 
covariant conic Q of the third degree is of the form Q=kıCi+ kR, 
where kı and ks are constants, and R is at most linear in X*. But since 
Cy is a circle, every such conic Q is a circle. 

The condition that the polar conic of the point Y*, Ta.X*X'Y*, 
be a rectangular hyperbola is that (Tus + Ta) Y°=TaH Y*=0. 


TuHrorem X. The line L, =0 is the locus of points whose polar conics 
are rectangular hyperbolas. 


This line is called the Laplacian of the cubic. The cubic for which 
L,#0 has been studied by Brooks [8]. 


THEOREM X’. The Laplactan of the Hessian H =m T- ettbicresabacs 
XaxXexa=Ois Ly =O. 


Adapting the argument of White [9] to tensor notation, we find 
that the equation of the polar conic of the line V,X*=0 with respect 
to T is 


Taen l by bg feet PMX OXY, Ui = 0. 


If in this we replace U, by L,= [0, 0, 1] and use A**=e*hZ, we have 
this next theorem. ; 


THEOREM XI. The polar conic of the line at tnfintty its Cu= 0. 


In like manner, we have this theorem. 
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THEOREM XI’. The polar conic of the Laplacian is Ca=0. 
The polar line of the point Y'U,=0 with respect to Cu =0 is 
Tanni d hyaan = 0, 


In particular let Y°U,=0 be Pa. We have for the polar of Ps with re- 
spect to Cu 


E = Tanal nih T nan T anA Ainaa e 
= ATIT-L, — yT -etthad ihpihgpanpanyge (by Iden 4). 


Using other identities we find that the last term is 2III. L; s0 


THEOREM XII. The Laplacian of a cubic ts the polar with respect to 
the polar contc of the line at infinity of the unique poini whose polar conic 
is a circle. . 


Rather evident are these theorems and corollary. 


THEOREM XIII. The polar conic of Tu. EAU, =Q, the poini at 
snjinsty on the Laplacian, ts Cu =0. 


COROLLARY. Cy =O ts a rectangular hyperbola. 


THEOREM XIV. The polar conic of Ta, ESE U,=0, the poini at în- 
jinuty in the dtreciton perpendicular to the Laplacian, ts Cn =0. 


Taking the polar of Ta EE” U, =0 and TaESA U, =0, respec- 
tively, with respect to Cyn = 0, we get these theorems. 


THEOREM XV. The diameter of the consc Cu conjugate to the dsrectton 
perpendicular to the Laplacian ts Ly = 0, 


THEOREM XVI. The diameter of the conic Cn conjugate to ihe direc- 
tton of the Laplacian ts [Ty =0. 


The condition for two lines V, and W, to be perpendicular is that 
V.Wi£**=0, and the condition for them to be parallel is that 
VWA” m0, From these a number of geometric facts follow quite 
directly: 

A.1. The locus of points whose linear polars are parallel to the La- 
placian is the conic Cy =0. 

2. The locus of points whose linear polars are perpendicular to the 
Laplacian is the conic Cy=0. 

3. The locus of points whose linear polars with respect to the Hes- 
sian are perpendicular to the Laplacian is the conic Ca=0. 

4, The locus of points whose linear polars with respect to the Hes- 
sian are parallel to the Laplacian is the conic Cy=0. 
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5. The locus of points whose linear polars are perpendicular to the 
Laplacian of the Hessian is the conic Cy=0. 

- 6. The locus of points whose linear polars are parallel to the La- 
placian of the Hessian is the conic Cy =Q. 

7. The locus of points whose linear polars with respect to the fun- 
damental cubic and the Hessian are perpendicular is the quartic 
Og = 0. 

8. The locus of points whose linear polars with respect to the fun- 
damental cubic and the Hessian are parallel is the quartic Qa =0. 

9. The locus of points whose linear polars with respect to funda- 
mental cubic and the quartic Q, are parallel is the quintic Ry=0. 

10. The Laplacian of the fundamental cubic and the Laplacian of 
the Hessian are parallel if (and only if) JV,=0, and they are perpen- 
dicular if 


(4) T . ettbicigashic: Jibyes Fresdi Fi dads — IV; i 21V, ER 
11. The Laplacian and Ln =0 are parallel if I V; =0, and they are 
perpendicular if 


w T- Enspahnphaghapadpidim IV, + (1/XUI Y) —/DI I0. 


The line V.X * =Q is said to be minimal if V,V,#**=0. Hence we 
have the following facts. 

B.1. The Laplacian is a minimal line if (and only if) Iı = 0. 

2. The locus of points whose linear polars are minimal lines is the 
quartic Q >Q. 

Using the condition for incidence of the point V, and the line Y*, 
namely that V,¥*=0, we get these statements. 

C.1. Py the unique point whose polar conic is a circle, lies on the 


. . Laplacian if III =Q. 


2. P, lies on the Laplacian of the Hessian if V;=0. 
Not so direct is the next fact. 


3. The line through P, and perpendicular to the Laplacian 18 
Lu=0. . 


6. Some concomitants in expanded form. We list a few typical con- 
comitants in expanded form. These are obtained by carrying out the 
indicated summations in the tensor-invariant forms of the concomi- 
tants, using the defined values of the components of e***, A**, and E*. 


II ag Tann Tnn EnEn Euh ai (Tiu + Ti)? Es (Tia T Tni)’, 
Ih = Tunni ma LE Eos 
= (Tin)? -+ 3(Tin)? + 3(T 133)? + (Ts33)?, 
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III = (1/6) T nan 2 bybyby Iene A ARA angah 
Tin Tus Tus 
Par Tuns Tas |, 
Tin Tm Tass 
IV, = yT EnA Enn pha pad pid 
ga 8a) Dula aj 2(T iss)? Tin + 3Tiul(Tin) Tim 
+ 6TiuTua(Ta)? + TuT)? + 3Tia( Ti) 
— 37 yaT y2(T x)? — 27i (Tn)? — 37 (Tis)? Thn 
— (Tia) Timnas — (Tu) T — 3(T112)’ Tis, 
Li = Ta EPX’ = (Tin + Tud At + (Tin + Tm) X? 
+ (Tis + Tn) X’, 
(1/2)Cn = Taea T nip A Ahah 
= [Tium — (Tua (XD! + [Tiun — TTi] XX? 
+ [TiTi — (Tin)! (X9? 
+ [TinTiis + Tium — 2TrsTia|X'X? 
+ [Tinis + Tium — 27 aT 13 | X2X? 
+ [Tints — (Tana)? (I. 


l 
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GENERALIZATION OF A THEOREM OF KOROUS ON 
THE BOUNDS OF ORTHONORMAL POLYNOMIALS 


DUNHAM JACKSON 


1. Introduction. An elementary treatment of the convergence of 
series of orthogonal polynomials is greatly facilitated if the poly- 
nomials of the orthonormal! set are known to be uniformly bounded on 
the domain of orthogonality, or on a part of it where convergence is 
to be proved. A demonstration due to J. Korous? shows in a few ljnes 
that the orthonormal polynomials corresponding to a weight function 
po on a finite interval are thus bounded, if the polynomials for weight 
p have the desired property, and if the factor o satisfies a Lipschitz 
condition and has a positive lower bound on the entire domain of 
orthogonality. The purpose of this note is to show that the argument 
of Korous can be extended so as to apply under fairly general condi- 
tions to orthogonal polynomials in two real variables on an algebraic 
curve’ and in particular to orthogonal trigonometric sums,‘ which can 
be regarded as orthogonal polynomials on a circle. A problem of the 
same category has been discussed by Peebles? with less simple 
hypotheses on the factor e. 

In the case of trigonometric sums it is known in advance that the 
orthonormal functions for weight p=1, namely (24)—4?, 2-43 cos kx, 
xl sin kx, R=1, 2,--+, are uniformly bounded, and a theory of 
the convergence of developments in series of orthogonal trigono- 
metric sums is opened up immediately. For other algebraic curves the 
question of the existence of a weight function which gives rise to a 
bounded system of orthonormal polynomials is one requiring sepa- 
rate investigation, and the answer to this question is known at pres- 
ent only in particular instances.’ When the existence of a single such 
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Korous; received by the editors November 17, 1941. 
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p has been established for a specified domain of integration of the 
type to be discussed below, the conclusions of the present note lead 
to a wide generalization of the convergence theory for series of 
orthogonal polynomials associated with the curve in question. 


2. Statement of the problem. Let C be an algebraic curve or a por- 
tion of an algebraic curve, degenerate or nondegenerate, consisting 
of a single connected piece of finite extent or a finite number of such 
pieces. Let C be of the mth degree, in the sense that there is a poly- 
nomial I(x, y) of the mth degree in x and y, but no polynomial of 
lower degree, which vanishes identically on C, while each irreducible 
factor of If vanishes on a portion of C of positive length. The expres- 
sion “connected pieces” will be understood to mean “pieces each of 
which is connected,” not “pieces connected with each other.” A single 
“piece,” on the other hand, may be made up of parts corresponding 
to different irreducible factors of H; it may be, for example, the 
perimeter of a square, or a set of line segments radiating from a com- 
mon point. Let p(x, y) be a non-negative weight function which is 
integrable over C with respect to arc length, and for each irreducible 
factor of H is positive on a set of positive measure on the correspond- 
ing part of C. 

Under these circumstances? there is a set of polynomials in x and y 
orthonormal on C with arc length as variable of integration and p 
as weight function, which includes just m polynomials of the sth de- 
gree for each value of nèm, and n-+-1 polynomials of the nth degree 
for n<m. Let pa(x, Y) #0, 1, 2,--+54¢=1,2,-+-, m, be such an 
orthonormal set, with the supplementary convention that when 
nati<m, >.,m0 fori>n+1, and also, on occasion, that p_1,,#0 for 
1Sism. The value of foppids then is in every case either 1 or 0. 

Let a(x, y) be a function defined and having a postive lower bound h 
on C, and satisfying the condition that sf Pı and Ps are any two posnts 
on a connected portion of C, with coordinates (x1, y1) and (x1, ya), 


| o(as, yY) — o(a1, yx) | S Ms, 


where \ is constant (for simplicity of notatton, a single constant for the 
whole of C), and As 4s the distance from P to P, along C, or the shortest 
such distances, 4f Pı and Pa are connected by C in more than one way. 


Systems of orthogonal polynomials on ceriain algebraic curves, this Bulletin, vol. 46 
(1940), pp. 345-351. 

1 See [A, pp. 232-234]. The present hypotheses are somewhat more general than 
thoee which were explicitly formulated in the earlier paper, but no esential change is 
required in the reasoning which leads to recognition of the form of the orthonormal 


system. 
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Let t dale, y), »=0, 1, 2,---;4=1,2,---,n+1 forn<m, +=1, 2, 
,m for nzm, be a set of orthonormal polynomials on C with 
po aB weight function; there is no occasion to introduce identically 
vanishing q’s. 
The queshon at issue is that of inferring boundedness of the poly- 
nomials qa, from that of the polynomials p,,. It will be found that such 
an inference is possible, under conditions to be specified. 


3. Proof of the theorem for an arbitrary algebraic curve. Let 
K,(2, y, #, 1) = >D > Palax, ¥) Pwilts, 2). 
bæð tom] 


Then any one of the polynomials g,,{x, y), as a polynomial of the nth 
degree, has on C the representation 


ante, 9) = f oli Ea, 9, ts galu, a) ds 
(1) = È puls, 9) | ol Douali Danilu ds 
p | (si 


T J ow 9) K,-1(4, Y, t, 0) Gas(s, v)ds; 


the integration is extended over the curve C in the (u, v)-plane. By 
application of Schwarz’s inequality when p.40, 


| EZTIE sf pPads : pqn,ds = f ot pqa ,ds 


(2) 
S — f : ds ca La 
k Pia ics k 

the p's being normalized for weight p and the g's for weight pe. It 
remains to examine in some detail the integral involving K,_;. Let 
this integral be denoted by I(x, y) or J. 

The sum X,_i{x, y, 4, v) has alternative representations of the 
form? 


(3) Ka-1 = ——— LŠ > Cx [Pas se, T) Pat, (x, y) — Put, is, 0) Pal x, y) I, 
(4) Kei = -L 2 2 dalpnils, paila, Y) — Pailt, Dhal, ¥)], 


* (A, pp. 235-236. | 


+ 
H 


~ 
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as special cases of a more general expression having an arbitrary 
linear combination of #—x and v—y in the denominator. If G is a 
number such that |x| SG, |y| SG on C, then : 


| cu| SG, | daul SG 
for all values of the subscripts. For 


Ci = f ewPedesids 
0 


and by another application of Schwarz’s inequality , 
os f pu pads f ppeiids SG f ppads = G; 
o o a 


a similar calculation applies to d,:. 

Since Ky_1(x, y, 4, v) is for fixed (x, y) a polynomial in (#, v).of 
degree lower than the nth, it follows from the property of ortho- | 
gonality of qa; that 


J ola, Dalu, Vaal, Y, w D(a ds = O. 


Consequently o(x, y)I can be represented in the form 


9 o(z, y= f ola, D) lola, 9) — oC, #) [Ra aC y, Hy Das Nds. 


Let C; be a portion of C forming a closed point set, consisting of a 
finite number of connected pieces, and containing no singular point, 
that is, neither a singular point of any nondegenerate component of 
C nor any point common to two such components. Then each con- 
nected part of C is a straight line segment, a smooth arc, or a smooth 
closed loop. 

The essential ideas of the argument are Ulustrated with a simpler 
initial formulation, and in a form adequate for some of the most in- 
teresting applications, if it is assumed that C itself has the character- 
istics ascribed to Ci, and that Cı is the whole of C; the method is 
however of wider applicability as indicated. On the other hand, the 
. reasoning could be made still more general, at the expense of some 
further attention to details, but the usefulness of the additional gen- 
erality would not be so immediately apparent. The need for explicit 
consideration of certain wholly elementary items of detail arises from 
the fact that for fixed (x, y) either of the denominators u—x, »—y 
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in the expressions for K,_1 may vanish not only at the point #=x%, | 
p=, but also at a number of other points of the curve. 

At any point of Ci the derivatives dy/dx and dx/dy have definite 
values, or else one of them has the value 0. Except on straight line 
segments, dy/dx can take on the values +1 at only a finite number of 
points. The locus C, is made up of a finite number of arcs or segments, 
_ on any one of which | dy/dx| is everywhere greater than or equal to 

1 or else everywhere less than or equal to 1. Any such arc C’ (the 
word arc being regarded now and henceforth as applicable in particu- 
lar to a line segment) is included in or coextensive with an arc C”, 
also belonging to C, on which | dy/dx| is everywhere greater than or 
equal to 1/2, if it is greater than or equal to 1 on C’, or everywhere 
less than or equal to 2, if it is less than or equal to 1 on C’, and such’ 
that each end of C’, if not a terminal point of C, is an interior point 
of C”. Let a definite arc C” be associated in this way with each C”. 
The distance from any point of an arc C’ to any point of C not be- 
longing to the corresponding arc C” has a positive lower bound 8 for 
the whole of the locus Cı which constitutes the aggregate of the arcs 
C’. It is to be noted further that |ds/dx| 55"? on an arc C” where 
|dy/dx| $2, and |ds/dy| S54? on the other type of arc C”. 

Let P, wiih coordinates (x, y), be an arbtirary point of Cy. Let Cp 
be the arc C’ to which P belongs, or, if P is a common end point of 
two such arcs, let Cp be either of them. Let K be the corresponding 
arc C”. Let the rest of C be subdivided into two parts K’, K”, so 
that if P’, with coordinates (u, v), is any point of K’, the line PP’ 
makes an angle not greater than r/4 with the x-axis, and if P’ is on 
K”, PP’ makes an angle less than r/4 with the y-axis. With the value 
of å defined in the preceding paragraph, |u— z] z 6/24? for any point | 
P’ on K’, and |v—y| 26/27 if P’ is on K”. 

Let it be supposed for definiteness that Cr is an arc of slope numeri~ 
cally less than or equal to 1; the alternative case would be treated 
in the same way, with the obvious interchanges of variables. For 
integration in (5), the point (x, y) being regarded as fixed, let 

K,-1(x, y, 4, 0) be represented by (3) when (u, 0) is on K or K’, and 
by (4) when (#, v) is on K”. 

On K, since As $5*?| Ax], 


| (x, y) — o(w, D| S 5Y | u — z]. 
Let » be an upper bound for g on the whole of C. Ther on K’, 
[lolz y) — olu, 0)]/(u — s)| S 24/8, 
and there is a similar inequality on K” with u—x replaced by o—y. 


S 
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By application of Schwarz’s inequality, as in (2), 
f plu, 3) | pasls, ¥)qux(m, 3) | ds S WS, 
g + 


and the same upper bound is valid if the integration is extended only 
over K, K’, or K”. l 

Let it be supposed that | pas(x, y)| SH on a poini set Cy contained 
in C1, uniformly for all values of the subscripis a and B. (In particular, 
C, may be the whole of C1.) Then, by combination of the inequalities 
that have been obtained, 


olz, y)| I(x, y) | S (SY + 288 y/3) 2G 


if (x, y) is on Ca. (It is readily seen that the coefficient 25/2 = 2 - 23/4 could 
be replaced by 2*3, but the difference is immaterial for the purpose in 
hand.) The absolute value of the sum in the third member of (1) does 
not exceed mA-“7H, Consequently, for (x, y) on Ca, 


| ana, ¥) | S A [k + (SYD + 288 /3) 2th +9], 


Since the right-hand member is independent of x, y, j, and n», it fol- 
lows that sf the p's are uniformly bounded on Ca, the same is true of the 
g's. 

4. Orthogonal trigonometric sums. In a particular case the results 
can be interpreted as relating to orthogonal trigonometric sums, the 
unit circle or a finite set of arcs on the unit circle being taken for C 
and Cı. With x=cos 6, y=sin 0, the polynomials p,,(x, Y), dai(x, Y) 
are trigonometric sums in @. The weight function p(x, y) and the 
factor o(x, y) will be represented alternatively by p(@) and o(6). As 
far as the definition of the orthonormal system is concerned, the case 
of a domain of orthogonality consisting of detached intervals in a 
period ia of course equivalent to that of a domain consisting of the 
entire period, with a weight function which vanishes identically out- 
side the intervals in question. The conclusion can be stated as follows: | 

Let uo(@), 41(0), 01(6),- ++ constitute a set of orthonormal trigo- 
nometric sums with respect to a weight function p(0) on a domain D: 
conststing of a period interval, regarded as closed,-or of a finste number 
of closed intervals contained in a period; let a(0) have a posthve lower 
bound on Dı, and satisfy a condstion of the form 


| (0s) — o(:)| S| 03 — 01| 


on each interval of D1, taking on the same value at both ends of the pertod 
interval tf these end points belong to D1; and let U.(6), UCO), Vi(8), - - - 
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be the orthonormal trigonometric sums on D, for weight p(0)o(8); of the 
u's and v's are uniformly bounded on a poini set D, contained in Dj, the 
same ts irus of ihe U's and V's. : 

For this case the proof admits a materially simpler formulation 
than when geometric configurations are contemplated having the de- 
gree of generality previously considered. The details relating to the 
loci C’, C”, K, K’, K”, can be dispensed with for the most part; with 
0 replacing the pair of coordinates (x, y), and ¢ replacing the pair 
(u, 9), it is sufficient, for any particular value of 8, to consider sepa- 
rately the intervals (0 —xr/2, 6+ 4/2) and (64+ 4/2, 9+3x/2), and in 
the integral corresponding to the right-hand member of (5) to repre- 
sent K,:(0, $) in the former interval by an expression with de- 
nominator sin (0—ġ), and in the latter interval by an alternative 
expression with 1—cos (@—q) in the denominator.” 
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APPROXIMATION OF CONTINUOUS FUNCTIONS BY 
MEANS OF LACUNARY POLYNOMIALS 


BERNARD DIMSDALE 


1. Introduction. All rational integral polynomials are linear com- 
binations of members of the complete set of powers whose exponents 
are the non-negative integers. If certain members of this set are de- 
leted, the linear combinations formed from the resulting set are, in 
the strict sense of the term, “lacunary polynomials.” In a large part 
of this paper, however, methods of reasoning designed for the treat- 
ment of such polynomials are applicable to combinations from much 
more general sets of powers whose exponents are non-negative but not 
in general integral. The term “polynomial in x* of degree yu,” will be 


applied to combinations from the set 1, +, x"3,--- where uy, Hs, >’ 
form an arbitrarily preassigned set of real numbers such that 
0 <u <ua <: - , and u is the largest exponent. 


This paper started out as an investigation of lacunary orthogonal 
polynomials, and although this aspect of it became subordinate to the 
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problem of approximation, the relation of the latter to the theory of 
convergence of series of the orthogonal polynomials is pointed out at 
the end. 


2. Preliminary results. It has been shown! that for ali positive in- 
tegers m the trigonometric sum 
r/2 


Int) = he g(t + 20) F (0) du 


—1/2 


P(x) = | cea | oe fT Padi, 


m sin u Ke s/t 


of order 2m —2, satisfies | I..(¢)—g(#)| SDA/m, for all t, provided that 
g(t) has period 2r and satisfies a Lipschitz condition, constant A, for 
all real ¢, where D is an absolute constant; and, furthermore, oo 
if g(f) is an even function, Ia(t) will be a cosine sum, J.(t) = 
+a™ cosi+--- 4a. cos (2m —2)t. 
Now 





(m) 
Xb = 


1 ic 
= — Í F(t) cos kt dt, 
wT Jo 


and when I„(t) is replaced by its integral form, order of integration 
reversed, and the substitution #+2u=¥y made, 


w/t 


he ir 
= — F a (a) p) cos k(y — 2u)e(o)4> | Gt, 


F V rji 


(m) 
ah 


since g(t) has period 2r. Sihce? 


1 ar cos TÀ 
=f g(t) ka| S — 
r 0 8ın k 


it follows on expanding cos (y — 2u) that 


rji 
"E Fala) au + = F ns) a, 
one ` —r/2 


m aad i 
a |S, k=1,2,-:+,m—1;m = 2,3,--- 


1D. Jackson, The Theory of Approximation, American Mathematical Society 
Colloquium Publications, vol. 11, 1930, pp. 2—6. 

1? See, for example, Titchmarsh, The Theory of Funcions, p 

1 The following shorter proof has been given | ak | = | (7) | [Tm (t) ~ g(t) +g (#) | 
Coe kt d| 52D\/mt+aA\/k<d(2D4-4)/k. The different value of the constant here 
would change subsequent computations slightly. 
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If g(x) satisfies a Lipschitz condition, constant à, on the closed in- 
tervalt [—1, 1], then for each positive integer m there exists a poly- 
nomial Pa(y) in 1, y, y?, - - - , of degree 2m—2, such that on [—1, 1] 


Dr 
| gE) — Pa(y)| S—- 
1% 


Heret P..(y) = Int), where w(t) ia defined for g(cos t) and y=cos }?. 
Let Puly) =a@ +aMy+ --- +a _y™*. The following inequalities 
result directly from the fact that Pa(y) = Ialt); 





(m) 22rd 
| ass |S Cu(m + k — 1), 
2k 
eet = mL E P k ~ 2), 
2k—1 
u here 
Cs) = k=1,2,::-,m—I1;m=2,3,---. 


(s — rirli 


Let y=2", g(x) =f(2), H>0. Then" | (xs) -f(| Salaf aF] on 
(0, 1], implies that for every positive integer m there exists a poly- 
nomial ; 


(m) (m) H (a) (3m—2)E 
Panl) =a +4, © +s + imar 


such that on [0, 1], Pe 
| f(z) — Pan(x)| S a 


It will be observed that in this transformation the coefficients a re- 
main unchanged. 


It has been shown by Szász’ that for a sequence Yo, Yu Ya °°) Yas 
where 0 <Yo O<9y1<9ys< --- <y, and YoY, t= 1, 2,- -- , n, there 


exists a set of constants 4, us, -© , #, such that 


‘ Hereafter the bracket notation for an interval implies closure at both ends. 

ë See the argument in D. Jackson. loc. cit., pp. 13-14. ` 

* Hereafter this condition will be called a “Lipschitz condition H.” It has been 
pointed out that this condition implies that f(x) satisfies a Lipschitz condition of 
order a, a= H if H31, aml if ei. However, the converse is not true, since +=0 
belongs to the interval in question. Hence this condition is more restrictive than a 
Lipechitz condition of order a. On any closed interval not including 0 the two condi- 
tions are, however, equivalent. 

1 O. Szász, Uber dis Approximation Steiger Funktionen durch lemcare A gerepate von 
Potensen, Mathematische Annalen, vol. 77 (1916), pp. 485-487. ; 
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1 ` 1 a jaan 3 
f [eri p wl E n H aT ide S — I] a i 
0 5 x 270 bmi 





Ya t+ Yo 
Let i 
ne ) tet L/2 fe gnti? = P! Ha Tt? 
S aaa 1) eT 
1/2)A : 
B(x) = OT OA nant an bee team z 
x 
C(x) = xo Ut F prH? 4 eee ate 8, 
Then . 
A(z) = f Claas 
i ; 
and 
z 2 j 5 
[4 (x) ]? = p) C(a)ae | <Í dx. f (C(x) J*dx 
9 8 $ 
s 1 
=z f Capissa f Cpa 
0 (5) 
z Cyn — Yo]? 
Ane eee è 0, 1}. 
e e i on [0, 1] 
Therefore on [0, 1] - 
allt A | ya = ye | 
A < E ea 
| A(z) | oat II E 
aoe T La = vol 


2(2y—)*/? ki Ya + Yo 


If yo= y; for some ¢, then the w’s, and hence the c's, may obviously be 
chosen so that | B (x) | m(Q, and the inequality still holds. 
It may now be shown that if y»p=rH, (¢—1)H <y: SiH, then 


2rH +1 1 


ee ee, a, 
2(2rH)'!* C,(2r — 1)-Cae( + r) 


L, a(z) = | B(2)| 3 


for 1 &r.<n. The proof depends upon the fact that for Yo2 Ym, 
‘Yo — t TH — (h — E r—k&+il 
yty IEF (ADH rth—1 
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with a similar situation for Yo S'ya. If, in particular y,=sH for somes, 
¥.=4H, then L,,,(2) m0, and the inequality is still true. 


3. Degree of approximation. This theorem will now be proved. 


Tosorem I. Consder the sequence to, th, paee, for which 
O=po<ui<pa< +--+, where Hingi — hn SA for ah n, and lima, pa ©. 
If f(x) satisfies a Lipschits condition H, constant , on [0, 1], then for 
every integer n>O there exists P,.(x), a polynomial tn x* of degree in, 
such that on [0,1] | f(x) —P,,(x)| < Kd/pn, where K depends on H only. 


To prove this theorem, a polynomial Pag(x)=a+osxt+ .-. 
+a% x 7DE ig constructed so that on [0, 1] | f(x) —Pax(x)| SDd/m, 
with bounds on the a’s as given in the last section. Unless rH =Y», 
each x™ is then approximated by a polynomial PY) (x) = — yx 
~~ ++ — Cim T1, where the set of y's is a subsequence of the set, 
of p's, Yo=Ho, Ys is the smallest u, such that G—-1)H< 7,818,421; 








and xt — pP? (x) =D, um—a(%). Let 
2=—? 
Pa) = ay” T » On Pron (2): 
hem 1 
Then 
DA ; 
| a) — Pral) | S a if m = I, 


DA mt se- i 
s — +I Pt dO, if m=2,3,---, 
m b I bo 1 


where P, and Q, are the respective bounds of | afp | - | Les,an—a(x)| and 
la .|-|Zxs,4-4(z)|, as previously obtained. On calculation it is 
found that 


Pur 40k+D74+1 lt 2k+ 1 
P, 4B +1 (R41) Sw + 2k 3 
m+k 2k m—k—I1 
‘Im + k—-1 2m— k2 ám—2k—5 

On: 2(2k+ DH +1 (2k — 1)" 2k 


ep NR NR inlA tnt 


SA et Oe RR RC 


for kR=1, 2,--+, m—2; m=<3, 4,5,--.+. If now each fraction is re- 


` t 
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placed by its maximum for the given range of & with m fixed, and 
then by its maximum for the given range of m, it follows that, since 
(8H+1)/4H+1) 82, (6H+1)/(2H+1) S3, Pays/PeS2/9, Quis/Qr 
$1/3; hence P,S(2/9)*"P,, Qa S (1/3)*"1Q). Finally 


D 9 3 
| (2) = Parmala) | S + Pit On m {= 1,2,-- 


7 
Now direct calculation shows that 
(4H + 1)xd (2H + 1)ed | 
P en 9 — y wi 2,3,°°°, 
ca auma OS Sati lac 


the equalities holding for m=2. Hence it appears that 


LA 
A) ~ Prima) | S m=1,2,3,-, 


where L depends on H only. 

Now let » be an arbitrary integer, and let m = (m--4)/4, (#-+3)/4, 
(n+2)/4, (n+1)/4, respectively, according as n has the form 4&, 
4k—i, 4k—2, 4k—3. In any event 4m—4S5n<4m, y,SnH. Let the 
corresponding P,,._,(x) be denoted by P, (x), a polynomial of de- 
gree Ya. Since 1/mS4/n34H/y7, it follows that on [0, 1] 


4AHLA 





| f(z) — Pala) | a i 

Consider the original sequence x**, 2", 2*1,---. Let P, (x) be a 
polynomial of degree x. formed from this sequence, P,,(x) = P(x) 
where y,» is the largest of the y’s in Ho, Hi, © © + , ha. Now Ha SAH, since 
otherwise y, would not be the largest y in the given set of p's. If 
k= 2, then 2yy>(2k—-2)H2RA Zun, 1/Ye<2/un, and |f(x)—P,,(x)| 
S8HIA/p,. If k=0, 1 then Py, (x) =P.,,(x), ux SH, 1S A/ps, and 
| f(x) — Px, (x) | SDX/1S AHEN/un. Hence the first of these two in- 
equalities on f(x) serves for all s, and the theorem is established. 

This result may be extended to [0, b], b>0, by assuming that f(x) 
satisfies a Lipschitz condition H, constant A, on (0, b] and substitut- 
ing x= by. Then there exists P,,(y) of degree us such that on [0,1] 

KEEN 

| (9) = Pa| S = 


whence on [0, b] TE 
| f(x) — Pala) | S E 
with P,,(«) = P,,(y). 
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The result may also be extended to [a, b], where a>0, by defining 
f(x) =f(a) on [0, a]. In this case the condition on f(x) may be replaced 
by one of the two simpler conditions.* 


THEOREM II. Suppose f(x) is continuous on [0, 1] and ke 
(6) =max | f(x) — f(x) | for all xı, x1 on [0, 1] satisfying the condi- 
tion | af af <8, and wal) mwy(1) tf 8>1. Then for each un >0 there 
exists a polynomial P, (x) such that on [0,1] 

1 
| K2) — P,(2)| S Kon (>) 
with K=K +2. 

Let 


o(a) = maT + by (H = ss (Œ) isor, 
amt E) E ]} 
enO TE" 


where fi(x) f(x), [0, 1], A(x) =f(1), 121. Then 














1 H H 
| (z1) — (z1) | < man (—)| 2 — 2y p [0,1], 
1 
FOER OES (—). (0, 1] 


It follows from the first of these two inequalities that a P,.(x) exists 
such that | (x) — P,,(x)| S Kwy(i/p,) on [0, 1], and the theorem fol- 
lows. This theorem may also be extended to [a, b], 0Sab, in which 
case 





| f(z) — P(x) | S Klos (= _ a) 


THEOREM III. Let un be given as before and let pa=H be the smaliesi 
of the u's for which Ha — Ha SHa for all n. Suppose f(x) has a derivative 
for every x on [a, b], and that x!-"f'(x) is continuous on |a, b]. Lei 
Nr = Hra —H for al r=0. Suppose that there +s given a sequence of posi- 
tive numbers {€„}, and suppose that for each e, there exists P,(x), a 


$ Hereafter the function wa(4) will be called a “modulus of continuity H." 


~ 
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polynomial in x* of degres ha-a, such that on [a, b] | 21-7’ (<) —P,(x)| 
S en. Then, for every n>a there exists P, (x), a polynomial in x* of ae 
gree a, Such thai on lo b] 





RK" 
| Ka) — P,(x)| S 


where K” depends on F, a, and b. 
Let z 
R,(x) = Í xH- P.,(x)dz, 
and let r(x) =f(x) —R,(<). Then, with the possible exception of x =a, 


r. (x) may be found; hence x!~¥r, (x), from which it follows that 
|r! (x)| S x -'e,. Since 


ah ie = f “ti 


it follows that on [a, b] 
bs 
| ra(z1) — r.(%1) | s 7 xa — ti |. 


Therefore there exists R,(x) in x* of degree u, which approximates 
r(x) with error at most Ke,/Hy, and, with P,,(x) = R(x) +2, (x), 


|a) — P,(2)| 3 =. 


From Theorem III it follows that if «!-*f’(x) satisfies a Lipschitz 
condition H, constant i, on |a, b], then for every n>a there exists 
P, (x) such that 


Kid 
Halia — H) 
If x!-#f’(x) has a modulus of continuity H on [a, b], then for every 
n>a there exists a polynomial P, (x) of degree pa for which 


Ky bE — gi 
[AD = Pala) | 5 —* on =) 
Lin lin 


| Ka) — P,,(x)| s 





nw 


4. Uniform convergence. With the sequence facet} and a non-nega- 
tive function p(x), integrable on [a, b] with positive integral, poly- 


“on 
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nomials p,,(x) in x* of degree u, can be constructed for every u. by 
well known methods so that these polynomials will be orthonormal 
with respect to p(x) on [a, b]. If f(x) is an arbitrary continuous func- 
tion, it follows as a formal result 


(1) f(a) ~ È apala), 
where | , - 
a= f SODNA 


In the following the results of the previous section are combined 
with certain results from the theory of orthogonal polynomials to give 
theorems on convergence for the above series expansion.® It will be 
necessary at this point to suppose that the u's are integers, since 
Bernstein’s theorem is implicitly involved in the following. It 1s to 
be observed that this restriction admits sequences so irregular that 
the results obtained are by no means trivial, and further that the ad- 
mission of any set of commensurable exponents would not be a ma- 
terial generalization. 

In the following statement of those results from orthogonal poly- 
nomial theory!* which are applied to the present problem of conver- 
gence, all polynomials are polynomials in x*, of degree given by their 
subscript, and the use of ¢, implies that there exists a polynomial 
P,,(x) such that on [a, b], | f(x) ~P,,(x)| Sex. If O,,(x) is a polyno- 
mial minimizing" 


fol) Lie) - Onla) ae, 


if p(x) has a positive lower bound on [a, b], then there are constants 
Ci, Cs, independent of x and », such that 


Teyi,» ++, where 0<ui<pa< +++ <py <u, a recursion formula and hence a 
Christoffel-Darboux formula can be given for the orthonormal sequence. It is then 
possible to construct a theory for point-by-point convergence in the usual way. Since, 
on the one hand, there are no non-trivial results on boundedness of $, (x); and, on 
the other hand, no very interesting extensions of Bernstein’s and Markoff's theorems 
are available, the results which are obtainable are omitted. 

1 D, Jackson, Certain problems of closest approximation, this Bulletin, vol. 39 
(1933), pp. 903-906, Theorems 11, 15. 

u Tt isa well known fact that Q,,(x) =)" Abu, (%). Statements (A) and (B) there- 
fore refer to the error of approximation by partial sums of the series for f(x). 
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(A) | f(z) — On,() | S Cannes, aSxKSb, 
(B) | (2) — O(a) | S Cann en, cS2x84, 


where a <c <d <b. 

The problem of convergence then reduces to one of placing suff- 
cient conditions on f(x) so that uaea —>0 or ie, —0. It is assumed in 
the following theorems that p(x) is bounded from zero and integrable. 
From the results of the preceding sections values of ¢ are obtained 
which lead to the following theorems. 


THEOREM IV. Jf f(x) has a derivative for which xt€f (x) satisfies a 
Lipschitz condition H on |a, b], then the series (1) converges uniformly 
to f(x) throughout [a, b], and the magnitude of the remainder after n 
terms does not exceed O[1/(u,—H)]. 


THrorEM V. If f(x) has a derivative for which x Ef’ (x) ts continuous 
on |a, b| and has a modulus of continuity H, wald), (1) converges unt- 
formly to f(x) throughout |a, b], and the magnitude of the remainder after 
n terms does not exceed O [wal (bE —a®) / (un — HY) |. 

ToEorem VI. If f(x) satisfies a Lipschitz condition H om |a, b], 
(1) converges uniformly to f(x) throughout [c,d], where a <c <d <b, and 
the magnitude of the remainder after n terms does not exceed O(1/py"). 

TuEorEeM VII. If f(x) kas a modulus of continutty H, wa(ô), for 
which limpo wy(d)/542=0, (1) converges uniformly to f(x) on |c, d|, 
where c and d have the same meaning as before. 
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` GENERALIZED FISCHER GROUPS AND ALGEBRAS! 
RICHARD H. BRUCK 


Introduction. In this paper we shall be concerned with the structure 
of the rational representation of certain sets of matrices, to which we 
give the name generalized Fischer sets. If K is any field, 6 any fixed 
automorphism of K, and A any matrix with elements in K, we use the 
notation A* for the ¢-automorph of A; that is, the matrix obtained 
from A by subjecting each of its elements to the automorphism œ. 
Again, we denote by A* the transposed ¢-automorph A** of A. 


DEFINITION. A set Dt of n-rowed square mairsces which contains A* 
sf tt contains A ts defined to be a generalized Fischer set. 


Generalized Fischer groups, semi-groups and algebras are similarly 
defined. 

In either of the special cases (1) K =&, a real field, ¢ is the identity 

~ automorphism; (2) K =kt=k(—1)?, œ is the operation of taking the 
conjugate complex, the set M will be called a Fischer set. Fischer 
groups were probably named? by M. Schiffer, who, in 1933, proved 
in an unpublished work that every such group is completely reducible. 
This result has also been given by Specht [3], and will again be de- 
rived for all Kronecker product representations in the present paper 
(Theorem I, §4). In §1 we give a partial converse in the cases of the 
field of all reals (Example (6)), and the field of all complex numbers 
(Example (5)); this is summed up in Theorem II (§4). 

Unlike Fischer sets, generalized Fischer sets and their rational rep- 
resentations are not always completely reducible; the regular repre- 
sentation of a finite group over a field of prime characteristic dividing 
the order of the group is a case in point ($1, Example (8)). When ¢ 
is non-involutary, the most we can give concerning the structure of 
g.F. sets is contained in Lemma II (§4) and Lemma IV (§5). But 

-when ¢ is an involutary automorphism, a more satisfactory result is 


Presented to the Society, December 30, 1940, under the title The structure of the 
rational representation of a wide class of kasar groups; received by the editors Decem- 
ber 11, 1940, and, in revised form, October 27, 1941. 

1 The following is essentially contained in the author's doctorate thesis [1], written 
under the direction of Professor Richard Brauer. Professor Brauer has also offered 
many helpful suggestions in connection with the present paper. The thesis undertook 
a general study of GL{#), and employed the results for specific calculation of the irre- 
ducible characters of GL(4) over an infinite modular field. 

2 They were considered earlier by E. Fischer [2], who proved that the rational 
integral invariants of a Fischer group possessed a finite integrity basis. 
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given by Theorem III (§6); this states that each Kronecker product 
representation? of a g.F. set may be written in the form 


ity 


where % is in completely reduced form and € is dual to W in a sense 
which we will not describe at this point. 

The main tool of the paper is the scalar product of two forms (or 
vectors) of the linear vector space S upon which the transformations 
of 6 =x,(Pt) are performed. This is introduced in §2. 


1. Examples of generalized Fischer sets. In this section proofs are 
omitted. The first two examples and the last hold true if the word set 
is replaced by group, semi-group or algebra. We use without specific 
mention material from [4], [5] and [6]. 

(1) The direct sum of a finte number of g.F. sets (w.r.t. the same 
automorphism $) is a g.F. set. 

(2) The dired product of two g. F. sets (w.r.t. the same automorphism 
b) isa g. F. se. 

(3) A general lsnear group ts a g. F. group w.r.t. every automorphsim > 
of the underlying field. 

(4) A total matric algebra ts a g.F. algebra w.r.t. every œ. 

(5) A semi-simple algebra of matrices over an algebratcaly closed 
field is similar to a g.F. algebra w.r.t. every ġ. 

(6) A semi-simple algebra of matrices over the field of all real numbers 
ts similar to a Fischer algebra. 

(7) Any group of matrices leaving snvariant the bilinear form 


sty = ny 
—] 

ts a g.F. group. 

(8) The right-hand (or first) regular representation R of a finite group 
G is a g.F. group, and the linear closure of R ts a g.F. algebra, w.r.t. 
any o, even sf the underlying field is modular. 

(9) If Mts ag.F. set w.r.t. the automorphism p, ts commutator alge- 
bra © ss a g.F. algebra w.r.t. the inverse automorphism §=971. 


7 By the fth Kronecker product representation of a set # we mean simply the set 
© m r{M) consisting of the fth Kronecker product [4] of each matrix of Mt. If Misa 
(semi-) group, & forms a representation in the usual sense. The corresponding state- 
ment in the case of an algebra is true only if f1; eRe paper giv a AAIDE AMON OBY 
about tiee lgebra toelt, 
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2. Kronecker product representations. The matrices of a g.F. set 
A may be considered as transformations of a contravariant vector x! 


(1) A: #3 5 aa 
ji 


Then the fth Kronecker product © =r;(A) may be regarded as a set 
of transformations of the linear vector space S of all forms 
F(T) = È enay TSN, 
z 
G(T) = 2, diy yT eN, 


where T": is an arbitrary contravariant tensor with f indices. If 
under the transformation (1), T becomes T’, then F(T) becomes a 
new form Fus)(T’) defined by 


(3) F(T) = Fa (T). 


We define the form F.4)(T) (in T, not T’!) to be the transform of F 
by A. Since 


(4) Fm =F, Fus = Fus, 


it follows that if 4% is a (semi-) group the set of transformations under 
X of a basis of forms of S is a representation of A similar to 1;/(M). 
We define the scalar product of the two forms F, G of (2) by 


(5) FOG = Dy caydan: gag 


Clearly F o G is a nondegenerate bilinear form in the two n/-dimen- 
sional vectors F*, G whose coordinates are, respectively, Ga: a, and 
diits... It has all the properties of such a bilinear form; we single out 


(6) (F)oG=ac(FoG), Fol) =c(FoG), 


where c is any element of the underlying field. Again, it is readily veri- - 
fied that 


iD) Pat) oG = FoGuy, A* =x A'S, 


(2) 


—} 


These remarks and equations are fundamental to the present paper. 
Equation (7) explains the necessity for restricting attention to g.F. 
sets. Although all subsequent results are stated for the above 
Kronecker product representation they may be applied to others as 
well for this reason there would be some value in adopting a more 
axiomatic treatment. The essentials are: a vector space S with a g.F. 


4In [1] the results were applied to Kronecker products of power products of alter- 
nating representations (that is, those afforded by skew-symmetric tensors) of GL(s). 
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set A of operators, as indicated by (4), and a nondegenerate scalar 
product Fo G bilinear in F* and G with the additional property (7). 

We shall wish to refer to the following special properties which do 
not hold generally: 


(8) (H): GoF = (FoG), d =ð. 


This is true when ¢ is an involutary automorphism, and means that 
FoG isa “hermitian” form. 


(9) (F): G0 implies GoG 40, 


This is certainly true in each of the following cases: (1) K =k, a real 
feld, ¢ is the identity automorphism; (2) K=k+, œ is the operation 
of taking the conjugate complex. Thus (F), and indeed also (H), may 
be assumed in dealing with Fischer sets. 


3. Modules. Any subspace 5,(_S which is invariant under the g.F. 
set Wf we will call a module. Let the module Sı have basis F; 
(¢=1, 2,---, 01), and define the transpose of the matrix Mı by 


(10) : Mi = (F.0F,), 


where 4, j are, respectively, the row and column index of the o;-rowed 
square matrix on the right. Mı will be referred to as the matrix asso- 
ctaied with the module Sı. Its rank is invariant under change of basis 
of Sı. If M, is nonsingular, Sı is a nonsingular module. If Mı is the 
zero matrix, Sı is a module of rank sero. Since S, is a module, Fita; 
18 in Si: 


a i) 
(11) Fia = Do Si; (A) Fa 
: i 
If we set 
(12) sı(4) = (si (4)) 


then the set ©, of matrices s,(A) forms a representation of 4. 


DEFINITION. Let A be mapped upon a set U of rectangular matrices: 
A—u(A). Then UW denotes the set of matrices (A) = [u(A*) |’. 


Note that if $ =9 is involutary, 8(4) =u*(4*). Moreover if R is a. 
representation of a semi-group @, then R is also a representation. 


Lemma I. Wik the above notations 
(13) : M, Ey = & -M 
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Proor. By (7) 
Fyah OP, = FOP ya), 
and by (6) 


d (1) 
S FroFrsa (A*%) = X si (A)-FjoFu 
b I 


But in matrix notation, if $, 7 are taken as row and column index, 
respectively, the last equation is identical with (13). 


Lemma II. An irreducible module is esther nonsingular or of rank 
zero. 


PROOF. Let Sọ, Mi, ©; be, respectively, the irreducible module, its 
associated matrix and the corresponding (irreducible) set of matrices. 
From Schur’s lemma [5] and equation (13), My is either nonsingular 
or zero. 

We restrict our attention to modules of the two types mentioned 
in Lemma II, without, however, requiring them to be irreducible. The 
full space S is itself a nonsingular module. In fact, since the bilinear 
form Fo G is nondegenerate, the equation Fo G=0 holding for a fixed 
G and all F of S implies G=0; it follows readily that the matrix M 
associated with S is nonsingular. 


4. Nonsingular modules. Let the module Sı be a proper subspace 
, of S, in the sense that not every form of S isin Sy. 


Lemma ITI. If Sı 4s a nonsingular module, then S 4s the direct sum 
of Sı and another nonsingular module S;, and © 1s decomposable: 


a e- (72) 


Proor. Let F; (1=1, 2,- -- , gı) be a basis of Sı, and let these with 
Ga (a=o,+1,---,o) form a basis of S. Let G be any form of S. Then 
since the matrix M associated with Sis nonsingular, we may uniquely 
determine elements 1, #2, - © © , #,, such that 


F = Fi + whats + He, Fe, 


‘satisfies F;o F= F,oG, all +. Thus the form G’™G—F satisfes 
F, o G’=0, for all s. Therefore, without loss of generality we may as- 
' sume that the equations 


(15) F,oG,. = 0 
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hold for all 4, æ. The matrix M associated with S then takes the form 


: (a) 


where M= (Ga o Gp)’ is, with M and My, nonsingular. Since S; is a 
module, 6 and © are given by 


(17) e=- (7 e T o) 
U 6 0 ©, 

But Lemma J, quoted for S, takes the form M6=6M. From (16) 
and (17) follows 0=11M,, U=—0. Thus © assumes the form (14), and 
the set of all linear combinations of the Ga is a module; nonsingular, 
since Af; is nonsingular. 

When property (F) holds (see equation (9)), S clearly possesses no 
_ modules of rank zero. Hence we have this lemma. 


Lexma Illa. If (F) ts true in S, © ts completely reducsble. 
As an immediate consequence we have the following theorem. 


THEOREM I. The Kronecker product representations of a Fischer set 
are completely reducsble. 


In particular the theorem states that Fischer groups and algebras 
are completely reducible. As a partial converse we have from ex- 
amples (6) and (5) of §1 that a semi-simple algebra over the field of 
all real numbers or the field of all complex numbers is similar to a 
Fischer algebra. 


THEOREM IJ. Let © be a (sems-) group of matrices over k or k( —-1)*%, 
(k the field of all real numbers). Let A be the lanear closure of ©. Then a 
necessary and sufficien condition that © (and sis Kronecker product rep- 
resentatsons) be completely reducsble ts that A be similar to a Fischer 
algebra. ’ 


5. Modules of rank zero. We now prove this lemma. 


Lemma IV. If Sı 4s a module of rdnk sero, then, in ihe sense of simi- 
‘lartty, 


© 
(18) © = ( ©; 
* 6, 


Proor. Let F, (i=1, 2,---, c), be a basis of Sı, and let Ga 
(a=0o1+1, --, g) complete the basis of S. Consider the matrix 


- 624 R. H. BRUCK {August 


(19) U = (F,oGa) 


and the form Feo, Fitnat >- +0,,F,,. If the matrix U had rank 
less than gı, we could choose a set of v's, not all zero, so that FoG,=0 
for all a. This, coupled with the fact that F o F,=0 for all + (since Sı 
is a module of rank zero), would imply F o G=0 for every G of S, in 
contradiction to the fact that the bilinear form F o G is nondegener- 
ate. Thus U has rank oj, and there exist (cf. [7]), two nonsingular 
matrices P=(p;,) and Q= (qap) such that PUQ=™(0/I.,). We make 
the transformation of basis given by 


: 
(20) K= Di pub) Ga = 2) daeGe 
so that 
(21) U = (F,0G,) = PUO = (0| I). 
Without loss of generality we may assume that (21) holds for U. We 
rename the last basis elements, calling them H, (¢=1, 2,---, 01), 80 
that our basis is now 

Py, Py, map Fs hey Get ete Borer Hı, Hy, Ae; 


where the G's now appear only when o—20,>0, but the A’s neces- 
sarily appear. Calculation of M for this basis gives, in view of (21), 


QO +. * 
(22) M = (o + -) 
le, * * 


We may assume 


©, Q Q l © + * 
(23) e- (. ©, n), E- (o E ~ ) 
: * « 6 ou 6, 


Using Lemma I, or M6=6M, we obtain: by comparing the blocks 
(2, 1), U=0; by comparing the blocks (3, 1), ©,=6). This completes 
the proof. 

Lemma IV seems to be the most we can say when ¢ is a non-involu- 
tary automorphism. 

Assume that ¢ =@ is involutary, so that property (H) (equation (8)) 
holds for the scalar product. In this case (22) may be replaced by _ 


00 Ia 
(22a) M = (o N » ) N = (GroGay', 


line 3 
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where k and & have the range oi+1 to o—o;. The set Sy of all linear 
combinations of the G, is a linear vector space. For S we may obtain 
a useful scalar product of two forms 


Gy Gar ee Geis 

R = yeGe, tees + Ye Gee 
by merely taking over the scalar product for S 
(25) GoR= >}, ET nir = Gr O Ga 


From (22a), det M = det N0, hence N=(m,,) is nonsingular, 
Go R is nondegenerate. In order to obtain a property comparable 
to (7) we must redefine the transform of a form of Sa by a matrix 
of A. Since, by Lemma IV, S, is invariant (modulo S) under %, 


(26) : Guay = G(A) + F(A) 


where G(A), F(A) are uniquely determined forma of S4, Sı. We define 
G(A) to be the transform (in Sa) of G by A. Then, by virtue of (22a), 


(27) G(A*) oRkR= Gah oR = Go Ru) = Go R(A). 
Formula (27) gives the desired property. There results this lemma. 


(24) 


Lexma IVa. If the automorphism œ is tnvolutary, the representation 
©, of Lemma IV may be assoctated with a vector space Sy, with operator- 
sei N, which possesses a nondegenerate (hermiitan) scalar product satis- 
fying (7). Thus the preceding methods and results may be applied to Sy 
and 6, jusi as they were to Sand ©. 5 


6. The structure of S. Lemmas III and IV may be combined in a 
number of ways to give information concerning the structure of S 
and ©. This information is annoyingly limited, however, in case we 
cannot assume the conclusion of Lemma IVa. The following theorem 
therefore concerns only g.F. sets defined relative to an involutary 
automorphism. 


THEOREM III, Let X bea set of n-rowed square matrices which con- 
tains A* =A"! wih every A, where 04s a fixed tnvolutary automorphism 
of the underlying field. If R={R(A)} is any representation of A, define 


R= {RA}, 
R(A) = [R(A*) ]*. 


Then the fth Kronecker product representation w;(W) of A is given tm re- 
duced form by 


where 


X 
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B. 
B, 


(28) rA) = í 





where the B's and Q's are srreducsble representations, and each * denotes 
elements noi mecessartly sero. 


The wording of the theorem is especially adapted to the case that A 
is a (semi-) group. If A is an algebra, the last sentence should be re- 
placed by “Then Mis given in reduced form by: - 

Proor. First we apply Lemma IV a number of times, assuming in 
each case that the S is an irreducible module. After a finite number of 
steps, say x, we must reach a projection space which contains no 
modules of rank zero. On applying Lemma III a number of times to 
this projection space we obtain the completely reduced block of @’s. 
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é 


A NEW PROOF OF THE CYCLIC CONNECTIVITY 
THEOREM 


W. L. AYRES 


The cyclic connectivity theorem was first proved for the plane in 
1927 by G. T. Whyburn [5]. The extension of this theorem to metric 
space afforded some difficulty and the first proof [1] was long and 
tedious and complicated with convergence difficulties. A second and 
simpler proof appeared in 1931 [6], but in this proof it is necessary 
that quite a number of properties of Peano spaces be proved in 
advance. 

This note attempts to give a new proof in which convergence 
troubles are encountered at just one point (step (b)) and in which 
just three theorems about Peano space need be known in advance: 
(A) Every component of an open set is open. (B) Open connected seis are 
arc-wise connected. (C) The space ts arc-usse locally connected. Actually 
just two properties need to be established before cyclic connectivity 
can be-proved, for the third theorem (C) is a simple consequence of 
the first two.! Thus the cyclic connectivity theorem may be estab- 
lished at the very beginning of the theory of Peano spaces and is 
available for use in studying other properties. 


CYCLIC CONNECTIVITY THEOREM. If no single poini of a locally com- 
pact, connected and locally connected meirec space separates the space 
between the two given potnis, there is a simple closed curve contatning 
the two points. 


Let p and q be the two points. There exists an arc a of the space S 
with end points p and q by (B). We shall say that an arc 8 spans the 
point v of æ if 8 has only its end points on @ and v lies between these 
end points. We shall say that a set of arcs C spans a subset K of a 
if each point of K is spanned by some arc of the set C. 

If an arc $ exists with end points r and g and such that a: f=r-+4q, 
then step (d) in the proof has been achieved. Hence we consider only 
the case where no such arc exists. This assumption is used in the 


proof of step (b). 


Presented to the Society, September 7, 1939, under the title Peano spaces as the 
theory of continuous tapes of tuiervals; received by the editors November 12, 1941. 
1 Let G be the component of S(p, «) containing the point p. By (A), G is open. Then 
for some 8, S(p, 8)C.G. By (B) G is arc-wise connected. Hence every point of S(p, 8) 
may be joined to $ by an arc in G, and thus in S(p, «), which proves arc-wise local con- 
WIE. 
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(a) If r is a poini of a—p—q, there is an arc B spanning r. 

As r does not cut S between p and q, by (A) p and q belong to the 
same component C of S—r. Then C contains an arc y with end points 
$ and q by (A) and (B). On y in the order from p to q there is a first 
point y of the subarc rg of a. On y in the order y to p there is a first 
point x of the subarc rp of a. Then the subarc xy of y is the desired 
arc £. 

For any point r, let f(r) be the greatest lower bound of the di- 
ameters of 8, for all arcs 8 spanning r. 

(b) f(r) 0 as ry. 

If this is false, there is an e>0 and a sequence of points of a con- 
verging to g so that no one of these points may be spanned by an arc 
of diameter less than e. We may choose e so small that Xq, ¢) is com- 
pact. Let us select a spanning arc for each point of the sequence. In- 
finitely many of these arcs are distinct since we assumed in the begin- 
ning that no one of them has g as an end point. Hence there exists 
an infinite set of arcs ĝi, Ba, Bs, - ++ guch that (i) ææ B axit Y, the 
end points of 8,, and x; precedes y, on a, (ii) diam $, & e, (iii) 8, spans 
a point p, of a which cannot be spanned by any arc of diameter less 
than e, (iv) we have the order ppiyipay: - - -qon æ, (v) ye—~q and 
p(y, q) <€/6. On B, in the order y, to x; let z, be the first point such 
that p(s,, g) =¢/3. The set of points {s} has a limit point s and we 
may assume s,s. By (C) there exist arcs s,s of diameter less than 
é/6 for ¢ sufficiently large. Then y,s,+3,8-+-3,4.18-+74,418,41 Contains an 
arc of diameter less than ¢ spanning $,41, which is a contradiction. 

(c) If r is any porni of a—p—q, there extsts a countable sequence of 
arcs {B,} spanning the set rq—q and such that diam B,~>0. 

Let ~,—¢ with the order prpips - - : q. Let po =r and a, be the subarc 
p,-:f, of a. From (a) there exists a family of arcs spanning œ. From 
(b) these may be chosen of arbitrarily small diameter for + large. 
Using the Borel theorem there is a finite subfamily spanning a@,. The 
set of all these finite subfamilies is a countable set with the desired 
properties. 3 

(d) There ss a simple closed curve containing q. 

Let u, and v, be the end points of 8, and suppose the order pu,v.¢ 
on œ. From the method in which the arcs 8, were chosen we see that 
only a finite number span any one point and no-one intersects more 
than a finite number of others. Of the finite set spanning r, choose the 
one whose end point v, is nearest q on a in the order p to gq. We may 
assume this is Bı. Of the finite set, if nonvacuous, of arcs 6, which 
intersect 6:—u;—m, choose the one whose end point v, follows all 
others on a. We may assume this is 82. Of the finite sets, if nonvacu- 
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ous, which intersect 8B:—u:—02, we choose the one whose end point 
v, follows all others on a, and we may suppose this is 8s. This process 
must terminate at some finite step for otherwise Ds would contain 
an arc having u, and q as end points and containing no other point 
of a? This arc together with the subarc ug of a would give the de- 
sired simple closed curve. 

If the process terminates at f,, then > TB; contains an arc yı with 
end points s;=*4, and #;=9, and containing no other point of a. We 
now define an arc ys: with end points $, and #é, using exactly the 
process by which yı was defined but starting with the arcs spanning 
o, instead of r. We continue and define Ys, Ya :::+. The arcs y, are 
mutually exclusive except that t; may coincide with Ss. On a we have 
the order $1 <s: <h Ssa<tsSs,< ---<g. Then the desired two arcs 
forming a simple closed curve containing g are defined í 


n= T >; Ysi + a subarcs bey 189i4-1 of a, 
ns = q + subarc sis; of a + D, yu + >, subarce hss4s Of a. 


From step (d) the cyclic connectivity theorem follows easily. We 
have a simple closed curve containing g. Similarly one contains >. 
If these simple closed curves have two points in common, their sum 
contains a simple closed curve containing p and g. If they have but 
one point in common, their sum plus an arc pq not containing this 
point will contain the desired simple closed curve. If they do not inter- 
sect, then their sum plus an arc joining them plus its finite spanning 
system enables one to choose the desired two arcs. In this case the 
selection of the two arcs follows the methods used in picking 71 and 
7: but the whole process here is finite. 


Remarks. The cyclic connectivity theorem is a special case of the 
n-Bogensatz where n = 2 and the two closed sets are single points. All 
proofs that have been given for the n-Bogensatz are extremely long 
and intricate [2, 3, 4, 7], and a simple proof of this important theorem 
would be a real contribution. Unfortunately the method used in this 
note does not appear to generalize to the higher values of n. 
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ı PURDUE UNIVERSITY 


INVERSES AND ZERO-DIVISORS 
REINHOLD BAER 


_ _ It may. happen that an element in a ring is both a zero-divisor and 
an inverse, that it possesses a right-inverse though no left-inverse, 
and that it is neither a zero-divisor nor an inverse. Thus there arises 
the problem of finding conditions assuring the absence of these para- 
doxical phenomena; and it is the object of the present note to show 
that chain conditions on the ideals serve this purpose. At the same 
time we obtain criteria for the existence of unit-elements. 

The following notations shall be used throughout. The element e in 
the ring R is a left-unti for the element u in R, if eu =u; and e is a kefi- 
unti for R, if it is a left-unit for every element in R. Right-units are 
defined in a like manner; and an element is a untversal unt for R, if 
it is both a right- and a left-unit for R. 

The element u is a right-sero-dtvisor, if there exists an element v0 
in R such that vu =0; and u is a right-tnverse in R, if there exists an 
element w in R such that wu is a left-unit for u and a right-unit for R. 
-Left-zero-divisors and left-inverses are defined in a like manner. Note 
that 0 is a zero-divisor, since we assume that the ring R is different 
from 0. 

L(u) denotes the set of all the elements x in R which satisfy xu =0; 
clearly L(«) is a left-ideal in the ring R and every left-ideal of the 
form L(u) shall be termed a sero-dsosding left-s+deal. Princspal Left- 
ideals! are the ideals of the form Rv for v in R and the ideals oR are 
the principal right-idealg. 

Presented to the Society December 31, 1941; received by the editors September 
19, 1941, and, in revised form, October 13, 1941. ` 
1 This is a slight change from the customary terminology. 
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Luma 1. [fouss a left-uns for u and a right-unit for R, then uo = vu, 
Rv = R and L(u) =0 are equsvalent propertses. 


PROOF. If uv =vu, then R= Rou = Ruv S Ro < R, or R= Rv. If R= Ro, 
and if xu=0, then there exists an element y in R such that x= yv; 
and L(u)=0 is a consequence of y=you=xu=0. If L(u)=0 then 
(ou —uv)u =vuu — uvu =u —u =0 implies that vu—uv is in L(u) and 
that therefore ou = uo. 


EXAMPLE 1. Let G be the additive group of all the countably infinite 
sequences of numbers from the commutative field F, considered as an 
abelian operator group over F; and denote by R the ring of all the 
F-admissible automorphisms of G (that is, of all the linear transforma- 
tions of G over F). Elements u, v, win R are defined by 


(a,,---)* = (0,a,,---), (Gi eee )* = (a;,0,--- ), 
(a1,°* + P= (Gq, ante) 


and they satisfy uc=0, ww=1, wu5s41. Thus a left-inverse may be a 
left-zero-divisor. 


Lemma 2. Each of the folowing propertses of the ring R implies all 
the others. 
Gi) There extsis a universal unti in R. 
(ii) There extsts a right-unst for R, and x=0 ts a consequence of 
Rx =0, 
(iii) There exists one and only one right-unsi for R. 
(iv) There extsi a right-unst for R and a left-unit for R. 


PROOF. (ii) is an obvious consequence of (i). If (ii) holds, and if u ' 
and v are right-units for R, then x(#—v) =xu—xv==0 for every ele- 
ment x in R; thus u =v and (iii) is an implication of (ii). If (iu) holds, 
if ¢ is the uniquely determined right-unit for R, and if x and y are 
elements in R, then x(e+y—ey) = xe-+xy—xey =x-+xy—xy =x for 
every x in R. Thus-e+y—ey is a right-unit for R; and the equality 
of all right-units implies that y=ey, that is, that e is also a left-unit 
for R; and (iv) ig therefore a consequence of (iii). If (iv) holds, then 
there exist a right-unit u and a left-unit v for R; and (i) may be in- 
ferred from u =ru =y, 

The importance of condition (ii) may be seen from the fact that 
the elements x in R which satisfy Rx=0 form a two-sided ideal T 
whose square is 0. -~ 


Lemma 3. If the minimum condition is satisfied by the principal lefi- 
ideals in the ring R, if J is a principal left-ideal in R and sf Jo=R 
for v an elementin R, then J =R. 
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REMARK. Omitting the word “principal” throughout we obtain a 
true statement that may be proved in a similar fashion. 


Proor. If R= Jv for J a principal left-ideal and v an element in R, 
then there exists a smallest principal left-ideal S= Rs such that R= St 
for some iin R. Hence s—rsi for r in R. Since Rrss Rs = S, and since 
(Rrs)t = R(rst)t = Rst= St= R, it follows from our choice of S that 
Rrs=S;and hence S= Rs = Rrst = St = R, a fact which proves our con- 
tention. 


THEOREM 1. The element 3 in the ring R with minimum condsiton for 
principal left-sdeals ts a righi-tnverse in R sf, and only if, z ts not a 
right-sero-daotsor in R. 


ProoF. Assume first the existence of an element v in R such that vz 
is a left-unit for s and a nght-unit for R. Then J= Rv is a principal 
left-ideal and it follows from Lemma 3 and the equation Jz = Rys = R 
that R=J= Rv; and hence it follows from Lemma 1 that 3 is not a 
right-zero-divisor. 

If there exist elements in R which are not right-zero-divisors, then 
among these elements there is one, say v, with minimal (principal left- 
ideal) Ro. Since xv?=0 implies xv =0, and since this implies x=0, it 
follows that v? is not a right-zero-divisor. Thus Ro? Ro and the mini- 
mum property of Ro imply Ro*= Rv. Hence for every element 7 in R 
there exists an element r'in R such that m =r'vt or (r—r’v)o™0. Since 
v is not a right-zero-divisor, r—r’» =0 or r=r’v. Thus we have shown 
that R= Rv; and this fact makes it evident that R= Rs for every z 
which is not a right-zero-divisor in R. 

If the element s in R is not a right-zero-divisor in R, then R= Rz; 
and there exists therefore one (and only one) element e in R such 
that es =s. Since (r—re)s=rs—rz = 0 for every r in R, it follows that e 
is both a left-unit for s and a right-unit for R. Since the existence of 
an element w satisfying wz =e is a consequence of R= Rs, it has been 
shown that g is a right-inverse in R. 

An immediate consequence of this theorem is the following fact. 


COROLLARY. The ring R with minimum condition for principal lefi- 
ideals contains a right-untt for R if (and only if) at least one element 
in R is not a righi-sero-diossor. 


The impossibility of substituting the maximum condition for the 
minimum condition in Theorem 1 and its corollary may be seen from 
the example of the even rational integers. The example of the ring of 
all the matrices 


“ 
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| aa 
i 0 b 
with coefficients from some commutative field shows that the condi- 


tions of the corollary are not sufficient for the existence of a universal 
unit. 


THEOREM 2. If there existis a universal unt 1 in the ring R, if the 
minimum condition is satisfied by both the principal righi- and the prin- 
ctpal lefi-ideals in R, then each of the following properties of the elemeni z 
in Ramplses all the others: 

(a) z is not a reght-zero-dtotsor. 

(b) z 45 a right-tnverse. 

(c) z is not a left-sero-dentsor. 

(d) z is a left-tnverse. 


That (b) implies (c) and that (d) implies (a) are obvious conse- 
, quences of Lemma 1; and that (a) implies (b) and that (c) implies (d) 
may be inferred from Theorem 1 and Lemma 2. 

The impossibility of substituting maximum conditions for the mini- 
mum conditions in this theorem may be seen from the example of the 
ring of all the rational integers. 


THEOREM 3. If the minimum condition ts satisfied by the principal 
left-ideals and by the zero-dividing lefi-ideals tn the ring R, then R= Rs 
is a necessary and suffictent condtiton for s to be a right-tnverse in R. 


Proor. If s is a right-inverse in R, then vs is for some v in R a night- 
unit for R and R= Ress RksSR or R= R3. 

If, conversely, R= Rz, then z™es for some e in R. The principal 
left-ideal J= Re satisfies Js= Res = Rz= R. Hence it follows from 
Lemma 3 that R = Re for every left-unit e of the element z. 

Among the left-units for s there exists one, say f, with minimal E(f). 
Then it is a consequence of R=Rf that f=gf for some g in R. Since 
gs =g (fs) = (gf)s =fs =s, and since xg =0 implies 0 =xgf =z, it follows 
that g is a left-unit for z and that L(g) SL(f). Hence L(g) =L(f) isa 
consequence of our choice of f. Since (g?—g)f=f—f=0, the element 
g?’—g is in L(f) = L(g) so that (g?—g)g=0 or g* =g?. Consequently the 
element ¢=g? satisfies e?=gtmg mgt =e and es=g*s=s, that is, the 
element ¢ is an idempotent and a left-unit for s. Thus e is an idem- 
potent satisfying R= Re (as has been shown in the second paragraph 
of the proof); and the left-unit e for s is therefore a right-unit for R. 
Finally there exists an element w in R such that ws =s, since R= Kz; 
and this completes the proof of the fact that s is a right-inverse in R. 
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The following fact is an immediate consequence of Theorem 3. 


COROLLARY. The ring R with minimum conditron for principal and 
for zero-divding left-rdeals contains a right-unst for R if, and only sf, 
R is a principal left-rdealin R. 

As an application of the preceding results we prove the following 
statement. 

The ring Rts a (not necessarily commutative) field if, and only sf, 

(a) 0 is the only right-zero-dioisor in R, | 

(b) the minimum condition is satisfied by the principal left-sdeals 
in R. 

It is obvious that the two conditions are necessary and that neither 
of them could be omitted. If the conditions (a) and (b) are satisfied 
by R, then every element s+0 in R is a right-inverse by Theorem 1. 
Since R contains therefore a right-unit for R, it follows from Lemma 2 
that R contains a universal unit 1; and it follows from Lemma 1 that 
every element s>£0 in R is both a right- and a left-inverse. Hence R 
is a field. . 


LEMMA 4.3 If the maximum condition is satisfied by the zero-dimding 
lefi-ideals in the ring R, if the lefi-ideal J and the elemeni z in R satisfy 
Jz=R, then L(2)=0 and J=R. 


Proor. If R=Js for some left-ideal J and some element sz in R, 
then among these elements s there exists one, say w, with maximal 
L(w). H W is some left-ideal such that R= Ww, then R= Ww s Rw 
= Ww? < R or R= Ww’. Hence it follows from our choice of w and the 
obvious inequality L(w) SL(w?) that L(w) = L(w*). Every element in 
L(w) has the form x =yw for y in W, since R= Ww. If yw is in L(w), 
then y is in L(w?) = L(w), yw =0 and consequently L(w) =0. Thus we 
have shown that L(s)=0 whenever R= Js for some left-ideal J in R. 

If Js=R, then for every element r in R there exists an element j 
in the left-ideal J such that js==rs. This implies j =r, since s is not a 
right-zero-divisor. This completes the proof of the fact that J =R and 
L(z)=0 are consequences of Js= R. 


THEOREM 4. Suppose that the maximum condition is satisfied by the 
zero-dinding left-sdeals tn the ring R. 

(a) uv is a right-untt for R tf, and only tf, vu is a reght-unn for R. 

(b) The right-unst ou for R is a left-uns for u tf, and only tf, uv = ou. 

(c) R contains a right-unst (for R) if, and only +f, R is a principal 
left-tdeal (în R). 

Proor. If vu is a right-unit for R, then R= Rou; and it follows from 


1! Cf. Lemma 3, 
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Lemma 4 that L(u) =0, Ru=R, L(o)=0, Ru=R. If r is any element 
in R, then (r —ruv)u =ru—ru(ou) =ru—ru=0. Since L(u) =0, we find 
that r=ruo for every rin R. This proves (a); and (b) may be obtained 
as an immediate consequence of Lemma 1. If R= Rs for some s in R, 
then it follows from Lemma 4 that L(s) =0. Furthermore, there exists 
an element 6 in R= Rz such that s = eg. If r is any element in R, then 
(y—re)s=rs—re—0. The element e is a right-unit for R, since L(g) =0 
implies r=re for every r. This completes the proof of the theorem. 


THEOREM 5. If there exists a unsversal unt 1 in R, +f the minimum 
condsiton for principal left-edeals or the maximum condtiton for sero-dt- 
otding lefi-r+deals ts satisfied in R, then the relations uv=1 and vu =1 
imply each other. 


ProoF. If the maximum condition is satisfied by the zero-dividing 
left-ideals in R, then our contention is an immediate consequence of 
Theorem 4, (a) and Lemma 2. If, the minimum condition is satisfied 
by the principal left-ideals in R, then uv = 1 implies L(u) «0. By Theo- 

rem 1 there exists an element w such that wu =1. But w = tuv =v so 
that vu = wy = 1, l 

The impossibility of omitting the chain conditions in Theorem 5 
is a consequence of Example 1. 

The following special case of Theorem 5 may be worth mentioning, 
since itsolves a problem of importance in the theory of matrices.’ If R 
ig a ring with universal unit 1, then denote by R, the ring of all square 
matrices with n rows and n columns whose coefficients are in R. If 
the maximum (minimum) condition is satisfied by the left-ideals in R, 
then the same condition holds in R,; and hence it is a consequence of 
Theorem 5 that the matrices A and B in R, satisfy either AB=1 and 
BA =1 or neither of these relations; in particular it is impossible that 
a. matrix in R, is both a zero-divisor and an inverse in Ra. 
` A right- or left-ideal J in the ring R is termed nilpotent, if J*=0 
for some positive integer 4. The sum P=P(R) of all the nilpotent 
right- and left-ideals in R is a two-sided ideal in R which is called 
the radical of R. Hopkins‘ has shown that the radical itself is nilpo- 
tent, if the minimum condition is satisfied by the left-ideals in R. 


THEOREM 6. There exists a lefi-unt! for the ring R with minimum 
condsiton for left-rdeals 1f, and only +f, 


3 CF., for example, B. L. van der Waerden, Moderns Algebra, vol. 2, Berlin, 1927, 
pp. 114-115. 

1 C. Hopkins, Annals of Mathematics, (2), vol. 40 (1939), pp. 712-730; Theorem 
1.4, p. 714. 7 

+ Note that the preceding criteria assured the existence of right-units for the ring R. 


` 
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(i) Rx =O implies x =0, 
(ii) PiRx =xP =0 implies P'x=0 for0<t<m (kets mts the small- 
est positive integer such that P™ =(). 


ProoF. If R contains a left-unit for every element then x is always 
an element of Rx; and this shows the necessity of conditions (i) and 
(ii). 

Suppose that conditions (i) and (il) are satisfied by the ring R. 
From the choice of the integer m it follows that 0=P"=<P*—! (using 
the notation P° = R). If x is an element not 0 in P1, then Px=0 so 
that P<R is a consequence of condition (i). Hence‘ there exists in R 
an idempotent e0 such that R= Re+P. 

Denote by T the set of all the elements x in R which eee xP=0; 
and denote by S(t) (for positive +) the set of all those elements in T 
which satisfy:-P'x=0. Clearly T and therefore every S(#) is a two- 
sided ideal in R. We are going to prove by complete induction that 
eS(t) = S(#). This is true for ¢=1, since it follows from Rx = Rex+ Px 
and condition (i) that x =0 is the only element x in S(1) which satis- 
fies ex =0. Suppose now that S(s)=eS(s) and that the element ¢ in 
S(i+1) satisfies e=0. Then Rt=Ret+Pi= Pis PS(4+1) SS), 
P'Ri s P'S(s) =0; and it follows from condition (ii) that P'*=0. The 
element ¢ is therefore an element in S(s) =eS(s), that is, #=ef=0 or 
S(¢-+-1) =eS(¢+1); and this completes the induction. In particular it 
follows that T=e7, since T= S(m) is a consequence of P* =Q. 

Denote by T(s) the set of all the elements x in R which satisfy 
xP+=0. Every T(s) is a two-sided ideal in R. We are going to prove 
by complete induction that T(¢) =e7T (4). This is true for +=1, since 
T =T(1). Suppose that T(s) =e7(s) and that the element v in T(#+1) 
satisfies ev =0. Then oP =Q, since oP S7(s) =eT(¢) and ev =0. Thus v 
is an element in T=eT and v=e=0. This shows that 7(++1) 
` meT (4-4-1); and this completes the induction. Since P™=0 implies 
T(m) =R, we have proved in particular that R=eR; and the idem- 
potent e is therefore a left-unit for R. 

We note that we proved the following fact. If the conditions (i) 
and (ii) of Theorem 6 are satisfied by the ring R, if the radical of R is 
nilpotent, and if the idempotent e in R satisfies R= Re+P, then e isa 
left-unit for R; and we mention that the minimum condition for zero- 
dividing left-ideals would be sufficient to assure the existence of such 
an idempotent £. 

One verifies readily that the conditions (i) and (ii) of Theorem 6 
are consequences of each of the following (not necessary) conditions 


* CY. Hopkins, loc. cit., Theorems 4.1, 4.2, p. 721. 
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(a) P=0; (b) condition (i), and xP =0 implies Px=0; (c) condition 
(i), and RP*S PR. 

. That condition (ii) is indispensable for the validity of Theorem 6 
may be seen from the following example. Denote by R the ring of all 
the matrices of the form 


a 0 0 
b00 
c d e 


with coefficients from some (commutative) field F. It is readily veri- 
fied that Rx =0 implies x =0; that yR=0 implies y =0; and that this 
ring R does not contain a universal unit 1. We note that R would bea 
finite ring, if F were a finite field. 


COROLLARY. There exists a left-unst for the ring R with minimum con- 
dition for left-sdeals if (and only sf) there exists a left-unt for every ele- 
meni in R. 


ProoF. The existence of a left-unit for the element x in R is equiva- 
lent to`the fact that x is an element in the left-ideal Rx. This shows 
that the conditions (1), (ii) of Theorem 6 are consequences of the con- 
dition of the corollary. 


THEOREM 7. There extsts a universal unt in ihe ring R with minimum 
condstton for lefi-tdeals if, and only if, 
(1) Rx =0 impltes x =0, 
'(2) yR=0 implies y 0, 
(3) RP=PR. 


ProoF. The neceasity of the conditions is obvious. If the conditions ` 
are satisfied by R, then it follows from (1), (3) that conditions (i), (ii) 
of Theorem 6 are satisfied. Hence there exists a left-unit ¢ for R; and 
it follows from Lemma 2 and condition (2) that e is a universal unit 
for R. 


COROLLARY. There exssis a universal unt in ihe commutative ring R 
wtih minimum condsiton for ideals if, and only if, Rx =O implees x =Q. 


This is an immediate consequence of Theorem 7. 

The impossibility of substituting the maximum condition for the 
minimum condition in Theorems 6 or 7 may be seen from the ex- 
ample of the even rational integers. 

Comparing the results of this investigation one sees that minimum ` 


conditions are more powerful than maximum conditions. This phe- 
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nomenon is closely connected with Hopkins’ theorem:’ If the ring R 
contains a lefi-unst or a righi-unst for R, then the maximum condition 
for left-sdeals in R is a consequence of the minimum condttion for left- 
ideals in R. We could not make use of this theorem, since we usually 
considered rings with minimum (maximum) condition for principal 
or zero-dividing left-ideals. On the other hand it is possible to improve 
slightly the theorem of Hopkins by applying our criteria for the exist- 
ence of units. 

It is well known that the commutative law of addition is a conse- 
quence of the customary postulates for a field, but not of the analo- 
. gous postulates for a ring. To investigate this situation we consider 
a nonvacuous set R of elements which are connected by two opera- 
tions: addition “++ and multiplication uv, subject to the following 
rules: 

I. R is a group under addition. 
II. The product wv of the elements u and v in R is a uniquely de- 
termined element in R. 

Ill. w(o-+-w) =uo+uw, (u+o)w=uw+ow. 

We denote by R? the subgroup of the additive group R which is 
generated by all the products «uv and by C™C(R) the commutator 
subgroup of the additive group R. Both R* and C are two-sided ideals 
in R. | 

The addtiton +s commutative in R?, and CR=RC=0. 


ProoF. If a, b, c, d are elements in R, then it follows from the dis- 
tributive laws that 


ad + ab + cd + cb = (a + c)(d + b) = ad + cd + ab + ob; 
and hence it follows from the cancellation law of addition that 
ab + cd ™ cd + ab. 


Our contention is an immediate consequence of this equality. 

It is now obvious that each of the following two conditions is sufh- 
cient to assure commutativity of addition. 

(a) R= R?. 

(b) O ia the only element in R which satishes both Rxe=0 and 
sR =Q. 

We note that each of these two conditions is necessary, but not 
sufficient for the existence of a universal unit in R. 


UNIVERSITY OF ILLINOIS 


1T Hopkins, loc. cit., Theorem 6.7, p. 728. 
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On the Principles of Statistical Inference. By Abraham Wald. 
(Notre Dame Mathematical Lectures, No. 1.) Notre Dame, Indi- 
ana, 1942. 50 pp. $1.00. 


The University of Notre Dame has started its new series of mathe- 
matical publications, the “Notre Dame Mathematical Lectures,” by 
four lectures on modern theory of statistics, delivered by one of its 
most brilliant proponents, Dr. Abraham Wald. While wishing the new 
series the best of success one can somewhat regret that, probably, con- 
siderations of cost have prevented it from appearing in a printed form. 
The little book is lithoprinted and lithoprinted very well, with all the 
formulas perfectly legible. Still, in a printed form it would look much 
better. We may hope that in time a private benefactor or an institu- 
tion will be found who could provide funds for giving good mathe- 
matical publications the external form that they deserve. 

. As mentioned, Dr. Wald’s booklet contains four lectures. However 
it is divided into six chapters, I. Introduction, II. The Neyman- 
Pearson theory of testing of a statistical hypothesis, III. R. A. 
Fisher’s theory of estimation, IV. The theory of confidence in- 
tervals, V. Asymptotically most powerful tests and asymptotically 
shortest confidence intervals, and VI. Outline of a general theory of 
statistical inference. Having in view a mathematical reader the 
booklet has nothing in common with numerous books “on statis- 
tical methods;” is not concerned with applied problems of a par- 
ticular character but deals with fundamental conceptions, actually 
covering about all the most important that were achieved during the 
last 25 years or so. Compared with this scope the size of the booklet 
is very small and therefore the presentation of certain sections neces- 
sarily short. This applies especially to the first 28 pages, given to the 
description of what had been done before Dr. Wald himself appeared 
as an active contributor to the theory of statistics with his concep- 
tions of asymptotically most powerful tests and of general statistical 
inference. In spite of the shortness of presentation the book is exceed- 
ingly informative. In fact, it could be used as an excellent source of 
information for all those mathematical readers who, without hunting 
for articles spread in a number of journals, would like to get a bird’s 
eye view of what is being done in the field of mathematical statistics. 

There are just two gaps that one can regret in the latter respect. 
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When speaking of the problems of estimation by intervals the author 
indicates the distinction between the theory of confidence intervals 
and that of fiducial argument as developed by R. A. Fisher. However, 
while giving an outline of the former the author does not present any 
information about the latter, except for references to several papers 
by Fisher. 

Another gap is the omission of at least a few details concerning tests’ 
of composite hypotheses and problems of estimation of some but not 
all the parameters that may be involved in the probability law of ob- 
servable random variables. As these statistical problems have created 
problems of pure analysis, those of the so-called “similar regions,” not 
previously considered, their description in a book like that under re- 
view might have contributed to its value and increased the chances of 
the problems getting a speedy and more satisfactory solution than 
the one that is available now. 

However, to say that a book meant to be short is actually short, 
should not be considered as a criticism. 

JERZY NEYMAN ` 


Les Foncttons Multivalentes. By M. Biernacki. (Actualités Scientifiques 
et Industrielles, no. 657.) Paris, Hermann, 1938. Fr. 66. 


The notion of multivalent functions was first introduced and de- 
veloped by Paul Montel in his book, Leçons sur les Foncttons Univa- - 
lenies ou Mulisoalentes. An analytic function of a complex variable . 
in a region is said to be multivalent of order p (or p-valent) in that 
region if it assumes no value more than p times and at least one value 
exactly p times. The case p=1, that of univalent functions, has*been 
studied extensively and has yielded a unified and rather complete the- 
ory. The extension of this theory to any positive integral p is-consid- 
erably more difficult and the resulting theory is far less complete. 

The author collects these results with the intention of aiding future 
research in the field. Most of the results are stated without proof, 
whenever the known proofs are at all complicated. The first chapter 
deals for the most part with extensions of the theory of univalent 
analytic functions to the general multivalent case and to other related 
classes of functions. The second chapter deals with meromorphic mul- 
tivalent functions. The last chapter takes up a few results connected 
with systems of functions. 

It is unfortunate that the book was written before the appearance 
in 1940 of important papers of D. C. Spencer on the subject of finitely - 
mean valent functions which have greatly clarified the whole notion 
of p-valence. 
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The book, however, should prove useful as a reference book on the 
literature of the subject prior to 1938. 
W. SEIDEL 


Dimension Theory. By Witold Hurewicz and Henry Wallman. (Prince- 
ton Mathematical Series, no. 4.) Princeton University Press, 1941. 
156 pp. $3.00. 


In contrast with Karl Menger’s well known Dimenstonstheorie 
which could claim a considerable measure of completeness at the time 
of its publication (1928) the present modest volume includes “only 
those topics .. . which are of interest to the general worker in mathe- 
matics as well as the specialist in topology.” Despite this self-imposed 
limitation, the authors have presented a simple and connected ac- 
count of the most essential parts of dimension theory. They have 
treated this branch of topology—hardly surpassed in the elegance of 
its resulta—with discrimination and technical skill (it should be 
pointed out that the senior author is one of the outstanding builders 
of the theory). The result is an unusually interesting book. It must 
` have been a pleasure to write; it was certainly a pleasure to read. 

The dimension of a space is the least integer # for which every 
point has arbitrarily small neighborhoods whose boundaries are of di- 
mension less than #; empty sets are of dimension —1. This well 
known recursive definition is due independently to Menger and 
‘Urysohn although its intuitive content goes back to Poincaré. It 
would be natural to expect that a theory based on such a definition 
would be purely point-set theoretical in character. The remarkable 
thing’is, however, that there exist a number of equivalent definitions 
of dimension, each belonging to a different domain of ideas and each 
“right” and natural in its domain. The dimension of X can be defined, 
for example, as the least n such that X can be approximated arbi- 
trarily well (in a certain sense) by polytopes of dimension not exceed- 
ing ». Or, dim X can be defined as the least # for which every con- 
tinuous mapping of an arbitrary closed subset of X into an n-sphere 
S, can be extended to a mapping of the whole of X into S,. The first 
of these definitions brings the concept of dimension into the realm of 
algebraic topology (complexes, homology theory, and so on) and 
the second gives it a place in the theory of continuous mappings. 
By a skillful interplay between these two settings for dimension’ 
theory, the authors obtain a simple characterization of dimension 
purely in terms of homology theory. The technique which leads so 
smoothly to this result includes the use of cohomologies and charac- 
ter groups,—an indication of the thoroughly contemporary quality 
of the book. j 
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The reader—specialist in topology or not—will find particularly in- 
teresting the elementary proof of Brouwer’s fixed-point theorem for 
closed n-cella and the use of this theorem in showing that the dimen- 
sion of EF, (Euclidean s-space) is n; Hurewicz’s beautiful proof that ° 
every #-dimensional space can be imbedded in /4,.1 and the use of the 
technical devices in that proof in establishing the relation between 
dimension and the orders of coverings; the systematic use of the no- 
tion of extension (of a mapping or homomorphism); a separation the- 
orem for homeomorphs of (#—1)-spheres in EZ, as a corollary of a 
theorem about mappings; a discussion of the relation between dimen- 
sion and measure; a number of remarks about spaces of infinitely 
many dimensions; an exposition of Cech homology theory and the 
dual cohomology theory; the use of cohomologies in questions about 
mappings and their extensions. It is understood throughout the book 
that “space” means “separable metric space.” A short appendix con- 
tains an account of the difficulties which arise in extending the theory 
to more general spaces. 

P. A, SMITH 


The Laplace Transform. By David Vernon Widder. (Princeton Mathe- 
matical Series, no. 6.) Princeton University Press, 1941. 10+406 
pp. $6.00. : 


The theory of integral operators has developed into a major 
branch of analysis. It has proved to be a valuable, in fact essential, 
complement to the theory of differential equations, while its logical 
structure is more satisfactory in the sense that one deals in general 
with equivalences, rather than the sufficient conditions of differential 
equations. 

As one might expect, the theory of integral operators, even in the 
linear case, also has complementary subdivisions. There is the well 
known spectral theory, which while highly effective when applicable, 
seems to be closely confined to functions in Zy. For other classes of 
functions, there have been investigations of particular operators, for 
example the Fourier transform. 

But besides the Fourier transform, there are others which have 
been investigated for more than a century and it is to certain of these 
that the present work is devoted. However, the author also presents 
various applications of integral transforms (including the Fourier) 
of great interest and importance so that this work attains a generality 
which makes its subject matter of basic importance for the analyst. 
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The book is concerned with the following transforms: the Laplace 
transform 


(*) =f “e*'da(t), 


_ the bilateral Laplace transform (*’) in which the lower limit of in- 
tegration is not zero but minus infinity, the Mellin transform which 
is obtainable by a change of variable from the bilateral transform, 
the Stieltjes transform 


Gas f(s) - f Zau) j 
0 S -+ $ 

which is, formally, the iterate of (*), and the Fourier transform in 
certain applications. a(#) is, at least, of bounded variation on every 
finite interval not containing the origin but during the course of the 
investigation, it is specialized in various ways, for instance, to be of 
bounded variation, or to be the integral of a function ¢ of a specified 
class, L, La, Lp, or M. 

The integration in (*) or (**) is Riemann-Stieltjes and Chapter I 
contains a rather complete discussion of this type of integration and 
of functions of bounded variation, including Helly’s theorem. If s is 
regarded as a complex variable, the domains of existence and ana- 
lyticity of f(s) may be specified by certain convergence considerations 
given in the first part of Chapter II for (*), the first part of Chapter 
VI for €*’) and the first part of Chapter VIII for (**). 

Besides the important applications, which we will discuss below, 
there are two interrelated problems treated for these transforms. One 
of these is the problem of “inversion,” that is, given f, to find a. 
There are, in general, for any such transform at least two such inver- 
sion theories. The other is the “representation problem” which may 
be described as the problem of finding the class of f’s, which corre- 
sponds to a given class of q's. In general, one can readily guess at the 
class of f's, but the difficulty arises in trying to show that each f in 
the class has the specified representation. 

The “complex” inversion theory is concerned with formulas which 
express a in terms of f(s) regarded as a function of a complex vari- 
able s. For (*) and (*’), as given in Chapters II and VI, the formula 
involves integration along a line parallel to the axis of imaginaries and 
the theory has similarities with that of the Fourier transform. For 
(**), we have in Chapter VIII, a theory somewhat like that of the 
Poisson integral. For (*), this inversion formula yields a representa- 
tion theory for those a’s which are integrals of functions in La. In 
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Chapter II, one also finds certain other representation discussion for 
(*) in the case in which f(s) is regarded as a function of a complex 
variable. 

The “real” inversion theory is given in Chapter VII for (*) and in 
Chapter VIII for (**). It involves the values of all the derivitives of 
f(s) along the positive real axis. For (*) in the case in which æ is ab- 
solutely continuous the result is due to E. L. Post and has been ex- 
tended by Widder. Formulas for the variation of a and for the saltus 
at a point are given. The associated representation theory is more 
highly developed and considers the class of a’s of bounded variation, 
the class of non-decreasing a’s, the bounded subclass of these, the 
class of integrals of a@CL, for a fixed p21, and the class of integrals 
of aġġ EM. The relation between (*) and (**) is used in Chapter VIII, 
$25, to obtain a real inversion formula for (*), involving just the val- 
ues of f itself. 

The most interesting representation problem for (*) is undoubtedly 
that in which æ is increasing. Under these circumstances, f(s) is “com- 
pletely monotonic,” that is for s20, f(s)(—1)*20. The converse, 
that every completely monotonic f is the Laplace transform of a 
monotonic bounded e(t), is called Bernstein's theorem. This result was 
also obtained in a djfferent form by Hausdorff and independently by 
Widder. 

In preparation for this result, three moment problems are discussed 
and solved in Chapter III. A moment problem is one in which, given 
a sequence TA one is required to find a monotonic a(#), such that 


ist f "eda. 


Ifa=0, b=1, we have the Hausdorff moment problem; ifa=0,b= œ, 
the Stieljes moment problem and if a= — œ, b= œ, the Hamburger 
moment problem. In the Hausdorff case, one may even consider the 
more general case in which œ is of bounded variation instead of 
monotonic, and the result is unique. In the other cases if a is not mon- 
otonic the answer is not unique. The Hausdorff problem is associated 
with the process of summation of series and permits one to solve 
equivalence and comparison questions for the usual methods of 
Cestro and Hölder. Those series {u,} for which æ is monotonic 
are “positive definite” and this is related to the corresponding notion 
for quadratic forms. The determinant criterion for positive definite- . 
ness appears and is used in a discussion of certain work of Boas on 
those cases of the moment problem in which the limits of integration 
are infinite. 
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In Chapter IV, three proofs of Bernstein's theorem are given. Two 
of these are based on the solution of the Hausdorff moment problem 
given in the preceding chapter, the remaining one involves the La- 
guerre polynomials. Since the set of completely monotonic functions 
is multiplicative, the same is true for the set of functions f in the 
form (*). The chapter concludes by discussing “completely convex” 
functions for which (—1)*f@»(s) 20 for s20 and these are shown to 
be entire. 

Chapter V discusses various limit questions for integrals and cer- 
tain striking applications. Suppose f(s) is defined by (*) for s >0. Then 
if lim;.,, a(#) exists and equals A, lim,.o f(s) exists and equals A. The 
converse is true only if æ is suitably restricted and this converse is one 
of the Tauberian theorems treated in Chapter V and including re- 
sults on (**). These results introduce two famous theorems. The first 
is Wiener’s general Tauberian theorem on the equation 


im f se- Dpat =A f Oa 


for a fixed bounded p. This theorem states that if this equation holds 
for a g&L whose Fourier transform does not vanish, it holds for all 
gEL. A number of variants of this theorem are also shown. The sec- 
ond is the prime number theorem for which two proofs are given, one 
due to Wiener, the other due to Ikehara. 

The notion of a resultant is treated for a number of transforms. 
For instance if we let 


va) = f ale — Da Wat, 
it is shown in Chapter VI, that for both the Fourier and bilateral 
Laplace transform, the product of the transforms of œ and £8 is the 
transform of the result, y. The book concludes with a discussion of 


the integral equation 
- f(#)di 
f(s) =A f I 
0 3 + '3 


and the corresponding equation for the Laplace case. 

The book is certainly enjoyable and interesting. The style is clear, 
there are few typographical errors and the subject matter is increas- 
ingly impressive as one reads on. The applications are particularly 
striking. In some cases, it is not clear why so many proofs of the same 
theorem are given and a guide to a reader who might be interested 
in any one of the many, specific results would be valuable. However, 
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it would be quite easy to use various topics treated in the book in a 
course, whose main interest is not integral operators. One might men- 
tion, the Riemann-Stieltjes integral, functions of bounded variation, 
methods of summation of series, positive definite series, the moment 
problems, Bernstein’s theorem, the Tauberian theorems, the prime 
number theorem, the Laguerre polynomials, the notion of a positive 
definite kernel of an integral equation, and the specific integral equa- 
tions mentioned. f 

Thus the author has presented us with a treatise on a branch of 
analysis of great importance and whose applications are of wide inter- 
est. The book is extremely satisfactory, when concerned with either 
its principal topics or the other related developments and one is con- 
fident that it will have a most valuable effect both on research and 
graduate study. 

F. J. MURRAY 


Mathematical Meihods în Engineering. By Theodore von Kármán 
and Maurice A. Biot. New York, McGraw-Hill, 1940. 12+505 
pp. $4.00. ` 


This book by two masters of applied mathematics selects certain rep- 
resentative groups of advanced engineering problems and presents the 
appropriate mathematical methods of solution, together with helpful 
excursions into purely mathematical topics. This is a very effective 
plan that might well be followed by future books in applied mathe- 
matics. The problems are largely in mechanics and are interesting, 
instructive and up-to-date, especially those on the airplane—as might 
be expected from the interests and accomplishments of the senior 
author. 

Besides the problems worked out in the text, each chapter includes 
a set of problems of graded difficulty to be worked out by the stu- 
dent, the answers being given at the end of the book. Each chapter 
opens with a thought-provoking quotation from an authority in the 
field and ends with a well selected list of references, mostly standard 
texts. 

The authors are as careful with their mathematics as with their 
physics and engineering, but have chosen to omit mathematical 
proofs in many cases where they felt that space was not available. 
It seems to the reviewer that in some of these cases at least a brief 
outline of the proof could have been given to the advantage of the 
reader. 

Chapter I is a direct, clear introduction to ordinary differential 
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equations. Numerical solutions are properly emphasized;-but the 
step-by-step method given is not the most suitable for ordinary 
engineering purposes. This method involves the calculation of several 
initial values by a Taylor series, and so is not applicable to differential 
equations with empirical coeficients, which are very common in 
engineering. Furthermore, it is based on an elaborate difference 
table, which means tedious calculations and requires equal steps in 
the argument. The latter limitation makes it unsuitable for a function 
whose derivative varies over a wide range and inapplicable where the 
derivative becomes infinite. (Actually the example worked out on 
on p. 19 could have been done with less work by using the Taylor 
series throughout.) Numerical methods for systems of first-order 
differential equations (including single higher-order differential equa- 
tions) are not given, although these are common in engineering. 

Simpson's rule is given as the preferred method for numerical 
quadrature; and an example on p. 6 shows that it gives 5-digit ac- . 
curacy as compared with 2-digit accuracy for the simple trapezoidal 
rule. However, the inaccuracy of the trapezoidal rule is mainly due to 
lack of end corrections: if the single correction term (1/12)h*f’ (x) s i8 
included, the trapezoidal rule here gives 7-digit accuracy. (This 
correction term is the first of a series in the Euler summation formula; 
it can also be derived geometrically from the assumption that the 
integrand f(x) is sufficiently approximated by a parabolic arc.) In the 
reviewer's opinion, Simpson’s rule should be abandoned as not giving 
the best approximation obtainable from a given set of values. 

On p. 7, it is stated that by means of isoclines a step-by-step solu- 
tion of Day=f(x, y) can always‘be obtained “provided that f(x, y) 
is a single-valued continuous function of x and y.” The implication 
that a unique solution can be obtained is incorrect because the Lip- 
schitz condition has been disregarded. For example, the right-hand 
member of the equation Day = 3y"/?—x, with y"? restricted to positive 
values, is single-valued and continuous at (0, 0) but there is an in- 
finity of solutions starting at this point, given by y?=2*#+C— 
(CAFO, 

Chapter II treats of Bessel functions as the solutions of Bessel's 
equation. The power series are derived by the method of undeter- 
mined coeficients, without a test for convergence nor a proof that 
the series actually satisfies the differential equation, although the 
method of successive substitution (or its operational equivalent) 
would both be shorter and would provide a remainder permitting 
rigorous treatment. Contour integrals are not employed; so no proof 
is given for the relations between the coefficients of the converging 
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and the asymptotic series. However, the description of the properties 
of the Bessel functions is good and is illustrated by helpful graphs. 
Also there are given various common equivalent forms of Bessel’s 
equations, with their solutions. The notation used is that of Watson. 

Chapter III is devoted to the fundamental concepts of dynamics 
and includes Lagrange’s equations in generalized coordinates. It 
starts with Newton's laws of motion and later derives the principle 
of conservation of energy for a mechanically conservative system. 
This is the classical approach; but, inasmuch as conservation of 
energy is the most basic principle of all physics, it would seem sounder 
philosophically to start with it as an experimental fact (as the re- 
viewer has done for some years in his physics classes). Newton’s 
third law of motion is, in fact, essentially a statement of conservation 
of energy as applied to mechanical systems—that when a body A 
exerts a force on a body B, the energy taken out of A in a joint dis- 
placement of the two bodies is equal to the energy put into B. (As has 
been recognized by Kelvin and Tait, Newton, in the Scholium follow- 
ing the enunciation of his laws, implicitly anticipated the concepts 
of energy and power.) 

Newton's second law is given in the form F= Dymo and reference 
is made to the fact that m as well as v may be variable. This general- 
ization, however, is treacherous: it applies, for example, to a falling 
raindrop whose mass is increasing by accretion from water vapor; 
but it does not apply to a leaking water bucket, where the correct 
form is F=mD w, even though m is varying. 

Theorems are worked out for mass points (particles); and it is then 
stated without proof (p. 93) that they also apply to continuous fluid 
and elastic bodies. This is taking a big jump. Had energy been used 
from the start, all theorems could have been proved rigorously. 

Much of the development in this chapter is in vector notation, - 
including scalar (-) and vector (X) products. 

Chapter IV discusses various problems in dynamics and includes 
two purely mathematical discussions: (1) elliptic integrals, intro- 
duced to express the motion of a pendulum; and (2) the singularities 
of first-order differential equations. Both of these discussions are 
clear and interesting and they gain by their association with im- 
portant physical problems. 

Chapter V is on the small oscillations of conservative systems and 
employs the Lagrange equations. In connection with the numerical 
calculation of natural frequencies, the following methods of finding 
the real roots of algebraic equations are given: Newton's, iteration, 
Graeffe’s. Matrices are also introduced to find the frequencies and 
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the normal modes by successive approximations. The only matrix 
manipulation used is the product of a square matrix by a column 
matrix; and no proof is given for the rule. 

In Chapter VI, small oscillations of non-conservative systems are 
taken up; and dynamic stability is treated, calling for the calculation 
of the complex roots of algebraic equations with real coefficients. 

Chapter VII discusses the differential equations of various con- 
tinuous structures, such as strings and beams, with and without uni- 
formly distributed elastic restraints. Harmonic vibration is shown 
to lead to the same forms of equation as these elastic restraints. 
Other problems considered are the buckling of uniform and tapered 
columns and the combined axial and lateral loading on the spar of an: 
airplane wing. 

In Chapter VIII, the Fourier series and integral are applied to con- 
tinuous structures. It is shown that the Fourier coefficients give the 
best approximation to an arbitrary function, for a terminated trigono- 
metric series, and that the mean-square error steadily decreases as 
terms are added. Sufficient conditions for convergence are stated 
without proof; and the Gibbs phenomenon is described. Numerical, 
graphical and mechanical methods for determining the coefficients 
are described. This chapter also discusses the Rayleigh-Ritz method 
of approximating natural frequencies and characteristic functions, 
applying it to trigonometric series. 

Chapter IX applies complex numbers to periodic phenomena, both 
mechanical and electrical. The concept of impedance is properly 
emphasized, but unfortunately two kinds of mechanical impedance 
are used, force/displacement and force/velocity; and the former is 
preferred, although it is not the analogue of electrical impedance. 
This confusion is quite unnecessary, as the two impedances are re- 
lated simply by the factor tw. For arbitrary impressed forces or 
voltages, the Fourier series is introduced in complex form. 

Chapter X is devoted to the Heaviside operational calculus, which 
is applicable to linear differential equations (ordinary or partial) 
with constant coefficients. Various procedures have been used for 
establishing the methods of this calculus: (a) the direct operational 
approach; (b) Fourier integrals and transforms (or the equivalent 
Laplace transform); (c) the Bromwich contour integral; and (d). 
Carson’s integral equation. Of these, procedure (a) is the simplest for 
ordinary differential equations, which is as far as this chapter goes: 
it involves only the separation of rational functions of the derivative 
operator D into partial fractions and the use of the single evaluating 
formula (D —a)~*"DA(t) = (¢t/qlet*A(t), where H(t) is the Heaviside 
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function or unit-step function. If the operand consists of terms of the 
form #te*H(¢), it can be put back into operational form by using this 
formula backwards, after which partial fractions are applied to the 
resulting combined operator. If the operand f(t) has another form, 
any rational operation g(D)f(#) is evaluated as a single integral by 
the superposition formula g(D)f(t)=/{*.f(r)g(D)DH(t—71)dr. The 
proofs of these formulas and of the legitimacy of the algebraic 
manipulation of the operators are simple by the direct operational 
approach, making use of the principle characteristic of the Heaviside 
operational calculus, that the operands f(t) are zero for all sufficiently 
negative values of ¢ (commonly for all ¢<0). This is a natural con- 
dition in many engineering problems and can be introduced arti- 
ficially in other cases, for example where the physical operand is not 
defined for t <0. 

The book under review unfortunately uses more difficult pro- 
cedures, first employing the Fourier integral and leading up to the 
Bromwich integral and then proving the operational formulas by 
Carson's integral equation. The symbol p is confusingly used both as 
a complex variable and for the derivative operator D. [It isa common 
misconception that there is a distinction between inverse functions of 
Heaviside’s p and of D, which arose from a failure to restrict operands 
as in the preceding paragraph. With such restriction and with D! 
defined as fE „, all functions of D become perfectly definite and com- 
mutative with one another; and no reason remains for a special 
symbol in place of the ordinary D.| The awkward italic }(t) is used 
for the Heaviside function H(t); and S(t) is used for the unit impulse 
function, which is better represented as DH(#), since D~S) = H(t). 
These methods and usages, of course, are found commonly in the 
literature; but they seem to be delaying the incorporation of the very 
valuable Heaviside calculus into the current stream of mathematics. 

A too little appreciated branch of applied mathematics is intro- 
duced in Chapter XI, the calculus of finite differences. However, the 
method used is that of assuming the form of a solution and finding 
the constants which satisfy the given difference equation and the 
_ given conditions. This is a field to which operational methods are 
particularly applicable, especially in a form analogous to the Heavi- 
side operational calculus for differential equations, the evaluating for- 
mula being (1 — aE- (1 —E-) A(t) = [¢+1)--- ¢4+@)/qhlot HO), 
now where E is Boole’s operator defined by E-'f(t) =f(t) —1 and H(t) 
equals 0 for negative integer ¢ and equals 1 for zero and positive 
integer ¢. The problems include deflections of continuous beams 
supported at equal intervals, the buckling of a rectangular 
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lattice truss, voltage distribution in a suspension insulator, critical 
speeds of a multicylinder engine, leading to a mechanical wave filter, 
and electric wave filters. (In the last, an attenuator is incorrectly 
called a “wave trap,” which is a resonant element.) 

Following the chapters appears a short section entitled “words and 
phrases” intended to give certain “strictly mathematical definitions” 
and starting with Kronecker’s dictum, “God made the integers; all 
the rest is the work of man.” It seems surprising to have this dictum 
endorsed by engineers and physicists: it might better be replaced by 
the statement, God made both discrete and continuous physical quan- 
ites; man devised means (sntegers and real numbers) for representing 
them. This section in general seems out of place and of little help toa 
reader who would be capable of using the book. 

Besides a few obvious typographical errors, the reviewer noticed 
the following errors: last equation, p. 108, a minus sign should pre- 
cede the first term in each member; the answer to Problem 12, p. 108, 
has the inequality reversed; the answer to Problem 16, p. 109, not 
only uses & for K but incorrectly gives a stable solution; the first 
answer to Problem 1, p. 210, incorrectly has the factor 1/2; the equa- 
` tion on p. 131 is written as if # were under the radical sign. (It is un- 
fortunate that radical signs are used in place of fractional exponents 
throughout the book.) 

This is a book which should be in the library of every engineer 
who is interested in the analytical development of his subject. It 
should be studied by mathematicians who are willing to admit that 
their place in society may need justification on other than purely 
intellectual grounds. It is well adapted as a text or for collateral 
study in an advanced course in applied mathematics or in theoretical 
mechanics. The authors are to be congratulated in so competently 
supplying a real need. 

ALAN HAZELTINE 


Development of the Minkowski Geomeiry of Numbers. By Harris Han- 
cock. (Published with the aid of the Charles Phelps Taft Memorial 
Fund and of two Friends.) New York, Macmillan, 1939. 24+839 
pp. $12.00. 


Professor Hancock says in the introduction of his book: “In 
every subject that occupies the human mind, be it history, philosophy 
law, medicine, science, music, etc., there arise outstanding men who 
evince an innate genius in their special fields, an innateness that seems 
as it were of divine origin. Minkowski was one of the great mathe- 
maticians of all time.” It is the aim of Hancock’s book to make an 
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important part of Minkowski's work, his geometry of numbers, 
more easily accessible to the student of advanced mathematics. The 
author has endeavored to give an exposition of the whole of Min- 
kowski’s investigations as far as they were concerned with the 
geometry of numbers, following for the most part rather closely 
Minkowski’s own publications. For the convenience of the reader, 
additional explanations and computations are given, numerous 
figures and examples are added, and in some cases missing proofs are 
provided. - 

There seems to be no need today to describe the mathematical 
work of Minkowski in a review. None less than Hilbert has given a 
picture of Minkowski in his “Gedichtnisrede” which can be found at 
the beginning of the Collected Works of Minkowski. Most mathe- 
maticians today have at least some idea about Minkowski's geometry 
of numbers. So we may refrain from discussing the significance of the 
theories developed in Hancock’s book. 

The table of contents is as follows: I. Preliminary notions and his- 
torical notes, II. Surfaces that are nowhere concave, III. The volume 
of bodies, IV. Bodies which with respect to their volumes have more 
than one point with integral coordinates, V. Applications of the pre- 
ceding investigations, VI. Algebraic numbers, VII. Arithmetical 
-theory of a pair of lines; theory of continued fractions and of the real 
quadratic irrational numbers, VIII. Shorter papers by Minkowsk.- 
Historical, IX. A criterion for algebraic numbers, X. The theory of 
continued fractions, XI. Periodic approximation of algebraic num- 
bers, XII. On the approximation of a real quantity through rational 
numbers, XIII. A further analytic-arithmetic inequality, XIV. The 
arithmetic of the ellipsoid, XV. Computation of a volume through 
successive integrations, XVI. Proof of the new analytic-arithmetic 
inequality, XVII. The extreme standard bodies, XVIII. Densest 
placement of congruent homologous bodies, XIX. Miscellany, XX. 
New theory of quadratic forms. Region of discontinuity for arith- 
metical equivalence. 

Chapter I corresponds to the first part of the third chapter of 
Minkowski’s Diophantische Approximatstonen while the second part 
is treated at the beginning of Chapter XVIII. In the Chapters II to 
VII, Hancock follows the first four chapters of Minkowski’s Geo- 
meirie der Zahlen; the last chapter of Minkowski’s book is the subject 
of Hancock's Chapters XIII to XVII. The remaining parts of Han- 
cock's book discuss the various papers of Minkowski which are con- 
cerned with the geometry of numbers, and which can be found in the 
Collected Works. In Chapter X Hancock follows the thesis of his 
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pupil P. Pepper who worked out proofs for theorems stated by 
Minkowski. 

As will be seen from this description, the book restricts itself 
entirely to Minkowski’s own work in the geometry of numbers. 
Professor Hancock explains in the introduction that this was done in 
order to limit the content of the book which otherwise would have 
been beyond bounds. Still, one may regret that the newer develop- 
ments were not at least indicated. There is another factor which de- 
creases the value of the book, this being that the representation often 
is not as good as one may wish (compare, for instance, Article 8 with 
the corresponding section of the Diophantische Approximaitonen). 
The different parts of the book could have been connected more 
closely. Finally, there are numerous misprints some of which are 
confusing. In the opinion of the reviewer, it would not be surprising, 
if many readers should prefer the original texts. On the other hand, 
there will be many mathematicians who will be very grateful to 
Professor Hancock for facilitating for them access to Minkowski’s 
beautiful investigations. Rice Dirion 
Ensyklopddte der mathematischen Wissenschaften mau Einschluss ihrer 

Anwendungen. Band I, Teil 1, Heft 2, 114 pp.; Band I, Teil 1, 

Heft 4, 51 pp.; Band I, Heft 5. 54+54+28 pp. Leipzig and Berlin, 

Teubner, 1939. 


This new edition of the Enzyklopädie der Mathematischen Wissen- 
schaften appears exactly forty years after the publication of the first 
volume of the first edition in 1899. The original project of compiling 
and presenting a comprehensive review of the science of mathematics 
and its allied fields was considered a monumental and ambitious task 
which aroused great interest among contemporary mathematicians. 
The initiative to the Enzyklopädie was taken by Felix Klein, Hein- 
rich Weber and Franz Meyer and a great number of other prominent 
mathematicians was gradually associated with this initial group. 
To begin with, the work had been planned in the form of a regular 
encyclopedia in which the material should appear as special articles 
for each mathematical term. After an early attempt along these lines 
it became clear that this method of presentation led to considerable 
overlapping and the artificial classification of the subjects according 
to the alphabet tended to make them incoherent and lacking in 
general views. This prompted the fortunate decision of giving a sys- 
tematic account of the field of mathematics in which the various 
articles on the subdivisions of the science were fitted into their 
natural connections as far as it was possible. It may also be remarked 
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that although the original encyclopedia was to a large extent created 
and dominated by German mathematicians, the plan was supposed 
to be at least partially international in character and certain volumes 
of a French edition, slightly different from the German version, were 
actually published. 

It took nearly forty years to complete the first edition of the 
encyclopedia and many of its parts, particularly those which were 
printed in the earliest volumes, have long outlived the usefulness for 
which they were intended and they now appear more as scientific 
historic documents than reviews of their subjects. The new edition 
proposes to remedy this situation. Already from the few numbers 
which are available it is clear that the plan of the new edition is al- 
most identical with the former one. The old articles have been 
thoroughly rewritten and brought up to date, and new articles have 
been put in whenever recent developments have warranted it. But 
the new edition, in spite of its many strong points also seems destined 
soon to develop the deficiencies of the first. 

The intention of these remarks is of course not to criticize the 
general idea of a mathematical encyclopedia. Clearly a modern and 
authoritative review of the state of the various branches of mathe- 
matics and some of its most closely allied fields is highly desirable 
both as a tool for the working scientist and as a reference for informa- 
tion in general. Such a comprehensive presentation cannot be re- 
placed by the numerous accounts of special fields which have re- 
cently become so popular, perhaps in some measure just because the 
encyclopedia has been so deficient. 

With the previous experiences in mind it is evident that the project 
of an encyclopedia, if it is to fill the needs for which it is intended, 
must be on a permanently self-renewing basis. The best form of such 
an undertaking is of course wide open to debate and discussion. How- 
ever it would appear absolutely necessary to base the work on an 
encyclopedia perhaps not so very different from the previous one, 
but with the strong proviso that the several volumes on the various 
branches of mathematics should be published simultaneously as far 
as possible so that the various parts would be approximately in the 
same state of actuality. Presumably one would have to have an 
-editorial body of specialists for each field. This group should be re- 
sponsible both for the initial volumes and also for the decision when 
they were to be revised. After a period of ten to fifteen years most 
accounts would probably have to be rewritten. But equally im- 
portant is the problem of keeping the reports up to date in the mean- 
while as far as poasible, and this is the main point in which the sug- 
gested scheme would differ from the present encyclopedia. Supple- 
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mental reports would have to be issued at fairly regular intervals, for 
instance every second or third year. These bulletins need not give 
any new reviews, it would be sufficient if they contained the references 
to those new papers on the subject which had appeared in the inter- 
vening period. 

It is not necessary to point out the advantages of such’ an en- 
cyclopedic institution could it be initiated. It is quite evident to 
anyone engaged in mathematical research and familiar with the 
bibliographical investigations which are necessary in order to estab- 
lish the actual state of some mathematical domain. Anyone engaged 
in advanced instruction will have observed the notable difficulties 
many of the beginning, younger men have in gathering their ma- 
terial. Perhaps it is not too optimistic to believe that some efforts 
could be saved, some disappointments avoided or even some publica- 
tion costs reduced by minimizing the duplication which does not oc- 
cur too rarely in mathematical literature. 

In spite of the present all-time lowest ebb in international scien- 
tific collaboration it is quite evident that for the publication of such a 
permanent mathematical encyclopedia international cooperation 
would be almost imperative and in any case extremely desirable. I do 
not believe it would be too great a task for the American Mathe- 
matical Society, which has already taken the lead in so many mathe- 
matical enterprises, to sponsor such a publication. The Society has 
among its members more qualified and outstanding mathematicians 
than any other similar body in the world so that it would have no 
dearth of competent collaborators even if it were to carry the burden 
alone. The cooperation of the Mathematical Reviews would also 
greatly facilitate the compiling of periodic bulletins. 

The economic basis for such a project is another question which 
would have to be carefully studied. The first encyclopedia was ex- 
tremely expensive and it received its main support through the sub- 
scription of the libraries. Relatively few individuals could afford to 
own the whole encyclopedia. Even separate volumes were not com- 
monly sold and the purchase of such single volumes does not seem to 
have been particularly encouraged. For a new publication the sup- 
port of the libraries could of course be counted upon to continue. 
But it appears probable that one could also successfully urge the sub- 
scription to separate parts and their supplements by individuals. The 
number of research workers in mathematics at-the present time is 
many times larger than it was in 1900, and there is every reason to be- 
lieve that this number will continue at the same high level or even that 
it will increase. If the encyclopedia- could be established as an ever 
ready research tool it is not unreasonable to expect that a considerable 
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group of mathematicians could be induced to take partial subscrip- 
tions in their own special fields. Such an arrangement would ma- 
terially contribute to the economic foundation of the encyclopedia. 
Let me conclude by saying these are of course thoughts for the 
future and for times of total peace. But when the present urgent tasks 
have been attended to, it may not prove to be a utopian scheme. 
After this long preamble let us turn to the new edition of the cn- 
cyclopedia which occasioned it. The three numbers at hand afford a 
typical example of the differences one is confronted with in the vari- 
ous topics. The first part on the number system and general set 
theory deals with a field which in many ways has acquired a settled 
form. The second part on group theory covers a well-developed do- 
main still going strong and with an overwhelming number of detailed 
contributions. Somewhat similar is the situation in the ideal theory 
considered in the third part. But here in the final article on *Ver- 
bande” or lattices one encounters a new field which is in such a state 
of rapid growth that even a review written a couple of years ago can- 
not be considered to give a satisfactory account of its present status. 
The article on the foundations of the number system by F. Bach- 
mann gives in clear and quite broad form the axiomatic foundations 
for the concept of a number. The axioms given by Peano as well as 
Dedekind’s introduction of the integers by means of chains and set- 
theoretical considerations serve as the foundations for the theory of 
natural numbers. From this starting point one finds a survey of the 
various paths which have been followed in order to obtain the nega- 
tive, the rational, the real and the complex numbers. The Dedekind 
cut method and Cantor’s fundamental sequences and papers on these 
subjects are discussed at some length. The formal introductions of the 
complex numbers and some of the characterizations of the real and 
the complex number fields form the concluding parts of the article. 
It may be observed in regard to the complex numbers that the his- 
torical side of their development is curiously lacking, the only names 
of early mathematicians dealing with them, which have been men- 
tioned, are those of Gauss, Hamilton.and Cauchy. Perhaps it is the 
intention to fill this lacuna in connection with the article on the 
theory of equations. l 
Tbe related chapter on representation of real numbers by limiting 
processes is written by K. Knopp. Here one finds a discussion of the 
classical method of exhaustion and its more modern counterpart, the 
Cauchy sequences. The representations of real numbers by infinite 
series, infinite products and continued fractions are rather sum- 
marily treated since these topics will be considered in special articles 
later. Among the representations of real numbers which are not so 
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commonly used one may mention the Cantor series and the repre- 
sentations by principal fractions studied particularly by Engel and 
Lttroth. The goodness of approximations is touched upon and in the 
last few pages one finds a discuasion of the criteria for irrationality. 
The transcendency of real numbers will be dealt with in a separate 
article. 

The general theory of sets, limited to those parts of set theory into 
which the topological concepts do not enter, is very ably presented by 
E. Kamke. After the basic operations of set theory, including limit 
sets and the Suslin scheme, have been introduced, one obtains a 
general view of the theory of cardinal numbers with their various 
formal properties. Of particular interest is the author’s discussion of 
the questionable points in set theory. The difficulty in obtaining a 
suitable definition for sets is illustrated by the antinomies, which the 
author proposes to eliminate by a reference to the theory of types. 
The axiom of choice is considered at length with special mention of 
the numerous investigations by Sierpinski. The author prefers the 
acceptance of a definition of sets which actually includes the axiom 
of choice. Certain authors have also questioned the tacit assumption 
of the existence of the power set of a given set, but there does not 
seem to be any logically objectionable consequences to this assump- 
tion. The various axiomatic foundations for set theory, particularly 
those given by Zermelo, Brouwer and Russel-Whitehead are con- 
sidered. The final and longest part of the exposition is devoted to 
ordinal numbers, well-ordering, transfinite induction and related 
questions. The tendency of the last few years to eliminate the use of 
transfinite induction by means of general principles, for instance 
Zorn’s lemma, came too late to be included. 

In the article by W. Magnus on general group theory the author has 
achieved a tour de force by condensing into 50 pages a review of prac- 
tically all that has been done in group theory since this important 
branch of mathematics was created. A modern survey of group theory 
of this bibliographical kind did not exist till now and the article will 
certainly prove to be a valuable aid for anyone who wishes to estab- 
lish what has been done in connection with any particular problem. 
It is also the kind of exposition which one should like to see kept up 
to date in the future. 

On the other hand the extremely condensed presentation makes 
this chapter much less readable than the preceding ones. There does 
not seem to be any advantage in going into details of this chapter 
in this review. It falls in four main parts: (1) the general concepts 
of group theory, (2) structure of groups with finite chain conditions, 
(3) finite groups, (4) construction of groups, infinite groups. The 
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fourth part contains a brief account of the topological groups, while 
Lie groups will be presented in some other connection. The references 
seem to be complete up to the year 1937 with a few later papers 
mentioned. 

The abstract ideal theory and some of its most important applica- 
tions are discussed by W. Krull in two consecutive articles. The first 
review is divided into two parts, one giving the general decomposition 
theory and dimension theory for ideals, the other containing the 
multiplicative ideal theory which is closer to the ordinary ideal 
theory for algebraicnumbers. In this latter part one finds a discussion 
of such important concepts as integrally closed rings and evaluation 
theory. The final divisions of the article deal with the extension of 
norms, degrees, ramification theory including differents, conductors 
and discriminants to general rings. This article covers a field in which 
the author himself has made some of the main contributions. 

The second article by Krull on ideal theory covers its applications 
to polynomial ideals and elimination theory. The nucleus of the 
polynomial ideal theory is to be found in the theorems of Lasker and 
Hilbert as well as the results of van der Waerden. The elimination 
theory contains the theory of resultants and the various elimination 
methods for homogeneous and nonhomogeneous systems. Of im- 
portance is also the general theory of multiplicities due to van der 
Waerden and its Eon to the theory of singularities of alge- 
braic manifolds. 

In a last, joint article He and Köthe review the theory of 
“Verbánde” or lattices. One finds first an exposition of the funda- 
mental properties of lattices and then in several divisions some of the 
most important branches of the theory. One chapter deals with the 
theory of Dedekind lattices, the theorem of Jordan-Hölder and its 
extensions and the main decomposition theorems of algebra. Next 
follows the theory of distributive lattices and Boolean algebras in- 
cluding Stone’s representation theory and some of the applications 
of Boolean algebras to topology and logic. A final chapter contains 
the theory of complemented lattices with special accounts of the 
works of Birkhoff, Menger and von Neumann. The article is clear 
and the presentation covers the material capably and satisfactorily 
as far as it goes, but, as we have already indicated, this is a typical 
example of a field in which a review cannot remain up to date for any 
considerable period. The account seems to have been written in the 
beginning of the year 1938 and to supplement it a list of papers pub- 
lished in 1938 and 1939 has been appended. But even so, a great num- 
ber of contributions have already been made since this time, some of 
them of such importance that they could not be omitted even in a 
general survey. OYSTEIN ORE 


NOTES 


The journal Revista, Matematicas y Fisica Teorica, published 
at the University of Tucumán in Argentina invites contributions from 
mathematicians in North America. 


Two new volumes of the American Mathematical Society Col- 
loquium Series have just appeared. Algebratc Topology by Professor 
Solomon Lefschetz of Princeton University is Volume 27 of the 
Series. Analytic Topology by Professor G. T. Whyburn of the Uni- 
versity of Virginia is Volume 28 of the Series. The price for Volume 
27 is $6.00 and for Volume 28 $4.75. Members of the American Math- 
ematical Society receive a discount of twenty-five per cent. Orders 
for either of these books should be addressed to the Society at 531 
West 116th Street, New York City. 


A new series of pocket-size books dealing with varied aspects of 
modern scientific knowledge is to be published under the title The 
Treasury of Sctence by the L. B. Fischer Publishing Corporation. 
The editorial board includes Dr. Alvin Johnson of the New School 
for Social Research, Professor Harlow Shapley of Harvard Univer- 
sity, and Dr. A. E. Cohn of the Rockefeller Institute. 


Professor W. B. Carver of Cornell University has been elected 
Secretary-Treasurer of the Mathematical Association of America to 
replace Professor W. D. Cairns who is retiring January 1, 1943. 


It is reported in the June 5, 1942, issue of Science that the Rus- 
sian mathematicians Mr. S. N. Bernstein and Mr. S. A. Khristiano- 
vich have been awarded stalin prizes. 


Since the beginning of 1942 Professor G. D. Birkhoff of Harvard 
University has been serving as an exchange professor with Latin 
American Universities. He has given a series of lectures in the uni- 
versities at Mexico City, Lima, Areguipa, and Santiago. At a special 
session’ he was made an honorary member of the faculty of the 
Universidad Nacional Mayor de San Marcos de Lima. 


.The honorary degree of doctor of laws was conferred by Park 


College on Dean P. P. Boyd of the University of Kentucky. 


Dr. Vannevar Bush, president of the Carnegie Institution of 
Washington and director of the Office of Scientific Research and 
Development, has received an honorary doctorate of laws from the 
University of Pennsylvania and from Yale University. 
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Professor Jekuthiel Ginsburg of Yeshiva College has been 
awarded an honorary doctorate by Columbia University. 


Professor Harlow Shapley of Harvard University has received an 
honorary doctorate from Bates College. 


Professor Emeritus Virgil Snyder of Cornell University has re- 
ceived the Chicago Merit Award as an alumnus of Iowa State Col- 
lege. 


Dean R. C. Tolman of California Institute of Technology has 
received an honorary doctorate of science from Princeton University. 


Professor H. B. Williams of Columbia University has retired 
with the title professor emeritus. 


Dr. F. T. Adler of the Institute for Advanced TA has been 
appointed to a visiting assistant professorship at the University of 
Wisconsin. 


Assistant Professor C. B. Allendoerfer of Haverford College has 
been promoted to an associate professorship. He has also been ap- 
pointed associate physicist in the Navy Department. 


. Assistant Professor Frances E. Baker of Mt. Holyoke College 
has been appointed to an associate professorship at Vassar College. 


Assistant Professor D. H. Ballou of Georgia School of Technology ‘ 
has been appointed to an assistant professorship at Middlebury Col- 
lege. l 

Dr. C. B. Barker of the University of New Mexico has been pro- 
moted to an assistant professorship. 


Mr. E. M. Beesley of the University of Nevada has been pro- 
moted to an assistant professorship. 


Dr. A. T. Brauer of the Institute for Advanced Study and New 
York University has been appointed to an assistant professorship 
at the University of North Carolina. 


Dr. R. H. Cook of Pennsylvania State College has been appointed 


to an assistant Deanne at the South Dakota State a of 
Mines. 


Associate Professor C. C. Craig of the University of Michigan 
has been promoted to a professorship. 


Assistant Professor P. D. Crout of Massachusetts Institute of 
Technology has been promoted to an associate professorship. 
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Assistant Professor W. M. Davis of Illinois Institute of Tech- 
nology has been appointed to an assistant professorship at Cornell 
College, Mount Vernon, Iowa. 


Assistant Professor P. S. Dwyer of the University of Michigan 
has been promoted to an associate professorship. 


Assistant Professor C. H. Fischer of Wayne University has been 
appointed to an assistant profeasorship at the University of Michigan. 


Professor J. G. Hardy of Williams College has retired. 


Assistant Professor Ernest Hawkins of the United States Naval 
Academy has been promoted to an associate professorship. 


Dr. E. R. Hedrick has retired as vice president and provost of 
the University of California at Los Angeles. 


Dr. M. H. Heins of the Institute for Advanced Study has been 
appointed to an assistant professorship at the Illinois Institute of 
Technology. 


Assistant Professor W. L. Hutchings of Rollins College, Winter 
Park, Florida, has been promoted to an associate professorship. 


Professor M. H. Ingraham of the University of Wisconsin has 
been appointed dean of the College of Letters and Science. 


Dr. H. T. Karnes of Louisiana State University nae been pro- 
moted to an assistant professorship. 


Dr. Cecilia Krieger of the University of Toronto has been pro- 
moted to an assistant professorship. 


Associate Professor Lincoln LaPaz of Ohio State University has 
been promoted to a professorship. 


Assistant Professor H. D. Larsen of the University of New 
Mexico has been promoted to an associate professorship. 


Assistant Professor Will Lipscombe of the University of Akron 
has been promoted to an associate professorship. 


Dr. C. T. McCormick of Fort Hays Kansas State College has 
been made head of the department of mathematics. 


Associate Professor N. H. McCoy of Smith College has been pro- 
moted to a professorship. 


Mr. M. L. Manning of the Westinghouse Electric and Manu- 
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facturing Company has been appointed to an associate professorship 
of electrical engineering at Illinois Institute of Technology. 


Dr. M. G. Moore of Tri-State College, Angola, Indiana, has been 
promoted to a professorship. 


Associate Professor Rufus Oldenburger of the Illinois Institute P 
Technology has been promoted to a professorship. 


Assistant Professor E. R. Ott of the University of Buffalo has 
been promoted to an associate professorship. 


Professor W. V. Parker of the Louisiana State University has 
been made head of the department of mathematics, 


Associate Professor Maximilian Philip of the College of the City _ 
of New York has been named head of the department of mathematics. 


Dr. Edmund Pinney of California Institute of Technology has 
been appointed research associate at Massachusetts Institute of 
Technology. 


_ Dr. Arthur Rosenthal has been appointed to an assistant profes- 
sorship at the University of New Mexico. 


Associate Professor H. C. Shaub of Washington and Jefferson 
College has been promoted to a professorship and made head of the 
department of mathematics. ` 


Associate Professor J. A. Shohat of the University of Pennsyl- 
vania has been promoted to a professorship. 


Associate Professor Marian M. Torrey of Goucher College has 
been promoted to a professorship. 


Dr. J. L. Vanderslice of Lehigh University has been appointed to 
an assistant professorship at the University of Maryland. 


Dr. André Weil has been appointed to an assistant professorship 
at Lehigh University. 


Professor Jacob Westlund of Purdue University has retired. 


“Mr. E. F. White of the University of Cincinnati has been pro- 
moted to an assistant professorship. 


Dr. J. W. T. Youngs of Purdue University has been promoted to 
an assistant, professorship. 


Professor H. B. Curry of Pennsylvania State College is on leave 
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of absence serving in the Fire Control Design Department at Frank- 
ford Arsenal, Philadelphia, Pennsylvania. 


- Assistant Professor C. H. Graves of Pennsylvania State College 
is on leave of absence serving as associate educational statistician in 
“the Federal Security Agency, Office of Education, Washington, D. C. 


Assistant Professor A. E. Heins of Purdue University will be on 
leave of absence for the academic year to work in the Radiation 
Laboratory at Massachusetts Institute of Technology. 


Assistant Professor C. C. Hurd of Michigan State College will 
be on leave during this academic year to serve as instructor in 
‘ mathematics at the United States Coast Guard Academy. 


Assistant Professor C. V. L. Smith of Lafayette College is on 
leave of absence in the United States Naval Reserve. 


' The following appointments to instructorships are announced: 
.,Barnard College, Columbia University: Dr. Mary E. Ladue; Uni- 
versity of Delaware: Dr. G. L. Walker; Drew University, Madison, 
New Jersey: Mr. E. A. Knobelauch; Fenn College: Mr. E. L. God- 
frey; Harvard University: Dr. Edwin Hewitt; Hollins College, Hol- 
lins College, Virginia: Dr. Josephine M. Mitchell; Illinois Institute 
of Technology: Dr. G. W. Mackey; Louisiana Aircraft School, New 
Orleans, Louisiana: Mr. J. O. Evans; University of Louisville: Mr. 
S. T. Parker; University of Michigan: Dr. Paul Civin; University 
of Missouri, Rolla, Missouri: Mr. D. H. Erkiletian; University of 
Nebraska: Dr. Albert Neuhaus; New York University: Mr. C. F. 
Rehberg; North Carolina State College: Mr. H. S. Kieval; North- 
western University: Mr. R. S. Wolfe; Purdue University: Dr. B. H. 
Arnold, Mr. N. J. Fine, Dr. Ivan Niven, Dr. Maxwell Reade; 
Ground School, U. S. Naval Air Station, Corpus Christi, Texas: Mr. 
W. G. Leavitt; Washington and Jefferson College: Mr. W. G. Brady, 
Mr. D. T. Finkbeiner; Washington University: Dr. S. P. Avann; 
Williams College: Mr. R: R. Stoll; University of Wisconsin: Dr. 
C. J. Everett; Yale University: Dr. D. S. Miller, Dr. A. L. Putnam. 


Sir James Larmor, formerly Lucasian professor of mathematics 
in the University of Cambridge, died on May 18, 1942, at the age of 
eighty-four years. 


Professor G. A. Witherington, formerly professor of mathematics 
in the Royal Naval Collegq Greenwich, died on May 1, 1942, at the 
age of sixty-nine years. 
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Associate Professor E. W. Miller of the University of Michigan 
died on July 23, 1942 at the age of thirty-seven years. He had been 
a member of the Society since 1930. 


Professor N. C. Riggs of Carnegie Institute of Technology died 
July 20, 1942. He had been a member of the Society since 1903. 


ABSTRACTS OF PAPERS 


SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary and the 
Associate Secretaries of the Society for presentation at meetings of 
the Society. They are numbered serially throughout this volume. 
Cross references to them in the reports of the meetings will give the 
number of this volume, the number of this issue, and the serial num- 
ber of the abstract. | 


ALGEBRA AND THEORY OF NUMBERS 


252. D. H. Lehmer: Recurrence formulas for certain divisor functton. 


Certain numerical functions giving the excess of the number of divisors of # of 
one sort over the number of divisors of » of a second sort have arisen from the theory 
of binary quadratic forms and from the theory of elliptic functions, A systematic 
discussion of these has been given in several papers by Glaisher. In this paper it is 
pointed out that these functions are sums over divisors of certain periodic Lucas’ 
functions. A general recurrence formula embracing all Lucas’ functions is derived 
in an elementary way from Jacobi's celebrated triple product identity. Special ap- 
plications to the Pell equation and Fibonacci’s series are given. (Received July 6, 
1942.) 


253. Dorothy M. Smiley: A note on Burnside’s problem. 


William Burnside (Proceedings of the Cambridge Philosophical Society, vol. 20 
(1921), pp. 482-484), Dorothy Manning (Transactions of this Society, vol. 40 
(1936), pp. 324-342), and Rudolf Kochenddeffer (Schriften des Mathematischen 
Seminars und des Instituts fur angewandte Mathematik der Universitat Berlin, 
vol, 3 (1937), pp. 155—180) have endeavored to prove that a simply transitive permu- 
tation group of degree p*'* (p prime) which contains a transitive Abelian subgroup 
of type (¢*, p?) with asáb is neither primitive nor simple. All three papers contain 
mistakes. Those occurring in Kochendorffer’s paper are corrected in this note. (Re- 
ceived July 20, 1942.) 


254. H. S. Thurston: The solution of p-adic equations. 


If the congruence f(x) m0 (mod p) has a solution xa, such that f(s) 960 (mod 
p), then the equation f(z) =0 has a p-adic root a=a_+aip+agpit:-+-, the coef- 
ficients Gs, Gu G4,-++, being successively determined by a method analogous to 
Newton's method for approximating irrational roots. If, however, f’(a_) m0 (mod p), 
the method not only fails to determine a, but leaves in doubt the existence of such a 
root. The present paper introduces a sequence of functions F,(x), by means of which 
it is possible, in a finite number of steps, to ascertain the number of roots of f(x) =0 
in the padic field Q, By a technique analogous to Horner’s method for approximat- 
ing irrational roots, f(z) =O may be solved for any root a whose existence has been 
demonstrated. (Received July 27, 1942.) 
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ANALYSIS 


- 255. C. R. Adams and A. P. Morse: On approximaisng certain 
integrals by sums. 


For f E L(E), B a measurable subset of E, 0<|Bl «measure (B)< 0, 
let Maf = faf/| B|. As B varies, let R(f) represent the set of values of Maf; and let 
¢ be a function whose domain includes R(f). For 0 <84 œ let F be an arbitrary set- 
partition of E into disjoint measurable subsets each with diameter less than 8; and 
let the aggregate of all such partitions be denoted by Ty (E). What conditions on f 
and @ will insure the (finite) existence of fa¢[f(x) ldr and of limg.e infre race 
ser [Ma] Bl, limes suprerym 2 ser ¢[Maf]|B} and their equality? For 
ẹ continuous, a necessary and sufficient condition is found. The hypothesis of con- 
tinuity on ¢ cannot be dispensed with. ‘Sampling’ can be allowed in the sum (see 
Adams and Morse, Random sampling in the coaluation of a Lebesgue integral, this 
Bulletin, vol. 45 (1939), pp. 442-447). A sufficient condition, often useful for test- 
ing, is found in terms of the existence of a convex dominant for | ¢|; such a convex 
dominant need not exist, but a condition is determined under which it doea, Ap- 
plications are made to functions f which are of bounded variation or are absolutely ` 
continuous in A certain generalized sense involving ¢. Some new results in the gen- 
eral theory of functions of sets are included. (Received July 14, 1942.) 


256. G. E. Albert: Cratersa for the closure of systems of orthogonal 
funcitons. 


Let the system F of functions fa(x), #=0, 1,2, +--+, be orthonormal! on the inter- 
val (a, b). For any fixed point é in (a, b) let gs(x) denote the function which is equal 
to unity on (a, £) and zero on (t, b). Let s4(”) denote the partial sum of the generalized 
Fourier series with respect to F for the function g,(x). Define the function s(t) which, 
for each ż in (a, b), is equal to sa(¢), A necessary and sufficient condition that the sys- 
tem F be closed in the clase of functions having integrable (Riemann or Lebesgue) 
squares on (a, b) is: lima. fi 1—2e,(t)| di m0. A sufficient condition is that 
lima [$ {1—2c(¢)}*dé—0. The verification of the latter criterion for the trigonomet- 
ric system F isa matter of elementary calculus. Both criteria are extended to systems 
F orthogonal with respect to a positive weight function; in such cases the interval 
(a, b) may be infinite. The criteria stated follow easily from a theorem due to Vitali 
(Rendiconti dei Lincei, (5), vol. 30 (1921)). (Received June 6, 1942.) 


257. R. H. Cameron and W. T. Martin: Infinite linear diference 
equations with arburary real spans and first degree coeffictents. 

The authors investigate the equation /“_)(s—A)}f(s—A}dp(a) +/~f(s—A)dg(a) 
= p(s) in a strip a <ims <b. Under fairly weak conditions on p, g, and g it is shown that 
the equation has a unique analytic solution of a fairly general character. (Recetved 
June 24, 1942.) i 


258. J. A. Clarkson and Paul Erdös: On the approximation of 
continuous functions by polynomial’. 
Let z% be a set of powers of x, mœ. Then a well known theorem of Muntz and 


Szász states that the necessary and sufficient condition that the powers x% and 1 
shall span the whole spece of continuous functions, in the interval (0, 1) is that 
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J in11/m = œ, It is proved that if }> 1/m< œ and the continuous function f(x) can 
be uniformly approximated in (0, 1) by polynomials in the x%, then f(x) can be con- 
tinued to be analytic in the unit circle. The following result is also shown: Given 
0<a<6; then the necessary and sufficient condition that the powers x% shall span 
the space of all continuous functions in (a, b) is that $ 1/m< œ. (Received July 3, 
1942.) 


259. Mark Kac: On the dtstributton of values of irtgonomeiric sums 
with linearly thdependent frequencies. 


Let f(t) =) t-1¢y con 2ràpt, where the a's are real and the à's real and lin- 
early independent. Denote by Nr{a) the number of fs in (—T, T) for which 
f(t)=a. It is proved that H(a)—lim Nr(a)/2T as T—+© exists and that 
E(a) = 2x *fTlfle coaatK(Eadedt/a*, = where = K(i) = []8-Jo(| ai] 6) 
—[[iaiJe(| os] (Prr). This, in a way, completes an earlier investigation 
of E. R. van Kampen, A. Wintner, and the present author. (See American Journal of 
Mathematics, vol. 61 (1939), Pp. 985-991, in particular section 3.) (Received July 23, 
1942.) 


260. Ella Marth: On Garvin’s F-serses. Preliminary report. 


A generalized Lambert series of the form F(s) =) a.2"/(1—s*") was defined and 
studied by Garvin (M. C. Garvin, A generalized Lambert series, American Journal of 
Mathematics, vol. 58 (1936), pp. 507-513). With certain restrictions on the coeff- 
cients the series was found to have the unit circle as a natural boundary. In ob- 
taining this natural boundary Garvin used a radial approach to points on the 
boundary. Furthermore she found that for a rational point g; on the boundary 
(1) imss, {(1—s/xo) F(s)} equals (1/n)) ay/lr with certain reservations. In this pa- 
per the approach to the boundary is extended to complex approach for which (1) 
holds under specific conditions, For the case when s, is an irrational point (1) be- 
comes zero for both radial and complex approach. (Received July 21, 1942.) 


261. Josephine M. Mitchell: On double Sturm-Leountlle sertes. 


From the Sturm-Liouville system {¢u(x)} (m=0, 1,2,-- +; 0524), the double 
Sturm-Liouville series of a function f(x, y), integrable (L) over O(0 Sr Sr, 0578r), 
namely: )Sxmctmege()¢a(9), ama = fY JEJ, bm (5)$a(f)d5 dt, is formed and the equi- 
convergence and equisummability of this series with the Fourier cosine-cosine series 
of f(x, y) is considered. Haar’s theorem (1910) for the one variable case that the 
Sturm-Liouville series of an integrable function is uniformly equiconvergent on (0, r) 
with its Fourier cosine series does not generalize; only a weaker theorem on equicon- 
vergence is proved. The main result is, however, that the double Sturm-Liouville series 
of f(x, y) is (C, 1, 1) eguisummabis with its Fourter cosine-covine series at all points (x, y) 
‘in Q for which (1/he) ft f*l flats, y+t)| ds di (0<| kl Sx, 0<|s| Sx) is bounded. A 
summahbility theorem, similar to one for double Fourier series (B. Jessen, J.Marcin- 
kiewicz and A. Zygmund, 1935) stating that į f logt |f| is integrable, the double 
Sterm-Léouoslle series of f(x, y) 4s (C, 1,1) summable to f(x, y) almost everywhere follows 
readily. Finally applying to the Sturm-Liouville system a modification of the Poisson ` 
method of summation, introduced by S. Bergmann (1941), it is proved that the double 
Sturm-Liouville series of any integrable function is equisummable by this method 
with its Fourier coaine-coaine series. (Received July 23, 1942.) 
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262. K. L. Nielsen and B. P. Ramsay: On particular solutsons of 
linear partial dsfferenisal equaisons. 


A method for the solution of boundary value and characteristic value problems 
consisting of approximations by expressions Wa =Y suar ¢,(x, y), where ¢,(x, y) are 
particular solutions of the considered differential equation, has been given by Berg- 
man (Duke Mathematical Journal, vol. 6 (1940), pp. 537-561). In applying this 
method it is important for practical purposes to obtain a simple procedure for the 
construction of the particular solutions and in this connection Bergman (Mathe- 
maticheslai Sbornik, vol. 44 (1937), pp. 1169-1197) has proved that to every equation 
L(U) =U, +00,4+00,+cU™0, where a, b, c are functions of s=x-++y and 8 = g—iy 
and the subscripts denote the partial derivatives, there exist functions E(s, #, i) such 
that P(f) = fi Es, 3, DACs (1 —t3)/2) [1 —P] -Y 4, where f is an arbitrary analytic func- 
tion of one complex variable, will be a particular solution of L(U)=0. To expedite 
the numerical computation for practical problems it is further desired that Æ has a 
simple structure so that the integral P({) may be easily evaluated for arbitrary values 
of sand 2. In this note the authors determine certain types of equations, L(U)=0, 
for which E has the simple form B(s, 8, £) exp (Ni*+-Mim), where Nw N(s, $) and 
M = M(s, £). The authors further show that M and N may be determined from the 
coefficients a, b, c. (Received June 22, 1942.) 


263. Raphael Salem: On a theorem of Zygmund. 


The following theorem is due to Zygmund: If a continuous function f(x) of bounded 
variation and of period 2r has a modulus of continuity w(8) such that the series 
>> [w(n1)]¥2 converges, then the Fourier series of f(x) is absolutely convergent. 
The purpose of the present paper is to prove that the exponent 1/2 of this theorem is 
the best possible one: the theorem becomes false if the exponent 1/2 is replaced by 
«+1/2, e being any positive number. (Received August 1, 1942.) 


264. Otto Szász: On the partial sums of Fourter series at points of 
désconisnutty. 


In the first part of this paper the summability method Ta=9_ ‘Gwr, with 
Anp ™ prt sin rOn, ym 1, 2,°°°, ĦA, pal, G0, is considered. Necessary and sufh- 
cient conditions are given for permanency of this transform relative to Cesùro summa- 
bility of the sequence {ra}, of some integral order. In the second part application to 
Fourier series yields a Gibbs’ phenomenon for rather general classes of functions. 
To quote one such case: If f(@)~2_ ba sin 9, > by > — pn, for some ~>0, and for 
all #>0, and (2/r)/*|f(t)—j/2|dt-+0, for some j, then for any positive integer à: 
Dor by sin rôn fT (ain t)/t dt, whenever nba — r= O(n) as n> œ, (Received July 15, 
1942.) 


265. C. J. Thorne: An Appel subset. 


Some of the properties and applications of the polynomials defined as follows are 
given: [ior (œ)dx = 8°; where & =O for ayr and = 1 for # =r, n-degree of polynomial, 
{r]—rth derivative. In particular this polynomia! set is shown to be an Appell subset 
and to satisfy difference equations similar to thoee satisfied by the Bernoulli poly- 
nomials which lead to the Euler-MacLaurin expansion formula. Use of the Appell 
subeet in the determination of functions defined in various ways is illustrated. (Re- 
ceived July 30, 1942.) 
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266. Hermann Weyl: On Hodge's theory of harmonsc integrals. 


Hodge's fundamental existence theorem for harmonic integrals on Riemannian 
manifolds of any dimensionality is proved by the parametrix method. (The proof in- 
corporated in Hodge’s recent book on Harmonic Integrals, Cambridge, 1941, is wrong.) 
(Received July 1, 1942.) 


267. Hassler Whitney: Dsfferentiahslsty of the remainder term in 
Taylor's formula. 


If f(x) is of clans C=, and 13am, then f(x) = > fof (O)a+/sl+-x%f, (x) /nl. 
It is shown that f,(~) is of class C™>, but not necessarily of higher class, and 
lime- or faH (x) =O (kal, ++). A converse ja true. A similar theorem holds 
in more dimensions. (Received July 28, 1942.) 


268. Hassler Whitney: Note on differentsable even functions. 


It is shown that an even function f(x) of class C™ (or clase C™, or analytic) may be 
written as g(x*), with g of class C (or clam C™, oc analytic), (Received July 28, 1942.) 


269. Hassler Whitney: The general type of singularity of a set of 
2n — 1 smooth functtons of n varsables. | 


Let f be a mapping of class C1 of an s-manifold Af{* into an M™”, Then arbitrarily 
near f is a mapping f’, regular except at isolated singular points; at each of these, a 
certain condition (C) holds. (C) involves first and second derivatives, but is independ- 
ent of the coordinate system employed. If (C) holds at $, and the mapping is of class 
C+? (or claas C™, or analytic), then coordinate systems about p and f(p), of class Cr 
(or class C”, or analytic), exist such that the mapping is exactly yigi, Y, ™ 3, 
Yapa ™ Tit, (¢m2,--+, #8). (Received July 28, 1942.) 


APPLIED MATHEMATICS 


270. Stefan Bergman: Operators in the theory of differenital equations 
and their application. I. 


By introducing #—2x cos 6+y sin 0, p= —x sin 6-+y cos 6 and Em(c/2k)+0, 
n= (o/2k) —6, wherecso-+k sin 26,0, =o —A sin 20, Tay ™ — k coe 26 the equations of 
the theory of plasticity can be written in the form (d*~/dt0y) —u/4 m0, (640/dtdy) —0 M 
w= ( (see Geiringer and Prager, Ergebnisse der exakten Naturwissenschaften, vol. 13, 
p. 350), Here os, oy, Tsy are Stresses, x, y, Cartesian coordinates. Particular solutions of 
these equations can be written in the form #(£, 9) = J11 exp (E9) [J [EQ -#)/2] 
eg [w(1 —#)/2 |} (1 ~) dt where f and g are arbitrary twice continuously differenti- 
able functions of one variable. (See Duke Mathematical Journal], vol. 6 (1940), pp. 538 
and 557.) This class of functions possesses a base {«,(£, 3) } such that each s, satisfies 
two (simple) ordinary linear differential equations of second order with rational co- 
eficients. Entire solutions «, of the above partial differential equation are such that 
every # defined in a convex domain can be approximated by sums.of the form 
XS yw10y ay, The author indicates an approximation procedure of a function # given 
by its boundary values. These functions # possess singularities which can be charac- 
terized in a way analogous to that in Comptes Rendus de J’ Académie des Sciences, vol. 
205 (1937), pp. 1360-1362. (Received June 3, 1942.) 


— 
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271. Stefan Bergman: Operators in the theory of partial differential 
equaitons and ther application. II. 

Let s(x, yeten denote the velocity vector of an irrotational steady flow of 
compressible fluid. Let f=A(»)-+40, pm A(#)—i8, where dA(o)/de= [1— M3 }¥/s, 
and M=v/ [d — (1/2) — 1) P”, dą and k& being constants. Finally: let E* 
=1+40(5, FH") where O(f, F, p) is an (arbitrary) solution of Qp+-26(Qr¢+ FO) 
+2F=0, and Q is supposed to be an odd function of p. Then #(», 8) 
=Rs{ JTG HDE*G, F, Of[/2)r—A) We/(i-A)} where f is an arbitrary 
analytic function of one complex variable is the stream function of a suitable sub- 
sonic flow, and the stream function of every flow can be represented in the above 
form. T and F are suitable functions of (+t). Using this result the author proves 
that various sets of particular solutions { pr (v, 8) } are complete. The author indicates 
g method of determining the constants as” in pam paid, Dy in such a way that ys 
approximates the flow in a channel which is given in the x»plane (physical plane), 
provided that the image of the flow in the hodograph plane is achlicht. The method 
is a generalization of one given in Duke Mathematical Journal, vol. 6 (1940), p. 537. 
A similar procedure can be applied in the case of a supersonic flow. (Received July 28, 
1942.) 


272. Vladimir Morkovin: On the deflectton of anisotropic thin plates. 

Defiections w of an anisotropic plate (with one plane of elastic symmetry) bounded 
by an analytic curve Ce are considered. The general solution of the differential equa- 
tion for w is known to be expressible in terms of two analytic functions /,(s,) and f(s), 
where the complex variables s, and s are related to the variable sẹ of the original 
plane by sp™Pite+Jake, the constants p, and gy depending on the material of the 
plate. (See S. N. Lechnitzky; Journal of Applied Mathematics and Mechanics, 
(n.s.), vol. 2 (1939), pp. 181-210.) Transformations s,~«,({s) are found which make 
any point on Cy, correspond to points eè on the circumferences y, of unit radii in 
new {, and fs planes having the same polar angle 0, and which are conformal in some 
neighborhoods of ys. Then the functions (fa) mfs(s,) can be determined from the 
two given boundary conditions if these are expressed in terms of st, A detailed solu- 
tion illustrating this general procedure is carried out in the case of a clamped elliptic 
plate with polynomial loading. (Received July 31, 1942.) 


GEOMETRY 


273. H. S. M. Coxeter: A geometrical background for the description 

vof de Sttter’s world. 

This paper begins with an elementary treatment of the process by which an elliptic 
or hyperbolic metric in the plane at infinity of affine space induces a Euclidean or 
Minkowskian metric in the whole space. The various kinds of sphere are defined, and + 
are seen to provide models for non-Euclidean planes, including the “exterior-hyper- 
bolic” plane which is a two-dimensional de Sitter’s world. (See Eddington, Ths Matke- 
matical Theory of Relatiesiy, 1924, p. 165.) Then comes a simple proof of Study’s theo- 
rem to the effect that one side of a triangle is greater than the sum of the other two, 
and finally a discussion of some cosmological paradoxes, (Received July 31, 1942.) 


274. J.J. DeCicco: New proofs of the theorems of Belirams and Kasner 
on linear families. l 
Here new proofs of the theorems of Beltrami and Kasner on linear families of 
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curves are submitted. Beltrami’s result is that a surface S may be mapped upon a 
plane r so that its geodesics correspond to straight lines if and only if S is of constant 
Gaussian curvature. Kasner's result states that a complete system of isogonal trajec- 
tories of a simple family of curves F ts linear if and only if F is isothermal. From this 
work is also deduced another theorem of Kasner which is that a surface S can possess 
exactly œ1 isothermal families of geodesics if and only if S is of constant Gaussian 
curvature. A simple untform method is used in all the proofs, (Received July 30, 1942.) 


275. J.J. DeCicco: The applicatson of turbine geometry to the inverse 
problem of dynamics. 


Kasner has discussed analytically the inverse problem of dynamics. (See Diferen- 
tial-Geometric Aspects of Dynamics, American Mathematical Society Colloquium Pub- 
lications, vol. 3, 1913.) In this paper a synthetic solution of this is given by use of 
' turbine geometry, and the whirl-motion group Ge In the course of this development, 
a new type of element-series is introduced, which will be called a Lmaçon series of the 
second kind. This is different from the limaçon series of the first kind, which was 
discussed in The geometry of fields of ltneal elements, Transactions of this Society, vol. 
47 (1940), pp. 207-229. The indeterminate case is completely explained. (Received 
July 30, 1942.) 


276. B. H. Gere and David Zupnik: On the construction of curves 
of constant width. 


General properties of a curve of constant width, which is a curve such that the 
distance between parallel tangents is a constant, were given by Barbier (Journal de 
Mathématiques Pure et Appliquées, (2), vol. 5 (1860), pp. 273-286). The purpose of 
this paper is to give a general method for constructing such curves. An evolute star, 
which is a configuration of # curvilinear sides, » odd, is first defined. It is shown how, 
with any such star as evolute, one and only one family of parallel curves of constant 
width may be constructed. A necessary and sufficient condition in terms of the lengths 
of the sides of the star is found for the construction of a curve of specified constant 
width. Finally, the same method of construction is shown applicable to degenerate 
stars, giving curves which contain circular arcs. (Received July 20, 1942.) 


277. Edward Kasner: Dsfferenttal equations of the type: y” 
= Gy" + Hy", 


Certain problems in geometry and physics give rise to a general third order differ- 
ential of the type (G): y’’’ =Gy'’+Hy’, where G and A are functions of (x, y, y’) 
only. The family of ©* integral curves of any such equation may be characterized as 
follows. For any curve of the family containing an arbitrary lineal element Æ, con- 
struct the osculating parabola at E The foci of the œ! parabolas so obtained will de- 
scribe a circle through the point of E. An equivalent property is that the directrices 
will form a pencil of lines. The following eight problems are discussed: (1) the œ? 
trajectories of a given field of force; (2) the complete system of velocity curves; 
(3) the systems Sı; (4) the general catenaries; (5) the œ? brachistochrones in a con- 
servative field; (6) sectional families; (7) curvature trajectories, and (8) additive- 
multiplicative trajectories. The type (G) was first encountered in the study of 
dynamical trajectories (Differential-Geomairic Aspects of Dynamics, American Mathe- 
matical Society Colloquium Publications, vol. 3, 1913; Ths trayectortes of dynamics, 
Transactions of this Society, vol. 7 (1906), pp. 401-424). All eaght problems are dis- 
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tinct but lead to species of this type. Recently Terracini has given a new projective 
characterization of (G). (Received July 7, 1942.) 


278. Edward Kasner: Dsfferenttal equations of the type: y'¥=Ay'’™ 
+By!+C, 


In this paper are discussed the various problems connected with general fourth 
order equations of the type (Q): y7 = Ay” 34By"' 4+-C, where 4, B, C are functions 
of (x, y, y’, y”) only. The systems of 4 integral curves of any such equation may be 
characterized as follows. For any curve of the system containing an arbitrary curva- 
ture element Ea, construct the osculating conic at E4. The œ 1 conics so obtained have 
their centers on a conic which contains the lineal element £; of Es. The following seven 
problems are discussed: (1) the sets of »4 curves characterized by linear families of 
osculating conics; (2) the systems of extremals in a calculus of variations problem; 
(3) the systems of curves in a field of force for which the pressure is proportional to 
the normal component of the force; (4) the system of curves in a field of force for which 
the pressure is constant; (5) the system of trajectories of a particle of special variable 
mass in a positional field of force; (6) the orthogonal trajectories of the space-time 
curves-of a field of force which depends not only on the position but also upon the 
time, and (7) the complete set of the rate of variation of curvature trajectories. These 
seven species are distinct but all lead to (Q), which the author first encountered in a 
study of extremals (this Bulletin, vol. 14 (1908), pp. 461-465). (Received July 7, 1942.) 


279. Edward Kasner: The inverse problem of dynamics. 


In any given positional field of force of the plane, there are œ? trajectories. Con- 
versely, if the totality of trajectories is given, the field of force is determined except 
for a constant factor. See Dsfferential-Geomeiric A spects of Dynamics, American Mathe- 
matical Society Colloquium Publications, vol. 3, 1913, for a discussion of “the geo- 
metric exploration of a field.” The essential problem discussed in this paper is to find 
the direction of the force at a given point 0 when only four trajectories through 0 are 
given. The complete analytic solution is treated. Usually the solution is unique but 
there arises an important indeterminate case. (Received July 30, 1942.) 


280. Edward Kasner and J. J. DeCicco: Transformation theory of 
ssogonal trajectorses of isothermal famultes. 


In the paper, Lineal slemeni transformations which preseres the isothermal character 
(Proceedings of the National Academy of Sciences, vol. 27 (1941), pp. 406-409), 
Kasner determined the complete group of lineal element trasnformations of the plane 
which send any isothermal family of curves into an isothermal family. In this new 
work, it is the purpose of the authors to extend this result to transformations of second 
differential elements, The total group of curvature element transformations carrying 
any complete system of isogonal trajectories of isothermal families into any other such 
system is found in explicit form. The only contact transformations of Kaaner’s group 
and this new group are the conformal mape. The doubly-infinite systems of curves 
mentioned above are identical with the conformal images of the ©? straight lines, and 
thus may properly be described as “conformal rectilinear wexes.” The content of the 
new group is 20(), as contrasted with the content 2 œ1-}-4f(1) of the old group. 


(Received June 19, 1942.) 
281. Domina E. Spencer: Geometric figures in affine space. 
A study of the figures in affine space has been undertaken in order to establish 
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the place of Study’s “Geometrie der Dynamen” in the structure of geometry. Geo- 
metric figures have been considered whose tensor representations are: 1. contravariant 
alternating tensors of valence two; 2. covariant alternating tensors of valence two; 
3. mixed tensors of valence two. Among this set are found the affine ancestors of all 
of the Study figures. Thus the foundation is laid for the tensor interpretation of all 
of the figures of the “Geometrie der Dynamen.” (Received July 30, 1942.) 


STATISTICS AND PROBABILITY 


282. L. A. Aroian: The relattonshtp of Fisher's z distribution to 
Student's t desirebution. 

For n, and ms sufficiently large, W = (1/8)(N/(N+1))™s is distributed as Student’s 
t with N degrees of freedom, N= s1-+-my—1, 83m (1/2)(1/m-+1/m). If the level of sig- 
nificance is a for Student's distribution, the level of significance for s will be 
(N/(N+1))¥ f 12% cw, As a corollary it follows that the distribution of s ap- 
proaches normality, m, #4— ©, with mean zero and variance #2. This simplifies a 
previous proof of the author. Application of this result is made to finding levels of 
significance of the s distribution. On the whole R. A. Fisher's formulas for finding such 
levels, #ı and m large as modified by W. G. Cochran, are superior. The formulas of 
Fisher-Cochran are compared with the recent formula of E. Paulson. (Received August 
1, 1942.) 


283. E. J. Gumbel: Graphical controls based on sersal numbers. 


The index m of the observed value x, (#1—=1,2,°- - , #) is called its serial number 
(or rank). A value x of the continuous statistical variable defined by a probability 
W(x) =) is called a grade (for example, the median). The coordination of serial num- 
bers with grades furnishes two graphical methods for comparing the observations and 
the theory, namely the equiprobability test based on msi, and the retum periods 
based on m=n)-+1/2. From the distribution of the mth value, determine the most 
probable serial number ##—=)-+-A, where A depends upon the distribution. For a 
symmetrical distribution, the corrections for two grades defined by à and 1—+, are 
A(i—\)=-—AQ). For an asymmetrical distribution, calculate the most probable 
serial number of the mode considered as an mth value. Thus the mode is obtained from 
the observations, but it is not the most precise mth value. If m is of the order #/2 the 
distribution of the mth value converges towards a normal distribution with a standard 
deviation s(x) = (W() (1 — W(x)))43/(e(%)a¥2), The intervals xF s(x) give controls 
for the equiprobability test, the step function and the return periods. Besides, the 
standard error of the mth value leads to the precision of a constant obtained from a 
grade. (Received July 20, 1942.) 


284. Mark Kac: On the average number of roots of a random alge- 
bratc equation. 

Let XetXiet - +> +Xeuc*t=0 be an algebraic equation whose coefficients 
Xe,° °°, Xa are independent random variables having the same normal distribu- 
tion with density «743 exp (—w?). If Mam Na(X e +--+, Xa) denotes the number of 
real roots of the equation then the average number of roots (mathematical expectation 
of N,) is asymptotically equal to 2r? log a. Moreover, for #22 the mathematical 
expectation of N. is not more than 2x7! log s+149—!. This is an improvement of 
a result of Littlewood and Offord (Journal of the London Mathematical Society, 
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vol. 13 (1938), pp. 288-295) who proved that for # 2,2000 the mathematical expecta- 
tion of the N, 1s not more than 25 (log #)*+-12 log #. (Received July 13, 1942.) 


285. H. B. Mann and Abraham Wald: On the chotce of the number 
of class intervals in the application of the chi-square test. 


The distance of two distribution functions is defined as the |.u.b. of the absolute 
value of the difference between the two cumulative distribution functions. Let C(A) 
be the class of alternatives with distance A from the null-hypothesis Let F(N, k, A) 
be the g.l.b. of the power with respect to alternatives in C(A) of the chi-square test 
with sample size N and & equally probable class intervals. A positive integer k 
is called best with respect to sample size N if there exists a A such that f(N, k, A) 1/2 
and f(N, k’, A)S1/2 for every positive, integer k’. The authors show that 
hy ~4(2(N—1)2/C¥)¥8, where 1/(24)'8fGe-*"%dx is equal to the size of the critical 
region, fulfills approximately the conditions of a best k with Ay=5/ky—4/k,, as the 
corresponding value of A The approximation 18 shown to be satisfactory for N 2450 
if the 5 per cent level of significance is used and for N 2300 if the 1 per cent level is 
used, (Received July 31, 1942.) 


286. F. E. Satterthwaite: Generalized Poisson dsstributton. 


In this paper the Poisson distribution is generalized to allow for the assignment 
of varying weights to a set of events when the number of events follows the Poisson 
law. The development used brings out the fact that distributions falling in this class 
do not require that the underlying statistics be homogeneous. The only requirement 
is that they be independent. Formulas are given for the moments of the generalized 
distribution as functions of the moments of the underlying distribution of weights. 
The principles to be observed in the solution of practical problems are outlined. (Re- 
ceived July 30, 1942.) 


287. Henry Scheffé: On the ratio of the variances of two normal 
populations. 

Let @ be the above ratio. The two problems considered in this paper are the formu- 
lation and comparison of (i) significance testa for the hypothesis 0 = 94, and (1) con- 
fidence intervals for 6. The peper is divided into two parts, the first is kept on an 
elementary level and only solutions based on the F-distribution are considered. Fol- 
lowing various approaches, six tests and corresponding sets of confidence intervals 
are introduced. It turns out that the limits on the F-distribution which yield an un- 
biased test are the same as thoee which yield confidence intervals optimum in a certain 
intuitive sense. The values of these limits are dificult to compute and some numerical 
data are given to indicate the loss of efficiency in using instead the easily obtained 
“equal tails” limits. The second part of the paper is concerned with the existence of 
common best‘critical regions and type Bı regions, and the application of Neyman’s 
theory of confidence intervals, No new tests or confidence intervals not already con- 
sidered in Part I are obtained, but those previously judged best of a very narrow class 
are now shown to be best of all those based on similar regions of the same size. (Re- 
ceived July 16, 1942.) 


288. Saly R. R. Struik and Miriam van Waters: Modern statistical 
methods in penology. 
In applying statistical methods to penological problems, so far the best known 
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studies have considered 100, 500, or once in England (to refute Lombroso’s theory) 
1500 cases. But from the correct statistical standpoint, far more cases are needed to 
establish a law. Over a period of years, an attempt has been made to use statistical 
methods in the study of penological problems in the Massachusetts Reformatory for 
Women, but the results will take on real significance and be conclusive only when 
similar investigations are made all over the United States. (Received August 1, 
1942.) 


289. D. S. Villars: Significance tesis for multivariate distributions. 


The observed mean of sets of m variates, each normally and independently dis- 
tributed, is distributed around the population mean according to a x? distribution 
with m degrees of freedom. The sum of squares of deviations of # observed points 
from the observed mean is distributed as x? with m(ma—1) degrees of freedom (not 
with *—1). A much more powerful test for correlation than that by the correlation 
coefficient 1s described, which for bivariate distributions, involves comparisons be- 
tween s—1 and #—1 degrees of freedom. This can be extended to m—1 tests with m 
variates, Distribution of distance between two means and distribution of fiducial 
radius is worked out in detail for two variates. (Received July 30, 1942.) 


‘TOPOLOGY 


290. D. W. Hall: On a paristal solutson of a problem of J. R. Kisne. 


As a partial solution of a problem of J. R. Kline, the following theorem is estab- 
lished. In order that a compact locally connected continuum M be homeomorphic with 
a sphere it is necessary and sufficient that it satisfy the following conditions: (a) no 
two points separate M, (b) for every simple closed curve Jin M the set M—J hasat — 
least two and at most a finite number of components. (Received June 22, 1942.) 


291. W. M. Kincaid: On non-cut sets of locally connected continua. 


This paper is concerned with certain generalizations of the well known result that 
corresponding to any non-cut point p of a space S which is a locally connected con- 
tinuum, an arbitrarily small region having a connected complement and containing p 
can be found. It is shown that any closed non-cut set P of such a space S can be im- 
bedded in the sum R of a finite number of regions (lying in a preaasigned «neighbor- 
hood of P) so chosen that S—R is a locally connected continuum. If, in addition, there 
exists a family of sets F no element of which separates S—P, then another set R’, 
contained in R and having the same properties, can be found such that no element of 7 
contained in S—R separates S—R’. If the elements of ¥ are single points, the sets R 
and R’ can be replaced by a single set having the properties of both. Further results 
are obtained in the special case where S is not separated by any m points, (Received 
July 24, 1942.) 


292. R. G. Lubben: Mappings of spaces H Fréchet on completely 
regular spaces. 

Let T be a space H Fréchet, K be the aggregate of all completely regular Hausdorff 
decompositions (Alexandroff and Hopf, Topologies, p. 70; the space of this decomposi- 
tion is to be a completely regular Hausdorff space) of T into mutually exclusive point 
sets, and >. be the sum of the elements of K. If TD Mand forG=GC T— M there 
exists a function which is continuous over T, takes on values from zero to unity, and 
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is identical to zero over Af and to unity over G, then ıt is said that M is completely 
T-regular. (1) A set is T-regular if and only if ıt belongs to)... (2) K is the totality of 
upper semi-continuous decompositions of T into completely 7-regular sets. (3) For 
A and B elements of K let “A <B” mean that each element of A is a subset of an ele- 
ment of B; this ordering of the elements of K defines a complete lattice, L, which has 
properties analogous to thoee of the *8(S)” studied by the author (Transactions of 
this Society, vol. 49 (1941), pp. 459-463). If S is a regular Hausdorff space and T is 
the space of its atomic decomposition points, then L and &(.S) are isomorphic. (Re- 
ceived August 1, 1942.) 


293. Deane Montgomery and Hans Samelson: Groups transstive on 
spheres. 


Let G be a compact connected Lie group which is transitive and effective on the 
sphere S". If » is even it is shown that G must be simple. If » is odd then G must be 
essentially the product of two simple groups one of which is either the identity, the 
circle group, or the group of quaternions of absolute value unity. There is given a 
fairly complete analysis of exactly what groups can be transitive on $*. Speaking in 
general terms the results show that in the main only groups well known to be transi- 
tive on S* can be transitive on S*. There are one or two results on the structure of 
rotation groups. (Received July 9, 1942.) 


294. Deane Montgomery and Hans Samelson: Groups transstive 
on the n-dimenstonal torus. 


It is shown that if G is a compact connected Lie group which acts effectively and 
transitively on the #-dimensional torus, then G is the x-dimensional toral group. 
(Received July 9, 1942.) 


295. Deane Montgomery and Leo Zippin: A dass of transformation 
proups in Ey. 

If a compact connected topological group acts on euclidean s-spece and if it has at 
least one (# —1)-dimensional orbit, then it is known that all orbits except one are 
(# —1)-dimensional. It is shown here that this exceptional orbit must be a point and 
that there is a closed set which touches each orbit precisely once and is homeomorphic 
to a ray. The (#—1)-dimensional orbits are all homeomorphic and in many homology 
and homotopy properties they resemble (# —1)-spheres. (Received June 12, 1942.) 


296. Hassler Whitney: Complexes of mansfolds. 


In geometric applications of combinatorial topology, it is very convenient to be 
able to realize chains and cochains with the help of geometric figures. These figures 
may not appear naturally subdivided into complexes; but they will in general be made 
up of manifolds, joined together like the cells of a complex. These “complexes of mani- 
folds” are studied thoroughly here. The most general ones (which have fairly simple 
intersection properties) are more general than complexes, even in the neighborhood 
of a point. The “locally flat” ones are also studied. The most helpful tools are vectors 
and cones, (Received July 28, 1942.) 


297. Hassler Whitney: The self-tniersecttons of an M* in E™. 
Let the differentiable »-manifold M* be mapped regularly by f into E™; by a slight 
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deformation, suppose that the self-intersections are isolated. The space T of ordered 
pairs of points of M may be considered as bounded by the space © of directions in 
M at all points of M. Let # be even, and M, orientable. To f corresponds F, mapping © 
into E™; the signed self-intersections of f give the signed reros of F, and their algebraic 
number J; is half dy, the degree of F on T over the origin, or on © about the origin. 
If fe is deformed into fı, each f: being regular, then J;,—J;,, There exist mappings with 
any desired Jy. If # is odd or M is non-orientable, all holds if one reduces mod 2 and 
identifies “opposite points of T and ©.” M" may be imbedded (without self-inter- 
sections) in A™, (Recetved July 28, 1942.) 


298. Hassler Whitney: The singularities of an M* in E, 


Let M be a piece of an orientable *-manifold M*, bounded by A. Let f be a map- 
ping of M into K*~*, such that the singular points (points where f is not regular) are 
isolated and a certain condition (see this Bulletin, abstract 48-9-269) holds at each. 
Let f be one-one in A. Let ng3 be odd. Then if 2(M) is the looping coefficient 
LC(A, A’) Kronecker index KI(A, M) (A’ being ‘A pushed slightly into M), this 
measures the signed number of singularities of f in M. Hence if Q( M) »40, f cannot be 
regular. For M closed, of course 2(.M) =0.-All holds for # eyen if reduced mod 2. For # 
even, there is a regular mapping f of an s-cube in E> C E™- into E*%-1, arbitrarily 
near (but not with derivatives) to the identity, equal to the identity on A, and with 
(Mf) = 2. Arbitrarily near any mapping f of M* into E™~1 there is a regular mapping; 
thus ‘Af may be immersed in H™~!, (Received July 28, 1942.) 
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Evans, P. L. Calculus. (vatienates for Technical Training.) Boston, Ginn, 1941, 

'  7-+126 pp. $1.25. 

Evans, P. L. Plane Trigonometry with Tables. (Mathematics for Technical Training.) 
Boston, Ginn, 1941. 8-+84 pp. $1.25. 

FREEMAN, H. A. Industrial Statistics, New York, Wiley; London, Chapman and Hall, 
1942. 9+-178 pp. $2.50. 

GILMORE, R. O. See Dyess, W. B. 

GRANVILLE, W. A., Sants, P. F., and Mressu, J. S. Spherical Trigonometry and 
Tables. Boston, Ginn, 1942. 184+60-4-+43 pp. $1.25. 

KELLER, E. G. Mathematics of Modern Engineering. Vol. 2. Mathematical Engineer- 
ing. New York, Wiley; London, canes and Hall, 1942, 124-309 PP. $4.00. 

' Kenr, F. C. See Dygss, W. B. 

Kewt, M. E. See Dyess, W. B. i 

LEFSCHETZ, S. Algebraic Topology. (American Mathematical Society Colloquium 
Publications, vol. 27.) New York, American Mathematical Society, 1942. 6+389 
pp. $6.00. 

Lemans, C. H. Analytic Geometry. New York, Wiley; London, Chapman and Hall, 
1942. 14-+425 pp. $ l 

MIxESH, J. S. See GRANVILLE, W. A. 

Mma, J. A. See Moore, J. H. 

Moors, J. H., and Mima, J. A. The Gist of Mathematics. New York, Prentice-Hall, 
1942. 12+726 pp. $5.35. 

Mogrerrs, M., and Brown, O. E. Differential Equations. Revised edition. New York, 
Prentice-Hall, 1942. 11+355 pp. $3.00. 

Munsnower, C. W., and Warpwe, J. F. Basic College Mathematics. New York, 
Holt, 1942. 11-}612 pp. $3.20. 

Paires, H. B. Analytical Geometry and Calculus. Cambridge, Maseachusetts, 
Addison-Wesley, 1942. 104-490 pp. $5.00. 

SMTH, P. F. See GRANVILLE, W. A. 

Warb, A. On the Principles of Statistical Inference. Notre Dame, Indiana, University 
of Notre Dame, 1942. 50 pp. $1.00. 

WARDWELL, J. F. See MunsHowEr, C. W. 

Wuysurn, G. T. Analytic Topology. (American Mathematical Society Colloquium 
Publications, vol. 28.) New York, American Mathematical Society, 1942. 10+278 
pp. $4.75. 
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The Frank Nelson Cole Prise in Algebra. t 
The Frank Nelson Cole Prise in the Theory of Numbers. 

These prizes were founded in honor of Professor Frank Nelson Cole, on the 
occasion of his retirement as Secretary of the American Mathematical Society 
and editor of the Bulletin, after twenty-five years of service; the fund was later 
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Riemann matrices, published in volumes 35 and 36 of the Annals of Mathematics 


Fourth Award, 1941: To Claude Chevalley, for his paper entitled La théorte 
dn corps de classes, published in volume 41 of the Annals of Mathematics. 
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be used at the discretion of the Council of the Society, for the publication of 
important mathematical books or memoirs, or the award of prizes. 


The Marion Reilly Fund. 


Dean Marion Reilly willed to the American Mathematical Society a portion 
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Attor, ¥. we Metropolitan Life Ins. Co, 1 Madison Ave, New York, NY. 9 
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mae i L. Staff Asst, General Electric Co, Schenectady, N.Y. 1758 Wendell 
ve. 
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Allen, Dr, Florence E. Instr., Univ. of Wisconsin, Madison, Wis. et Lathrop St 

Allen, Harriet W. Asst. Prof., Hollins Coll ollins Coll ege, Va. Physicist, 
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Anthony, Lucius. Woodinville, Wash. 

Archibald, H. F. Asso. Prof. Keuka Coll. Keuka Park, N.Y. 

fArchibald, R. C. Prof, Brown Univ., Providence, R.I. 

Archibald, R. G. Asst. Prof, Queens Coll, Flushing, N.Y. 

Arma, E. A. Prof., Gettysburg Coll, Gettysburg, Pa. 59 Lincoln. 

Armstrong, Dr. Beulah M. Asso., Univ. of Illinois, Urbana, IH. 364 Math. Bidg. 
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AMERICAN MATHEMATICAL SOCIETY 
ARTICLE I o i 
Orricers l 
Section 1. There shall be a President, three Vice Presidents, 2 = iout 
Associate Secretaries, a Treasurer, and a Librarian. 
Section 2., It shall be a duty of the President to deliver an address ae the ` 
Society at the close. of his term of office or within one year thereafter. 


Section 3, The Librarian shall have charge of arrangements for. the ee is 
of the Society’s publications. 
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ARTICLE H 


Doim OF TRUSTEES 


Section 1. There shall be a Board of Trustees consisting of five trustees elected 
by the Society, in accordance with Article V. 

Section 2. The function of the Board of Trustees shalt he to secereanl an 
“ minister the funds of the Society, to have full legal control of its investments and 
E ec era agi crema erate ere aera 
Society. ‘ 


Seca 3. The Board of Trustees shall have the power to appoint a “manager 
and such assistants and agents as may be necessary or convenient to facilitate the 
conduct of the affairs of the Society, and to fix the terms and conditions of their 
employment. The Board may delegate to the officers of the Society duties and?’ 
powers normally inhering in their respective corporative offices, subject to super- 

vision by the Board. The Board of Trustees may appoint committees to facilitate 
` the conduct of the business of the Society and delegate to such committees such 
powers as may be necessary or convenient for the proper exercise of those, powers. ' 
Agents appointed, or members of committees designated, by the Board of Trustees. 
need not be members of the Board..- ° 

Nothing herein contained shall be construed to empower the Board of Trustees - 
to divest itself ‘of responsibility for, or legal control of, the investments, 'proper- a> 
ties and contracts of the Society. 
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ARTICLE ITI 


EDITORIAL COMMITTEES 
Section 1. There shall be five Editorial Committees—one of four members for 
the Bulletin, one of three members for the Transactions, one of three members for . 
the Mathematical Reviews, one of three members for the Colloquinm Publications, x’: 
and one consisting of three representatives of the Sone? on the Board of Editors” Be, 
of the American Jowmal of Mathematics. R 


£ 


he 


ARTICLE IV 


COUNCIL 
Section 1. The Council shall consist of fifteen members at large, and the fol- 
lowing es officio members: the officers of the Society specified in Article I, the 
members of the Editorial Committees, ex-secretaries who have served as secre- 
taries for ten years or more, and ex-presidents for a period of six years after the 
OSEN of their E rehdene terms. 
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“Section 2. The Council shall formulate and administer the scientific policies of 
k the Rts and ‘shall act in an advisory capacity to the Board of Trustees, ` 
Section 3, All ‘members of the Coyncil shall be entitled to be present at any 
‘meeting of the Council and to take part in the discussion at that meeting. 
' Section 4, In the absence of the Secretary from any meeting of the Council, 
‘cane of the Associate Secretaries present may be designated as Acting Secretary 
for the meééting, either’ by written authorization of the Secretary, or, failing that, 
- by ‘majority agreement among the Associate Secretaries present. 
r Section 5. The voting members at any meeting of the Council shall be the fol- 
~ lowing: the members at large of the Council; the President; the Vice Presidents; 
“the Secretary; the Acting Secretary for the meeting, if one is designated in the 
absence of the Secretary; the Treasurer; and a member of each Editorial Com- 
~ mittee chosen annually by the committee, provided that if such voting member is 
_ absent at any meeting of the Council an alternate designated by him from among 
the.membership of the committee shall have the power to vote. 
7 Section 6., The method for settling matters before the Cruncil at any meeting 
shall be.by majority vote of the voting members present. If the result of such a 
vote is challenged at the time by any member of the Council, it shall be the duty 
of the Secretary—or of the, Acting Secretary for the meeting—or of a member 
. present Who shall be designated by the Council for that purpose—to prepare a- 
list of the voting members present, on the basis of which the presiding officer shall 
determine the true vote by a roll call. 
Section 7. A-quorum for the transaction of business at any meeting of the 
_ Council ‘shall consist of five voting members as defined in Section 5 of th Article. 
' Section 8. Between meetings of the Council, business inay be transacted by a 
~ mail yote. Voting members for this purpose shall be the members at large of ‘the 
.', Council, the President, the Vice Presidents, the Secretary, the’ Treasurer, and the 
voting member,of each Editorial Committee as designated in Sectidn 5: An affirma- 
tive vote on any-proposal by mail shall require at least a majority of the voting 
members, and at least three-quarters of the total number of votes transmitted to 
the Secretary before the time announced for the closing of the ‘polls. If two or 
„more voting members request postponement at the time’ of voting; action. on the l 
“matter at issue shall be postponed until the next meeting of the Council, unless 
at the discretion of the Secretary the question is made the subject of a second - 
vote by mail in connection with which brief statements of reasons, for and against, l 
are circulated, 
x ARTICLE V 


ELECTIONS AND Txrms or OFFICERS - , 


+x, Section 1. The term of office shall be two years in the case of the trustees, the ' 

+, "President, the Vice Presidents, the Secretary, the Associate Secretaries, and the 

>: Treasurer; three years in the case of the Librarian and the members of the Edi- 

7> torial Committees. The term of office for members at large of the Council shall 
be three yeara, five of the members at large retiring annually. In every case, how- 
ever, the officials specified in Articles I, II, IO, and IV shall continue to serve 
until their successors have been duly elected and qualified. 

Section 2, The President and Vice Presidents shall not be eligible for imme- 
diate re-election to their respective offices, A member at large or an es officio 
member of the Council shall not be eligible for immediate election (or re-election). . 
as a member at large of the Council. i 
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Section 3, Election of officers specified in Article I, trustees, members of 
Editorial Committees, and members at large of the Council shall be by ballot at 
the Annual Meeting. An official ballot shall be sent to each member by the Secre- 
tary at least one month before the Annual Meeting, and such ballots, if returned 
to the Secretary in envelopes bearing the name of the voter and received prior to 
the closing of the polis, shall be counted at the Annual Meeting. Each ballot shall- 
contain one or more names proposed by the Council for each office to be filled, 
with blank spaces in which the voter may substitute other names. A plurality of all 
votes cast, whether cast in person or by mail, shall be necessary for election. In 
case of failure to secure a plurality for any office, the members present at the 
Annual Meeting shall choose by ballot between the two having the highest num- 
ber of votes, 

Section 4. If the President of the Society die or resign before the expiration 
of his term of office, the Council, may, with the approval of the trustees, designate 
one of the Vice Presidents to serve as President until the next Annual Meeting, 
when the Society shall elect a President for a two-year term. Such vacancies as 
may occur at any time in the group consisting of the Vice Presidents, the Secre- 
tary, the Associate Secretaries, the Treasurer, the Librarian, and the members of 
the Editorial Committees may be filled by the Council with the approval of the 
trustees, . r 

Section 5. If any trustee die or resign during his tenure of office, the vacancy 
thus created shall be filled for his unexpired term by the Board of Trustees, 

Section ‘6. If any member at large of the Council die or resign more than one 
: year before the expiration of his term, ee an SA ae ee on eee 
aces i Society at the next Annual Meeting. 


ARTICLE VI 


ELECTION oF MEMBERS 


Section 1, Election of members shall be by vote of the Council. 

Section 2. There shall be four classes of members, ordinary, contributing, in- 
stitutional contributing, and sustaining. 

Section 3, A firm, corporation, institution, association or individual interested 
in the support of mathematics, may be elected to sustaining membership. A sus- 
taining member shall receive the Billeiin, the Transactions, and Mathematical 
Reviews (see Article IX), and shall have the privilege of nominating one or more 
persons for election by the Council to ordinary membership in the Society, the 
number to be determined by the Council. Such nominations shall not be acted upon 
until at least thirty days after their presentation to the Council (at a meeting or 
by mail). 

Section 4. A firm, corporation, institution, or association interested in the 
support of mathematics may be elected to institutional contributing membership. 
An institutional contributing member shall receive the Bulletin or have the privi- 
lege, for each twenty-five dollars contributed, of nominating one person to ordi- 
nary membership in the Society. Such nominations shall not be acted upon until at 
least thirty days after their presentation to the Council (at a meeting or by mail). 

Section 5, Except in the case of nominees of sustaining members and of insti- 
tutional contributing members, application for admission to ordinary membership 
shall be made by the applicant, on a blank provided by the Secretary, and shall be 
approved by two members of the Society. Such applications shall not be acted 
upon until at least thirty days after their presentation to the Council (at a meeting 
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or by mail), except in the case of members of other societies entering under special 
action of the Council. 

Section 6, An ordinary neber may become a contributing member by paying 
the dues for ‘such membership. (See Article VIL, Section 4.) 

Section 7. An ordinary member or a contributing member shall receive the 
Bulletin, except in the case of members whose dues are remitted under Article VIL 
Section 10. É 

ARTICLE VII 


Durs 


Section I. Persons elected to ordinary membership in the Society by the 
Council, under the provisions of Article VI, Section 5, shall be admitted to member- 
ship upon the payment, within sixty days of the date of their election, of an initia- 
tion fee of five dollars. 

Section 2, The annual dues of persons elected by the Council to ordinary mem- 
bership under the provisions of Article VI, Section 5, shall be-eight dollars, with 
the following exceptions: (1) during the first three years of membership, the 
annual dues shall be six dollars; a person shall be considered to have completed 
his first year of membership on January 1 following his election; ' (2) the amount ' 
of dues may be altered by reciprocity agreements with other societies ; (3) the 
Council may make special rulings in exceptional cases, with the approval ‘of the 
Board of Trustees. Each new .member shall pay in proportion to the unexpired 
fraction of the year at the time of his election. f 

Section 3. Four dollars and fifty cents of the annual dues of those nenin 
who receive the Bulletin under the provisions of Article VI shall be allocated i in ` 
payment therefor. 

Section 4. The minimum dues for a contributing member shall be fifteen dol- 
lars per year. Members may, upon their own initiative, pay larger dues. 

Section 5. The dues for an institutional contributing member, for any year 
shall not be less than twenty-five dollars. Institutions may pay larger dues. 

Section 6. The dues of a sustaining member for any year shall not be less 
than one hundred dollars. A sustainmg member who contributes annually at least 
frve hundred dollars shall be designated as a Patron of the Society. 

Section 7. Persons elected to ordinary membership as nominees of sustaining 
members or institutional contributing members under the provisions of Article VI, - 
Sections 3-4, shall not be required to pay an initiation fee, They shall not be 
required to pay dues, so long as it is agreed that they are designated by the ‘sus- 
taining member or institutional contributing member under these provisions. If a 
nominee of a sustaming member or an institutional contributing member later 
becomes a dues-paying member, he shall pay dues at the rate of six dollars e 

year for the remainder (if any) of his first three years of membership, and eight 
- dollars a year thereafter. 

Section 8 If the annual dues of any member remain unpaid beyond a reason- 
able time, the Board of Trustees shall remove his name from the list of members, 
after due notice. 

Section 9. Any member not in arrears of dues may become a life member on 
the payment of a sum to be determimed in accordance with actuarial principles. A 
life member shall have for life the status and privileges of an ordinary member, 
without further payment of dues. After October 25, 1941, no additional applica- 
tions for life memberships will be accepted. 
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Section 10. After retirement from active service on account of age, any mem- 
ber who is not in arrears of dues and with membership extending over at least 
twenty years may—by giving proper notification to the Secretary——have his dues 
remitted, on the understanding that he will thereafter receive the programs of. 
the meetings, but not the Bullet. 


ARTICLE VOI 


MEETINGS 


Section 1. The Annual Meeting of the Society shall be held between the fif- 
teenth of December and the fifteenth of January next following. Notice of the time 
and place of this meeting shall be mailed by the Secretary or an Associate Secre- 
tary to the last known. post office address of each member of the Society. The 
times and places of the Annual and other meetings of the Society shall be desig- 
nated by the Council. No matter of general business shall be considered at any 
meeting of the Society except the Anmual Meeting, without the recommendation 
of the Council. 

Section 2. The President may call a meeting of the Council whenever the af- 
fairs of the Society make it desifable; he shall call a meeting of the Council on 
written request of five of its members. 

Section 3. The Board of Trustees shall have its regular Annual Meeting on 
the first day of the Annual Meeting of the Society. Special meetings of the Board 
of Trustees may be called by the Chairman of the Board upon three days’ notice 
of such meeting mailed to the last known post office address of each trustee. He 
-shall call a meeting upon the receipt of a written request of two of the trustees. 
Meetings for the transaction of business may also be held by common consent of 
all the trustees. 

Section 4, Papers intended for presentation at any meeting of the Society shall 
be passed upon in advance by a program committee appointed by or under the 
authority of the Council; and only such papers shall be presented as shall have 
been approved by such committee. Papers in form unsuitable for publication, if 
accepted for presentation, shall be referred to on the program as preliminary 
communications or reports. 


ARTICLE IX 


PUBLICATIONS 


Section 1. The Society shall publish an official organ called the Bulletim of 
the American Mathematical Society. It shall publish a journal called the Transac- 
tions of the American Mathematical Society, the object of which shall be to 
make known important researches presented at meetings of the Society. It shall 
publish a periodical called Mathematical Reviews containing abstracts or reviews 
of current mathematical literature. It shall publish a series of volumes called 
Colloquium Publications which shall embody in book form new mathematical de- 
velopments. It shall also cooperate in the conduct of the American Journal of 
Mathematics. 

Section 2. The editorial management of the Bulletin, Transactions, Mathemati- 
cal- Reviews, and Colloquium Publications, and the participation of the Society 
in the management of the American Journal of Mathematcs shall be in charge of 
the respective Editorial Committees as provided in Article IIL, Section 1. 
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ARTICLE X 
AMENDMENTS 


These By-Laws may be amended or suspended at any meeting of the Society 
on recommendation of the Council and by a two-thirds vote of the members pres- 
ent, provided notice of such proposed action and of its general nature shall have 
been given in the call for such meeting. 
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REPORT OF THE TREASURER FOR THE PERIOD 
DECEMBER 1, 1939 TO NOVEMBER 30, 1940+ 


BALANCE SHEET 
November 30, 1940 


ASSETS 
CASH: : 
Corn Exchange Bank Trust Company ....$ 1,897.45 
The Pennsylvania Company for Insurance 
on Lives and Granting Annuities . eens 57.73 


Bank for Savings ..........cc cee eee 2,891.93 

Providence Institution for Savings ... ... 3,553.85 

Union Dime Savings Bank ........ ...... 6,230.24 

Cashion Hand ie ena inden tenner acs eeds 30.00 $ 15,283.58 
TM VEST MENTS © ouesse eee ce ASS a Sees 173,943.07 

Total Assets ..... .... REETA EEO $189 226 65 
RESERVES AND SURPLUS 

RESERVES : 

Endowment Fund’ ...... ........ ~.. $60,110.68 

Bécher Fund ........... ETE E Acta a aa 1,728.96 

Prom Fund’ esser aes, riaka oe Soe aac 1,054.47 

Cole Fund ..206 53.20 aan iekea e eA 2,053.54 

Moore Fund 42544. week an ver -weegods wets 3,584.35 

Rey PUNd-<dtccases. sheds hoeseeud Sas 19,063.51 

Life Memberships ............c0008 sees 5,007.90 

Sinking Fund .......... 290.80 

Investment Losses a.u, ue cee eee nee 1,926.26 

Profit on Sales of Securities ............. 1,665.73 

International Congress ... 1... cee cece ees 5,853.67 

Bulletin Reprinting and Index Fund ...... 457.61 

Transactions Reprinting and Index Fund .. 103.63 

Transactions Life Subscription... ... l 114.09 

Colloquium .....,,eerursseres n. ee 9.718 95 

Mathematical Reviews .......... 0... 05. 68,426.11 $182,260.26 
SURPLUS AT NOVEMBER 30, 1940 ....... 0... 0000 6,966.39 

Total Reserves and Surplus ......... $189,226.65 


*For report of the Treasurer for 1941, see this Bulletin, vol. 48, no. 3, pp. 
196-198. 

*Value of investments based on market quotations on November 30, 1940, is 
$169,778.42 ; 

Former value $70,506.07, depreciation $10,395.39. 
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STATEMENT OF GENERAL RECEIPTS AND GENERAL DISBURSEMENTS 
GENERAL RECEIPTS: 


Dues from Ordinary Memberships ....... 0... osser $14,380.96 

Dues from Contributing Memberships ... ... we ae ee 1,114.92 

Dues from Institutional Memberships. .. u. ...... 6,705 00 

Initiation Fées cad. eae reieun bann ceeds ee ae 584.75 

Income from Investments. .. 1... sarre oo ceeeeeee . 3,083.37 

Miscellaneous’ sereen teens new ekeeer hx. a 2 eke 5.95 

Total General Receipts . 6. aaa woke eee er $26,564 95 

GENERAL DISBURSEMENTS: 

Secretaries ce waned Ge. 26 Saeed sae. ares $ 5,800.00 

Treasurer goro ou ae eee ds ae SQ aw 8 te ee ee ~~ 650,00 

Officers’ Traveling .. 0 © 6c. 6. a cee ee woe ee 749.54 

LIDTArY sina. -watae: wes ‘et iain Shere HS kG ae OIE 

Furniture and Fixtures ..........0.520 0.06050 a aaee oe 31.00 

Gibbs Lecture ........ a eee es es cs a a 19.88 

Membership Committee ....0. 06. 0.001 we eee 16124 

Committee on War Preparedness 1... 00. cut cece cee 50.00 

American Journal Subvention ..... nes) SA .. 2,500.00 

Emergency .. occ see c cece e vee ch Be wae a wan Geta: ~ “28756 

Total General Disbursements ..... 2... aas ae 00. 10,879.34 

EXCESS OF GENERAL RECKIPTS OVER GENERAL DISBURSEMENTS .. $15 485 61 
SURPLUS AT DECEMBER 1, 1939 .. 1. hhc ccc cece cece eee oe $ 9,405.61 

Additions: 


Transferred from Sinking Fund and Reserve for 
Investment Losses to Offset Depreciation of 
Value of Investments ...... cute aara ere 0 201629 
Adjustment—Life Membership Reserve .. .. . . 21225 
Adjustment—Transactions Life Subscription Reserve 128 
Excess of General Receipts over General Disburse- 


ments (see above) .... saser cece cee eeees 15,685.61 20,915.43 
Tole era areas cue: aes e owes aes $30,321.04 
Deductions: 
Appropriation to: ` 
Endowment Fund Principal Account ..... . .. $ 1,000 00 
Reserve for Investment Losses .... . ... .. .. 936.21 
Bulletin Account ....... cc ccc cece eens serres oe 10,773.56 
Transactions Account ... . ...... ey free aries 3,109.80 
Colloquium Account .... 0.0.00. cece sosesacs 1,250.00 
Mathematical Reviews Account ............600.. 1,000.00 
Investment Account for Write-down of Securities 
to Market Value as of July 1939 ............., 5,289.08 23,354.65 
SURPLUS AT NOVEMBER 30, 1940 20. ossasuesansrerrnreree cee $ 6,966.39 
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BULLETIN 
Receipts 
Subscription Sales ......... cc cece narr sereen $ 1,512 47 
Reprint Sales ....... oe ees ved cro soo s see 119.18 
Appropriation from General Receipts .... 
POHL <Scctn 2a eer e. Bee leeoveheawties : 
Disbursements : 
Printing (2 numbers for 1939, 10 for 1940) ..$ 6,761.39 
Rerin curacao Shea awe a te. Hives A 777 3A 
Lot of Menbers i. stench senso taka sous bons 656.62 
Salaries, Annuity and Pension. ... a. wc... eee. 3,422.50 
AGVORISIOR 4s ocatiwe Hidhe haan ees 26.09 
Miscellaneous—Office Furniture, Supplies, ete . 761.27 
‘TRANSACTIONS 
Receipts: 
~ Subscription Sales. . 0. l. week kk cee eee $ 4,336.74 
Back Volume Sales ....... nane cece ecw eee cee ee 862.20 
Reprint Sale eis cansaeine en cok case aa ss ~ 195.31 
COnM@IDOUODS: asirai nate a5 beset Sega: alte: aG 17.00 
Appropriation from General Receipts .. .. 2 0.2... eee 
Toae wali atk eeen sincere ee teh AEE 
Disbursements: 
Printing (1 number. for 1939, 5 for 1940) ........ $ 5,497.40 
TROD DINED aiaa tien g! EEE EES Set Eea 760.28 
Salaries, Annuity and Pension ...... . ... senasa 1,778 95 
WO VECOSING seg ar anei Matas le a E aoe 30.00 
Miscellaneous—Postage, Supplies, etc. . ... ...... 454.42 
COLLOQUTU M 
BALANCE AT DECEMHER l, 1939 ... . woe. eee eee 
Receipts: 
Sales of Colloquium Volumes ...............2.0005 $ 2,985.49 
Sales of Colloquium Volume 16 saan for Na- 
tional Research Council ... .... 135.62 
Appropriation from General Receipts .... . ......... 
Total és ciavnaioscaseacsociaieeweaan nie 
Disbursements : 
Printing (Volume 25) secs é4s0seeu- sheds oerauss $ 1,236.58 
Salaries, Annuity and Pension .......... sace ee 1,083.00 


$ 1,631.65 
10,773.56 


$12,405 21 


12,40521 


$ 5,411.25 
3,109.80 


$ 8,521.05 


8 521.05 


$ 8075.38 


3,121.11 


1,250.00 


$12,446.49 
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Miscellaneous—Shipping, Supplies, ete. (Including : 
Cost of Shipping Volume 16 for National Research 
Danena ed D EN E E EE EN S 187.13 
Circulars and Advertising ..m...esesereeres saose 100 20 
Payment to National Research Council for Volume 
OA BUR) Gaswaucadad rA tees iaeeoee 120.63 2727.54 
BALANCE AT NOVEMBER 30, 1940 ....0 0... eee ees $ 9,718.95 
MATHEMATICAL REVIEWS 
BALANCE AT DBCEMBMR 1, 1930 o.n. cece cece cecceceeeues $61,431.89 
Receipts: 
Contributions (Including $1,000.00 for Microfilm 
Project noera rroan APEE aa Euph $10,026.52 
Subscription Sales ....isissccsessesisiivesesssr: . 784948 
Income from Investments ........... cee cece e cece 2,469.99 
Pery Cash Rm Pe Ce E 5.00 20,350.99 
Appropriation from General Receipts ....... 2... eee eee 1,000.00 
TOBE cadens Sask Waa ENN ry re $82,782.88 
Disbursements: _ - . 
Printing (11 mmmbers) .....rasissecs soarrsrero $ 4,915.58 
Salaries, Annuity and Pension ............c0eeeee 4,521.75 
Periodical eorne awe raan e e sna sa a whee 1,080.58 
POOVOPUSINE 65 os Gere: enian rosea A EER eee 2,501.40 
Traveling 2.0.00. 0 cccccececcecevececcueuuuutennes 13.10 
Oftice Fornire seasons esio SAR eea a5 ou eens 211.59 
Miscellaneous ...... cc ccc ee cence ee ee eee ONEA 612.77 
Microfilm Project ....sessersessroe sese evs wee. 500.00 14,356.77 
BALANCE AT NOVEMBER 30, 1940 0... cece ccc eee eee $68,426.11 
INTERNATIONAL CONGRESS 
BALANCE AT DECEMBER 1, 1939 2.02... kk Lorans cee eee eee $ 5,716.62 
Receipts: 
Sale of Equipment ....sessssparesss © saarrsesreo $ 70.00 
Income from Investments .... 6.2 kee oo serre 222.48 292.48 
Toal weokceencsteele saukew aa Saerdados $ 6,009.10 
Disbursements: : 
Refunds of Contributions ... 6... -... cs eee eee eee $ 100.00 
Refunds of Fees . .....a.aaa cee cece eee ce eeen 55.00 
Miscellaneous ....... cece cee cece ec eee e eee eee A3 155.43 
BALANCE AT MOVEMBER 30, 1940 aeaa e a dees $ 5,853.67 
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SPECIAL FUNDS 


Total 
ENDOWMENT FUND 
Balance at December 1, 1939 ..... ... ... $70,506 07 
Additions : 
Income from Investments ........... 2,329 86 


By Order of the Board of Trustees .. 1,000 00 
From Smking Fund and Reserve for 


Investment Losses . ........... . 5,758.37 
$79,594.30 
Deductions : 

Distributed to General ............ .$ 2,329.86 

Write-down for Depreciation of Value 
of Investments ........ ... . . 17,153.76 
$19,483.62 
Balance at November 30, 1940 ............. $60,110.68 


BOCHER FUND , 
Balance at December 1, 1939 .. .. ... ... $2,171 62 


Addition: 
Income from Investments .... ... 65.64 
$ 2,237.26 
Deductions: 
Adjustment of Allocation of 1939 In- 
COMO. pasa sotiniteeeadaouseseus a $ 2.69 
Write-down for Depreciation of Value 
of Investments .. 200 wo... cee 505.61 
$ 50830 


Balance at November 30, 1940 ... ... ..... $ 1,728.96 


BROWN FOND 


Balance at December 1, 1939 ........0..... $ 1,012.52 
Additions : 
Income from Investments ........ 40.07 
Adjustment of Allocation of 1939 In- 
COME: caan Coa ERE N 1.88 
Balance at November 30, 1949 ..... . $ 1,054 47 


Principal 


$70,506.07 


1,000.00 


5,758.37 


$77,264.44 


$17,153.76 
$17,153.76 


$60,110.68 


$ 1,188 00 


$ 1,188.00 


$ 1,188.00 


$ 1,000.00 


$ 1,000.00 


Income 


$ 2,329.86 


$ 2,329.86 


$ 2,329.86 


$ 2,329 86 


$ 983.62 


65.64 


$ 2.69 


$ 54.47 


\ A 


£ 
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COLE FUND - 
Balance at December 1, 1939 ..... a.a. $ 3,46650 $ 2,093.13 $ 1,373.37 
Addition: : 
Income from Investments .... ..... , 100.88 100.88 
$ 3,567.38 $ 2,093.13 $ 1,474.25 
Deductions 
aat AE E A EEE E A ET $ 100.00 $ 100.00 
Adjustment of Allocation of 1939 In- 
CODO arae 5.6 Ses E T Ce 4.30 4.30 
Write-down for Depreciation of Value - 
of Investments ......uesnrecnrnro. 809.54 809.54 
$ 913.84 $ 913.84 
Balance at November 30, 1940 ............. $ 2,653.54 $2093.13 $ 560.41 
MOORE FUND 
Balance at December 1, 1939 .... ....... $ 4,504.31 $ 210062 $ 2,403.69 
Addition: ; t 
Income from Investments .... ....... 136.12 136.12 
$ 4.640.43 $ 2,100.62 $ 2,539.81 
Deductions: 
Adjustment of Allocation of 1939 In- 
E a T cea a E EE E TE $ 5.10 $ 5.10 
Write-down for'Depreciation of Value 
of Investments ... ............... 1,050.98 1,050.98 
$ 1,056.08 $ 1,056.08 
Balance at November 30, 1940 ............. $ 3,584.35 $ 2,100.62 $ 1,483.73 
REILLY FUND ! 
Balance at December 1, 1939 ... 0 .......... $18,494.11 $17,014.34 $ 1,479.77 
Additions: i , 
Income from Investments ............ 731.70 731.70 
Adjustment of Allocation of 1939 In- 
K OMe... sagan dca aed era 69.37 69.37 
$19,295.18 $17,014.34 $ 2,280.84 
Deduction: 
Fees for Trustee- (The Pennsylvania 
GD) EET EE ETA NET 231.67 231.67 
Balance at November 30, 1940 .. .......... $19,063.51 $16,782.67 $ 2,280.84 
Bewwincrow P. GuL, Treaswrer 
New York, N.Y. i 


November 30, 1940; 
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PUBLICATIONS 


JOURNALS , 
Bulletin of the American Mathematical Society. 
Transactions of the American Mathematical Society. 
Mathematical Reviews. 


Booxs 
F. Klein, The Evanston Colloquium Lectures on Mathematica, 1894, 
x, 109 pp.; reprinted, 1911, xii, 109 pp. $1.00 
Mathematical Papers Read at the International Mathematical Con- 
gress, 1896, xvi, 411 pp. 470 


Semicentennial Publications. 
1. R. C. Archibald, A Semicentennial History of the American 
Mathematical Society, 1888-1938, with Biographies and Bibliogra- 
phies of the Past Presidents, 1938, xii, 261 pp., 30 plates. 3.00 
2. Semicentennial Addresses, 1938, vi, 315 pp. 450 
COLLOQUIUM SERIES 
1. H. S. White, Linear Systems of Curves on Algebraic Surfaces; 
F. S. Woods, Forms of Non-Euclidean Space; 
E. B. Van Vieck, Selected Topics in the Theory of Divergent 
Serios and of Continued Fractions; 1905, xii, 187 pp. 3 00 
2.* E. H. Moore, Introduction to a Form of General Analysis; 
M. Mason, Selected Topica tn the Theory of Boundary Value’ 
Problems of Differential Equations; 
E. J. Wilczynski, Projective Differential Geometry; 1910, x, 222 pp. 
3. G. A. Bliss, Fundamental Existence Theorems, 1913, x, 107 pp.; 


reprinted, 1934, iv, 107 pp. 2.00 
3. E. Kasner, Differentisl-Geometric Aspects of Dynamics, 1913, 
iv, 117 pp.; reprinted, 1934, iv, 117 pp. 2.00 


4* L. E. Dickson, On Invariants and the Theory of Numbers; 
W. F. Osgood, Topics in the Theory of Functions of Several Com- 
plex Variables; 1914, xviii, 230 pp. 
51.* G. C. Evans, Functionals and their Applications. Selected Topica, 
Including Integral Equations, 1918, x11, 136 pp. 
5s*O. Veblen, Analysis Situs, 1922, viii, 150 pp.; second ed. 1931, 


x, 194 pp. 
6. G. C Evans, The Logarithmic Potential. Discontinuous Dirichlet 

and Neumann Problems, 1927, viii, 150 pp. 200 
7. E. T. Bell, Algebraic Arithmetic, 1927, iv, 180 pp. 2.70 
8. L. P. Eisenhart, Non-Riemannian Geometry, 1927, viii, 184 pp.; 

reprinted, 1934, viii, 184 pp. 2.70 
9. G. D. Birkhoff, Dynamical Systema, 1927, viii, 295 pp. 3.35 
10. A. B. Coble, Algebraic Geometry and Theta Functions, 1929, 

viii, 282 pp. x 3.35 


11* D. Jackson, The Theory of Approximation, 1930, viii, 178 pp. 
12.* S. Lefschetz, Topology, 1930, x, 410 pp. 
13. R. L. Moore, Foundations of Point Set Theory, 1932, viii, 486 
pp. 6.00 


* Out of print 


14. 


PUBLICATIONS 


J. F. Ritt, Differential Equations from the Algebraic Stand- 
point, 1932, x, 172 pp. 


15.* M. H. Stone, Linear Transformations in Hilbert Space and 


& 


BURRESS RS 


their Applications to Analysis, 1932, viii, 622 pp. 

G. A. Bliss, Algebraic Functions, 1933, x, 218 pp. 

J. H. M. Wedderburn, Lectures on Matrices, 1934, viii, 200 pp. 

M. Morse, The Calculus of Variations in the Large, 1934, x, 
368 pp. 

R E. A. C Paley and N. Wiener, Fourier Transforms in the 
Complex Domain, 1934, viii, 184 pp. + portrait plate. 

J. L Walsh, Interpolation and Approximation by Rational 
Functions in the Complex Domain, 1935, x, 382 pp. 

J. M. Thomas, Differential Systema, 1937, x, 118 pp. 

C. N. Moore, Summable Series and Convergence Factora, 1938, 
vi, 105 pp. 

G. Szrego, Orthogonal Polynomials, 1939, x, 401 pp. 

A. A. Albert, Structure of Algebras, 1939, xii, 210 pp 

G. Birkhoff, Lattice Theory, 1940, vi, 155 pp. 

N. Levinson, Gap and Density Theorems, 1940, viii, 246 pp 

S. Lefschetz, Algebraic Topology, 1942, vi, 389 pp. 

G. T. Whyburn, Analytic Topology, 1942, x, 278 pp. 


SOME TOPICS IN THE ARITHMETIC OF POLYNOMIALS 
L. CARLITZ 


1. Introduction. Let GF(p") denote a fixed Galois (finite) field, 
and x an indeterminate. The arithmetic of polynomials in x with co- 
efficients in GF(p*) is in many ways similar to ordinary arithmetic, 
and was discussed in some detail by Dedekind.! As a matter of fact 
it appears that in many instances the arithmetic of polynomials is the 
simpler. Thus, for example, in the case of the analogues of the familiar 
arithmetic functions, in place of asymptotic formulas there are exact 
formulas for the polynomial domain. This is perhaps due to the possi- 
bility of grouping polynomials according to degree. Again it is familiar 
that in the problem of representing a rational integer as a sum of an 
even number of squares there is a considerable difference between the 
case 2i S8 and 2t>8; in the former case the number of representations 
can be expressed in terms of divisor functions, while in the latter case 
this is in general impossible. For the polynomial case however the 
number of representations by an even number of squares can always 
be expressed in terms of divisor functions. Similar remarks apply to 
the case of an odd number of squares. 

In the present paper we rather arbitrarily select three or four topics 
in the arithmetic of polynomials in a Galois field. In §2 we consider 
the simplest arithmetic functions. In §3 we discuss the problem of 
representing a given polynomial as a sum of squares. In §4 we define 
various special polynomials and functions that are rather intimately 
connected with the arithmetic of polynomials in GF(p*); application 
to power sums are given in §5. Finally in §6 we define analogues of the 
ordinary Bernoulli numbers; the principal result here is the Staudt- 
Clausen theorem. We remark that for the most part the extension of 
theorems from the coefficient field? GF(p) to GF(p*) is quite trivial; 
however, in at least the last topic mentioned there appears to be some 
difference between the special and the general case. 

It is evident from the above that we are ignoring such questions 
as construction and distribution of irreducible polynomials, the exist- 
ence of irreducibles in an arithmetic progression, theorems of reciproc- 


An address delivered before the meeting of the Society in Hanover, N. H., on 
September 12, 1940, by invitation of the Program Committee under the title Arih- 
metic of polynomials in a Galois field; received by the editors January 22, 1942. 

1 Journal für die reine und angewandte' Mathematik, vol. 54 (1857), pp. 1-26. 

* The field GF{p) may be defined asthe set of residues (mod #). 
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ity and higher congruences generally, to mention a few obvious omis- 
sions. We give a few references below.? 


2. Arithmetic functions.‘ It will be convenient to denote poly- 
nomials in x by capitals A, B,---,2Z; elements of GF(p*) and ordi- 
nary integers will be denoted by small letters. We write deg M for 
the degree of M and put |M|=p*", m=deg M; if the coefficient of 
the highest power of x in M is 1 we call M primary. The letter P will 
be reserved for srreductble polynomials. Evidently the number of pri- 
mary polynomials of fixed degree m is p*™. Hence the [-function for 
our domain becomes 


P a { 
x | n a p psn 





(2.1) f(s) = 





for R(s)>1; the first summation in (2.1) is taken over all primary 
polynomials. Now since the unique factorization theorem applies here 
we have 





2 a ee ae aes 


m Baap 


where f(k) denotes the number of (primary) irreducible polynomials 
of degree $. Comparison with (2.1) leads to the identity 





(2.2) 1 — pr) ea Il (1 — py», 
k=] 


by means of which it is easy to derive the familiar formula for f(k). 
We remark that (2.2) can be considerably extended. 
Now define the Möbius function u(Af) by means of 


a(t) = 1, a(M)=0 for P| M 
u(M) = (— 1) for M=P,--- Ph 


M) _ i _ i _ — nlii 
Ppap Ppr) yt 


1 See for exemple L. E. Dickson, Lissar Groups, 1901, pp. 3-54; H. Kornblum, 
Mathematische Zeitschrift, vol. 5 (1919), p. 107; E. Artin, Mathematische Zeitøchrift, 
vol. 19 (1924), pp. 153-246; O. Ore, Transactions of this Society, vol. 35 (1933), pp. 
559-584; L. Carlitz, American Journal of Mathematics, vol. 59 (1937), pp. 618-628. 

1 Compare American Journal of Mathematica, vol. 54 (1932), pp. 39-50. 
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and therefore 


2 aM) = 


deg À =m 


= for m= Í, 
0 for m> 1. 


Similarly the number of quadrat-frei (simple) polynomials of degree m 
i8 pr — patent), 

In exactly the same way if 6(M) denotes the number of (primary) 
divisors of M and ¢(M) denotes the Euler function (number of resi- 
dues in a reduced residue system (mod M)) then we have the identi- 


ties 
~ (M) 
= f%(s) = (1 — prii-a))—2, 
x | Ml 
y taD _ He) ta pre 
[Mr 1 pe 
by means of which it is easy to evaluate 
2 8M), 2, ¢(M). 
dag àf =m da bE — m 


We remark that 6(M) and ¢(M) may be generalized in the follow- 
ing way 


(2.3) 8,(M) z > 1, 

A\M, deg Amb ` 
that is, the number of divisors of given degree k. Similarly ġ,( M) de- 
notes the number of primary polynomials of degree k, each prime 


to M. These functions are useful in certain problems (see, for example, 
(3.8) below). 


3. Sums of squares.’ Assume p odd. Let ¢ be an integer greater 
than 0;a1,°--, a2, Bu <> +, B: elements of GF(p*) such that 
(3.1) y, = a, + B, 0, i= Í, -E 
Then if y=yi-t+ --- +7:%0, and M is primary of even degree 24, we 
seek the number of solutions of 
(3.2) yM = ax, + BY 7 T aX; + BY, 
in primary X., Y, of degree $. We call the problem (A). 

Next if y+ --- +y:=0, a0, and M is primary of degree less 
then 2k, we seek the number of solutions of 


+’ Compare Transactions of this Society, vol. 35 (1933), pp. 397-410; Duke Mathe- 
matical Journal, vol. 1 (1935), pp. 298-315. 
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(3.3) iM Sex ey boss bak, Sox, 


We call this problem (B). 

The solution of these problems is given in terms of certain “di- 
visor” functions now to be defined. For brevity we limit ourselves to 
the case of problem (A). Put 


1 a>k ok 
(3.4) (a) =(1-—) Sal Dl als 
H=) alae A [ab 


where a=deg A, | A | == p**, the first summation is over all primary A 
dividing M and of degree greater than k, the second is over all pri- 
mary A dividing M and of degree equal to 2; 


1 a>h a~h 
89 ofa = (14-5) D(a Dl als 

p's Al Al 
' the notation having the same meaning as in (3.4). Then the number of 
solutions of (3.2) ts pial M) or wia ( M) according as 


(= 1) ‘ay DEE: a Bs 


ss or is not a square in GF(p*). 
The proof of this theorem is by induction. The case t=1 is easily 
proved. For the rest it suffices to prove the following three formulas 


» pa(A) p(B) = Pipal M), 
(3.6) È, pA )or(B) = woal), 
2 o(A)w(B) = pret), 

where the summation is over all primary A, B of degree 22 such that’ 


(3.7) (a + 6)M = aA + BB, 


and a, 8 are elements of GF(p*), a8(a+ 8) +0. We sketch briefly a 
proof of the first of (3.6); by introducing certain additional notation 
we may prove all three formulas simultaneously. 

It is convenient to make use of the divisor function 6,(M) defined 
in (2.3). For this function we have the theorem® 


(3.8) 2 6(A)8,(B) = (1 — p°) D (M) + 8,020), 
eml 


where £SjS+S2k, and the summation on the left is over all 4, 


* Proceedings of the London Mathematical Society, (2), vol. 38 (1934), pp. 116- 
124, in particular, p. 122. 


1942] ARITHMETIC OF POLYNOMIALS 683 


B satisfying (3.7). Then by (3.4) 


tk 
Ds pal A) p(B) = eee Dy prt gli, 7) + pret g(h, k) 
1, pl +i 


2h ib 


+ apt! D pm teg(t, k) + ap™ D> pgh, j), 
b1 fund 1 


where g(#, J) denotes the left member of (3.8) and ¢,=1—p7*'. Now 
using (3.8) the proof of the formula in question follows without much 
difficulty. 

We have assumed p odd. For p=2 the right member of (3.2) or 
(3.3) is a perfect square and therefore the problem is of no interest. 
However, in this case we may consider the number of solutions of 


t 
May aa ta + 7.2), 
émi 


where now [| 8,0. It may be shown that results similar to the above 
still hold. The final form of the result depends on whether the quad- 
ratic form a,X!+6,X Y+y,¥? is irreducible in GF(2*). As a special 
case of some interest we take 
(3.9) yM = ByXiV i t+ +s + BX, 
where 

y = Bit > +80, B, = 0. 
Evidently the number of solutions of this problem in primary X., Y; 
of degree $ is 
(3.10) De ôa Mi) + + SaM), 


the summation extending over primary M, of degree 2k such that 
yM=8,Mi+ --- +8:M; But by (3.4) and the definition of 8,(M) it 
is clear that 6,(M) = po(AM4), so that (3.9) becomes 


2, Po Mi) +> > pM) = pial), 
as follows from (3.6). Hence the number of solutions of (3.9) is 
pı M). This result holds for all p. 
The situation for an odd number of squares is quite different. Cor- 
responding to (3.2) we consider 
(3.11) MH = aX s E Ga ieh 


where €=ay,-+ +++ +4130, while to (3.3) corresponds 


684 . L. CARLITZ [October 


(3.12) aM = a,X;+-+++ ore Or 


‘where œt om te Fan = 0, aQ arbitrary. 

Put 6=(—1)*eay + + + ae, or (—1)'aa + + + æu according as (3.11) 
or (3.12) is being considered. For simplicity we limit ourselves to the 
case M quadrat-frei. Then the number of solutions of (3.11) or (3.12) 
is given by 
pred ig, + pioa +. (pret 2 P* ors +. È Sore 


(3.13) + (p! pe pre-set) go} 


where 


c;= 00M) = 2, (6M/A), 
deg Amd 
summed aver primary A of degree j, and (@M/A) is the quadratic 
residue symbol. The proof of (3.13) depends on the previous results 
for (3.2) and (3.3). 

We remark finally that the results of this section can be obtained 
by an entirely different method which applies to either an odd or even 
number of squares. This was suggested by Hardy’s paper On the repre- 
sentation of a number as the sum of any number of squares and in par- 
ticular of five.’ However, we shall not take the space to discuss this 
method. 


4. Special polynomials and functions.’ Put 


Fy = [k][&—ij*--- aj, Fy = 1, 
m ioe (ele E fei 
where 
k] = ar — z. 


Then as is well known, [k] is the product of irreducible polynomials 
of degree a divisor of k. As for F, and Ly, it may be shown that F, 
is the product of the (primary) polynomials of degree k, while Ly is 
the least common multiple of these polynomials. 

Next consider 


(4.2) ve) = IT (+4), Volt) =t, 


deg A< m 


where ż is a second indeterminate and the product is over all A =A (x) 
of degree less than m. It is not difficult to show that (4.2) implies 


7? Transactions of this Society, vol. 21 (1920), pp. 255-284. 
t Compare Duke Mathematical Journal, vol. 1 (1935), pp. 137-168. 
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(4.3) nO- È |" |e, 


where the coefficients are determined by 


pra Gre pn 

id Fre Lol In Lwj ” 

and are integral, that is, polynomials in x. Of the properties of W.(¢) 
that follow from (4.3) we mention 





(4.4) Yala) = apa) + maa, 
(4.5) vat) = 240) — Fea deal. 


Also as a consequence of (4.2) we have 
(4.6) YalM) = Fe 
for M primary of degree m. Note that 
Walt + H) = Pat) + yale), Wal) = Palt) for cin GF”); 


we therefore call ¥(¢) a “linear” polynomial. 
The formula (4.4) suggests the operator A defined by 


Agl) = g(xt) — xg(?); 
A* is defined recursively by 
Abe (4) = Akg(ad) — 27" A*g (i). 


From these formulas it follows in particular that 


(4.7) tie ee a] dl) a 


Now let g(t) => au™ be any linear polynomial in ¢. Clearly it may 
be expressed in the form >/8,y,(#). The coefficients are readily deter- 
mined by means of (4.7). Replacing t by tu we get the expansion 


(4.8) ; glu) = D> (1/Fodvi(m)A‘e(2). 
Thus for g(#) = WYalt), (4.8) becomes 
(4.9) pi = 4” byw), 


while for g(t) =i?" we get 
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(4.10) gmn Ets bald, 


The coefficients in (4.9) and (4.10) are given by 


hr an ne 


and are integral. 
The polynomial y,,(¢) suggests the construction of a function van- 
ishing for all A =A (x). We find that the function 





(4.11) Y) = Do (— 1) 4 /Fy 
has the product expansion 

pi 
ea vo = I~ Ta 


the product extending over ali primary M. Hence ¥(4A£) =0 for all A. 
As for £ it may be defined by 


[1 |77 on 
(4.13) £ = lim —— 


Lm a Ly 
It has recently been proved’ that & is transcendental relative to the 
field GF(p"*, x), that is, the field of rational functions in x with coeffi- 
cients in GF(p*). 
Applying the operator A to y(t) we find 
(4. 14) ¥(at) = a(t) — yh); 
repeated use of this formula leads to the multiplication formula 


(4.15) ED E 2 ymca, 
rar Fi 


where M is primary of degree m. This in turn suggests the introduc- 
tion of the linear polynomial wa(#) defined by 


wult) = CN); 


next put 
Wulu) = [I fo fe, 
A Bom dd 


with u(B) as in §2. Then Wa,;(u) may be thought of as an analogue of 
the cyclotomic polynomial; in particular it is irreducible.'® 


' L. I. Wade, Duke Mathematical Journal, vol. 8 (1941), pp. 701-720. 
14 See Transactions of this Society, vol. 43 (1938), pp. 167-182. 
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Returning to (4.11) we find that the inverse of (t) is also of simple 
form, namely 


(4.16) AO = $ (1/1). 

l imo 
As for the convergence of (4.11) and (4.16) if we take 
(4.17) bear tes tot =H, 


where the c; are all in GF(p*), then y(t) converges for all ¢ while A(é) 
converges only for k S1. 
It follows from (4.11) and (4.12) that 


(4.18) WUE t ME) = WA -+ AME) = Yd), 


for arbitrary M; in other words ¥(¢) has the period & This property 
can be generalized and “linear” functions with any number of periods 
can be constructed. For example, if we write (4.17) in the form 


‘where @ defines GF(p*) and the M; have coefficients in GF(p), then 
we may regard y (+) as an n-ply periodic function with respect to the 
smaller field. For the general case we put 





(4.19) JÀ =D (-— 1) Aw"; 
evo} 
in place of (4.14) we now have 
b 
(4.20) K = of) + L O Drv, 
fun 
which is characteristic. Using (4.20) we get a recursion for A,, 
a Fes p 
A,= 
2 Fei vip 


It is easily verified that (4.19) converges for all ¢ defined by (4.17). 
The multiplication formula (4.15) now becomes 


fat) = E y 22 pry, 
sad Fi 


thus defining a set of linear polynomials f, (4). 


688 L. CARLITZ {October 


5. Power sums." Going back to (4.2) it is not difficult to show 
that it implies 





(5.1) > aee e 
dse Mum $+ M Le Yn D + Fe 
In this identity put ¿=0 and we get 
(5.2) 2 (1/M) = (— 1)"/Lm, 
deg Mam 


so that by the remark at the beginning of §4, the sum of the recipro- 
cals of the polynomials of degree m is, except for sign, the reciprocal 
of the L. C. M. If we expand (5.1) in descending powers of # it is 
easily seen that ; 


(5.3) D2, Mle (— 1)*Fe/Le 
dag Mum 
while 
(5.4) >, Mr = 0 for k< pm — 1. 
Gung, Df =m 


(5.2) and (5.3) are special cases of* 








S50 Meni = (— 1)" ; k i 
(5.5) we 1 Le am 
and 
Lepai 
(5.6) D M - : 
dog Mame Leb 


We outline a new proof of these formulas. 
Consider the sum 


(5.7) 2 M(t)/M(z). 
deog M =m 
Since (5.7) is a polynomial in ¢ of degree m, it may be determined by 
assigning m-+1 values to t. We take 
fox ge i=0, 1, m. 


Using the Lagrange interpolation formula together with (5.3) and 
(5.4) leads to the identity 


(5.8) 2 M/M) = ((— 1)"/La)(t— a) — a) oo a ar), 


u Compare Duke Mathematical Journal, vol. 5 (1939), pp. 941-947. 
1 More general formulas are proved by H. L. Lee in a Duke University thesis. 
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In (5.8) take =x?” and we get (5.5); on the other hand interchange 
x and ?, put ¢=x?™, and the result is (5.6). 

We next construct a polynomial” G,,(¢) which is useful in evaluat- 
ing more general power sums. Put 


m= ht npt ap +s: , 0S a < p*; 
then define 


(5.9) Galt) = po (OV Ova A, Go(t) = 1, 


so that Ga(t) is of degree m in $, and the coefficients are integral in x. 
We also define 


(5.10) fa = FiFi, fo = 1. 


We shall not now go into the connection between G,(#) and power 
sums but instead quote an application of a different sort. A polyno- 
mial f(#) may be called integral-valued if f(A) is integral for all in- 
tegral A. Then we have the theorem :—the polynomial 


h 
>» AG) /8: 


is integral-calued sf and only sf the coeficients A; are integral, thai ts, 
polynomials sn x. 

6. Bernoulli numbers.“ As analogues of the Bernoulli numbers we 
define a set of rational functions Ba - means of 


6.1) Maa 

no 

where y(#) is defined by (4.11) and £» is given by (5.10). Note that By 
is defined only for m a multiple of p*—1. Then in the first place we 
have the formula 


1 Bu 
(6.2) > —— =a — $m p* — 1| m, 
A A™ Eu J 


the summation extending over all primary polynomials, and £ as in 
(4.13). Thus (6.2) is the analogue of a familiar formula; in particular 
it shows that Bw740. Unfortunately no formula connecting Bw with 


u See Duke Mathematical Journal, vol. 6 (1940), pp. 486-504. 
u Compare Duke Mathematical Journal, vol. 3 (1937), pp. 503-517; vol. 7 (1940), 
pp. 62-67. 
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finite power sums is available and therefore the usual methods for de- 
riving arithmetic properties of the ordinary Bernoulli numbers pa- 
parently cannot be applied. Instead we make use of certain ideas due 
to Hurwitz.4 

We call a series of the form 


(6.3) H(t) = Sipe, 


where the A, are integral, a Hurwitz series, briefly an H-series. It 
follows that the sum and product of two H-series are again H-series; 
if 4o>=1 then the reciprocal is an H-series. If 4)=0 we call (6.3) an 
Hy-series. For this case we have the result that H}/g, is an H-series. 
This result applied to 


(6.4) YW) = DA en 


shows that A® is a multiple of F,/L». 
Now returning to the definition of By we have 


oe ¥@) . i pouh— i 
jo” wo TSL” 


by (4.15) and therefore using (6.4) we get the formula 





1 

(6.5) B= Al’ 

. » La 

From this result it follows that the denominator of B, contains only 
simple factors. To improve this we require the following lemma: Let P 
be irreducible of degree k. Then 


(6.6) ym {2 (= 1) 





grr >) geht 
\ (mod P). 
Fy, 
It is now easy to evaluate A® (mod P). Substituting in (6.5) we 
' get the following result. 
THEOREM (p* 742). Let 
m= > ap, OS a < ¢. 
i 
Then if 


u Mathematische Annalen, vol. 51 (1899), pp. 196-226 ( = Mathematische Werke 
II, Basel, 1933, pp. 342—373). 
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(6.7) È a, = nk — 1), ptm, 
i 


is inconsisieni, Bm tS sntegral; while tf (6.7) is consistenti, k is uniquely 
determined and 
; 1 
(6.8) Bu =Ga— e D, —, 
deg P= P 
where Ga 1s tntegral, the summation is over irreducible polynomials P 
of degree k, and 
(— 1) 
e = —, g= Ilni j 
ITa) -a 

The case p*=2 is covered by a supplementary theorem which we 
shall omit. 

We remark that if the function f(#) has an inverse of the form 
>>(D,/L,)t?", where the D, are integral, then for the coefficients of 
t/f(t) there is a decomposition into partial fractions similar to (6.8). 
This result evidently generalizes the above theorem on By. 
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WILLIAM M. WHYBURN 


This paper concerns ordinary differential equations in the real do- 
main. More specifically, it discusses systems of first order, nonsingu- 
lar, equations of the form ’ 


dy, 
(1) cho aCe ee t= 1,2,---,f, 
ax 

together with boundary conditions at one, two, or more points of the 
interval of definition. System (1) is quite general and can be made to 
include the nonsingular equations of the sth order as special cases. 
The paper makes no attempt to generalize the equations beyond those 
that occur in standard treatments. Any elements of generality or 
novelty introduced appear in connection with the types of boundary 
conditions discussed. The mathematical literature of the past century 
contains many results for system (1) with boundary conditions at one 
point—the so-called fundamental existence theorems occupying cen- 
tral positions—and with boundary conditions at two points of the 
interval where second order linear systems have been of prime impor- 
tance. These important bodies of results have been suveyed before 
the Society through addresses by Bdécher, Bliss, Pell-Wheeler, Reid 
and others, and therefore are given little mention in the present paper. 
We discuss results that have been obtained in cases where the bound- 
ary conditions apply to » or less points, to any finite number of 
points, to any infinite point set of the first species,' and where the 
boundary conditions contain integrals over an interval. The literature 
on differential systems with such boundary conditions is not extensive 
although many substantial results have been obtained and potential 
applications exist in a number of fields. 


1. Fundamental existence theorems. Let the real functions 


f(x, Yun, Ya) in system (1) be defined over a domain 
D fan asxrsb 
© AR: A4, <y <B, (G=1 n, 


An address delivered before the Pasadena meeting of the Society on November 22, 
1941, by invitation of the Program Committee; received by the editors May 28, 1942. 
1 A set of the first species is one which has at most a finite number of nonvacuous 


derived sets. Any such set is at most denumerably infinite. See Hobson, Theory of ~ 


Functions of a Real Variable, vol. 1, 2d edition, Cambridge, 1920, pp. 71 and 79. 
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of (n-+1)-dimengional real space, where a and b are finite but any or 
all of the A,’s and B,’s may be infinite. By a solution of system (1) 


on an interval aSxSf we understand a set of absolutely continu- . 


ous functions y,—g,(x) (¢=1, 2,---, m), auch that the equations 
gi=file, g(x), a(x), > ++, ga(x)] (@=1, 2,---, n), hold at all points 
of œ Sx S except possibly for a set of points of measure zero. Classi- 
cal fundamental existence theorems for this system are of “reighbor- 
hood” and “interval” types. The first of these uses light hypotheses 
but gives existence of solutions in neighborhoods of specified points 
only. The second or “interval” type uses strong hypotheses and yields 
existence throughout previously assigned intervals. A typical theorem 
of the first type follows: 


THEOREM I. Let the functions f(x, y1,°°°, Ya) be continuous in 
(Yi © °° Ya) throughout R for each fixed x on (a, b), and measurable in x 
on (a, b) for fixed (y1, -` , Ya) in R. Let a Lebesgue integrable function 
M(x) exist on (a, b) such that throughout D, | f.(x, Yun © ©, ¥en) | <M (x) 
(¢=1,2,-++,n). If P(e, Ri, ks, +++, Ra) 48 any potni of D, there exists 
a netghborhood of x=c on which equation (1) has ai least one solution 
such that y,(c)=k, (¢=1, 2,---, 7). 


Theorem I is due to Carathéodory? and contains the Peano type 
theorems where the functions f,(x, Yu ---, Ya) are assumed continu- 
ous throughout D, as special cases. For the latter theorems, the 
uniform boundedness condition is a consequence of the assumed con- 
tinuity. If the domain D is such that A1,:--, As, are negatively 
infinite while Bi, --+-, Ba are positively infinite, then Theorem I be- 
comes the following “interval” type theorem: 


THEOREM II. Let the functions f,(x, y1,°°°, Ya) be continuous in 
(41,° °°, Ya) for each fixed x on (a, b) and aH real (y1,-++, Ya) and 
let these functtons be measurable in x on (a, b) for any fixed (Yir >>, Ya) 
and, finally, let a Lebesgue integrable function M(x) exist such that 


| fla, Yna I) | < M(x), += 1, "ty A, 


for all x on (a, b) and ail real (yi, +--+, Ya). If x=c 48 a porni of (a, b) 
and ki,---,k, are real numbers, there exists at least one solutton of sys- 
tem (1) on (a, b) such that y,(c) =k: (¢=01, 2,--+, 7). 


Through use of over and under functions, Perron and others have 
obtained “interval” type existence theorems’ which differ materially 


2 Vorlesungen nber resilo Funkitonen, Leipzig, 1928, p. 672. 
3 For discussions of these theorems, see W. M. Whyburn, University of California 
Publications in Mathematical and Physical Sciences, vol. 1 (1935), pp. 115-134. 
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in hypotheses from those stated above and which frequently apply 
when Theorems I and II fail. 

The hypotheses of Theorem II exclude linear systems. Separate 
existence theorems may be proved for such systems or Theorem II 
may be modified in such a way thart it includes them as special cases. 


The latter result‘ is obtained by replacing f(x, Yı **-, Ya) with 
File, yue, Ya) HLG, 1, +++, Ya)yz and requiring that F,, 
G,,, satisfy the same hypotheses originally stated for f,(x, Yı, ++: , Ya). 


Niccoletti® studied a single differential equation of the nth order 
together with initial conditions at more than one point of the interval. 
The actual number of such points did not exceed », the order of the 
differential equation. Since this work seems to have been the first on 
differential systems with boundary conditions at more than two 
points, we indicate the results obtained and the nature of the meth- 
ods used. Through the use of certain algebraic formulas, Niccoletti 
established the fact that the function 


b gat 
ae E A me a—l 
“Gop Sa FONG may J, ©- aa}, 
where f(x)=(x—a)" (x —a)" -> (w@—ay)**, œwtoart +++ +ar=n, 
vanishes along with its first (æ, —1) derivatives at the point x=a, 
(¢=1,2,---,). Furthermore u® =ġ(x). If Ps_1(x) is a polynomial 
of degree #—1 which together with its first a,—1 derivatives takes 
assigned values at x=a; (¢=1, 2,---, k), then y(x) =u(x)+P,_1(x) 


is a function which satisfies the differential equation y™=¢(x) to- 
gether with boundary conditions which assign the values of y(x) and 
its first a,—1 derivatives at the points x=a, (¢=1,2,---,k). With 
this result and the Picard method of successive approximations, 
Niccoletti proved the following theorem: 


THEOREM III. In the diferential equation 
(2) yin) = p(x, 4; y, ae sy (#1) 


let the function (x, y, Y’, -> , YII) be continuous for all x on (a, b) 
and all real (y, y’,- ++, YOTI) and let ü satisfy a Lipschtts condition 
with respect to (y, y’, , YD), then there existis a unique solution 
of (2) which together with tts first a; dersvatives takes on assigned values 
atx=a, (s=1,---, k), provided the points ai, as, +--+, Gy all Ke on a 
single subinierval of (a, b) that ts sufficiently small. 


‘See W. M. Whyburn, Annals of Mathematics, (2), vol. 30 (1928), pp. 31-38. 
* Atti della R. Accademie Delle Scienze Di Torino, vol, 33 (1897), pp. 746 f. 
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Niccoletti indicated that his results could be extended to systems of 
differential equations and to partial differential equations, but it 
seems clear that the actual extension to systems was not accom- 
plished. Otherwise, the restriction that y, y’,---, y@~» be assigned 
at any point where y® is given would have been unnecessary. Nic- 
coletti stated that his solutions were unique and that they were con- 
tinuous functions of the initial values. 

Independently of the work of Niccoletti, W. M. Whyburnt estab- 
lished a theorem of the type of Theorem III for systems (1) with 
initial conditions at » or less points of the interval. This theorem re- 
quires that the points lie in a single subinterval of (a, b) of length 
equal to a definite positive number but establishes existence and 
uniqueness of the solution on the entire interval (a, b). The solution 
functions are continuous functions of the initial points and values. 
The essential character of the requirement that the points used in the 
initial conditions be contained in a restricted subinterval of (a, b) is 
shown by the example y’ = ks, s’ = — ky, y(a,) =a, z(a) = 8, oF +820. 
A solution exists here if |a:—a,|</2k but fails to exist when 
as ~ Gi =x /2k. 

Theorems of the above type are important since they allow the 
study of differential systems under conditions which do not permit 
the simultaneous assignment of all of the initial values but which do 
admit this assignment over a relatively short range of the independ- 
ent variable. One possible application would be to a study of rapid 
machine gun fire where the gun is moved about during the firing 
interval and the individual trajectories are not as important as the 
family of such paths generated over a relatively short interval of time. 
Here one would have a system of second order equations—in number 
equal to the number of times the gun is fired—together with 2n initial 
conditions assigned at the times h, 4, ---, ta, when the gun actually 
fires. The above theorems, together with approximation methods 
which grow out of them, would apply to such problems. 

This section of the paper is closed with a brief consideration of lin- 
ear systems in which the notation used in the remainder of the paper 
is indicated. With the adaptation mentioned above, fundamental] ex- 
istence theorems apply to a system of first order linear differential 
equations with coefficients which are Lebesgue integrable functions 
of x on (a, b). It is convenient to write these systems in matrix form’ 


* Annals of Mathematics, (2), vol. 30 (1928), pp. 31-38. 

7 This notation has been used by many writers and is becoming quite standard in 
the literature. One of many references to its use is Birkhoff and Langer, Proceedings 
of the American Academy of Arts and Sciences, vol. 57 (1922), pp. 51-128. 
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(3) L(Y) = Y’ + P(x) Y = Q(3), 


where L(Y), P, Y, Q, and Y’ are square matrices of n-rows. If x=s ia 
a point of (a, b) and if initial conditions are given at this point, the 
method of variation of parameters yields 


(a ra) = v| f vona + vore | 


where U(x) is a nonsingular matrix solution of the homogeneous equa- 
tion L(Y)=0 and V(t) = U7(2) is the inverse of U(t). This formula is 
useful in the remainder of the paper and is important in its own right 
since it is an explicit expression for the general solution of equation (3) 
in terms of a solution of the homogeneous equation and the initial 
values at one point. It is especially useful in a study of the solution 
of (3) as a functional of the coefficients and initial values where it pro- 
vides estimates of the effects on the solution produced by small varia- 
tions in the coefficients of the system.’ 


2. Boundary conditions at two points. Extensive investigations 
have been made of system (1) with conditions at two points of the 
interval. By far the greater part of these studies have been devoted 
to second order linear systems with parameters in the coefficients. 
The present paper omits® discussion of these results for second order 
systems and mentions only one development for mth order linear sys- 
tema—namely that of the Green’s function! or matrix—which is of 
interest in connection with later parts of the paper. 

Let system (3) be given along with boundary conditions 


(5) H(Y) = AY (a) + BY(b) = C 


where A, B, C are nth order square matrices of constants. If the 
homogeneous system L(Y)=0, H(Y)=0, is incompatible, then the 
existence and properties of the Green’s matrix may be deduced in the 
following manner. In formula (4) let s=a and multiply the resulting 
equation on the left by A U(a) V(x). Similarly, replace s in formula 
(4) by b and multiply the resulting equation on the left by BU(b) V(x). 
Addition of these two equations followed by multiplication on the left 
by U(x)H"(U) yields 


ope 
(6) ¥(2) = Ue) HUN + f G(x, NO()di, 


s See W. M. Whyburn, Transactions of this Society, vol. 32 (1930), pp. 502-508. 

t For references on this literature, see Reid, this Bulletin, vol. 43 (1937), pp. 633- 
666. 
1$ See Bounitsky, Journal de Mathématiques, vol. 5 (1909), pp. 65-125 
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where 


7) G(a, =d U(z)H(U)AU(a) V(t) for <a 


— U(x) E (U)BU(b)V(} for >z.. 


G(x, t) as given by (7) is the Green’s matrix for the system and its 
properties of uniqueness, continuity, symmetry, and so on, are readily 
deduced from this explicit formula. 

Our discussion of two point boundary conditions is concluded with 
the observation that, in general, the conditions apply to the end 
points of the interval under consideration and hence at the boundary 
of the simply-connected domain (interval) of definition. Cases where 
one or both of the points are interior to the interval are usually 
treated by studying the solution on the interval bounded by these 
points and extending this work to the larger interval through use of 
results for boundary conditions at one point. 


3. Conditions ata finite number of points. In this section we consider 
mth order linear systems with boundary conditions which involve a 
finite number & of points of the interval. For the differential system 
(3) the boundary conditions have the form 


b 
(8) H(Y) = 2, 4Y (a) =C, 

jum 1 ‘ 
where Ai,:-:+, Ax, C, are constant matrices and a4;<a;< +-- <a, 


are k distinct points of (a, b). For the single linear differential equation 
of the mth order, the boundary conditions are linear combinations of 
the values of the solution and its first (#—1) derivatives at the k 
points. M. Picone!! seems to have been the first person to formulate 
boundary conditions of type. He also obtained some results for a spe- 
cial ath order differential equation with integral boundary conditions. 
Bécher discussed such conditions in his Fifth International Congress 
address of 1912 and in his Paris lectures” of 1913-1914. Bdcher indi- - 
cated the importance of boundary value problems of this type but did 
not publish any investigations on them. The first systematic study of 
such problems was made by C. E. Wilder,“ who treated the single 
nth order equation with conditions at & points. Wilder defined a 


u Rendiconti della Accademia dei Lincei, vol. 17 (1908), pp. 340-347. 

18 Proceedings of the Fifth International Congress of Mathematicians, Cambridge, 
1912, vol. 1, pp. 163-195. 

13 Bécher, Leçons sur les Methodes de Siwrm, Paris, 1917, p. 18. 

4 Transactions of this Society, vol. 18 (1917), pp. 415-442, and vol. 19 (1918), pp. 
157-166. 
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Green’s function for his differential system and investigated the ad- 
joint relationship. He then introduced a parameter into one of the 
coefficients of the equation and developed expansion theorems for the 
resulting system making use of the Green’s function and methods 
first introduced by Birkhoff.4 Existence and oscillation theorems for 
second order systems containing a parameter in a general fashion 
and with boundary conditions, one of which involved & points, were 
obtained by W. M. Whyburn.” The results here differed from those 
ordinarily obtained for two point conditions in that the characteristic 
numbers were not isolated but occurred in sets or in bands. This, in 
itself, is of interest since the occurrence of bands of characteristic 
numbers in spectral analysis is frequent. Toyada"’ studied the Green's 
function and adjoint relationship for mth order differential systems, 
apparently overlooking the earlier work of Wilder. His results are 
quite similar to those obtained by Wilder although his method of 
attack differed in that he did not raise the dimensionality of the space 
or increase the order of the differential system. Toyada used the skew- 
symmetry of the Green’s matrix as a basis for building an adjoint 
system and arrived at such a system under the condition that a total 
of kn? identities hold. He attempted to generalize his results to sys- 
tems with integral boundary conditions but seems to have overlooked 
difficulties that arise due to the above-mentioned identities. Wilder's 
previous results showed that, in general, an adjoint syatem in the 
ordinary sense would not exist. This result has recently been con- 
firmed by Mansfield.'® 

The connections between k-point boundary value problems and the 
calculus of variations have been explored by Reid,” Denbow, 
Smiley?! and Mansfield.” This work starts from the relation between 
the Jacobi necessary condition on the one hand, and second order 
differential equations with boundary conditions at two points on the 
other hand, and proceeds to cases where more than two points appear 
in the boundary conditions. An important device used is a transfor- 
mation due to Reid’ which effectively reduces the &-point case to 


u Transactions of this Society, vol. 9 (1908), pp. 373-395. 

u Transactions of the Society, vol. 30 (1928), pp. 630-640. 

17 Tohéku Mathematical Journal, vol. 38 (1933), pp. 343-355, and vol. 39 (1934), 
pp. 387-398. 

1 Contribuitons to the Calculus of Variations, vol. 4, University of Chicago Presa, 
pp. 413-472. 

1® American Journal of Mathematics, vol. 57 (1935), pp. 69-93. 

n Contributions to the Calculus of Variations, 1933-1937, Chicago, 1937, pp. 449- 
494, i 
& Ibid., pp. 527—566. 
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one that involves k—1 systems each of the two point type. Mansfield"* 
made a systematic study of k-point boundary value problems through 
use of this device and applied his results to the calculus of variations 
and to differential systems in the complex domain. 

Much of the work mentioned above makes specific use of the fact 
that the number of points appearing in the boundary conditions is 
finite. In some cases, use is made of an increase in the dimensionality 
of the space while in other cases, the order of the differential system 
is raised. When it is observed that the introduction of interior points 
of the interval into the boundary conditions has the effect of changing 
the simply-connected domain of definition into one that is multiply- 
connected, it is not surprising that devices of the above-mentioned 
type are used. However, difficulties arise when attempts are made to 
generalize the differential system through having the boundary con- 
ditions contain integrals or infinitely many points. The next two sec- 
tions discuss conditions of these types. 


4, Integral conditions. When the number of points which enter the 
boundary conditions is no longer required to be finite, there are possi- 
bilities that the conditions will contain linear combinations of the 
solution values on a non-dense infinite point set or contain definite 
integrals of the solution over the interval. Picone* investigated rela- 
tionships that exist between integral equations and certain special nth 
order differential equations with integral boundary conditions. von 
Mises” studied the special second order system 


d até 


=|) = + Ag—gu=0 
(9) 


b b 
f ERE TA f L R 


where $, g, g, Á, B are continuous functions of x and A is a parameter. 
von Mises was interested in this system because of its occurrence in 
certain problems of hydrodynamics.™ His special case of hydrody- 
namic application had k=g=1, g=x-+c, d=1/B=e*, where c is a 
constant. With specializations in the direction of this application, von 
Mises used Sturm’s method of passage to the limit from an algebraic 
system to obtain existence and oscillation theorems for system (9). 


* Loc. cit., pp. 340-347. 

8 Festschrift Hetarich Weber, Leipzig, 1912, pp. 252-282. 

™ See Sommerfeld, Proceedings of the Fourth International Congress of Mathe- 
maticians, Rome, 1909, vol. 3, p. 116. 
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Bécher™® mentioned integral boundary conditions for second order 
systems and indicated a transformation that could sometimes be ap- 
plied to replace such conditions by conditions at two points. The 
transformation suggested by Bécher depends upon the actual solu- 
tion in closed form of a slightly modified form of the given differential 
equation and, for this reason, offers little probability of use in any 
particular problem. Bécher observed that this transformation would 
replace system (9) by one which no longer involved the parameter in 
the simple linear fashion of its original occurrence. In general, systems 
with integral boundary conditions should be regarded as easentially 
different from those with two point or k-point conditions. It is clear 
that integral boundary conditions would arise quite naturally in hy- 
drodynamics or indeed in any investigation where such things as fixed 
areas under solution curves, fixed lengths of curves, and so on enter. 

Tamarkin™ considered k-point and integral conditions for single 
nth order linear differential equations. 

W. M. Whyburn”’ established existence and oscillation theorems 
for linear second order equations with one integral boundary condi- 
tion and one condition of the two point type. The coefficients of the 
system contained a parameter in a general (non-linear) fashion. As 
in the case of k-point conditions, it was found that the characteristic 
numbers were not isolated but occurred in sets which might be con- 
tinua. Toyada*® set up a Green’s matrix for nth order linear systems 
with integral boundary conditions and attempted to generalize the 
adjoint notion to systems of this type. His methods were extensions 
of ones that he had used for k-point conditions and such extensions 
were possible because these methods were largely independent of the 
number of points involved in the boundary conditions. In connection 
with his work on adjoint systems, Toyada imposed a set of conditions 
the number of which depended upon the number of points involved in 
the boundary conditions. These conditions become unruly when in- 
tegral conditions are used. 

Integral boundary conditions of a different type have been investi- 
gated by a number of people.?* These conditions contain Stieltjes in- 
tegrals and for the nth order linear system (3) have the form 


23 Proceedings of the Fifth International Congress of Mathematicians, Cambridge, 

1912, vol. 1, p. 167. 

* On Some General Problems of the Theory, (in Russian), Petrograd, 1917. 

7 Transactions of this Society, vol. 30 (1928), pp. 630-640. 

s Loc. cit., p. 391. 

" See N. Cioranescu, Bulletinul, Facult&tea de Stiinte din Cernăuti, vol. 5 
(1931), p. 99 and Mathematische Zeitschrift, vol. 35 (1932), pp. 601-608. Also see 
A. Smorgorshewsky, Recueil Mathématique, (n.s.), vol. 7 (1940), pp. 179—196. 
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{ 


(10) HY) = | PYG) =c, 


where H(Y), C, F(x), Y are square matrices of n-rows and the ele- 
ments of F(x) are of bounded variation on (a, b). Boundary conditions 
of this type are quite general and contain all of the conditions dis- 
cussed above as special cases. For example, conditions (8) involving k 
points of the interval are obtained when F(x) is defined as a matrix 
of step functions—constant on each of the subintervals a,<*<4@i41 
but with discontinuities at the points x =a, given by F(at)— F(a7) 
=A, (#=1,---+,n), where F(ar)= F(a), F(at)= F(b). In this case 


Í dF(x)Y (x) = >», AVG). 


Integral boundary conditions of the type f’ F(x) ¥(x)dx=C are re- 
duced to the above type when use is made of the relations between 
Stieltjes integrals and those of Riemann or Lebesgue types. Smorgor- 
shewsky*® developed the notions of Green’s matrix and generalized 
Green’s matrix for systems of type (3), (10), and investigated the 
properties of these matrices. The fact that linear boundary conditions 
of quite general type can be replaced by conditions containing 
Stieltjes integrals has been known for many years. However, partly 
due to the somewhat unwieldly character of Stieltjes integrals, few 
advantages have resulted from such replacement. The above-men- 
tioned results for the Green’s matrix represent one place, at least, 
where advances have been made through use of Stieltjes integrals. 


5. Boundary conditions at infinitely many points. In this section 
nth order differential systems with boundary conditions at infinitely 
many points of the interval are discussed. The most general sets con- 
sidered are those of the first spectes. If g is a point set of the first 
species and if Ai, Ás -+> is an absolutely convergent?! sequence of 
constant matrices, the boundary conditions for system (3) are of the 
form 


(11) H,(Y¥) = S AY (a) = Ci 


where di, dx, ++ is some ordering of the elements of g into a count- 
able sequence. It is a consequence of the absolute convergence of 
$r A; that conditions (11) are equivalent to those obtained by any 


* Loc. cit., pp. 179-196. 
1 That is to say, each element sequence converges absolutely. 
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other countable ordering of the elements of g. More general boundary 
conditions are obtained if an integral term occurs in (11}as follows: 


< $ 
(12) HAY) = SLAY (d) + Í Rre 


In a forthcoming article ?? the present author has shown that differ- 
ential system (3) together with boundary conditions (12) is equivalent 
to a system consisting of (3) and conditions 


(13) H(Y) = AY (a) + BY(b) + J FY (ads =C. 


These systems are equivalent in the sense that any solution of the one 
system is also a solution of the other. Details of the proof are omitted 
here since they appear in the article cited. It is to be noted that the 
matrix function F(x) is Lebesgue integrable on (a, b) provided F(x) 
has this property. In general, F(x) is not continuous and may fail to 
be Riemann integrable. A further formal reduction of boundary con- 
ditions (13) is accomplished if F(x) is assumed to have properties that 
permit replacement of the integral and two point terms by a single 
Stieltjes integral. However, this replacement does not actually sim- 
plify the system and does lose certain advantages that result from the 
form of conditions (13). To illustrate these advantages, we develop 
the notion of Green’s matrix for system (3), (13) and thus for system 
(3), (12). 

Let U(x) and V(x) have the same meanings as in formula (4) and 
let Y(x) denote the general solution of equation (3). Multiplication 
of equation (4) on the left by F(s) U(s) V(x)ds followed by integration, 
once between the limits s=a and s=% and once between the limits 
s=band s=~ yields 


Fla) U(s)V (x) ¥(x)ds 
(14) j d @ # 
5 J F(s)¥(s)ds + f ds Í F(s)U(s)V(OO(bdt, 
f "F(s) U(s)V(a)¥(a)ds 
(1s) ~? 


2 f " F(s)¥(s)ds + f "as f FOUY (OODdi. 


# Soon to appear in University of California Publications in Mathematics, Uni- 
versity of California Press, Los Angeles. 
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When the double integrals in (14) and (15) are integrated by parts 
and the function 


l Flo) U(s)V(ùds iot <z 
“Gals, t) = i 


t 


f F(s)U(s)V(ids for t> x 
is introduced, equation (14) and (15) combine to yield 
(16) Í F() UV (2) ¥(2)dt = f FOY (dt + J Ga(x, HOH di. 


Let s=a in equation (4) and multiply this equation on the left by 
A U(a) V(x). Similarly, let s =b in equation (4) and multiply this equa- 
tion on the left by B U(b) V(x). Addition of the two resulting equations 
to equation (16) yields 


| | 
(17) H(U)V(2)¥(x) = H(Y) + i G(x, t) + Gla, DIOD, 
where 


AU(a)V(t) for t<z 


ee 7 BU(b)VG) for >x. 


If the homogeneous system L(U) =0, H(U) =0 is assumed incom- 
patible, then H(U)! exists and equation (17) yields the unique solu- 
tion of system (3), (13) in the form 


b 
(18) F(a) = U(DHUYC + | Gle, HHA, 
where the Green’s matrix G(x, t) is given explicitly by 


U(x2)H(U)! |4 U(a)+ fzo v(a | V(é) for i<z 
(19) G(x, ù = a 
— U(x) H(UY E U(b)+ Í F(s) U(s)as| V(é) for >z. 


G(x, i) as defined by equation (19) has the usual properties of con- 
tinuity, uniqueness, and so on, of the Green’s matrix for systems with 
less general boundary conditions. If the function F(x) is taken as the 
zero matrix, the differential system (3), (13) becomes the two point 
system (3), (5) and formula (19) shows immediately that G(x, t) be- 
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comes the Green’s matrix defined by equation (7). Examination of 
formula (19) reveals the fact that symmetry of G(x, t) in x and # is 
to be expected only in the degenerate two point case F(x) m0. 
Although an adjoint system for (3), (13) in the ordinary sense does 
not exist in general, it is possible to set up boundary conditions similar 
to those given in (13) which can be taken with the adjoint equation 


(20) M(Z) =Z — Z(x)P(x) = 0 


to form a very useful system associated with (3), (13). When F(x) 
m() this system becomes the adjoint system for (3), (13). 

Simultaneous study of the Green’s matrices for (3), (13) and this 
associated system shows that they satisfy relations which readily de- 
generate into the well known symmetry relations for the case of two 
point systems. | 


6. Conclusion. This paper has attempted to review a body of litera- 
ture on boundary value problems for ordinary differential equations 
which has not, to our knowledge, been summarized before. Although 
many of the results cited have appeared in print, it is believed that 
the paper is not without some novelty. It is hoped that presentation 
of the paper at this time will lead to applications of systems with 
more general boundary conditions in a number of fields of applied 
mathematics. The author does not believe that known results for such 
systems are adequate to handle many of these applications, but he 
does think that additional results can be obtained as needs for them 
arise in applied problems. It is also likely that many problems now 
treated as two point boundary value problems would receive better 
treatment if they were studied through the use of more general bound- 
ary conditions. 


UNIVERSITY oF CALITORNIA AT Los ANGELES 


ON THE LOGARITHMIC MEANS OF REARRANGED 
PARTIAL SUMS OF A FOURIER SERIES 


OTTO SzA3SZz 
Let. f(@) be a real, even and Lebesgue integrable function; let 
S ~ (1/2)a9 + È, ay cos 26. 


Reon Í 
We write 
$o = (1/2)a5, Sa = (1/2)ao + a, +--+ +a, n = 1, 


and denote by së, s#,---, sš the values of |s|, |si], =+, [Sa] 
rearranged in decreasing order. In 1935 Hardy and Littlewood [2]! 
proved the following remarkable theorem: 


THEOREM 1, If 


(1) f(6) = o( og A 


forsmali postive 6, ihen 





(2) 2 T = o(log #). 


Hardy and Littlewood gave two applications of this theorem by 
proving: 


THEOREM 2. If (1) holds, then 


(3) >| s,|f = oln) 
for every postive q. 

THEOREM 3. If (1) holds and sf 
(4) Gn > — Ant 


for a postive A and E, then s,—0. 
They have also proved [1, Theorem 9] that in Theorem 3 the 


Presented to the Society, December 30, 1941 under the title On a theorem of Hardy 
and Latilewood; received by the editors November 26, 1941. 
1 Numbers in brackets refer to the bibliography at the end of this paper. 
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assumption (1) can be replaced by 


5 t 8 
5) Om f Ola = 0(——_), 
FEAE 

but the proof requires a very dificult Tauberian theorem. Thus the 
question arose whether Theorem 1 remains true when (1) is re- 
placed by (5). 

In partial answer to this question we shall prove the following 
result. 


THEOREM I. If (5) holds and sf for small positive 0 
(6) | KA| < 6, c a positive constant, 
then (2) holds. 


Note that condition (6) permits f(@) to become as large as any 
power of 1/6 near §=0. 

For the proof of Theorem I we follow the device of Hardy and 
Littlewood. We suppose that | Sm] = si Sman, so that w, m, +, 
v, is a permutation of 0, 1,- - , n. We then have 


n sm 2f" fO 
Sam >) -=f T ain 0/2 PA 


6 m+] 


i 





where 





sO = È E sin (mm + 1/2) 


We choose 6 so that (6) holds for 0<@<6, and write 


s, = f we f + f D e, £(0)d9 


ay eee Pe oe ee B<1 <4. 
We frst estimate J;: 


nls f° Ol wlas firo È 22) a 


paer S | Z0) | a8; 


hence, by (5) 





(7) 


I, = o(1) as n oO. 
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Next 
R BEN Su x 
I; = m |) c 
Ed È Tm T i 2 
where | 
= — , -f 3 sin (m -+ 1/2)6d8. 


To any given e>0 we can choose, by the Rieémann-Lebesgue theo- 
rem, mo(e) so that A <e for me mo. Then 











1 

n Bis ee) solo È 0m +1 Hh e 
myo + 1 : 
a | f(0) | do + «log (# + 1), 


hence I; =0 (log n), as nœ w. 
Theorem I is now reduced to showing that Is =0 (log n). We have 
from Young’s inequality [2, p. 319] 
uo S Iu logt u + fe OFF 


for «>0, 1>0, and all real v. Here log tu = max (0, log tt). We take 
w= |f(8)/sin ‘a re }=2; then 























| Z| < = " (El logt IO |as ee ene 
= K+2L, say. | 

Now from (6) 

F LO | < log r6-*! < (c + 1) log —1 

sin 6/2 6 

hence 

K S$ 2(c¢+ Df Lele log Z dB. 
Integration by parts yields 


O Ks 26+] FO log + f “Foe log + 1b |, 


and (5) gives K =o (log n). 
Finally, to estimate Z, we use the following two lemmas (cf. 
Hardy and Littlewood [2]): 


ra 
‘ i 
z 
» X a 
` t s 
G * * ` 
+ * s = + t A 
r ae * 
+ 
a k i 
" 
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as r ' i P 


Lenn A yf = YR 
$(6) = 2 cet, t(8) = 2 ctet,- 


where ct are the nines Vel Morana ‘so that Q + > ct ee tect Z’ 
then C 


© t 


T dian af ated Jor aeg b> 0. 

E 
Lemma B. isis 16/(0-+-1)| om (1/|6|)+e for all 6 and * and 
a constant c>Q. ce 


è 


Now, if we put ii ' 





SED Sm 
HEE = Da, 
we have 
| gO) = He"), CeO] S| |, 
where 


y (8) bc d >. pao? : t 
9 + 


is a polynomial of degree » whose coefficients have (in some order) 
the absolute values 1, 1/2, - - - , 1/(n+1). Hence, in the notation of 
the above lemma. Ra i 


HO) = 1 6/2 F e3 t tj, 


the last term having modulus 1/(m-+1) and an argument depending 
on the parity of ». The imaginary part of y+(@) is bounded in » and 
6, and the modulus of the real part is less than log (1/1 6|) +e, ca 
positive constant, due to Lemma B; hence | y+(6y| “a (1/| 0] ) +e. 
We now obtain ~ 


a170i ndo af ae oe c: 


9 


1 r Y 
(10) r<- f siroindo < f 
a: 


the enn now follows from (7), (8), (9), and (10). gear 


THEOREM II. To a piven 6>0 denote by v(8, n) the senile of values 
m for which m Sn, | Sm >3; then log r =o (log n) as n=œ>o. 
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£ 
+ 
E es ù 
t a6 7 id 


ee 
Sa. oy, ` T 
m+i - = aioe n), from (2); 





6 being fixed -our theorem follows (2, Theoret 3]. ) A 
THEOREM III. If (5) holds then = (log og n). 
` The proof i is straightforward, using” 3 San o 


e nee | : — ot sin G r+ 1/2)6 


dô. 
sin / 2 


We Have . i 
=i K&O || sin (# + 1/2)6| Ve pè pr 
Jk Ls A ao =f EJ + f 


` Ay + Ag+ As, 
wher we choos & = å (e) s0 that 


F(0) < 





. for0 <0 <3. 

log 1/6 

Now 41<(m-+1/2)F(1/m) =0(1) as n—>00 5 | 
- è 


Ar< f | (0) [a = Fes] + | F(6)-6-*d9 
Ya Ya 





€ : dé e lja 

ey E E E y 

beta “Jubii a TET] 
< e/log 1/8 + e log log x. 
Hence for fixed e and 3 
" po ti * Ay 

, 8 E 
k a aTa 
but e is arbitrarily small, thus 4A, =0 (log log #). Finally 
“As < = f EO | do = o(log log #); 

0 


Ek 
this proves Theorem HI. 


THEOREM IV. Denote by d(x) a function satisfying the conditions 

$(0) =0, p(x) T, as xf; (x) <exp (e) for all x>0; c a positive 
constant. Under the assumptions of Theorem I, Sell sal) =0(n). We 
may say the sequence |s.) ss strongly summable relative to (x). 
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We write for a given 6>0 


Dels) = => +È =Bit Bye mae 


a [em lad z, 


ws 


then B,<nd(d). By Theorems II dad III we may write 

| sa| = « log log #, logy = na log #, where es — O, na — 0. i 
Now : l = 
Bs < rle, log log #) < n: EXD { log »)*=} = o(a), 


hence 
La ; 
lim sup — > ¢(| sal) < $(2), 
. mt 1 
letting $0 our theorem follows. . 
THEOREM V. The assumptions (4), (5), and (6) smply s,—0 


This follows from Theorem II; see the proof of Theorem 5 in [2]. 
Final remark. In the more Sener case, wae. 


10) ~ Dat È cos #9 + by si), 
and when the point under consideration is Oo, we use- the TNR 
reduction. We have Gas E ar 


F 


(1/2) {fu + 6) +4060 — 8)} ~ (1/2)a0 + E an cos no | 








where . : a ` as 1 
An = dy COB HO + ba sin abo, ie ee 
Suppose there is an s, for which l n p ens 
° Ng a 
Í | Kee + +09 -alam o( EF), as 0 — 0, 
a log:1/6 Yn Aia 
and i ; yer <n 
| fo + 8) + f(@o — 0) — 2s| < 2| 6° for smalt | 6|. 
Then application of Theorem I yields: l 7 l 
s: (0) = o(log #), (ae l 
+1 (8) (log #) PN 
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_ where s# (0o), 0 =0, 1,- , n, is the sequence | S»(00) —s| in decreasing 
order. 
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THE BASIC ANALOGUE OF KUMMER’S THEOREM? 
J. A. DAUM 


1. Introduction. About one hundred years ago, E. E. Kummer? 
proved the formula 


F f° b; — ‘| B ri + a — Ðr(1 + a/2) 
ita—b} ~ TA + a)P(1 + 2/2 — b) 


‘which has since been known as Kummer’s theorem. This appears to 
be the simplest relation involving a hypergeometric function with 
‘argument (—1). 
‘All the relations in the theory of hypergeometric series „F, which 
havé analogues i in the theory of basic series? are those in which the 
, «argument,is (+1). Apparently, there has been no successful attempt 
.to establish the basic analogue of any formula involving a function 
rFa(—1). Since Kummer’s theorem is fundamental in the proofs of 
numerous relations between hypergeometric functions of argument 
(—1), it seemed desirable that an attempt be made to prove the basic 
analogue of Kummer’s theorem and to investigate the possibility of 
obtaining new relations in basic series with arguments corresponding 
to the argument (—1) in the classical case. 
~ In this paper, the basic analogue of Kummer’s theorem is obtained 


” Received by the editors November 27, 1941. 
1 The results presented in this paper are included in a dissertation for the doctor- 
ate, University of Nebraska, 1941. 
1E. E. Kummer, Usber dis hypergeomotrische Reihe, Journal ftir die reine und 
angewandte Mathematik, vol 15 (1836), pp. 39-83. 
? W. N Batley, Generated Hypergeometric Series, Cambridge Tract, no. 32, chap. 


(1) 
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by a simple specialization of a result due to Bailey. The existence 
of a basic analogue of Dixon’s theorem® is discussed and a new type 
of relation connecting a medified basic series and one of the conven- 
tional type is presented. 


2. Derivation of the basic analogue of Kummer’s theorem. In the 
formulas 
P a, gai, — gal, d, é, ff; ileal 
i | a3, — a'!*, ag/d, ag/e, aq/f 
_ O(aq/d)Q(ag/e)O(ag/f) Q(aq/def) 
~ G(ag)2(aq/ef)Q(ag/df)2(ag/de) 
a = TI —*—, 
: ao 1 — zg" 
put e=a@!/3, f= —gl/l and d =b, and obtain 
P [? b; — a _, B(ag/b) alq NA gat!) Q(— g/b) 
aq/b Q(ag)Q(— g)Q(ga!*/b)Q(— gat/?/b) 


This is the basic analogue of Kummer’s theorem. It should be noted 
that it cannot be obtained from the basic analogue of Gauss’s 
theorem.’ 


where® 


3. Application. The basic analogue of Kummer’s theorem immedi- 
ately suggests the existence of the basic analogue of Dixon’s theorem. 
It has been shown by Watson® that Dixon’s theorem, which sums a 
general well poised F, with unit argument, can be derived from the 
theorems of Gauss and Kummer by means of an interchange in the 
order of summation. | 

Unfortunately, this method, when applied to the basic analogues, 
does not lead to an analogue of Diron’s theorem. The difficulty is 
due to an essential difference in the properties of the omega and 


4W.N. Bailey, Sertes of hyperpeomeiric type which are infinite in both directions, 
Quarterly Journal of Mathematics, Oxford, vol. 7 (1936), p. 105. 

‘A. G. Dixon, Suhah of draia merear, Procesdings- of the Eondon. Mate 
matical Society, (1), vol. 35 (1903), pp. 285-289. 

t N. A. Hall, An algsbratc identtiy, Journal of the London Mathematical Society, 
vol. 11 (1936), p. 276. 

TW.N. Bailey, Gensrakised Hypergeomatric Sertes, Cambridge Tract, no. 32, p. 68. 

*G. N. Watson, Dixon's theorem on generalised hypergeometric functions, Proceed- 
ings of the London Mathematical Society, (2), vol. 22 (1924), pp. xurii-xamiii (records 
for May 1923). See also W. N. Bailey, Generalised Hyperpgeometric Series, n. 13. 
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gamma functions. However, a slight modification of this method does 
lead to a new and curious result, namely, 


> O(ag*) Q(bg*) Q(cq") 
ao Q(g) O(ag*tt/b) Q(agr**/c) 
m O(a) Q(B) Q(c) i bce — gq; an | 
Q(aq) Q(ag/bc) 


The argument requires that a certain double series be absolutely 
convergent. 

The left member of (2) is a modified basic series somewhat similar 
to some of the g-hypergeometric series studied by Jackson.’ Since 
Dixon’s theorem sums a general well-poised F, with unit argument, 
(2) cannot be considered a basic analogue of Dixon's theorem. This 
result is interesting inasmuch as it expresses what may be calleda 
pseudo-basic series in terms of a function 3s. This seems to be the 
first result of its type to appear in the theory of basic series. 


AGRICULTURAL AND MECHANICAL COLLEGE oF TEXAS AND 
UNIVERSITY OF NEBRASKA 


(aq/bc)"q" (m1) /2° 
(2) 


ga! it ae gat!? 


F. H. Jackson, Summation of g-hypergeometric series, Meneenger of Mathe- 
- matics, vol. 50 (1921), p. 101. 


PERRON INTEGRALS 
R. L. JEFFERY 


At the recent conference on the theory of integration held at the 
University of Chicago Professor E, J. McShane remarked that for- 
mulas for integration by parts and. for change of variable in the 
integrand have been established for the special Denjoy integral, and 
consequently for the Perron integral, since the two integrals are 
equivalent. He then raised the question as to the possibility of prov- 
ing these formulas directly from the Perron definitions. Later, as we 
were waiting at the station for my train to leave, Professor Graves 
talked over with me the implications in McShane’s point of view. 
The following solutions are the outcome of this conversation. 


Integration by parts. Let p(x) be a continuous function on the in- 
terval (a, b) for which g’ ts finste except possibly for a denumerable set, 
and summable. Let the function f(x) be integrable in the Perron sense 
and set 


F(x) = f fede, 
Then f(x)g(x) is integrable in the Perron sense, and 
[sea az Poda- [Fee wae 


The conditions on g’ make g absolutely continuous, and conse- 
quently the difference of two non-decreasing functions each of which 
ig positive or zero. Hence we need consider only the case in which 
g(x) is non-decreasing and positive or zero. Let (x) be a major func- 
tion to f(x). Consider De (Wg) which is the lower limit as 4-0 of 


ylz + helr + k) — (x) g(x) 
h é 
g(a + h){ (a+ h) — o(x)} W(x) {a(x + A) — g(x)} 
a axetil hac aia 


From the continuity of g and the fact that both g and g’ are not less 
than zero it follows that 


Dye) = eDab + ve" 
at every point for which g’ exists. Then, since Dey > — © except fora 
Recerved by the editors September 16, 1941, and December 11, 1941. 
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denumerable set, and g’20 and finite except for a denumerable set, 
we have Da(Wg) > — © except for a denumerable set. Furthermore, 
from g' Z0, Y2 F, and Dal ef almost everywhere we get 


Dag) 2 fe + Fe’ 


almost everywhere. These considerations together with the con- 
tinuity of y and g show that Wg is a major function to fg+ Fg’. Fur- 
thermore, if ¢ is a minor function to f it can be shown in a similar 
way that ¢g is a minor function to fg+ Fg’. Again, if the difference 
Y—®@ is sufficiently small the difference YWg~—¢g is arbitrarily small. 
Then, since the common bound of Wg and ¢g is Fg, we conclude that 
fg+ Fg’ is Perron integrable to Fg. The function F is continuous, and 
g’ is summable. Hence Fg’ is summable and, a priori, Perron inte- 
grable. Then fg being the difference of two Perron integrable functions 
is itself Perron integrable, and 


(1) f i= Pel- f Peas | 


which is the desired result. 

In the most general formula so far obtained! the only restriction on 
g(x) is that it be of bounded variation. Then fg is Perron integrable 
and 


(2) J "feds = ret f "Fag 


In this case the foregoing procedure cannot be used for two reasons: 

The function Wg is not continuous at the discontinuities of g; if 

g= +œ at the points of a more than denumerable set and wp is nega- 

tive at the points of this set then Ds(Wg) = — œ at the points of this 

more than denumerable set. Dropping the requirement that g be 
continuous, we prove the following result. 


If g(x) is of bounded varsatton and g’ is finste except for a denumerable 
set, then formula (2) holds. 


At the points of discontinuity of g it is necessarily true that g’ is 
infinite, but this set is not more than denumerable. Our restriction is 
therefore that g’ cannot be infinite at a more than denumerable set 
other than discontinuities. As in the proof of (1) there is no loss of 
generality in taking’g Z0 and non-decreasing. Let y be a major func- 
tion to F with y— F<e, and consider 


1 Saks, Théorte de F Intégraie, Warsaw, 1933, p. 201. 
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R(x) = W(a)ela) — F(o)elo) — f vas. 


Using the law of the mean for Stieltjes integrals we have 
R(= + k) — R(z) = y(æ + h) {gle + K) — gla) ) 
+ gla) {tle + &) — ¥(2)} 
+O {g(a + h) — ela) } 
= [v(x + k) — WE} {el + K) — ela)) 
+ g(x) fele + h) — ¥(x)] 
where £ is on the interval defined by the points x and x+h. The 
continujty of R then follows from that of Y. Again 
ACT ATA = (etm - yo) SEA 
care ¥(a + “ — y(x) 


The lower limit of the second term on the right is not greater than 
g(x)Day > — œ except for a denumerable set. The lower limit of the 
first term on the right can be — at points for which g’= + œ 
(k and & taking values which make ¥(x+h)-—W(E) negative). But 
g’=-+ œ for at most a denumerable set. Hence we have 


DR > — «© 


except for a denumerable set. At a point for which g’ is finite the 
limit of the first term on the right is zero. Hence we have 


DR = Dah & fe 


almost everywhere. From these considerations it follows that R is a 
major function to fg. Also from y — F< e we get 


6(x) = f vae- frag f nd 


where 0S<e. Hence 0584(x) <e{g(b) —g(a)}. From this and Y2 F 
we see that by taking a sequence of values of e tending to zero we 
get a set of major functions R(x) whose lower bound is 


F(2)g(z) — F(o)g(a) — f Fag. | 
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Working in a similar way with functions ¢ which are minor to f we 
arrive at a set of functions which are minor to fg, and whose upper 
bound is the same as the lower bound of the set R. It then follows 
that fg is Perron integrable, and 


(2) f iis = [Fg] — f “Pag 


Formula (2) includes formula (1), but a separate proof of (1) is of 
interest because of its simplicity. 


Change of variable. Let f(x) be Perron integrable on (a, b), and let 
x(t) be a continuous non-decreasing function of i on the interval (a, B) 
where a=x(a), b=x(8), and on this interval let x'(t) be finite except 
perhaps for a denumerable set. Then the function f (x(t) EH (i) 4s Perron 
integrable on thts snterval (a, 8), and 


b f 
f Kòis= fix) 20a 


Let y(x) be a major function to f(x), and let x(t) Y { x(t) }. Then 
ý(t) is continuous. Also, since Dey > — œ except for a denumerable 
set, and x’(t) 20 and finite except for a denumerable set, we have 


Dix) = Dyr (i) > — œ 


except for a denumerable set. Again, since Dsa(x) 2f(x) almost 
everywhere, and «’(#) 20, we have 


Dax) & f(x)’ @ = ffA] A 


almost everywhere. From these results it follows that x(t) is a major 
function to f{x(t)}x’(é). If (x) is a minor function to f(x) it can be 
shown in a similar way that B (t) =o { x(t) } is a minor function to 
f{x()}x’(). Furthermore, since the common bound of the functions 
y(x) and d(x) is F(x), the common bound of the functions x(#) and 
Q(t) is F{x(2)}. Thus the function f{x(¢) }x’(#) is Perron integrable 
to F{x(t)} and 


b 8 
F(b) — F(a) -f flax = | { (4) } x’ (Adi. 


ACADIA UNIVERSITY . 


ON PERRON INTEGRATION 
E. J. McSHANE 


The definition of integral here presented had its origin in an unsuc- 
cessful attempt to establish the theorem on integration by parts! 
(Theorem 4.1 of this note) for the Perron integral, without detouring 
through the special Denjoy integral. In order to avoid the difficulties 
which I could not overcome, I amended the definition of the integral; 
the resulting definition I presented at the Oslo congress in 1936. 
Recently I have found a proof that the “new” integral is actually 
equivalent to that of Perron. 

As compared with Perron’s definition, the new definition has the 
slight disadvantage that it requires four associated functions instead 
of two; in all other respects the proofs of theorems for the Perron 
integral carry over unaltered. It has the advantage that it permits 
us to prove the general theorem on integration by parts (Theorem 
4.1) without recourse to the deep-lying equivalence with the special 
Denjoy integral. This theorem is important, not only in itself, but 
because it also contains the corollary that if f(x) is Perron integrable 
and g(x) of limited total variation, their product is Perron integrable. 
Also it leads at once to the second theorem of the mean for Perron 
integrals. - 


1. Definition of the integral. Let f(x) be a function defined on an 
interval [a, b] and assuming values which are real numbers or -+ œ 
or — ©, A set of four functions ¢ *(x) (t= 1, 2, 3, 4) is a tetrad adjotned to 
f(x) on |a, b] if the following conditions are satisfied. 

(1.1a) The }*(x) are continuous on |a, b] and all banish at x=a. 

(1.1b) For all except at most a denumerable colection of values of x 
the relations 


— 0 # Did’, — © # Dg, 
+ o Dg, + © # Digs 
are valid. 


(1.1c) For aH except ai most a denumerable colectton of values of 
x the relations 


Presented to the Society, December 31, 1941; received by the editors December 1, 
1941. 

1 For a proof of the theorem with the added hypothesis that g'(x) is finite except 
for a denumerable set, see R. L. Jeffery, Perron integrals, this Bulletin, vol. 48 (1942). 
pp. 714-717, 
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Dip\(z) = f(z), D_p%(x) 2 f(x), 
D-¢*(x) & f(x), Dds) S f(x) 


are valid. 
In case the functions ¢‘(x) also satisfy the conditions 


| $*(b) — p0) | < e, ij=1,2,3,4, 


the tetrad will be said to be eadjoined tof. Functions satisfying the 
conditions imposed on œt, 63, d', 64, respectively, will be called right 
majors, left majors, left minors, right minors, respectively. 

(1.2) The function f(x) is P*-integrable on |a, b] if for every positive 
c there ts a tetrad e-adjoined to f on [a, b]. 

Before defining the integral we establish an essential lemma. 


Lemma 1.1. If 4 is a major function (right or left) for f, and ġ isa 
minor function (righi or left) for f, then Y—ẹ is monotonic non-de- 
creasing. 


Suppose first that y is a right major and ¢ a right minor. By 
(1.1b) and (1.1c), except on a denumerable set we have 


Div — $) & Dit — D'e & 0. 


So? y—ġ is non-decreasing. A similar proof applies if ¥ is a left 
major and ¢ a left minor. 

Suppose next that Ņ is a right major and ¢ a left minor. By a 
theorem of G. C. Young,’ the inequality DidSD-¢ holds except 
at most on a denumerable set. So by (1.1b) and (1.1c) we have 


Diy — 6) 2 D44 — Dip | O 


except on a denumerable set, and? Yy ~—¢ is non-decreasing. 
A similar proof applies if y is a left major and ¢@ a right minor. 


COROLLARY 1.2. If f(x) is P*-sntegrable on (a, b], i is also P*-inte- 
grable on |a, x] for all x such that a <x Sb. 


For by Lemma 1.1 every tetrad which is eadjoined to f on [a,b] 
is also eadjoined to f on [a, x]. 


Lemma 1.3. If f(x) ts P*-integrable on [a, b], there is a function 
F(x) on [a, b] whick is the g.l.b. of all right majors, the g.l.b. of al 
left majors, the l.u.b. of ah left minors and the \.u.b. of ah right minors. 
The function F(x) is continuous. 


* Saks, Theory of the Integral, p. 204. 
3 Hobson, Theory of Functions of a Real Variable, vol. 1, 1927, p. 392. 
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Let @ be any minor of f. If œ is a right major, for every x in 
la, b] we have 


(z) — (x) = (a) — (a) = 0; 


so ġ(x) is a lower bound for right majors. If we define F(x) to be 
the g.l.b. of all right majors, then F(x)=¢(x). Here @ is any minor, 
so F is an upper bound for all minors. If e>0, there is a tetrad ¢? 
which is eadjoined to f, so 


(1.4) F(x) — t(x) S (x) — t(x) S pb) — ptb) < e, 


and likewise F(x) —¢*(x) <e. That is, F(x) is the l.u.b. of all right 
minors and also is the l.u.b. of all left minors. Interchanging majors 
and minors shows that F is also the g.l.b. of all left majors. 

If we let e approach 0 through a sequence of positive values, by 
(1.4) the corresponding right minors ¢‘(x) converge uniformly to 
F(x), which therefore is continuous. 


DEFINITION 1.4. If f(x) is P*-integrable on |a, b], and F(x) ts the 


function defined in Lemma 1.2, then the P*-tntegral of f over [a, b] is 
defined to be 


(P*) Í f(z)dx = FB). 


Henceforth we omit the P* before the integral. 


COROLLARY 1.5. Wath the hypotheses of Definstton 1.4, tf a<xsb 
then 


f aO: 


2. Properties of the integral. We can now readily establish the ele- 
mentary properties of the P*-integral; if fı and fı are P*-integrable, 
so is kf, and so is fı £f, if defined (that is, if never of the form œ — œ), 
and the integrals have the values to be expected; fi is P*-integrable 
over every subinterval of [a, b], and is an additive function of 
intervals; and the function f)(x)=f,(—x) is P*-integrable over 
[—b, —a], and its integral is equal to 


f noaz 


The proofs differ from the corresponding proofs for the Perron inte- 
gral only in minor details. 
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Furthermore, we can readily show that every P*-integrable func- 
tion is finite almost everywhere, is measurable, and is almost every- 
where equal to the derivative of its indefinite P*-integral. The proof 
in Sak’s Theory of the Integral, p. 202, needs only obvious changes. 

An alternative form of definition is given in the next theorem. 


THEOREM 2.1. Let f(x) be defined on an interval [a, b]. In order that | 
f(x) be P*-integrable on |a, b] H is necessary and sufficsent that for 
every postive number e there exist four functions P(x) (¢=1, 2, 3,4): 
which satisfy (1.1a) and (1.1b), satisfy the inequalities in (1.1c) for 
almost all x, and are such that 


(2.1) | yb) — ¥(0) | Li i,j = 1, 2, 3,4. 


In this case, the P*-integral of f over [a, x] is the common g.l.b. of all 
funcitons ¥'(x) and ¥"(x) and the common |.u.b. of a functions ¥*(x) 
and ¥4(x) which sattsfy the conditions stated. ` 


The proof is essentially that given by Bauer‘ for the Perron inte- 
gral. As an obvious corollary, if f(x) is P*-integrable on [a, b] so is 
every function equivalent to f, and the integrals are the same. 


3. Substitution. Next we establish the following theorem on change 
of independent variable. 


THEOREM 3.1. Let f(x) be P*-integrable on an interval |a, b]. Let 
gly) be a function defined on an interval |æ, B) and possessing the 
following properties. 

(a) g(y) is continuous and non-decreasing on [a, B]. 

(b) g(a) =a, g(8) =. 

(c) Dg(y)< © except at most on a denumerable subset of la, B]. 
Then f(g(y)) gly) is P*-integrable over |a, 6], and 


è f 
f Kois= f eD 


For each positive e there ia a tetrad [øt] which is eadjoined to 
f(x) on [a, b]. Define 


v(a) = o*(e(y)), t=1,---,44a5y¥S8. 


It is obvious that the y‘ are continuous on [a, b] and vanish-at 
yaa. Let E consist of all y in [a, 8] such that there exists a point 
y! with y<y’SB and g(y’)=g(y). The rest of the set [a, B] we 

t H. Bauer, Der Perronschs Integralbegriff und seine Besichung sum Lebesguoschen, 
Monatshefte fur Mathematik und Physik, vol. 26 (1915), pp. 153-198; also Saks, op. 
cit., p. 203. 
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denote by &s; if y is in Ey then g(y)>g(y) for all y’ such 
that y <y’ S8. 

If y is in Ay, the function g(y) remains constant on an interval 
[y, y'], so each ¥*(y) also is constant on [y, y’]. Therefore 
» 3.1) — æ < Dapy) = 0 = f(g(y))a(y), 
(3.2) + © > Dty*(y) = 0 = fle(y)) ely). j 

If y is in Hy, for each y’ such that y <y’ SB we have 
P) — A) PEOD) -PEO 80’) — O) 

yy gy) — e(y) a 


` 


(3.3) 


By definition (1.1), D4ġ!> — œ except at most on a denumerable 
set Xo. If x is in Xo, the equation g(y)=x can have at most one 
solution in Ey, for of two solutions lying in |æ, 8] the lesser is in EF, 
by definition. So the set of such solutions is denumerable. To it we 
add the at most denumerable set on which Dg= œ ; the sum Y, is 
at most denumerable. If y is in A,—Yo, we let y’—y*, and from 
(3.3) obtain 


(3.4) DW # — o, 


Moreover, if g’(y) exists, as it does almost everywhere in [a, 8], 
the same limiting process yields 


(3.5) D44 (y) = Dad*(e(y)) (9). 


Combining this with (3.1) and (1.1), we see that Dw) > -— ee 
except at most on a denumerable set and 


DA (y) = fle(y) ay) 


on almost all of [a, £]. 
The other functions y* can be discussed analogously; we thus see 


that they satisfy the first three conditions of Theorem 2.1. The last 
condition (2.1) is trivial, since 
YB) — ¥4(8) = | p) — pE) | < e. 


So by Theorem 2.1 the product f(g(y))g(y) is P*-integrable on 
læ, 8]. Moreover, its integral over [a, £] liés between ¥4(8) and 
¥1(B), that ia, between ¢(b) and $1(b). So does the integral of f(x) 
~ over [a, b]. Since $*(b) and œ (b) differ by less than an arbitrary e, 
the two integrals are equal. 

Theorem 3.1 has an obvious analogue for monotonic non-increas- 
ing functions g(y). Also, it is worth observing that the hypotheses 
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on g(y) force it to be absolutely continuous. For if we set fat in 
Theorem 3.1 we find that 


eO) = a) = 0- b= f a)ay 


Since g is non-negative, the integral on the right reduces to a Lebesgue 
integral, as we can show by the usual proof for the Perron integral. 
This equation implies the absolute continuity of g(y). 


4. Integration by parts. The principal reason for devising Defini- 
tion 1.1 was to enable us to prove the following theorem. 


THEOREM 4.1. Let f(x) be P*-integrable on |a, b], and let F(x) be 
ats indefinite P*-integral. If g(x) is of limited total variation on [a, b], 
then the product f(x)g(x) is P*-tntegrable, and 


b b 
(4.1) f s@a@az =PO) - f Pael, 


phe last integral being a Sitelizes integral. 
The function g(x) can be written in either of the forms 
g(2) = g(a) — ga(2), 
g(x) = g(x) — g(x), 


where the g, are positive, gı and g, are monotonic non-increasing and 
fy and g, are monotonic non-decreasing. Let ġ'f be a tetrad ead- 
joined to f on [a, b]. We define sixteen functions by the formulas 


(i) ood Wea) Í da 45 =1,2,3,4. 


It is evident that these all vanish at x=a. If x and x’ are in [a,b], 
we can apply the first mean-value theorem to the integral in (4.2) 
to obtain 


Bi) - Kila) = eae) — a Wale) — o'@lele) — 221 
(4.3) = g(x) [e (x) — 6 (2)] 
— [ee — g,(z) (6 (2) — ¢ (2)), 


where # is between x and x’ (inclusive). Since ¢* is continuous and 
g; is bounded, this shows that ¥4(x) is continuous. 

Suppose that g’(x) is defined and finite; this is true for almost all 
x. We divide both numbers of (4.3) by x’—x, writing the x’—x 
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under the square-bracketed terms on the right. The second term on 
the right tends to zero, se 

í $ 
(4.4) D'¥,(2) = g,(2)D'¢'(), 


and likewise for the three other Dini derivates. 
If xx equation (4.3) yields 


a) — ¥; ()-¢ 
Wie) Wi) nt (#) = 6) 
— r : a — zg 


e (8) — (2) 2—2 
+ (2) — g) —__-___—-- -— i 
£— rz a — x 
This is still valid if =x, provided that we assign a value, say 0, 
to the middle factor in the last term. Henceforth we assume that x 
is in the set on which the inequalities in (1.1b) hold; this rejects at 
most a denumerable set of x. Let x’ approach x from the right. The 
last factor in (4.5) is non-negative and bounded; so are the factors 
involving gif j=1 or 2. If¢=1 the fractions involving ¢‘ are bounded 
below, since D,p'(x) > — ©; if ¢=4 they are bounded above. Hence 
the left member is bounded below if +=1, above if +=4, and 


(4.6) Di, >-— œ, D'yi< o, j= 1,2, 
In a similar way, if x <x and j=3 or 4 we can establish 
(4.7) Dy >- o, Dý <o, J= 
Now we define 

y =y y, 

2 2 3 

(4.8) ý j g p j 

ý = pı — Yı 

y =p vs. 


From (4.6) and (4.7) we find that these satisfy (1.1b). From (4.4), 
together with (1.1b), we find that the inequalities of (1.1c) hold for 
almost all x, and (1.1a) has already been established. 

Since F is the g.l.b. of majors and the l.u.b. of minors, we find 


vid) L FOLE) — Í nowa f = 1,2. 
Hence by (4.8) y 
(4.9) VO) & FO) — | Fadela) BHO). 
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Likewise , 
(4.10) VQ) Z FO) - | Paala) BVO. 


But 


O = O = O = O- S O — oo aga) 


S el g0) | +| 8:8) — (0) |], 
and, denoting the coefficient of e by K,, this implies 
| ¥'(b) — ¥4*(d) | < «Ky + Kì). 
Likewise 
| y2(b) — Yb) | < «(Ka + Ky). 


Since ¢ is arbitrary, this implies that with (4.9) and (4.10) all four 
numbers W‘(8) lie arbitrarily close to 


b 
PO — | Fade). 
This establishes the inequality (2.1) of Theorem 2.1, hence proves 
the P*-integrability of f(x) g(x), and also establishes equation (4.1). 


5. Equivalence of the P*-integral and the Perron integral. It is 
evident that every function which is’ Perron integrable on an inter- 
val [a, b] is also P*-integrable, and the integrals are equal. For the 
Perron major functions serve simultaneously as right and left majors, 
and the Perron minors serve as right and left minors. 

The converse is less evident. It requires slight generalizations of 
two known theorems. 


Lemma 5.1. If F(x) is a function which ai all but at most a denumer- 
able subset of a set M satisfies one of the tnequalsises 
DIF < œ, DF< œ, 
DF > — œ, D-F > =o; 
then F(x) is VBGa on M. 


The proof is essentially that given on p. 235 of Saks’ Theory of 
` the Integral. His equation (10.3) is replaced by 


$ By the Perron integral we mean the integral originally defined by Perron and 
studied by Bauer (loc. cit.); this is called the P, integral by Saks, and is equivalent 
to the P integral (Saka, op. cit., p. 252). 
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O<t—a2<1/n implies [F() — F(x)\/(t— 2) Sm; 


the remainder of the proof is unaltered. The next lemma is a slight 
generalization of a theorem of Marcinkiewicz. 


LEMMA 5.2. If f(x) is measurable on [a, b], and has esther a left 
major or a right major, and also has esther a left minor or a right 
minor, then f(x) is Perron integrable on |a, b]. 


The proof is that given by Saks, op. cit., p. 253; the principal 
change is that the reference to his Theorem 10.1 is replaced by a 
reference to our Lemma 5.1. 

Since every P*-integrable function f(x) is measurable and has right 
majors and right minors, it is also Perron integrable by Lemma 5.2, 
and the equivalence of the integrals is established. 


UNIVERSITY or VIRGINIA 


ON THE LEAST PRIMITIVE ROOT OF A PRIME 
LOO-KENG HUA 


It was proved by Vinogradow! that the least positive primitive 
root g(p) of a prime p is O(2"*p1/? log p) where m denotes the number 
of different prime factores of p— 1. In 1930 he? improved the previous 
result to 


g(p) = O(2"p"/* log log $), 
or more precisely, 


glp) < nT} yn, 
$p- 


It is the purpose of this note, by introducing the notion of the 
average of character sums,’ to prove that if 4(p) denotes the primi- 
tive root with the least absolute value, mod p, then 


| A(p) | < 2503; 


Received by the editors December 3, 1941. 

1 See, Landau, Vorleswagen saber Zahlentheorte, vol. 2, part 7, chap. 14. The 
original papers of Vinogradow are not available in China. 

2 Comptes Rendus de l'Académie des Sciences de l'URSS, 1930, pp. 7-11. 

? The present note may be regarded as an introduction of a method which has 
numerous applications. 
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and that for pe1 (mod 4), we have 
g(p) < 2p", 
while, for pes3 (mod 4), we have 
g(p) < 27H pn, 
Since mn 


p-—1 
m 2, 
$(p — 1) 


the result is always better than that due to Vinogradow. 
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Lemma 1. Lei p>2, 1SA<p. For each non-princtpal character‘ 


x(n), mod p, we have 
as F 








5 £ x(n) | 


amei) Aami 








g pn — 
Atl P 


ProoF. Let ¢€=6?**/? and let 
wl 
r(x) = >» x(k). 
hat 
It is known that 
| roo) | = p”. 


For pin, we have 


il 


D Ke x(n) 5 Xam) 


wl 
x(n) 2 xh) = x(m)r(x). 
kh1 
The formula holds also for p|#, since x(#)=0 for p|” and 


pen 


Thus 


T(x) > 3 x(4) = SEO) > eè" 


ak sin (A + 1)xh/p 
= 2a xm ( sin wh/p ) i 


4 See, for example, Landau loc. cit., vol. 1, pp. 83-87. 
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Consequently 
pn > > x(n) |S 2 sin (A + 1)xh/p\? 
ane) ee gin ah/p 
-EÈ De 


h] s0 ge 


A a # 
=E ($1) 
ai) Ra \ knl 
= (4 + 1p — (4 + 1)*. 
Lema 2. Le p>2,1SA<(p—1)/2. Then, for each non-princtpal 
character, mod p, we have 


A A-tite 


2, -2 x(n) 


Qed} Pee L 


ta 








< pr — 








Att 


Proor. As in Lemma 1, we have 


A A-t+lte 








ean, (Sin A + 1)ek/p\} 
pr) a x) | ean | 
2—1 /sin (A + 1)xh/p\! 
= 2 sin xh/p ) 


SA Pap a) 
LEMMA 3. Le p>2. If n is not a primitive root, mod p, then 
BCh) 
bipi elk) xO) 


where x™ runs over all characters x satisfying the condstion that k is 
the least posstive integer such that (x)* ts the principal character. 


(See Landau, loc. cit., p. 496. The condition 1Sn<p there men- 
tioned is not necessary.) 


THEOREM 1. We have | k(p)| <2™p1. 
ProoF. Let p>2. By Lemma 3, we have 
u(k) [aCe Ia 


ee erg? ae x(n). 


aiz OCR) XG) a= —a 


x(n) = 0, 





For k=1, the right-hand side gives 
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|A (p) l] s |à(p)i|—1 


2o x(n) = $, 2a. 
aĵ R——s emt) 
= | a(g) |? — | xC) |. 
On the other hand, for k= 1, we have, by Lemma 1 with A = | A(p) | —1, 








> o om] sag] pa — HOE. 
oi pe 
Therefore 
i , [4| | a(k) | 
ja) —| ae) s (Ja) BEE) D E A 
= an( h(p) | pi? — meh) 
Then | 
amp + i m t 
| A(p) | > TL gape re 


COROLLARY. For pes (mod 4), we have g(p) =| h(p)| <2"p"?. 


Proor. We have to show that |4(p)| is a primitive root. Suppose 
it is not. Then — | h(p) | ig a primitive root and |A(p) | belongs to an 
exponent } where }| (p—1) and] <p—1, that is, 

| h(p) |! = 1 (mod $), 
(h(p))*! = 1 (mod $). 

Thus 2/=p—1 and | A(p) | 0D teat (mod ¢) so that | A(p) | is a 
quadratic residue. Since — 1 is a quadratic residue, mod p, — | h(p) | 
is also a quadratic residue and {—|A(p)| } -9/21 (mod $). This 


contradicts the fact that — | h(p) | is a primitive root. 
REMARK. Sometimes Theorem 1 may be improved by the fact that 


E x(n) = 0, 
for x(—1)=—1 and hence y(n) =— x(—n). Thus for 
pm3 (mod 4), 
| aCe) | < 2p, 


In fact, we have g-D4m —1 (mod p) and x® (g) =e**4/8, Since 
— 1 = xP (g-DI3) = eiD, 
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we have 2/(p—1)A/k. The terms appearing in the formula of Lemma 3 
are those with square-free $. Thus x(—1) = —1 holds only for the 
case pm3 (mod 4), and 2/X. Thus 


jA(p)|-l a 
>» x(n) = 0 for 2 | k. 
emdi ——Z# 


Therefore 


COLOR (| a) | 98 rr MCI 


k 
| sam(a pn PE 
Then EEE 
| h(p) | s Ipp < 25=191/, 


THEOREM 2. We have g(p) <2™ tp, 
Proor. Let A be the greatest integer not exceeding (g—1)/2. Then 
k A+1-+« 
>> u(k) 


BPE 2, x(n). 


h| p—1 p(k) xU gmd A} 1— a 





For k =1, the right-hand side gives 


A+1- ba 


3 Ds x(n) =È (a +1) = (A +1). 


eu) tmd- l-a 


For k1, we have 


A Atlts 


2 B x») 


gum SADS 





< (4 +1)" — aad + 14 
Therefore, as in the proof of Theorem 1, we have 
: 1 
At Dr < (A + Dea +a), 
Zep 
1+ 2™/ptlr’ 
26 pla 


s a m a 
1 P 2ap 


NatTIonaAL Tsina Hua UNIVERSITY 


(g¢-—1)/2<A+18 
that is, 
el eee 


+ 
4. 


ON THE LEAST SOLUTION OF PELL’S EQUATION 
LOO-KENG HUA 
Let xo, yo be the least positive solution of Pell’s equation 
x? — dy? = 4, l 


where d is a positive integer, not a square, congruent to 0 or 1 (mod 4). 
Let e= (xo+d!/%y,)/2. It was proved by Schur! that 


(1)~ e < ae, 
or, more precisely, 
(2) log e < #/3((1/2) log d + (1/2) log log d + 1). 


He deduced (1) from (2) by the property that 
d+!2((1/2) log d + (1/2) log log d + 1) < d” log d 
for d >244. 69 - - - , and, for dS 244, (1) is established by direct com- 


putation. It is the object of the present note to establish a slightly 
better result that 


(3) log « < d'/#((1/2) log d + 1). 


Thus (1) follows immediately without any calculation. The method 
used is that described in the preceding paper. 

Let (d|r) be Kronecker’s symbol. (We extend the definition to 
include negative values of r by the relation (d| r) = (d[ ri) for 
risar, (mod d).) 

Let f denote the fundamental discriminant related to d, that is, 


d = m’f, 


where f is not divisible by a square of odd prime and is either odd, 
or congruent to 8 or congruent to 12 (mod 16). 


Lexma 1. For d>0, we kave 


d d 
omc, 
Proor. Landau, Vorlesungen über Zahlentheorse, vol. 1, Theorem 
101. 
LEMMA 2. We have 


Received by the editors December 3, 1941. 
1 G&ttingen Nachrichter, 1918, pp. 30—36. 
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p (Benen = (Eom 


where r runs over a complete residus system, mod f. 
Proor. Landau, loc. cit., Theorem 215. 


Lema 3. We have 
1 A s/f 1 e 
NS) E fs 
2) ~ 2 4 fe 7? 
where A* is the least postive residue of A, mod f. 


A* +1 
Proor. (See Lemma 1 of the preceding paper.) We have, by 
Lemma 2, 
































i 4 a 
MELCI EEG) 
= t > y » (4) gitine /f 
2 oO nea rel \ T 
1 Í A 6 
ao Pal 
Then T —— 
4 4 J Ey f—-1! A « 
pr (= Ms | 2 2) eiviar/f 
oil gi pie 
i r! (sa te + n) 
15 sin xr/f 
sin (A* + 1)rr/ 
Ta D(a sin rr/f 
1 fi A 
iets at >> 2. eiviar ss 
2 rl on} mg 
1 
sar (A= D ara iP); 
since 
a s -1 if fim 
giviar/f givear/f — | = 
2 2 La 


Lemma 4. For any discriminant d>0 and A >d*/", we have 
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SiS) 


PRooF. It is well known that? 
d i 
n n r| (m,n) 
Then 


SÈS) SSE) E mw 


ami mn] tj yal riim, a) 


1 
—~ Adit, 
= 2 








-Xad È (4)=- Dad È 


ø=] vel 


rim am] pel, ria r|m 


= Dun (2 )x x (4 a 


Tben, by Lemma 2, 














EEG) 712 EO) 
se EC) 








A 


[s / r] 


133 


a 


25 (E}e)m— AC +) 


1 


1 1 
<— re ps sS a i = 7 Aan, 
fT 


2 r|m 


since we have fr <fl/4m <A, 


1 /[A , 1 
faa rs le o 


and 


Sis. 


r |a 


LEMMA 5. We have 


< /d\1 1 
P S(-)- < tog a+ 1 


l 


3 This follows from the fact that >. aau(d) =0 or 1 according as a >1 or a=]. 
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Proor. For ng 1 let 


sin) = (=), 


ave] mew] 


and let S(O) =.S(—1) =0. Then we have 


d 
S(#) — 2S(s — 1) + Sín — 2) = (<), nzi, 
” 
and 
e5 d 1 o | 1 
¥(=)=— = È {se - 250 = D +S = 9} — 
nj n n 
2 1 
= ysm(—-- =t) 
O R 2S) 
“yi niat 1) + 2) 
We divide the series into two parts 


A-1 #0 
S1 = >» Ss = Wis 
tom I nmd 
Since 


spi s EE E, 


ont mml 


it follows that 
Ai 1 
S EA 
| S1 sE E 


If A >d!!? we have by Lemma 4 











Be ae =f 
Pa day Se ee edema ee conan: 
E nantin D) Ad 
Hence 
» /d\ 1] 4) 1 pit 
X(t); = D a tae 
Ant 1 i 1 1 gu? 
a ee ee ee 
2 a 1% Der á+i1 


1 #41 


1 
< Jop (A = mr 
g< ) D ree 
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Taking A = [d1/2]+1 we have 





2 /d\ 1 1 1 ași 
a aes ET E E pci 
>(=)-|s ae 2 pat gaa 
ged ise ai een EET 
pee a. ag ge 
since dg5. 


THEOREM 1. We kave 
log e < d'/2((1/2) log d + 1). 


Proor. It is known that the number A(d) of classes of non-equiva- 
lent quadratic forms with determinant d >Q, is given by 


TE ES 


log 6 aml \A/ B 





Since k(d) z1, we have the theorem. 
THEOREM 2 (Schur). We kave 
log e S d”? log d. 


Proor. For d>e?, the theorem follows from Theorem 1. If d<e?, 
then d=5. Evidently e= (3+513)/2 and 


log e < S”? log 5. 


NATIONAL Tsing Hua UNIVERSITY 


A NOTE ON THE DIOPHANTINE PROBLEM OF FINDING 
FOUR BIQUADRATES WHOSE SUM IS A BIQUADRATE 


J. O. PATTERSON 
The problem is to assign integers satisfying the relation 
(1) zt {Œ yt + at 4+ Bf e. 


Granted that the five integers have no common divisor, it follows 
that « and one quantity on the right (here taken as y) are not multi- 
ples of 5; and it can be shown that (1) without loss of generality can be 
replaced by 


(2y gtm yt + Slat + Bt + 74). 


In this expression x is an odd number prime to y; y may be odd or 
even; and neither is divisible by 5, as stated above. 

Let (xt —y*)/5t =d; which for values satisfying (2) will be an 
integer. 

Evidently x and y must satisfy the congruence x‘m4* (mod 5$). 
Hence, for values of x up to any required magnitude, there are corre- 
sponding values of y;! and the resultant values of d can be found and 
tabulated. l 

If (2) is satished, then d=at+ 4+; and from the elementary 
properties of the sum of three biquadrates it is seen that many values 
of d may be rejected at once: for example, all those having for the 
final digit 0, 4, 5, or 9; and all those incapable of representing the 
sum of three square numbers. The remaining values of d will have 
for the final digit 1, 2, 3, 6, 7, or 8. Regarding these as separate cases, 
it is possible to devise a numerical test for each case. As an example, 
consider the values of d ending with ---3. These must have the 
form 80k+3 (sum of three odd biquadrates prime to 5) or the form 
80k+33 (sum of one odd and two even biquadrates prime to 5). 
Choosing the latter form,* seventy instances are found in a tabula- 
tion of values of d based on all admissible values of x <700. The first 
ten in order of magnitude are: 164833, 195313, 198593, 3029873, 
4106193, 4590753, 5086913, 5693793, 5948193, 7424753. Testing 
these by a method (based upon the character of k), which need not be 


Received by the editors November 24, 1941. 

1 Solutions of the congruence in question can be read from C. J. G. Jacobi’s Canon 
Artthkeaticus, Berlin, 1839, pp. 230-231. 

2 This form was considered first because it includes Norrie’s solution, which ap- 

pears in The University of St. Andrew 500th Anniversary Memorial Volume, Edin- 

burgh, 1911, p. 89. 
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described in this brief discussion, it is found that the third integer is 
the sum of three biquadrates, and gives Norrie’s solution > 
3534 — 2724 


d = 198593 = ——_—__—_- = 214 -+ 84 4 24, 
re? + 84 -+ 


The seventh integer furnishes a second numerical solution 


6514 — 5904 


It is the intention of the writer to carry the investigation of each 
case as far as values of x <<1250 (=2-5*). The fact that an additional 
solution was obtained in the first case examined would seem to give 
some promise that other solutions exist among the lower integers. 


GLENSIDE, Pa. 


ON THE INVERSION OF THE g-SERIES ASSOCIATED 
WITH JACOBIAN ELLIPTIC FUNCTIONS 


A. N. LOWAN, G. BLANCH AND W. HORENSTEIN! 


The elliptic functions sn (u, k), cn (u, $) and dn (u, k) may be com- 
puted from theta functions by well known methods outlined in stand- 
ard texts. (See, for instance, Whittaker & Watson, Modern Analysts, 
4th edition, p. 485.) Given the modulus k, and k’=(1—2?)¥?, there is 
associated with $, k’ a function e defined by 


=e oe ee 
t+ (RAL 2 81(0, 9) 


2 
Values of theta functions for a given parameter g can be readily 
computed, and the Jacobi elliptic functions turn out to be ratios of 
the theta functions. 
The series for € in terms of q is given by 


(1) e= Ego 7 12d p 
k=w() ben | 


Presented to the Society, February 28, 1942; received by the editors December 19, 
1941. 

1 The above results were obtained in the course of work carried out by the Mathe- 
matical Tables Project, conducted by the Work Projects Administration for the City 
of New York under the sponsorship of the National Bureau of Standards. 
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Since, however, the known parameter in elliptic functions is e and 
not q, the problem of inverting formula (1) arises. Weierstrass? gave 
the first four terms of this expansion, and Milne-Thomson? added two 
more, giving 

T 
q = e + 2e + 156 -+ 150 + 1707" + 20,9108 4 --- 

As is well known, the above series converges for | e| <1/2; and it is 
rapidly convergent over a large range of e. But when e is greater than 
0.3, only a few decimals in g may be obtained from the six terms given 
above. Because of the importance of this series in the computation of 


elliptic functions as well as in the Jacobian zeta functions, the above 
series has been extended to fourteen terms, as given below: 


= e[l + 2 + 154? + 150% + 170764 + 20,910u8 + 268, 616m! 
+ 3,567, 4007 + 48,555, 069n® + 673,458,8746° 
+ 9, 481,557,398! + 135,119, 529,9724 
+- 1,944,997, 539, 6236!? + 28, 235,172,753, 886u!# -> | 


(2) 


where u = e. 
The following accuracy may be obtained with the above series: 


Accuracy in q with Accuracy in q with 
€ 14 terms of (2) 6 terms of (2) 
decimals decimals 
A 7 4 
- 36 10 5 
30 14 6 
29 18 8 


New Yorx City 


2 Werks, vol. 2 (1895), p. 276. 
3 E A eae London Mathematical Society, vol. 
5 (1930) pp. 148-149. 
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TABLE;,OF THE ZEROS OF THE LEGENDRE POLYNOMIALS 
OF ORDER 1-16 AND THE WEIGHT COEFFICIENTS 
FOR GAUSS’ MECHANICAL QUADRATURE 

7 FORMULA! 


ARNOLD N. LOWAN, NORMAN DAVIDS AND ARTHUR LEVENSON 


Gauss’ method of mechanical quadrature has the advantage over 
most methods of numerical integration in that it requires about half 
the number of ordinate computations. This is desirable when such 
computations are very laborious, or when the observations necessary 
to determine the average value of a continuously varying physical 
quantity are very costly. Gauss’ classical result? states that, for the 
range (—1, +1), the “best” accuracy with n ordinates is obtained by 
choosing the corresponding abscissae at the zeros 11,---, x. of the 
Legendre polynomials P,(x). With each x; is associated a constant a, 
such that 


(1) Í Kade ~ mfia) + afla) H H afla): 


The accompanying table computed by the Mathematical Tables 
Project gives the roots x, for each P,(x) up to #= 16, and the corre- 
sponding weight coefficients a,, to 15 decimal places. 

The first such table, computed by Gauss gave 16 places up to 
n=7.7 More recently work was done by Nystrom,‘ who gave 7 
decimals up to »=10, but for the interval (—1/2, +1/2). B. de F. 
Bayly has given the roots and coefficients of Pis(x) to 13 places.’ 

The Gaussian quadrature formula for evaluating an integral with 


arbitrary limits (p, q) is given by 


Presented to the Society, October 25, 1941, under the title Tables for Gauss’ 
mechanical quadrature formula; received by the editors December 18, 1941. 

1 The results reported here were obtained in the course of the work done by the 
Mathematical Tables Project conducted by the Work Projects Administration for 
New York City under the sponsorship of the National Bureau of Standards, Dr. 
Lyman J. Briggs, Director. 

t Methodus nova tnlegralsum valores per approximationen inveniendi, Commenta- 
tiones Societatis Regiae Scientiarum Gottingensis Recentiores, vol. 3 (1814), or Werke, 
vol. 3, pp. 193—195. 

3 It may be found reproduced in Heine’s Kugelfunctionen, vol. 2, 1881, p. 15, or 
Hobson, Spherical Harmonics, pp. 80-81. 

1 Nystrdm, Acta Mathematica, vol. 54 (1930), p. 191. 

s B. de F. Bayly, Biometrika, vol. 30 (1938), pp. 193-194. 
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\ 


(2) J seas = o> of( x! : P -+ = + Ralf) 





where x, =~x,,, i8 the sth root of P.(x) and 


1 1 P, (x) 
— dx. 
Pa (a)y itr, s 





(3) G, = aia ~= 


We have 
Kim —Xa—tl Oy ™Gn—i41) 


so that only half the values need be tabulated. 
It is well known that if fıa-1(x) is an arbitrary polynomial of degree 
at most 2s — 1, then 


RaQas—1) = 0, 


that is, formula (1) is exact. Thus Gauss’ formula with » ordinates 
provides an approximation as good as would have been obtained by 
using a polynomial of degree 2n —1. 

If f(x) has a continuous derivative of order 2# in the interval 
(p, q), then! 
E pE) 


R, = 
(27) 143 





where $ is a point in the interval (p, q) and &, is the normalizing factor 
for P,(x), which is equal to 


2n-+1 r 
q-p} ` 

The roots were calculated by successive approximations, combining 
synthetic division with Newton’s tangent formula. They were checked 
by using the relations between roots and coefficients. 

By suitable transformations of formula (3), the computation of the 
weight coefficients a, was made to depend on that of the roots, in 
particular on the values of the successive quotients obtained in the 
process of synthetic division. These weight coefficients were checked 
by putting f(x) m1 in formula (1), giving 


2 = 0 + Gat ++: + Ge. 


The sum of the ars was required not to differ from 2 by more than 
one unit in the 17th place. 


t This expression is due to Markoff. See Szegd, Orthogonal Polynomials, American 
Mathematical Society Colloquium Publications, vol. 23, 1939, p. 369. 
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xı = 0. 577350269189626 


x = 0 . 000000000000000 
xım 0 774596669241483 


xı = 0, 339981043584856 
x= 0 .861136311594053 


2 = 0 . 000000000000000 
x: = 0 . 538469310105683 
ty = 0 .906179845938664 


z; = 0 . 238619186083197 
x, = () . 661209386466265 
xı = 0 932469514203152 


xe = 0 . 000000000000000 
zı = 0 405845151377397 
w= 0. 741531185599394 
xı = 0 .949107912342759 


=O. 183434642495650 
x1 = 0 . 525532409916329 
xa m 0) . 796666477413627 
xı = 0 . 960289856497536 


xa = 0 . 000000000000000 
xı = 0) , 324253423403809 
x, = 0 .613371432700590 
x, = () 836031107326636 
z = 0 .968160239507626 


xı = 0. 148874338981631 
xa = 0) 433395394129247 
X30 679409568299024 
x= 0 . 865063366688985 
x = 0 .97 3906528517172 


xe = 0 . 000000000000000 
xı = () 269543155952445 


' £= .519096129110681 


tm 0. 730152005574049 
x= 0 . 887062599768095 
x= 0 .978228658146057 


TABLE 


nm 4 


am 


ams 


am if 


mum il 


\ 


gı ™ Í .000000000000000 


da ™ 0 . B88888888888889 
a, m0. 555555555555556 


a = 0 652145154862546" 
drm 0 . 347854845137454 


do ™ Q . 568888888888889 
a, m 0 . 478628670499366 
d4 m 0 . 236926885056189 


a, m 0 . 467913934572691 
Gam 0 360761573048139 
am 0, 171324492379170 


dam 0 .417959183673469 
a m 0 . 381830050505119 
dı = 0 .279705391489277 


a, ™ 0 , 129484966168870 . 


G; m 0 , 362683783378362 
ar ™ 0 313706645877887 
a, = 0 , 222381034453374 
du "= 0 . 101228536290376 


a, = 0 . 330239355001260 
G, "e 0 , 312347077040003 
a, = 0 . 260610696402935 
a, =0 180648160694857 


a, = 0 081274388361574 


dı m 0 295524224714753 
a, = Q . 269266719309996 
a ™ 0 , 219086362515982 
a™ 0 , 149451349150581 
a= 0O 066671344308688 


a= 0 .272925086777901 
G; a O 262804544510247 
a, = 0 . 233193764591990 
azm 186290210927734 
amO 125580369464905 
a; = O .055668567116174 
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TABLE—Conitnued 


x, = 0 . 125333408511469 
z, = (0) .367831498918180 
xı = 0) . 587317954286617 
xm 0. 769902674194305 
xy = 0 904117256370475 
xe = 0 .981560634246719 


x9 = 0 . 000000000000000 
xı = () , 230458315955135 
wy = 0 448492751036447 
x; = 0 . 642349339440340 
xı = 0 .801578090733310 
x= 0 .917598399222978 
xa = 0 . 984183054718588 


xı = 0 . 108054948707344 
y= 0.319112368927890 
xı = () 515248636358154 
x4 = 0 . 687292904811685 
x, =0.827201315069765 
xı = 0 .928434883663574 
Xy m 0 . 986283808696812 


xo = 0 , 000000000000000 
x, = 0 201194093997435 
ay = 0. 394151347077563 
x= 0. 570972172608539 
x= 0. 724417731360170 
xs = 0 . 848206583410427 
xe ™ 0 .937273392400706 
xy = 0 .987992518020485 


x, =0.095012509837637 
zam 0 281603550779259 
xım 0.458016777657227 
xım 0 .617876244402644 
xs = 0 . 755404408355003 
z= 0 .865631202387832 
xr = 0 944575023073233 
xa = 0 .989400934991650 


mm 12 


ami3 


wom i 4 


nm ]5 


n 16 


a,=0 249147045813403 


a4 = 0 . 233492536538355 
G, = 0 . 203167426723066 
au = 0 . 16007832843 M6 
as = 0 . 106939325995318 
a= 0 .047175336386512 


de= 0 .232551553230874 
dı = 0 . 226283180262897 
da= 0 .207816047536889 
da= 0 .178145980761946 
a= 0. 138873510219787 
das = 0 .092121499837728 
as = 0 .040484004765316 


a= () 215263853463158 
da= 0 . 205198463721296 
d: ™= 0 . 185538397477938 
a4™=0.157203167158194 
a,—=0.121518570687903 
a,=0.080158087159760 
ay = 0 .035119460331752 


. 202578241925561 
198431485327111 
186161000015562 
166269205816994 
da4 =0.139570677926154 
a, = 0. 107159220467172 
as = 0 .070366047488108 
dr = 0 .030753241996117 


aam Ô 
a,;=0 
a=. 
aa ™ Q). 


189450610455069 
182603415044924 
169156519395003 
a= 0 . 149595988816577 
as = 0. 124628971255534 
Gs ™= 0 095158511682493 
dy m 0 062253523938648 
as=0 027152459411754 


a,—=0. 
dy—=Q 
ay=Q. 
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EXAMPLE. Let it be desired to find I= ffdx/x. By formula (2) 


I ~ 


Gk 


—— 


x p 
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Taking »=10, we have 
0, 295524224714753 
2.851125661018369 


0.219086362515982 
2. 320590431700976 
0, 066671344308688 
2.026093471482828 
0. 26926671930999% 
3.433395394129247 
0. 149451349150581- 
3. 865063366688985 


'0.269266719309996 
2 . 566604605870753 


0. 149451349150581 


2. 134936633311015 


0. 295524224714753 
3. 148874338981631 
0. 219086362515982 
3.679409568299024 


- 0.066671344308688 


3.973906528517172 


= 0.693147180559947. 
This agrees to fourteen places with the actual value 
log 2 = 0.693147180559945. 


Grateful acknowledgement is extended to Mr. V. Galin and Mr. A. 
Grossman, and especially to Miss M. Robinson for her assistance in 
the preparation of the manuscript. 
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SOME REMARKS ON RELATIVELY COMPLETE FIELDS 
IRVING KAPLANSKY AND O. F. G. SCHILLING 


In this note we discuss some properties of fields which are relatively 
complete with respect to valuations of rank one. We show that rela- 
tively complete fields have in many respects simpler properties than 
complete fields. This note arose as a consequence of a discussion of 
an erroneous statement in a note of one of the authors.! 

Let K be a field on which a valuation V of rank one is defined. De- 
note the ring of integers in K with respect to V by O and let P be 
the prime ideal of nonunits in O. 


DEFINITION? 1. The field K ts termed relatively complete with respect 
to V sf every polynomial congruence 


f(x) = go(x)ho(x) (mod P) 
with f(x) in Olx] and (go(x), ho(x))m1 (mod P) implies 
J(=) = g(x) h(x) 
where g(x) go(x) (mod P) and h(x) mho(x) (mod P). 


We remark? that there exist relatively complete fields which are not 
complete with respect to the congruence topology induced by V. To 
find examples for such fields it suffices to consider infinite algebraic 
extensions of a field which is complete with respect to a discrete valua- 
tion of rank one. 


DEFINITION! 2. Two polynomials a(x) and b(x) over a field K are 
said to have the same decomposition type if a(x) =| [i p(x)", 
b(x) =] [5_4¢,(x)** when the p,(x) and q,(x). are irreducible polynomials 
and s=r, m, =n: and p,(x) and q,(x) have ihe same degree for a sustable 
arrangement of the prime factors. 


We are now able to generalize certain of the results of F. K. 


Presented to the Society, December 31, 1941; recetved by the editors January 9, 
1942, 

1 Q. F. G. Schilling, Remarks on a special class of algebras, American Journal of 
Mathematics, vol. 62 (1940), pp. 346-352. 

7A. Ostrowski, Untersuchungen sur artihmetischen Theorie der Korper, Mathe- 
matische Zeitschrift, vol. 39 (1935), pp. 269-404. 

3 A. Ostrowski, Uber oinige Fragen der allgemoinen Kodrpertheorte, Journal fur die 
reine und angewandte Mathematik, vol. 143 (1913), pp. 255~284. 

iF. K Schmidt, Mehrfack perfekie Korper, Mathematische Annalen, vol. 108 
(1933), pp. 1-25. 


744, 


RELATIVELY COMPLETE FIELDS 745 


Schmidt. We first state without proof a simple consequence of 
Ostrowski’s criterion for relative completeness. 


Lema 1. Let K bea field which ts relatively complete with respect to 
‘a rank one valuation V and let K be the completion of K. Then the de- 
composition type of any coe polynomial f(x) with coeficients in K 
4s ihe same sn K asin 


Lemma’ 2. Let K, Kı be the completions of K with respect to the in- 
equivalent rank one valuations V, V1 of K, and let the fields L, Li be rela- 
tively complete with respect to Vand V; such that K sL < K, Ksl; s Ri. 
Then there exssts for any two separable polynomials g(x), gi(x) of the 
same degree in L, Li a third polynomial h(x) in K whick has the same 
decompostiton types as g(x), g(x) in L, La. 


Proor. According to a result of F. K. Schmidt’ there exists a poly- 
nomial A(x) in K whose decomposition types in K, Ki coincide with 
those of g(x), gi(x). Then, by Lemma 1, the decomposition types of 
k(x) and g(x) are the same in L. Similarly, the decomposition types 
of h(x) and gı(x) are the same in Li. 

Next we prove the following theorem. 8 


THEOREM 1. If the field K ts relatively complete with respect to the 
rank one valuation V and if, for the inequivalent rank one valuation Vi, 
the field Li is a relatively complete field containing K and contained in 
the completson of K, then Li is separably algebraically closed. 


Proor. Let gi(x) be an irreducible separable polynomial of degree n 
in Ly and let g(x) be the product of any n distinct linear factors in K. 
Then, according to Lemma 2, the polynomials g(x) and gi(x) have the 
same type of decomposition in K and Lı. Hence gi(x) must be a prod- 
uct of linear polynomials; in other words, the field Zi is separably 
algebraically closed. 


THEOREM 2. A field K is relatively complete with respect to two tn- 
equivalent rank one valuaisons sf and only sf i 4s separably algebraically 
closed. 


Proor. The necessity of the statement follows at once from Theo- 
rem 1. On the other hand Ostrowski's criterion implies that a separa- 





s Ostrowski’s criterion states that a field is relatively complete if and only if it is 
separably algebraically closed in its complete closure. Loc. cit., p. 316. 

s! F, K. Schmidt, loc. cit., lemma on p. 16. 

T Loc. cit., p. 16. 

t Theorem 1 is the analogue of Schmidt’s Theorem 1, p. 18, loc. cit. 
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bly algebraically closed field is relatively complete with respect to 
every valuation of rank one. 


THEOREM 3. If a field K 4s complete with respect to a rank one valua- 
tion and relatively complete with respect to a rank one valuaison which ts 
snequivatent to the first valuaiton, then K is a multiply complete field. 


Proor. By Theorem 2 the field K is separably algebraically closed. 
Since K is complete with respect to the second valuation, it follows 
that K is algebraically closed.* Moreover the cardinal number ¢ of K 

‘satisfies the equation œ= c¢ for K is a complete field. Hence K isa 
multiply complete field. ) 

We should like to point out that the above theorems do not require 
conditions on the cardinal number of the field K as in the theory of 
F. K. Schmidt for complete fields. 

In Theorem 2 it was proved that the separable algebraic closure 
of a field K is always relatively complete with respect to every valua- 
tion extending any non-trivial rank one valuation of K. We then may 
ask whether already a finite algebraic extension L of K is relatively 
complete with respect to some rank one valuation though K itself is 
not relatively complete with respect to any rank one valuation. 

We shall give a partial answer to this problem in this theorem. 


THEOREM 4. Suppose that K 4s a field which has for every integer n 
exachy one separable extension of degree n and suppose that K ts not 
relatively complete with respect to any non-irstoial rank one valuation. 
Then there extsts no niie algebrasc extension L of K which ts relatively 
complete wih respect to a rank one valuation. 


PROOF. Suppose that, contrary to'the theorem, there exists a finite 
extension L of degree m over K which is relatively complete with 
respect to some rank one valuation Vz. Since L is relatively complete 
with respect to Vz there is, by Ostrowski’s criterion, a one-to-one 
correspondence between the algebraic extensions of L and its com- 
pletion Z with respect to Vr. In other words, if Z, is an arbitrary 
extension of degree # over L then [Z,£:2]=n. Consider next the 
valuation V on K which is induced by Vz. Let K be the completion 
of K with respect to V. We assert that the Galois group of the alge- 
braic closure K’ of K (relative to K) is cyclic. For a proof it suffices 
to show that the decomposition groups for the prolongations V; of V 
to any extension M >K are cyclic. Since M/K is cyclic all decom- 

*F. K. Schmidt, loc. cit. Lemma 2, p. 18. 


tM. Deuring, Verswetgungstkeoric bewerteier Korper, Mathematische Annalen, vol. 
105 (1931), pp. 277-307. 
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position fields coincide and are cyclic. The field Z is then equivalent 
to a subfield of K’; without loss of generality we may suppose 
K’>L2k. The degree [Z:K|= is a divisor of m. Consequently 
[Z,:K|=[Z,0:L](2:K]=nm. By the Galois theory there is then 
for every integer n an extension Z,.* of degree n over K. The defining 
equation f*(x) =0 of Z,*/K now may be approximated by an irreduci- 
ble equation f(x) =0 of degree » with coefficients in K so that Z» is 
generated by the roots of f(x)=0. The root field of f(x) =0 over K 
is the cyclic extension Z of degree n over K. Hence Z,*=Z,! K for 
all n, contrary to the assumption that K is not relatively complete 
with respect to any rank one valuation. 


HARVARD UNIVERSITY AND 
UNIVERSITY oF CHICAGO 


A DIFFERENTIAL GEOMETRY PROBLEM USING 
TENSOR ANALYSIS 


ATHERTON H. SPRAGUE 


1. Introduction. The problem at hand was worked out in attempt- 
ing to apply tensors to a much more general problem in classical 
differential geometry. The results obtained in a general coordinate 
system reduce readily to classical results of Eisenhart. An interesting 
interpretation of Christoffel symbols appears. 


2. R net. A rectilinear congruence in 3-space is called a W-congru- 
ence if the asymptotic lines on the two focal surfaces correspond. If 
the tangents to both families of curves of a conjugate net on a surface 
form W-congruences the net is called an R net.1 We derive the ana- 
lytic conditions that must obtain in order that a given conjugate net 
on a surface shall be an R net. 


3. Equations for an R net. Let Sı be one focal ieee of a W-con- 
gruence, the vector equation of the surface being 


(3.1) s, = si (2), Pre Re acre eae ae? 


Received by the editors November 11, 1941. i 
1 Tzitzeica, Comptes Rendus de l’Académie des Sciences, Paris, vol. 152 (1911), 
p. 1077. 
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Let S, be the other focal surface of the congruence with vector z$ 80 

that we have 

(3.2) Ss = £1 + pit 


where & is a unit vector tangent to Sı, and pı is an invariant. 
Then if `$; are the components of this vector in the x's we have 


(3.3) Er = Biyi 
- where in this case 


a Öz 
fui = 
Ox* 





since s; being an invanant for a transformation of coordinates in the 
x's, the ordinary derivative of sf with respect to x‘ is the same as the 
covariant derivative with respect to g,,, the fundamental tensor of Sı. 
Then substituting (3.3) in (3.2) we have 


(3.4) $= 5) + p817 Ài). 
Similarly by the property of focal surfaces we have 
(3.5) 51 = s3 + pstaysdyy 


where 3 is an invariant, and Xy is a unit vector tangent to Sy. 
Adding (3.4) and (3.5) we have 


t a ft a 
(3.6) Prdi/817,5 + Pasas = O. 
From (3.6) we have 
(3.6% pi = ps, 


íi a 1 « 
Aiia = Cha /¥a/,i 
where @=1 if e= —1, and 2= —1 if e=1, and conversely. 
We differentiate (3.4) covariantly and have 
a a t « { « + « 
(3.7) Zajk = Bak T Pia + ati E PaA 


Let nf be the unit normal to S. 


We multiply (3.7) by \4,, sum for k, multiply by nf, sum for æ and 
we have 


s 7 
(3.8) 0 = pibih AAs 


the first three terms on the right vanishing because nj is perpendicular 
to Sı, the term on the left vanishing because of this fact and (3.6). 
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and the last term becoming pinf 27/41/43, the second factor of which 
is denoted by by. A13? l 

Hence the direciions \; and Ny are conjugate on S? 

Similarly they are conjugate on Ss. 

We next differentiate (3.7) covariantly with respect to g,;, the funda- 
mental tensor of Si, 


8a 
ð 34 a m a + a 1 a 
= Ein} a = g1] F Pa, bAa F PaA 
ðx*ðx? ky 


‘+ a {í a 1 a t a 
+ p1, Aiia F Pi, E PA, a F PMi 
$ a q a 4 g 
+ pry, M iaa F PM, Biik t Pi1M ihj 


Multiply by ng (the unit normal to S;), sum for a and we have 


a a t a a 4 a «a 
bsp; = bison "na + PLf,byA1/B1/.° 72 + P1/,wA1/,221/,4° 12 
í a a rf a “ { « a 
+ Pil Aibmi -h2 + Pif,yA1/,481/,5° Na + PIAL/ T -ATRIA 
(3. 10) q «x a i a a + « a 
+ PAD mi "H3 + Pir Arbina 2 + PIM fabiani ‘Ta 
4 « g % a « 
-+ prdr/01 fsb, mi "132 + biao Mia Na. 


In the future, since unless otherwise stated covariant differentia- 
tion is with respect to the fundamental tensor of Sı, we shall note the 
covariant derivative of 47; DY yw. 

We evaluate si n3 as follows. 

We differentiate (3.5) covariantly giving 


(3.11) sipi = Saya F paj aAa] a F padays8a/.0 + Paa at 
Multiply by ny and sum for a, giving 
(3.12) sian = pada/Da/es. 


Substituting this value for sf. na in (3.10) we have 


bares = (m-n) (bi + Tn ee + bipi + AET diy 
“+ re + bips, Pra) + pik ilies 
+ P1/,bA1/, Paa btje + pry, A1, LPIÀt b/n 
+ EEE E T 

Since the asymptotic lines on Sı and S; are to correspond we have 


!' 2L, P. Eisenhart, Riemannian Geometry, 1926, Equation 56.2, p. 189. 
3 Ibid., Equation 56.3, p. 189. 


(3.13) 
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(3.14) ` biju = wy. 


We determine u as follows. Differentiate the second of (3.6’) co- 
variantly, giving 


{ a s g 3 a + a 
(3.15) Muns + Myar t es, 1, F Asi) = 0. 
Multiply by n3, sum for æ and use (3.12). This becomes 
í a 1 E i 
(3.16) Abimi na) + prdi, Arba + sban, = 0. 
Now multiply by A; and sum for j giving 
a if i b] 
(3.17) (ni -ma)brpsdapday + bap MAA = O. 
But since &.4=pbija we have 
a tf 
(mna Jbiudi A 
pabi pedis, ASAL 
Substituting in (3.13) and using the fact that? 


(3.18) u= — 


a em a 
mid = — Dijak Zijm 


we have 


TEREN + abe T RORE + Pir Mba 
Ga Aap sbi tabal e aA n a 
=p bu + bantat Oai 
t — pry, Ain apaabu] = 0 


where the b’s are all those of S. 
To evaluate pi, multiply (3.16) by N; and sum for j, giving, by 
(3.14) 


be tf 
(3.20) Pribina Ay, pay + Mabini = O. 
Similarly, we have 
Ei ag E 
(3.21) Pabi AA A E MAb = 0 


where 4, is with respect to 2,, of Sa. (It should be remarked that 
pı may be expressed entirely in terms of elements of Sı by means by 
(3.6) and (3.7) and differentiation.) 

Equations (3.19) with pı and ps determined by (3.20) and (3.21), 
respectively, constitute the condition that must obtain in order for 
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the tangents to the curves of direction Aj; on Sı to form a W-con- 
gruence. An equation similar to (3.19) obtains for the direction 4;. 
These two equations must hold in order for the net with directions 
di, and Xy to be an R net. 

In particular we consider the case where Aj, and y4; are tangent to 
the # and v parametric curves, respectively. Thent ~ 


=l bn=D, 

1=0, ba=bi =D =O, 
4=0, Ja=D", 

a: 


(3.22) 


and it is easily shown that 


i 4 
Nal sa { } 
aj 


for any fixed 4, a, j, which is an interesting interpretation of the 
Christoffel symbols in this case. 
In this case (3.19) reduces to 


(3.23) 24} F (L 7 int) 


` 





the equation obtained by Eisenhart." 
The equation similar to (3.19) reduces to 


(3.24) 224} ~ pa p a) 


and these two equations constitute the condition that the parametric 
curves of a surface S form an R net. 


ÅNHERST COLLEGE 





1 L. P. Eisenhart, Diferential Geometry, 1909, p. 115. 
s L. P. Eisenhart, Transformation of Surfaces, 1923, p. 106. 
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ON THE NILPOTENCY OF THE RADICAL OF A RING 
RICHARD BRAUER! 


1. Introduction. A few years ago, it was shown by C. Hopkins? 
that the structure theory of noncommutative rings? can be based on 
the assumption of only the minimum condition for left-ideala. Before 
Hopkins, a maximum condition for ideals had also been used in order 
to prove that the radical of the ring is nilpotent. Actually this last 
fact is a special case of the maximum condition, for example, the 
existence of a maximal nilpotent (two-sided) ideal, and this makes 
Hopkins’ result appear rather surprising. 

In this note, I give a short and simple proof for Hopkins’ theorem. 
I also show that it is sufficient to assume only the minimum condition 
for sets of two-sided nil-ideals (that is, ideals consisting only of nil- 
potent elements) in order to prove the nilpotency of the radical. The 
later sections are concerned with the existence of idempotents and 
primitive left-ideals contained in a given regular left-ideal. Here the 
assumptions concerning the ring R are those on which Kéthe‘ and 
Deuring* based their treatment of noncommutative rings. As was 
shown by Kéthe, these assumptions are equivalent to the validity of 
the structure theory, so that it is natural to work with them. Once 
the results of the later sections have been established, there is no 
difficulty in developing the theory with the usual methods.’ 


2. Preliminaries. A ring R is a set of elements for which an addi- 
tion and a multiplication are defined such that the elements form an 
abelian group under addition and that the associative law of multi- 
plication and both distributive laws hold. We may also have a set K 
of operators. Then the product ia =at of any ain R with any ż in K 
must be defined as an element of R, and the following rules are to 
hold (a, 8 in R, tin K) 


Received by the editors December 26, 1941. 

1 Guggenheim Fellow. 

1 Charles Hopkins, Duke Mathematical Journal, vol. 4 (1938), p. 664; cf. also J. 
Levitxki, Compositio Mathematica, vol. 7 (1939), p. 214. 

? E. Artin, Hamburger Abhandlungen, vol. 5 (1928), p. 251; B. L. van der Weerden, 
Moderne Algebra, vol. 2; M. Deuring, Algebren, Ergebnisse der Mathematik, vol. 4, 
1935; A. A. Albert, Structure of Algebras, American Mathematical Society Colloquium 
Publications, vol. 24, 1939. 

4G. Kothe, Mathematische Zeitschrift, vol. 32 (1930), p. 161. 

§ Loc. cit. 

s The treatment thus obtained seems to me simpler than Deuring’s treatment. 
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(1) (a@ t+ Bat + Bt, (a)i = (Bi) = (as). 


We then say that R is a K-ring. However, for some purposes, these 
postulates are not suitable, for example, it is easy to see that it is not 
always possible to imbed a K-ring R in a K-ring R* which has a 
i-element. We may modify the definition of a K-ring R in the follow- 
ing manner: If ¢ lies in K and a lies in R, then at and te both are 
defined as elements of R. For a, 8 in R, and for ¢ in K, we have 


(a+ pji=at+ pt tats) =ta+ ip, 
(aß)t = alfi), (aB = a(t), taf) = taf). 


We admit the possibility that atta. A K-ring R in this sense can 
always be imbedded in a K-ring R* which has a 1-element. It does not 
mean an essential restriction to assume that K itself is a ring which 
has a 1-element e such that: (a) as = ea =a for all ain R. (b) If at=0 
for a fixed ¢ in K and all ain R, then t=0. The same holds, if all 
ta =Q. (c) For the elements of R and for the elements of K, all possible 
associative and distributive laws hold. (This includes the equations 
(2).) A left-ideal (abbreviated l-ideal) of the K-ring R is a subset 
a of R which satisfies the following conditions: (1) If a and £ lie in a, 
then a +£ lies in a. (2) If æ lies in a, then pa and tæ lie in a for any 
pin Rand any tin K. In the case of a right-ideal (r-ideal), (2) has to 
be replaced by: (2^ If æ lies in a, then ap and at lie in a for any pin R 
and any tin K. A set a is an ideal, if a is both Lideal and r-ideal. 

For the following, it does not make any difference which definition 
of a K-ring is used. 


3. The radical. An element » of the ring R is a radscal-element, if 
it belongs to at least one nilpotent ideal. Since every nilpotent Lideal 
and every nilpotent r-ideal is contained in a nilpotent ideal,’ the 
elements of nilpotent Lideals and r-ideals are radical-elements. The 
sum of two nilpotent ideals is a nilpotent ideal;* the same holds for 
any finite number of nilpotent ideals. It follows readily that the set 
of all radical-elements forms an ideal N, the radical of R. It is easy 
to give examples of rings R whose radical N is not nilpotent. Hence 
we have to make a further assumption. 


ASSUMPTION (A). If 2 ts a nonvacuous set of sdeals a which consist 
of nilpotent elements of R, then there extsts at least one minimal ideal 
of È. 


(2) 


T Cf. A. A. Albert, loc. cit., p. 22. 
s Cf. A. A. Albert, loc. cit., p. 23. 
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We now prove this theorem. 


THEOREM 1. If the ring R satisfies this assumption (A), then tts 
radical N ts nslpotent. 


Proor. (a) Let us first suppose that the ring R even satisfies the 
assumption (A) when the word “ideal” in it is replaced by the word 
“left-ideal.7*1° 

We have 


(3) NONDN2D.:- 


Since all these ideals consist of nilpotent elements of R, there exists a 
minimal ideal N*=T of the set (3). If 7 =0, we are finished. Assume 
T0. Then 


(4) P=. 


Consider the set 2 of all Lideals a contained in T for which Tax0. 
This set is not empty, since it contains a= JZ. Let a be a minimal 
l-ideal of Z. Since Ta+0, there exists an element æ in a such that 
Tax#0. Then TaCaCT and T(Ta) =T*a=Tax0. Hence Ta itself 
belongs to È. Since a was minimal, we have 


(5) a= Ta. 


In particular, the element a of a belongs to Ta. We can find an ele- 
ment r of T such that a=ra. This implies a=Ta=Tamraem ... 
However, r as an element of T = N* is nilpotent. Hence r'a=0 for a 
suitable }, and we obtain a=0 which contradicts Ta +0. This proves 
Theorem 1 under our present assumption. 

(b) If we assume that R satisfies the assumption (A) in its original 
form, we have to replace the set È by the set X’ of all ideals a con- 
tained in T for which TaT 40. Again, the ideal T belongs to the set. 
If a ig a minimal ideal of Z’, we can find an element æ of a such that 
TaT #0. Then TaT belongs to Z’, and the minimal property of a 
gives 
(6) a= TaT. 


Consequently, the element æ of a belongs to TaT. This means that 
there exist elements 71, 723,° °°, Ta, TL, 74,°°°, Ta in T such that 


* For the proof of the thearem, it is not necessary to deal with this case separately. 
However, the proof becomes somewhat simpler when we make the stronger assump- 
tion, ‘The minimum condition for Lideals of R, implies this stronger assumption. 

1¢ Added July 5, 1942: The proof in (a) was found independently by Reinhold 
Baer, 
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ai 
a= > ner. 
inl 


On replacing a on the right side by > ryar/ and continuing in this 
manner, we obtain 
(7) a= > Tari = do rrari ri mx > TTITLATE Tj = 

4 3,7 tfh 
The radical element 7, belongs to a nilpotent ideal n;. Hence the sum 
q of the n ideals n is a nilpotent ideal containing all r,. If qr=0, then 
the rth of the sums in (7) vanishes since all products of r factors 
T, (1S4¢S) will vanish. Hence a=0, which contradicts the con- 
dition TaT +0. This proves the theorem. 


4, Existence of idempotents. For the last two sections, we make 
the following assumptions concerning the ring R: 


(I) The radical N of R is ntlpotent. 
(II) If È is a nonvacuous set of L-ideals aD N, there extsis at least 
one minsmal l-ideal of È. 


The condition (A), §3, implies the condition (I) as is shown by Theo- 
rem 1. If R satisfies the minimum condition for Lideals, then cer- 
tainly (A) and (I) hold, that is, (I) and (II) hold. 

We say that an l-ideal is regular, if it ia not nilpotent. An l-ideal a 
is primative, if a is regular while every Lideal b with bCa is nilpotent. 


Lemma 1. Every regular l-ideal m contatns an i nian, 
70 (mod N). 


Proor.!! (a) Assume first that mDAN. Using the assumption (II), 
we obtain an Lideal a with mDaDWN such that no /-ideal lies between 
a and N. If aaCN for all a in a, we have aC N which would imply 
that a? is nilpotent. But then a is nilpotent, that is, aC N. Hence for a 
suitable œ in a, the -Lideal aœ does not belong to N. Then 
NCN+a0aCa." It follows that 


a= N -+ aa. 


This implies that a can be written in the form a==y¥-+na with » in N 
and y in a. Then nama (mod N), and hence namna, (7?—n)a m0 


11 If the minimum condition for -ideals is satisfied in R, this proof can be simplified 
as follows: The /-ideal m contains a primitive --ideal a. As in the proof, we may 
choose an a in a such that aa does not lie in N. Then aama. This gives the existence 
of an qin a for which sa—y. As in the proof, we can conclude ymy pá0 (mod N). 

It We use the + sign, even if the sum of the /-ideals is not direct. 
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(mod N). The elements x of a for which va m0 (mod N) form an Lideal 
b with NCbCa. However, n does not lie in b, since nam0 (mod N) 
would imply am0 (mod N) and aaCN. Hence ba, that is, b= N. 
The element 7?—7 lies in b, which gives n*ain (mod N). If we had 
n=Q (mod N), then again amsyam0 (mod N), which was impossible. 
Hence 740, 72m (mod N) and y lies in a. 

(b) If m does not contain N, set m*=m-+ JN. Then, as shown in (a), 
the l-ideal m* contains an element 7* with ņn*?mn* 40 (mod N). How- 
ever, every n* of m+ N is congruent to an element y of m, and this 7 
will satisfy the conditions of Lemma 1. 


LEMMA 2. If rts a gwen postiswe integer, we may find a polynomial 
f(x) with rattonal integral coeffictents such that 


(8) f(x) = 0 (mod x), = f(x) = 1 (mod (1 — 2)’). 


Proor. Expand the square bracket on the right side of 
1=1%= [x+(1—x)]* according to the binomial theorem. If f(x) is 
the sum of the terms containing x at least to the power x’t!, then f(x) 
satishes the congruences (8). 


THEOREM 2. Every regular l-ideal m contains an idempotent c. 


Proor. Construct 7 according to Lemma 1. Then (n—7)' =0 for 
some r, The element ¢=f(y7) is well defined, as f(x) has no constant 
term. It follows from (8) that we have an equation f(x)!—f(x) 
= (x—2x?)'g(~) where g(x) is a polynomial with rational integral 
coefficients such that g(x) has no constant term. If we replace x by 9, 
we obtain «?—e=0. If we had e=f(n)=0, we could multiply the 
second congruence (8) by xt! and replace x by n. This would give 
Q=7t! which contradicts the congruences nman?antm---, n40 
(mod N). Hence e is an idempotent belonging to a. 

COROLLARY. An element v of R is a radical element, if it ts properly 
nilpotent, thai is, if av 4s nilpotent for every ain R. 

Proor. If » belongs to the nilpotent ideal n, then RyCnCWN, and 
all av are nilpotent. If vy is properly nilpotent, then a= Rr cannot con- 
, tain an idempotent. Hence RCN. The set of all » for which RGN, 
forms an ideal n which again cannot contain an idempotent. Hence 
nCN; in particular, p belongs to N. 


5. Primitive /-ideals contained in regular /-ideala.4 We prove the 
following theorems. 


i If the minimum condition for Lideals is assumed, Theorem 4 becomes trivial. 
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THEOREM 3, Let a be an Ideal with aN, such that no l-ideal lees 
between a and- N. If e ts an sdempotent belonging to a, SISE 
primsisve l-ideal contained in a. 


PRoor. Suppose b is a regular l-ideal with bC Re. Then b contains 
an idempotent e’ and we have 


(9) | Re C Re. 


Since e belongs to Re, we’ have e’eme’, Set Eme—ee’. Then 
fem e?—ee’eme—ee’ =f, fe’ =0. Hence E? = fe — fee’ =E, 

If £0, it is an idempotent contained in Re. Then NC RE+NCa, 
Since no /ideal lies between a and N and RE contains f?=§£A0 
(mod N), we have RE+ N=a,. This implies ae’ = REe’-+ Ne’ = Ne’CN, 
However, ae’ contains «2=e' which does not lie in N; we have a 
contradiction. 

Hence &=0, that is, ce’ =e. Then Re’ contains ec’ =e, and Re D Re. 
This contradicts (9), and the theorem is proved. 

THEOREM 4. Every regular l-sdeal m contasns a primiiwe adeat. 

PROOF. Let a be an -Lideal such that NCaG@m+WN and that no 
l-ideal lies between N and a. Then a contains an idempotent éo and 
es=n-+y with n in m and » in N. Hence n?m å =c (mod N), 
neom0 (mod N). Using Lemma 2 as in the proof of Theorem 2, we 
obtain an idempotent «= f(y) which belongs to m. Then ReCm. Since 
n= co—y lies in (+N =a, the element e=f(n) lies in a. Theorem 3 
shows that Re is primitive. 

We can now prove this theorem. 


THEOREM 5. Every -edeal m ss a direct sum of primtisve l-ideais Re, 
and a nilpotent l-ideal n: 


(10) m = Ra + Ra + e + Rea + rn" 
Here the «, can be taken as tdempotents such that 


(11) ee, 0 for ix j, i= 4, ne = 0. 


Proor. Because of the assumption (IT), §4, we may assume that the 
theorem is correct for all regular r-ideals m’ with m’/+NCm-+N. Let 
Re, be a primitive /-ideal contained in m, é an idempotent, and 
apply the Peirce decomposition. Then m is a direct sum 


(12) m =m’ + Re, 


u Tf m is nilpotent, the terms Re, are missing. 
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where m’ consists of those elements u of m for which ne, =0. This im- 
plies m’-+NCm+N, as (m'’+N)ea= Nee CN while (m+N)e con- 
tains én. Then Theorem 5 holds for m’. If m’=Ra+ ---+Re itn 
is the corresponding representation, then (12) gives the representa- 
tion (10) of m. However, we obtain the formula (11), ¢,¢,40, only for 
i*n. We must replace e (+1, 2,- , n—1) by ¢,—e,¢, in order to 
have ¢.¢,=0. As is easily seen, these new elements satisfy all the 
conditions. 


THEOREM 6. If Theorem 5 4s applied io Rem, then fm e-e 
+--+ +e, ts a l-element (mod N), thai ts, af fama (mod N) for 
all a in R. If R kas a 1-elemeni 1, then (=1, and in the representation 
(10) of m=R no term n appears. 


Proor. If we represent an element u of R in accordance with (10) 
for m= R we obtain easily from (11) that uf my (mod N). For any 
a in R, we then have u(f{a—a)m0 (mod N) for every u in R. Con- 

sequently, {a—a is properly nilpotent, that is, fama (mod N). If R 
‘contains a t-element 1, then p(1—{)=y—pm0 (mod N) which 
proves that 1—{ is properly nilpotent. Since (1—f)*?=1—¢—(+4+¢% 
m= 1—{, the element 1—{ is either 0 or an idempotent. The latter 
case is excluded, hence ¢ = 1. Finally, u= u1 = utf => ue, which shows 
that no term n appears in this case. 

Theorems 5 and 6 form the basis for the structure theory of rings, 
and for the theory of.representations of rings. 


UNIVERSITY OF TORONTO AND 
INSTITUTE FOR ADVANCED STUDY 


ON AN ELEMENTARY ANALOGUE OF THE 
RIEMANN-MANGOLDT FORMULA 


AUREL WINTNER 


Ramanujan’s unsuccessful approach to the Prime Number Theo- 
rem, published only recently, is based on the power series 


D Aleta D log p Dra” and Dp”, 0< 2 <1, 
mæ] p dm} n=l 


where p denotes a prime and p is 2 in the last series. In his discussion 
of Ramanujan’s failure in case of the latter series, a series impracti- 
cable as x—1, Hardy gives for the function represented by the series 
another expansion, one exhibiting the critical “wobbles,” as follows :! 


(1) È ot exp (— prs) = { } flog 2, p= 2, 


where { } is the expression 


{ ee E Er (A) renas 


s U log p 

=» (— 1)*pstt g“ 

— lo — ; 
g To OTA pert — Í nl’ 


it being understood that Ji. =} rta H? a and —logx=s>0. 

It will be seen later on that Hardy’s result (2) contains two errors. 
However, the purpose of this note is not calculation of the corrections 
necessary, which are of a trivial nature, but the presentation of a 
short approach which seems to be of methodical and historical inter- 
est. 

First, (2) is of the same type as the “explicit formula” of Riemann- 
Mangoldt? (the two sums representing the contributions of the “non- 
trivial” and “trivial” zeros, respectively). Correspondingly, Hardy’s 


(2) 


Received by the editors January 12, 1942. 

1G. H. Hardy, Ramanujan, Cambridge, 1940, chap. II, somnia (2.9.1) and 
(2.11.2). 

3 Cf., for example, A. E. Ingham, The Distribution of Primes, Cambridge Tracts, 
no. 30 (1932), chap. IV. 

Relevant for the comparison is only the “Abelian” form (instead of the deeper 
“Cesaro” form) of the Riemann-Mangoldt formula; cf. G. H. Hardy and J. E. Little- 
wood, Acta Mathematica, vol. 41 (1918), pp. 119-196. 
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proof, omitted loc. cit.,! is based on a contour integration.? However, 
since the “non-trivial” zeros occurring in the part >.’ of (2) are equi- 
distant, the “wobbly” terms now become purely periodic, indicating 
the possibility of a trivial approach.‘ 

It turns out that such an approach has been found already by 
Dedekind. What makes it of particular interest is the fact that Dede- 
kind’s purpose was precisely the explicit illustration of the illegiti- 
macy of the argument to occur decades later in Ramanujan’s 
attempted proof of the Prime Number Theorem. Inasmuch as Dede- 
kind's result, published in a certainly conspicuous work,* has never’ 
been quoted, it is possible that his indications were found to be hard 
to follow. All of this seems to warrant a detailed and straightforward 
deduction of the explicit formula. 

To this end, put 


(3) i) = Xe exp (~ 09), 


where ¢ is any constant satisfying c>1. Then (3) obviously represents 
a regular function’ for s >0. It is also seen that (3) remains unchanged 
if n is replaced by »-+1 in the exponentials; so that? sf(s) remains 
unaltered if s is replaced by cs. It follows that, if log c>0 and s>0, 


(4) f(s) loge = s $ TA + Chad Oe", where C = 2r/logc 
bene —en 


(it being understood that s** is meant to be dranga in terms of the 
principal branch of log s). ` 

In fact, since sf (s) =csf (cs), the function e*f(e*) of the real variable 
u=log s has the period log c.' Since this function, being regular, is 
continuous and of bounded variation, the Fourier expansion 


1 G. H. Hardy, Lectures on tha Mathemaiscal Work of Ramanujan, The Institute 
for Advanced Study, 1936, p. 14. 

í Cf. Ingham’s comments on >,’ sin 2rnx/m, loc. cit., p. 81. 

§ Supplement IX of Dirichlet’s Vorlesungen usher Zaklentheorie (pp. 385-386 of the 
3rd edition (1879)). 

The non-differentiable function of Weierstrass depends on a limiting case of 
Dedekind’s series. In this connection, cf. G. H. Hardy and J. E. Littlewood, Proceed- 
ings of the National Academy of Sciences, vol. 2 (1916), pp. 583-586. 

* Cf. Hardy's paper of 1907, quoted loc. cit., Footnote 1, p. 47, §2.11. 

T It will always be assumed that s>0, the transition from the half-line s>0 to the 
half-plane R(s) >0 being trivial. 

* This remark of Dedekind corresponds to the more elaborate argument (loc. cit., 
Footnote 1, p. 39) which Hardy's paper of 1907 attributes to Wedderburn (cf. loc. 
cit., Footnote 6). 
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F 


e*f(e") = È arom, 


where 
2r 


log c 





) 


1 piss 
a, = — f cher f(e*\dy, C= 
log co 
is valid for every u =log s. Hence, in order to prove (4), it is sufficient 


to verify that the last integral is I'(1-+Cks). But the uniformity of the 
convergence of the series (3) assures that this integral is 


“æ log ¢ 
>, f e7hisex exp (— c*e")du 
00 6 i 


or, since [$ F(u)dum [S+ F(u — najdu and C=2r/log c, 


æ (w+1) log s 
a c? gearteu—a log « exp (— chen lor ^ du, 
La aaa a") n log « 
that 18, 
œ (a+1) log « 
>», 6 werc erp (— creto ™)du 
+0 n loge 
or simply 


be (+1) log o rs) 
> f etches exp (— e")du m Í eth) exp (— e“)dy. 
amo” n logoe ; — 
Since the last integral is reduced by #=log s to the integral defining 
I'(i+s) for s=Ckt, the proof of the Dedekind expansion (4) is com- 
plete. 

While the (real) series (3) converges only® for s>0, its “non-princi- 
pal part,” that is, the series 


(5) g(s) = Loen exp (— c ™s), 


converges for every s, since ¢>1. Furthermore, the function .(5) has 
the Taylor series 


i 2 — 1)" 2 
6) COD eee 


* Incidentally, the function (3) of the complex variable s, where R(s)>0, has the 
line R(s) «0 as natural boundary. In fact, (3) and (5) show that f(s)—g(s) is a lacunary > 
Dirichlet series for every ¢>1. On the other hand, (5) or (6) implies that g(s) is an en- 
tire function. . 
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for every s. In fact, substitution of the geometric progression 
(ert — 1) = Soot, c> I, 


Mani 


transforms (6) into an iterated series which, being absolutely conver- 
gent, can be rearranged into 


DD (— tert) ge nl, 
wm] goed 
But this may be written in the form 


yaa» (— o-™5)*/m, 


Tew] 


which is identical with (5). 
According to (3) and (5), 


(7) = Pepe AIG 20). 


If (4) and (6) are substituted into (7), the product of the Dirichlet 
series (7) into s appears as decomposed into a Fourier series in log $ 
and an entire power series in $. 

If the power series of exp an is added to (5) and (6), then (D ap- 
pears in the form 


(— 1)*e*+! s” 


cH — 1 aI 


(8) 2 c" exp (— cs) = f(s) — 2 


Hence, (4) ad Hardy’s explicit formula (2) for (1), if —>2’ is 


corrected to 
2rk 2ak 
(=) to r(1+ 7 ), 
log $ log $ 


THE -Jouns Hopxies UNIVERSITY 





t 


S 


A NOTE ON THE LOWER SEMI-CONTINUITY OF DOUBLE 
INTEGRALS IN THE PARAMETRIC FORM 


WILLIAM SCOTT 


Consider a double integral problem of the calculus of variations in 
parametric form, that is, a problem involving an integral of the form 


f Í, fle, Kd 


where x stands for the three coordinate functions, x! (s+, u1), x?(u!, 42), 
x*(u!, u’), and X stands for their three Jacobians. 

Various theorems of the following general type have been proved 
by McShane,! Caccioppoli,? Cimmino,? and Radé< 

If (i) the triples of functions x$(u!, u*), ¢=1, 2; n=0, 1, 2,2, 
satisfy certain conditions; (ii) the surfaces defined by x‘=a4(u!, u?), 
4=1,2;n=1,2,--- , converge in some prescribed sense to the surface 
defined by xf =x5(u!, u?), +21, 2; (iii) f(x, X) satisfies certain con- 
ditions; then 


tim int ff Seal), Kaloo 2 f f Kel), Xolw) an 


The conditions on f(x, X) usually contain a condition on its Weier- 
strass E-function 


E(x, xX, X) = fis xX) _ X*fal 2, X), 


the summation convention being used for convenience in writing. 

McShane?! requires either f>0, E20, or f20, E>0. Caccioppoli’ 
makes the same requirements. Cimmino? requires only f20, £20, 
but works with smooth surfaces. 


Presented to the Society, April 11, 1941 under the title A lomma on the Wetersirass 
E-funciton; received by the editors January 17, 1942. 

i McShane, Om the semt-contesutty of double integrals in the calculus of vartations, 
Annals of Mathematics, (2), vol. 33 (1932), pp. 460-484, 

1 Caccioppoli, Gh integrali doppi dé forma parametrica nel calcolo delle variasioni, 
Arri del Reale Istituto Veneto di Scienze, Lettere ed Arti, Anno Accademico, 1933- 
1934, voL 93, Part 2. 

3 Cimmino, Sulle condistons necessaris ¢ suffictente per la seme-contensiia degle in- 
tegrali doppi di forma parameirica, Annali di Mathematica Pura ed Applicata, vol. 15 
(1936), pp. 159-173. The author wishes to thank Professor McShane for calling his 
attention to this paper. 

4 Radó, Om the samt-continutiy of double integrals in ths parametric form, Transac- 
tions of this Society, vol. 51 (1942), pp. 336-361. The author wishes to thank Professor 
Radó for access to the manuscript of this paper before it was published. 
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Radó‘ proves the semi-continuity theorems under the same restric- 
tions on f(x, X) as McShane and Caccioppoli, but for a more general 
class of surfaces; namely, the class of surfaces that admit of a para- 
metric representation for which the Lebesgue area is given by the 
usual integral formula. 

The question arises as to whether we cannot prove the semi-con- 
tinuity theorem for the class of surfaces which Radó considers with 
the requirements that f20, E20. We shall first prove a lemma on 
the Weierstrass #-function, then prove a stronger form of Lemma 1.5 
in Radé.‘ The remainder of the proof as given by Radó will then 
prove the semi-continuity theorem with f20, £20 if the revised form 
of Lemma 1.5 is used. 

We shall use the notations and definitions in Radó‘ throughout the 
remainder of the paper. 


Lemma 1. If f ts admissible and xo, Xo are such that 

(1) f(xo, Xo) >0, 

(2) f (Xo, X) <0, 

(3) Exo, Xo, X) 2,0, 
for every X, then there exists a 6>0 such that if X*f.(xo, Xo) >0 then 
f(xo, X)> | bel i 


Poor. Since 
Xo fa(Xo, Xe) as T(x», Xo) > Q 


at least one of fixo, Xo), f2(x0, Xo), fa(Xo, Xo) 18 different from 0. Hence 
the set of points ¥ satisfying X*f.(xo, Xo) >0, |X = 1, is an open 
hemisphere H°. Since E(xo, Xo, X) 20 we have f(x», >0 for every 
X CH". If we deny the lemma, then there exists a sequence {X,}, 
X. EH’ such that f(x, ¥.)—0. Hence there exists a point X€ H—H* 
such that f(x», Xo) =0. 

Let H—H*=C, and let the plane containing C be P. Let d(X, P) 
denote the distance of Y from P. Then if XECH we have 


; 2 1/2 
(*) Kef.(20, Xo) = dF, P) ( X fla x) 


Let C’ be the great circle with center at X =0, unit radius, passing 
through Xp, and perpendicular to C. Let the direction cosines of the 
tangent to C’ at Y, toward H?’ be cos di, cos da, cos ds. 

Let Of(xo, Xo)/dv be the directional derivative of f along this tan- 
gent. Then we have 


af( xo, Xo) 


; = felto, Xo) CO8 Qa. 
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On the one hand, we have from (*) 


Pike So) z ( E fiaa X)) >, 
and on the other hand, since f(xo, Xo) =0, f(xe, X) 20 we have 
Of(xo, Xo) — 0 
or 


This is a contradiction. Hence the lemma is true. 


LEMMA 2. Let there be given an admissible f and a set of six constants 
(x, x, x, Xo Xb Xp) = (xo, Xo) such ihat 

(a) f(xo, Xo) >0, 

(b) f(xo, X) 20, 

(c) E(x, Xo; X) = 0, 
for all X. Then there exist iwo postive constants 81, ĉa such that the follow- 
ing holds. If n, 21, #1, B, X1, X, X satisfy the conditions 

(a) O0<9 <å, 

(8) Falto Xo) >0, 

(y) |42, D -feo X| Sall], 
then 


f(z, X) E f(t, X) = E(x, Xo, X) e gg nisa “falto, Xo). 
Proor. The conditions of Lemma 1 are satisfied. Hence there exists 
a positive constant 6 as described there. Let 6,= 8/2, ĝa =2/8. 
Case 1. Xfalxo, Xo) 2 (8/2)|| XI]. Then 
f(4, X) a f £o, X) + E( ao, Xo, X) Z E n|| Z]! 
S = bad falto, Xo). 
Case 2. Xfalao Xo) <(8/2)|| Xl. Then 


{(#, X) — f(x, X) + Elzo. Xo, X) 
= f(z, X) — X*f.(x0, Xo) 
> f(zo X) — n| Xl — X falto Xo) 
e, 0 
Z — nårX falto Xo). 
Therefore the lemma is true. 
Let Ky be the class of oriented surfaces whose Lebesgue area ia 


given by the usual integral formula. Let So 5. be oriented surfaces 
in the class K, such that: 
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(I) ono Oe 

(II) If To: x = axh(s, 22), (ut, uD) Bo, 11, 2, 3 is a representation 
of aSo then there exists, in x-space, a closed bounded set A such that 
Dee, B,)CA®, and f(x, X) 20 for xEA and for every vector X. 

(III) For a.e. point €B} such that Xo(u) exists and is different 
from 0 we have E(xo(u), Xo(u), X) 20 for every vector ¥ 0. 

As we mentioned above the proof given by Radó will now lead to 
the following result. 


THEOREM. If f is admissible and if conditions (1), (II), and (III) are 
satisfied then 


lim inf Í f fala), Kale) 2 f J. EET ae. 


_ This theorem is final in a definite sense. We cannot enlarge the 
class of surfaces if we use ordinary Jacobians. Counterexamples have 
been given which show the necessity of the conditions E20, f20. 
Moreover if f is only assumed to be continuous, convex, and non- 
negative, then we do not necessarily have lower semi-continuity. For, 
let 


f(a, X) = | X? + (at, x) X4| 











where 
cos 16x! 
g(x, x?) = if æ? > 5/8, 
cos 4x} 
glx, x) = if 1/n — 1/8°? S x? S 1/n + 1/n*, nè 2, 
1 ony. £08 (n + 1)4x1 
g(x', 2?) aa ss eae 
a? — (1/(a + 1) + 1/(m + 1)» 
(1/n — 1/n*) — (1/(n + 1) + 1/(s + 1)4 
E niz! cos(a + aa 
n # +1 
if 1/(#n + 1) + 1/(# + 1)? <r! < 1/s — 1/#, 
g(x}, x) = 0 if r? S 0. 


Then f satisfies all the conditions stated. Further let 


. 1 E 
Xow, wy =H, OS# Sr, 
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a z 2 z 2 
Xo = H, Xa =H, Os n sil, 
3 3 1 sin. niy! 
x = Q, Ta = — 3 
n n 


Then we have 


r 1 
lim inf Í f(n, Xn)du = lim inf Í f | 1 — cos? niu | dutdu! 
s Ba a 0 6 


x T I 
= — L r= f f dø’du! 
2 o Yo 


={ A f(%o, Xo)du. 
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A NON-INVOLUTORIAL SPACE TRANSFORMATION 
ASSOCIATED WITH A 0Q,,, CONGRUENCE 


M. L. VEST 


1. Introduction. The involutorial transformation associated with 
the congruence of lines meeting a curve of order m and an (m—1)- 
fold secant has been studied by DePaolis,! and Vogt? has studied the 
non-involutorial transformations for a linear congruence and bundle 
of lines. Cunningham? has recently studied some non-involutorial 
transformations associated with a Qı, congruence. In the present 
paper a non-involutorial transformation associated with the con- 
gruence of lines on a plane curve of order n having an (n~—1)-point 
and a secant through that point is considered. The bundle of lines 
through the multiple point is not considered as belonging to the con-- 
gruence. The tangents to the curve at the point are considered to be 
distinct. 

Received by the editors November 26, 1941. 

1 DePaolis, Alcuni particolari transformasions involuiors dello spasto, Rendiconti 
dell' Academia dei Lincei, Rome, (4), vol. 1 (1885), pp. 735-742, 745~758. 

. Vogt, Zentrale und windschtefe Raum-Verwandischafien, Jahresbericht der 
Schlesischen Gesellschaft fur Vaterlandische Kultur, class 84, 1906, pp. 8-16. 

3 Cunningham, Nos-tavoluiortal space iransformations assoctaied with a Qi,s con- 

| gruence, this Bulletin, vol. 47 (1941), pp. 309-312. 
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Given the plane #-ic r, a line s meeting r at an (n—1)-point A, 
and two projective pencils of surfaces | Fal: s*~'gaa1 and | Fy! : 
Ss” Ymi Through a generic point P(y) there passes a single F of 
| F|. The unique line ¢ through P(y), s, r meets the associated F” of 
| F’| in one residual point P’(x) the image of P(y) under the trans- 
formation thus defined. The residual base curves of | F| and | F’|, 
other thans, have been denoted by g and g’, respectively. Through 
a point Oy on g’ there is a unique line ?’ of the congruence, this line 
lying upon one surface of | F’|. The associated surface of | F| meets 
t' in a point P which generates a curve g. Similarly, beginning with 
a point O, on g, a point P’ generating a curve @’ is found. It will be 
shown that r, $, g, g’, Z, 2’ are fundamental curves of the trans- 
formation, and that the point A is a fundamental point of the second 
kind. 

2. Equations of the transformation. Let us take the equations of r 
and $, respectively, as 


(1) x3(cxixa| — [dziz:] = 0, x, = 0, 1= 1% = 0 
where í 


a—l Lal 
{ a} 


(2) [carmel = Y asiana , [deal = Dod,..2ie ', 
—0 aer: 


and the pencils of surfaces as 
(3) [Fal 5U- uV=0, |Fa| aU- av’ =0 
where 


U = (ax) {exizs]} — (ax) { fxixa}, V = (bx) { gxsxa} _ (Bx) { hxixy}, 
U' = (a’x) {eziz} — (a'g) {faz}, V= (b'a) {pares} — (6/2) f kzz}; 


wor mJ 
# my 1 ae p— 1 
‘ {exixa} igi 2 Cp, m—p—iTiTas = ; TERA, z > Cy. mi pitita f 
(4) pad p= 
(Gx) = axı + hats + dary + ut, 


and so on. 

Through a generic point P(y) there is an F of | F| with parameter 
w= U(y)/V(y), and to this corresponds the F” of |F| having equa- 
tion 
(5) U'(x)V — V'(x)U = 0. 


The unique transversal ¢ through P, r, s meets (5) in the point P’ 
having coordinates 
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ox, = Ry, + Kyi [cyiya] = y5, 
ot, = Rys + Kyaloyiya| = ye, 


ai 
(6) Taraa 
gai ox, = Rys + K[dyiyal, 
COX, = Ry, 
where 
Kaai Uy SV Renai UW Se. 
(1) Wani = (b's) {a viva} — (6's) k yya}, 


Zaai = (a's) fe’ yiya) = (a's) {fyiya} ’ 
(a's) = (ai yı — af ya) [cyrya] + af [2 yrs], 
and so on. Equations (6) are those of the inverse transformation. 


In a similar manner the equations of the direct transformation are 
found to be 


ry, = Rix, + R' x, [cx :x,| == £19", 

ry, = Ray + K'ay[caixy] = 295’, f 
Ty, = R'z;, + K' [darxal, 

Ty, = Rx, 


(8) T mtma: 


where 

Kaw = UV’ — U'Y = — K, Rawi = U'W — VZ, 
(9) Wapa = (bs) {gxiza} — (Bs) {haiza}, 

Zoi (as) {ezizs} — (as) | fæiza}. 

3. Images of fundamental curves and elements. The transforma- 
tions T-! and T applied to an F’ and F of | F'| and | F| , respectively, 
give U'’'~(TUS™—G, U~(T) U'S'=—G’ where 

Gitas- = W'U' — V2’, 
Ginia-1 = WU — VZ, 
Smp = UN’ — VM’, 
Sarati = U'N — V'M, 
(10) Mwai = (0w) fe yiya} — (aw) (Pyrns}, 
M miai = (aw) fezii} — (aw) { frizg}, 
Narni = (b'w) { e’yiya} — (Bw) {A viva}, 
Naini = (bw) {gzz} = (Bw) { hares}, 
(a'w) = ai [dyiya] — (ad ys + ai yd [eyiya]. 
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Here U and U’ are the corresponding surfaces of | F| and | F’| and 
g'’~(T)G, s'~(T)S, e~(1)G’, s~(T)S’. 


Similarly 
K'm(T) K'S=tm'-3GG,  K~(T) KS! + *'-1GG', 
K'~(T) K'S'=+*'—GG’, K~(T>) KS™+*'GG’, 
Ca) ASG, G~(T) RSN E=G, 
G'~(T) RSG", G~(T) RSI +G, 


R'( TA) Smt GG", RALIS AER EGG, 
R'~(T) Simma [Ra K (W'Z— WZA], 
R~(T-?) Ste +a [R3 K(W'Z— WZ], 
S'~(T) RSW +HAIGG, S~(T) RS m m't, 
S'o (T) S'ma +s f RAS- GG! +S! [GG +E (W'Z -WZ ])}, 
SAT) Satm'te-at RIS+ RGG +5 (GG + K(W'Z—-WZ)]}. 


(11) 


Through a point O, on r there is a pencil of transversals through s. 
O, determines an F” and the associated F cuts the pencil in s and a 
line J. The line ? generates the ruled surface R, the image ofr. 

From a point O, on s there is an m-ic cone of transversals to r, 
to each line of which corresponds one F of |F| cutting that line in 
one point. The locus of all such points is a curve k which generates 
the surface S, the image of s. The order of k, determined by the inter- 
section of S and a homaloidal surface, is m-+m’+n—2. 

Through a point Op on g’ there is a unique line ż of the congruence, 
, but every F of | F| passes through Os, hence O,,-~(T—')t. The ruled 
surface G generated by é is the image of g’ under T. Furthermore, 
every point P’ of the line determines the same F” and t meets the 
associated F in one point P so that P~(T)t. The locus of points P 
is the curve # and g-~(7)G. The order of ?, determined by the inter- 
section of two homaloidal surfaces, is m+-3m’+2n—-3. In a similar 
manner we find a curve 2’, of order 3m+m’+2n—3, such that 


! g’~(T-)G". 


The multiple point A is a fundamental point of the second kind 
and has as an image n—{1 lines ciu, $=1,.:.- , n—1, other than s 
lying one in each of the »—1 planes determined by s and the tangent 
lines tor at A. 

We can now write the following correspondences: 
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r~ (T) R'ismtm' tatg’ e) TEE ee 
r~ (T7 Rist tetepe a + Cte) 
(12) s ~ (T) S iremm Heg R cia Cai 
sow (T) Sirsmtm'te-leðci a > Cinel 


E~ (T) G irem, g ~ (T) Girs te age, 
# ~ (T) Glirstwhe—tgy’ p~ (T) Girs tetp, 

4. Invariant and homaloidal surfaces. The eliminant of the param- 
eter from | F| and | F’| is the pointwise invariant surface K. The 
plane xı = 0 and the planes determined by s and the tangent lines to 
rat A are also invariant, but not pointwise invariant. 

Generic planes subjected to the transformations give 


wm (A'x) ~ (T) R(4'y) + K(4'3) = patna’, 
x æ (Ay) ~ (T) R (Ax) + K' (Ar) = pmpmta 


where the ¢'’s are homaloidal surfacee of the transformations. 
Further, é 


pm (T)(A' x) RS et alte GG", pl ~ (T) (Ay) RS == tG, 
hence the homaloidal webs are 
æ? | $ | -e i Age, w»? | g’ | srst m’ tir y, 
The intersection of two homaloidal surfaces gives the homaloidal net 
H m [pg irste mn an ien ig basa 
H ww [po] :rs n tm Hmm tte 3! mm dB an, 
We now write the additional correspondences: 
x~ (T) p'irsmtn tagy, a! mo (TA) pirsmta' teteg, 
K ~ (T) K'ismt= -igg K ~ (TA) Rist agg’ pp. 
The jacobian of the transformation is J= RGG'S. 


(13) 


5. Tangency along s. The projectivity y= xı, Ya=xı va= hx, 
y= x; +x is applied to the fundamental surfaces of the transforma- 
tion and an examination of the coefficients of the highest powers of 
xı shows K and S to have 


Dames m [(aZk + af) lexz} — (aj k + al) { f'xixa} | 
-[(bak + bd) {gxiza} — (Bak + Bad {haisi} ] 

— [bf + bf) { grr} — (Bik + BL) {A xizs} | 
: [(ask + a.) {exixa} — (ask + a4) {fares} | = 0 
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as common tangent surface along s. The same surface is tangent to 
K’ and S’ also along s. 


6. Intersection table. Referring to (12), (13) and §5 we can now 
write the following intersection table: 


[RS] ism tw Himm tmnt bbb BC TE 


> Cll 
[R Gk gim Malti et dm me! bee et HA 
[R’¢ J: s™ wa? we 24 Hime! tama tte! nimim iey], y eee % bin 
[R’K’]: 5 wht lham mt ad ed Bt a 
[S 'G']: rsim te Himm Himna nimt m ite p, 1 -e Ries 
[se]: poe tet ie inte imin ietie hs 
[S’K’]: gt et it m’ sob in A Cat on! —2) dga 
[c’e’]: rin aE mS mh imdat HR oS oe -fitm 
la’ K’ |: sini met ine tm! ele deh! 


[p K' |: Gta Hmm matm nimim dtd od e amr. 


7. The Taina lane through s. A plane 7 mx; = gx, cuts the sur- 
faces of | Fa| and PA in residual pencils of lines 


[I| = — uo = O, |? | eaw — pr’ = 0 


where # = (ax) {ec} — (ax) {fo}, u’ = (a tx) fe to} — (a’x) ffo}, 
v = (bx) {go} — (Br) {ho}, 0’ = (b'x){g'o} — (B’x){h’c}, (ax) 
= (mg + Galva + Gss + oer, er} = D azot» meio”, {e'e 
= Y oe, mp0”, and 80 on. The n-icr intersects x in one residual 
point P: (eļes], [ce], [do], 0) where “4 a) Chasede 

= J rodja, and the vertices of |z| and 4 are designated 
as T and I’. 

Through a generic point P(y) of x passes one / of | having 
parameter u =u(y)/v(y) and to this corresponds the line u'y — uv = 0 
which is met by / in a point P’(x), image of P under T. The T; in 

x is thus 


(14) z, = pys + x[co], ts = pyx + ldo], Le PIa 
where pimuw’—vs’, x=u'o—0'u, s =(a'Q) e'o} — (æq) (f'e } i 
w’ = (b’q) {g'o} — (ß'q) {h’o}, (a'g) = (ai a+a') [ca |+<a,' [do], and so 
on. 

The direct tranaformation T is . 
(15) ya = p'zs t r'|], y= p'et+e'[de], y= p's 


where p/ = u’w— t3, K = — kK. 
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The conic x:TTT’T”’ is pointwise invariant under the transforma- 
tion. 

Through the point [ there is one line y’ through P and every line 
of |?’| corresponds to T, hence y’ is the image of I under T. More- 
over, every point of y’ determines the same line of |}’| which inter- 
sects y’ in a point I’ whose image under T is also y’. Similarly, 
a y of |2| is the image of I’ and T under T- and T, respectively. 

The point P is the vertex of a pencil of transversals. Moreover, 
through P there passes one line of |}|, hence there corresponds one 
line of t4 . This line is met in every point by a line of the pencil, 
hence is the image of P under T. 

Thus the points P, T, T and P, T’, T” are fundamental under 7; and 
T; ', respectively, so that we have P~(T) p’/:I'T’, T~(T) y': PIT", 
T~ (T) y:PT'T and P~(T) p:IT, INT- yiPIT, IY~nT S 
y’: PIT. 

The homaloidal nets of T and T~ are 

ot] yi |:PrT’, | fa| : PIT 


while the jacobian of Ts is j=p’yy’ and of T3’ is j’ = pyy’. 

As the plane v generates the pencil on s the T generates the space 
Taima Whose equations may be obtained from (14) and (15) by 
replacing u, u’, v, 0’, w, w’, g, 2’ anda by U, U’, V, V’, W, W’, Z, Z’ 
and xı/xı, respectively. 

Since the point P is the section of r by x, r may be represented by 
xı mog [co], x2= [co], x= [do], x4=0. 


8. r having (n— 1)-point with coincident tangents. In case k of the 
tangents to r at A are coincident the transformation will be identical 
with the above except for the image of A, the correspondences in- 
volved then being 


pipet php 1 

r~(T) Ris g Ë C11, C1441 °° Clih 
7 mim aed oe t j 

So (T) S irs E È Cy Craegi' t Cll 

and the intersection 
2 #3 2 
Vali. m -+m n -imm + Be 2! nimim ine y y ph j ? 
[IRS |:s £ Ë CL CLLH’ t Clet 
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HAUSDORFF MEANS INCLUDED BETWEEN (C, 0) AND (C, 1) 
HERBERT J. GREENBERG AND H. S. WALL 


In this paper we show that if ġ(u) is any function of bounded vari- 
ation on the interval 0 Su S ~ and ¢(~) —¢(0) =1, then the function 
a(s) = fo ddb(u)/(1-+-su) is a regular moment function; and we show 
that when ġ(u) is further restricted to be monotone then the Haus- 
dorf mean determined by a(z) is included between (C, 0) and (C, 1). 
Conditions under which this mean is equivalent to (C, 0) or to (C, 1) 
are obtained which are analogous to the conditions found by Scott 
and Wall! for the special case where ġ(u) m1 for uz 1, ¢(0)=0. In §1 
we give an elementary development of the notion of Hausdorff sum- 
mability; §2 contains a proof that a(z) is a regular moment function; 
§3 contains the above mentioned inclusion theorems; and $4 contains 
examples and a discussion of some transformations of moment func- 
tions which are suggested by the earlier developments. 


1. Hausdorff summability. Let A = (a;;) be any matrix in which 
64:0 and a,,=0 for j7>4, 4, 7=0, 1, 2,---, and consider the system 
of equations 

Googe = Co(Goopo), 
Gigo + Gigi = C(tiopo + Gupi), 
drogo + da1g1 + arga = calamopo + nipi + Gaps), 


a s) % èë g 4 


(1.1) 


These equations constitute a linear transformation of the sequence 
Í pa} into the sequence {q,}, the transformation depending upon the 
matrix A and the sequence {c,}. If lim g,=p, we shall say that the 
sequence {pa} is [A, c.]-summable to the limit p. A sequence fca} 
such that [A, ca] sums every convergent sequence to its proper limit 
will be called A-regular. The following statements are almost obvious 
consequences of the above definitions: 

(i) If [A, ca] transforms {pa} into {ge}, and [A, dal transforms 
{gn} into {ra}, then [4, cada] transforms {p,} into {ra}. 

(ii) If {ca}, {da} are A-regular, then [c,d,] is A-regular. 

(iii) If [A,c,] sums {pa} to the limit p, then [A, kca] sums {Pa} 
to the limit kp. 

Presented to the Society, February 28, 1942; received by the editors January 15, 
194.2 
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(iv) If {ca}, {da} are A-regular, and g-+A=41, then { gc,thds} is 
A-regular. 

(v) If {ay}, Ve) are A-regular, and 040, n=0, 1, 2,--++, then 
[A, aa |D [4, ba], that is, every sequence summable [A, ba] is sum- 
mable [A, a] to the same limit, if and only if {a,/b,} is A-regular. 

Hausdorff summability? is the particular [A, c,.]-summability ob- 
tained by taking A= H=((—1)?C,;) where Cyj=sl/7l(s—y)!, OS7S8; 
C;,=0,7>+4. In this case the equations (1.1) may be written 


(1.2) Ago = CaA" po, m= 0,1,2, 


where At, =xj—CutpitCatys— - ++ +(—-1)'Ciayy; or, as may be 
readily shown: 


(1.3) qa = >, CoA” Cu: Pn; m=0,1,2,--°-. 
mi) 


Inasmuch as we shall be dealing exclusively with Hausdorff summa- 
bility from now on, we shall write regular instead of H-regular, when- 
ever the occasion arises. 

If {p,} is the sequence 1, 1, 1,---, then (1.2) becomes A"g,=0, 
m>0, A*go=Go=Co, OF Gu =Co, m=0, 1, 2, -++ and if {p,} is the se- 
quence 1, 0, 0, --- then A™qo=Cw, qm =A"Co, m=0, 1, 2,---. It fol- 
lows that necessary conditions for {c,} to be regular are: 

(a) to = 1, 
(b) . lim Ate = 0. 


Another necessary condition obtained by applying one of the well 
known conditions for the regularity of sequence transformations to 
(1.3) is: 


(c) Dy Cua Amc, | SM, m=o0,1,2,---, 
Bowl) 


where M is independent of m. These necessary conditions are also 


sufficient? 
Hausdorff showed that (c) holds if and only if {c4} is a moment 


sequence, that is, 
t 
() a= f edoi), "= 0, 1, 2,- -© , 6(#) E BVO, 1]; 
0 
1 F, Hausdorff, Suwmatonsmethodon und Momentfolpen, I and II, Mathematische 


Zeitachrift, vol. 9 (1921), pp. 74-109, 280-299. 
3 Hausdorff, loc. cit. 
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and that (a), (b) are equivalent, respectively, to the conditions: 


(a’) $(1) — ¢(0) = 1, 
(b’) (u) continuous at # = Q. 


We recall that (C, 0), or convergence, is the Hausdorff method 
[H, ca] where c,=1, n=0, 1, 2,---. Also, (B, a) =[H, (n+1)~], 
(E, r)=[H, r*], 0<r<1, are the H&lder method of order æ and the 
Euler-Knopp method, respectively. The former is equivalent to 
(C, a) =[H, 1/Crse,n], the Cesàro method of order a. 


2. Proof that { o(1s) | is a regular EASE We define the function 
a(z) by the equation 
° dp(s) 
1 + sw 
and shall prove that the sequence {a(s)}, #=0, 1, 2,---+, isa mo 
ment sequence. To do this, it suffices to show that A™a(n) 20, 


m,#=0,1,2,---, when ġ(u) is monotone non-decreasing. But this 
is obvious from the formula 


(2.1) als) = » ls) E BV[0, =], d(@) — (0) = 1, 





= a6 on |b (14) 
o (CHa [n+ 1]u)--- (1+ [9 + m]x), 


To show that (aln) } is regular we must show that a(0) = 1, and that 
A*a(0)—0 as moo. That a(0)—1 follows from the hypothesis 
p{ 0) —(0) =1. Write A*a(0) as the sum of three integrals Ji, Js, Js, 
with the limits of integration 0 to 1, 1 tok, k to œ, respectively, k>1. 
Since the integrand 


1 1 1 
1/[(1+=)(14+=) e. (1+—)] <1 
u 2u muj 
it follows that if @(#) is monotone then 0S J3S¢(~) ~f(k) <€/3, 
e>0,if kg K,, (K=—K, independent of m). If k is fixed, then 


vensi/[0+) (4d) (4d)eh 


for all m sufficiently large, inasmuch as [[*_,(i+1/nK) diverges to 
œ, Also, iMm Jı = 0 inasmuch as the integrand tends monotonically 
to 0 for each u, 0< u S1. Hence lim, A"a(0) =0 if ġ(u) is monotone. 
If ¢(«)€&BV[0, ©] it can be written as a linear combination of 
bounded monotone functions with coefficients +1, +4, and there- 


A*a(n) = 


t 
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fore Msa A™a(0)=0 in any case. We have completed the proof of 
the following theorem: 


THEOREM 2.1. The sequence {a(n)}, where a(z) is given by (2.1), is 
a regular sequence. 


3. An inclusion relation for |H, a(n)| when ¢(u) is monotone. In 
the integral defining a(s) replace s by +1 and u by v/(1 —v), and we 


obtain: ui ets 
a+ =f (1 = v)dgr(e) a0) = (3 v 





1+ 80 T) 
If ġ(u) is monotone and ¢(o)—¢(0)=1, then ¢:(v) is monotone, 
OS081, and ¢,(1) —#(0) =1. Consequently,‘ we have an expansion 
of the form 
& (1—g)gs (1 — ga)gae 
Lp 1 T 1 Pray 
where 0 Sg, 51, n=1, 2, 3, --- , and where the continued fraction is 
to be terminated with the first identically vanishing partial quotient 
in case some g, is 0 or 1. Excepting in the trivial case g= 1, a(s) ml, 
we then have: 


als + 1) = 


g1 f: (1 — gs)ges (1—g)us | 
Seats ae Se SS Pee L 
a(s + 1) a En 1 + 1 mp ee 
= 1 + (1 — g)za*(s + 1), 
where 


ı (1 — 
atn = f Se 


a function of the same kind as a(s+1). That is, ġ (v) is monotone; 
and ġi'(1)—ẹ (0) = 1, since" 


163 
1 = x(t) = 6x00) = 1 [1 4 So e 
i i ani (1 — g)(1— gi) -+ (1 — £u) 
and i*(1) —@i*(0) is equal to the same expression with the subscripts 
of all the g’s advanced by unity. 
On replacing s by s—1 we therefore have the identity 


4H. S. Wall, Continued fractions and totally monotone sequences, Transactions of 
this Society, vol. 48 (1940), pp. 165-184; p. 179 and p. 182. 

H.-S. Wall, A dass of functions bounded in the sett circle, Duke Mathematical 
Journal, vol. 7 (1940), pp. 146-153; p. 147. 
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a(1) B 


~ 1+ [1 — a(1)|(s — 1)a*(s), a(i) < 1, 


(3.1) 





where 





* = * dp*(s) * wk + — 
a*(s) - f r Gen *(u) monotone, d*() — ¢*(0) = 1. 


We are now prepared to prove the inclusion relation: 
(3.2) (C, 0) C [H, e] C (C, 1). 


The left half is of course a restatement of the regularity of [H, a(n)], 
and (3.2) is obviously true if a(n)=1. To prove the right half when 
a(1) <1 we write, by (3.1), 


=] + [1 alt) tn) —2[1 a(t) | 
(nt Das) a(1) Lo-Fi Ste er eee | 
We have expressed the ratio [1/(n+1) ]:a() as a linear combination 
of regular sequences where the constants of combination add up to 
unity. Hence by (iv), (v) of §1 it follows that [H, a(n)]C(C, 1). 
If a(s) has a convergent Stieltjes* continued fraction expansion 





1/ait+s/a.+s/astz/art+ "+>, where ai:=1, a,>0, Dia, diverges, 
then there is the relation 
(3.3) 1/a(s) = 1 + sa; a(s), 


where a*(s) =d4(1/as-+-s/aa-+3/ay-+-2/a4+ +++), with the aid of which 
the inclusion [H, a(n)]C(C, 1) can be established. However, if $ a, 
converges so that the continued fraction diverges, there is no assur- 
ance that a relation of the form (3.3) exists. The difficulty disappears 
as soon as one has (3.1). 

We shall now proceed to obtain conditions under which one or the 
other of the inclusion symbols in (3.2) may be replaced by the equiva- 
lence symbol. In order to have (C, 0) œ [H, a(#) | it is necessary and 
sufficient that {1/a(n) } be a regular sequence. In particular, 1/a(s) 
must be bounded. Now lim,.., a(n) =¢(+0)—#(0), and therefore a 
necessary condition for {1/a(m)} to be regular is that $(u) be dis- 
continuous at u =0. This condition is also suffictent. For, by (3.1) we 
may write, if a({1) <1: 

a] + 
= [1 [t= alat) + [1 = at] f I, 
a(n) a(i) o (1/m) +% 


t T. J. Stieltjes, Osxsres, vol, 2, pp. 402-566. 
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Supposing ¢(#) to be discontinuous at u=0, so that 1/a(s) has a 
finite limit for n=, this relation shows that fo dọ*(u)/u< œ. 
Hence, if we put fgdp*(u)/u=0(t) we have: 

1 1 © do(w) 
——-=———~ | 1— | 1—a(1) |a* 1—e(1)}18 —0(0 -Í | 
Tap i Era nwo -aD Joe) 0] S 
On applying (iv) of §1 we therefore see that {1/a(n)} is a regular 
sequence. In case a(1)=1 so that a(n)e11, the function ¢(u) is dis- 
continuous at #=0 and in this case [H, a(m)] =(C, 0). 

In order to have [H, a(n)]=(C, 1) it is necessary and sufficient 
that {(m-+1)a(n)} be a regular sequence. Since 


© de(u) ~ do(s) 
1 + nu o (i/n) +e 


we see as in the preceding that {(#-+1)a(s)} is regular if and only 
if fo dp(u)/u< œ. We have completed the proof of the following 
theorem: 


THEOREM 3.1. If a(n) = fo de(u)/(1+nu) where d(u) is monotone 
and $(0)—(0)=1, then (C, 0)CIH, a(n)]C(C, 1); and (C, 0) 
~ |H, a(n)] if and only if b(u) is discontinuous at u=0, while 
[H, a(n) ] = (C, 1) if and only if fo db(u)/u<o. 


In case a(s) has a convergent Stieltjes continued fraction we have 
this theorem: 


THEOREM 3.2. If a(s) =1/ait+s/aa+2/ast+ --+,a1=1,a.>0, >a. 
diverges, then |H, a(n)|=(C, 0) if and only if > aang: converges; and 
[A, a(n) ] 3 (C, 1) if and only if > as, converges. 


This follows from Theorem 3.1, together with the fact that 
(+0) —$(0) =1/> arny," and the fact that /fdd(u)/u<o if and 
only if $ at. converges.’ 

In case the continued fraction for a(s) diverges, that is, $ a. con- 
verges, then the odd approximants have one limit a(s) and the even 
approximants another limit oa(s), one of which may equal a(s). In 
any case, a(s) and ay(s) have integral representations of the form 
to which Theorem 2.1 applies. It is not difficult to show that 
(C, 0)=[H, œa(n)], while [H, aa(s)]=(C, 1). For’ the integrals 








(n + l)a(m) = 


T Stieltjes, loc. cit., p. 510. 

*H. S. Wall, Oe ee) ITE DAA a UPD IECO vol, 31 
(1929), pp. 771—781; p. 774. 

® Stieltjes, loc. cit., p. 403. 
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may be written as infinite series of the form > -fi5M,/(1-+su,), 
OSup<uy<---, M,>0, where u¿=0 in the case of ai(s) whereas 
tty > 0 in the case of a(z). Hence it follows that ¢(#) is discontinuous 
at u =0 in the case of a,(s), while /s°dd(u)/s< œ in the case of a(s). 


4, Some transformations of moment sequences. If 
aye [7 oH) 
alz) o i+su 
where ġ(u) is monotone and ¢( œ) —ẹ(0) =1, then 
1—a(s) _ f (udo(u)/c1) 
0 1 + s% 


defines a method of summation which is equivalent to (C, 1) inasmuch 
as fo (udb(u)/c1)/u< œ. It is noteworthy that there are other mo- 
ment functions which are not of the form considered above and which 
have the property that the transformation 

1 — a(s) 


a(s) = ane 
1 





» G = f wea), 


C13 


where c is a normalizing factor such that a,(0) =1, carries a regular 
moment function a@a(s) into another regular moment function a;,(s) 
such that [H, a,(n)|=(C, 1). For instance, if a(s)=(1+s)-*, 
k=1, 2, 3,---, we find that 


@) = —(—— + +. -+ 1 ) 
E aN) AFS (1+ s)4/’ 


and it is not difficult to show that [H, œ(n)]=(C, 1). 
If a(s) =r*,0<r<1, so that [H, a(n) | is Euler-Knopp summability 
(E, r), then 


(2) R i f wisa 
ay(s) = ———— = m 
' s log (1/r) 0 i 
where 
0, OSesr, 
aa = | : 
i 1 — (log #/log r), r<e Si, 


Since $1(#) is obviously a regular mass function it follows that a;(s) 
is a regular moment function. Although (C, 1) and (E, r) are not com- 
parable methods, nevertheless [H, a(n) | D(C, 1). For, 


ad Aa te J insta). 


4 
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0, OSu<r, 
palu) = i (1/logr) — (log w/logr) +1, rae <i, 
1, ao I, 


and is a regular mass function. In thes case, (C, 1) does not include 
[H, a(n) ]. To see this, put (1-+s)~!:a1(s) =B(s) = [log (1/r)/2(1—1)] 
-Bi(s—1), where 

2A1+s) i—rf 


is) = (2 +s) Tepr 


Inasmuch. as 


are $ s) -f PD, 


# =Í, 


1, 
0 _ 
(s) . «7, Osn<1; 


l-r [wa 
ne EE orr w), 
t—rt Ja 


4) = 
i rè, ri <u <ra; k= 1,2,3, 


(4.1) 


Oa(u) = (1/2) [0a(u +0) +0(u—0)] if 0<u<1, we see that {B(n))} is 
a regular sequence, being the product of regular sequences (cf. (ii) 
of §1). By means of the composition formula?® 
1 
aw) = oals) + | oa(u), 
0 
we find that 


1 
B:(s) = f do(s), 
$ 
1, w= 1, 
o(a) -f 
bH (è — rju, phtl cy crs k=0,1,2, 6, 


where 0(u) = (1/2) [0(u+0)+8(u—0)], 0<u <1. 
If { B(n) } is a regular sequence, then we must have A(n) = iurdx(u), 
n=0,1,2,---+, and at the same time we would have: 


i: H, L. Garabedian, Einar Hille and H. S. Wall, Formulations of the Hausdorff 
smcluston problem, Duke Mathematical Journal, vol. 8 (1941), pp. 193-213; p. 196. 
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log (1 L 
Bn + 1) = et f u"do(u), #=0,1,2,---. 
2(1—r)Jo 
This implies that 





2(1 — r) * a(t) 
ee ign bo 
log (1/r) 6 t 
This is impossible, for the integral on the right does not exist. In fact: 
1 di(«) 
Í —— = 2(1 — r) + 2r(1 — r*?), 
6 Lad 
= 1 d6(s) ` 
f Mi 
tts # 


so that fid9(u)/u does not have a limit as t++0. We have proved 
that {8(s)} is not a regular sequence, and therefore (C, 1) does not 
include [H, a,(s) ]. 

Another transformation which is suggested by Theorem 2.1 is 

c -+ a(s) 
a(s) p + i ? c > 0. 
If a(s) is as in Theorem 2.1, then a;(z) ia a function of the same kind; 
and since the effect of the transformation is to add a discontinuity to 
(u) at u=0 we must have (C, 0) œ |E, ay(n) |. 

One of the most important problems in the Hausdorff theory is the 
problem of recognizing whether or not a given sequence is a moment 
sequence. One way of contributing to this problem is to find trans- 
formations which carry moment sequences into moment sequences. 
It ss perhaps of tnieresi to point out that any Hausdorff transform of a 
moment sequence is a moment sequence. For, if {pa} is any moment 
sequence, and [H, ca] carries {pa} into {ga}, then the relation (1.2) 
holds. Hence, inasmuch as ;A*p>,} is a moment sequence, and the 
product of two moment sequences is a moment sequence, it follows 
that {A*gs} is a moment sequence. Therefore {qa} is a moment se- 
quence, as was to be proved. The sequence {qa} is regular if and only 
if Polte=1 and esther c,—0 or A*p,.— 0. For then and only then are 
the conditions (a), (b) of §1 satisfied by {q.a}. In particular, {qa} is 
regular if {pa}, {ca} are both regular. i 

As an example, let ca=1/(n+4-1), ba=r", 0<r<1. Then [H, qa], 
where 

itr r-p... pr {1 — ett : 


i „+i ty 
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is a regular Hausdorff mean. By (4.1) we see that |F, g.]7(C, 1). Itis 
easy toshow that (C, 1)D [H, qa], thereby proving that [H, qa] (C, 1). 
If Ca = pa =1/(n+1), then 
EPRE T aE EEEE T a 

n+ i 


and [H, qa] is a regular Hausdorff mean. This mean does not include 
(C, 1) inasmuch as gẹ: (n+1)— is unbounded. 
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WHIRL-SIMILITUDES, EUCLIDEAN KINEMATICS, 
AND NON-EUCLIDEAN GEOMETRY 


J. M, FELD 


1. Introduction. The geometry of whirls and whirl-motions in the 
plane had its origin in a paper by E. Kasner [6],! was subsequently 
developed in a series of papers by Kasner and DeCicco [3, 7, 8, 9], 
adapted to the sphere by Strubecker [10], and to 3-space by Feld 
[4]. In this paper we shall, by adjoining three involutory transfor- 
mations, extend Kasner’s whirl-motion group G, to a mixed group 
Iy—the complete whirl-motson group-—composed of eight mutually 
exclusive, six-parameter families; these families will in turn be 
extended to seven-parameter families comprising the mixed group 
T'y—the complete whirl-similstude group. The principal results ob- 
tained are the extension of Kasner’s G, and two representations of 
Ty: a kinematic representation on the plane, §6, and a representation 
in quast-ellspisc 3-space, §7. 


2. Slides, turns, and whirls. Let the point of an oriented lineal 
element E have the rectangular coordinates x, y, and let the inclina- 
tion of E to the x-axis be the angle 8, OS@<2xr. Let s=x-+4y, 
B=x—4y, (=e, We shall call g, [ the element coordinates of E 
(x, y, 9), which, henceforth, shall be represented by the symbol 
(s, $). | 

DEFINITIONS. A slide S, ts a lineal element transformation that 
translates the posni of each element along tts line the same dtstance s. 


Presented to the Society, April 13, 1940; recerved by the editors January 9, 1942. 
1 The numbers in brackets refer to the bibliography at the end of the paper. 
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A turn Ta ts a lineal element transformation that rotates the line 
of every lineal element around tis porni through the same angle arg a. 
A direct whirl? is a product TaS.T a. 


From these definitions it follows that the slide S., (s, )—(s*, ¢*), 
is given by the equations a*=s-+sf, [*={, (s=3); the turn Ta is 
given by the equations: s*=s, {*=aț, (la| =1); and the direct 
whirl T,S,TpeWe, is given by s*=s+ct, [*=yf, where c=as, 
y=aß, |y|=1. 

Evidently Wł. Wya = Wi, where c=a+ab, and y=af. The direct 
whirls form a three-parameter group Wf. The direct whirls W3, 
such that c+¢=0 and y= +1 are dilatations. 


3. Flat flelds and turbines. A flat field has been defined by Kasner 
as a totality of œ? oriented lineal elements that lie on the œ! cycles 
(oriented circles) containing a given element called the center of the 
flat field. If s, ¢ are the coordinates of the center of the flat field F, 
the equation of F in current lineal element coordinates s, [ is 


(3.1) -s — s [= (3 — Bol. 


Inasmuch as the parameters s, a completely characterize F, we shall 
call them the coordinates of F, and use the symbol Ís, g} to repre- 
sent the flat field whose center is (s, e) To distinguish the coordinates 
of a flat field from those of a lineal element, the former shall be re- 
ferred to as dual coordinates and the latter as element coordinates. A 
flat field {s, c} and a lineal element (s, f) shall be said to be inciden 
if their respective coordinates satisfy (3.1). Evidently flat fields and 
lineal elements can be regarded as duals of one another, and (3.1), 
accordingly, can be interpreted both as the equation of {s, e} in 
element coordinates and as the equation of (z, t) in dual coordinates. 

Direct whirls convert flat fields into flat fields. Let Wi, convert 
{s, o} into {s*, o*}; then we obtain for the equations of Wf, ex- 
pressed in dual coordinates: 


(3.2) s* = $ — do, o* = ðo. 

Two flat fields {a, a} and {b, 8}, aß, have in common œ! 
lineal elements (z, f) whose coordinates satisfy the equation 
(3.3) g—i=rt, 


> 


where /=(aS-—-ba)/(8—a), r= —(€—5)/(a—f). The points of the 


3 The term direct whirl is used in place of Kasner’s term whsrl to distinguish be- 
tween his and another kind of whirl which will be introduced below. 


~ 


7 
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lineal elements (z, t) on the locus (3.3) lie on the circle (s —D (3 —D) =r? 
—the ower circle of the locus—and their oriented lines envelope a 
concentric smmer cycle. Such a locus of lineal elements has been 
named a turbine by Kasner [6]. Evidently the turbine 


(3.4) s—)}= — řt 


has the same outer circle and inner cycle as (3.3). Turbines (3.3) and 
(3.4) shall be called conjugate. A necessary and sufficient condition 
that the turbine (3.3) be self-conjugate is that r+?=0; self-conjugate 
turbines, and only such turbines, are cycles. 

By duality, two lineal elements (a, a) and (b, 8), ax 8, bave in 
common œ! flat fields {s, e} whose coordinates satisfy the equation 


She a 
(3.5) a 


B—«o a—B 
This equation represents the turbine determined by (a, a) and 
(b, 8), aß, as a locus of flat fields. 

Since there exists a (1, 1) correspondence between turbines and 
the ordered pairs of complex parameters }, r, we shall let the symbol 
[?, r] represent the turbine whose equation in element coordinates is 
(3.3); L and r shall be called the turbine coordinates of |l, r]. The 
equation of [}, r] in the dual coordinates s, ø is , 


(3.6). s— l= — Po, 


The turbine [I, r] and the lineal element (z, {) shall be said to be 
sncident if their coordinates satisfy the equation (3.3); likewise |}, r] 
and {s, ø} shall be said to be incident if their coordinates satisfy 
(3.6). 


4. The complete group of whirls %,;. Let 3; represent the involu- 
tory lineal element transformation (s, [)—(s*, {*), given by the 
equations 


(4.1) sak Peer. 


The transformations Wya =% Wi. shall be called opposite whirls. 
Evidently Wi,9:=S:Wi,x. Opposite whirls convert flat fields into 
flat fields and turbines into turbines. In dual coordinates, s, o, trans- 
formation $, assumes the form 


(4.2) fet =z 








O. 


and in turbine coordinates, }, r, the form 
(4.3) t=), P=, 


` 
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The direct and opposite whirls constitute a mixed three-parameter 
group of which My is an invariant subgroup. 

Let %¥, designate the transformation (s, H—fs*, o*} given by the 
equations 


(4.4) gs" == gs: q* =f. 


It is easy to ascertain that the œ? lineal elements (sg, f) incident toa 
given flat field {s, ø} are converted by 3%: into the œ? flat fields 
fs", o*} incident to a unique lineal element (z*, {*); the latter shall, 
accordingly, be regarded as the image of Ís, o} produced by %3. We 
find that s*=s, [*=o; Y, is consequently an involutory transforma- 
tion. The œ? transformations Cam 3J, W$. shall be called direct cor- 
relations, and the œ? transformations Cy,™9:Wz, shall be called 
opposte correlatsons. The direct and the opposite correlations trans- 
form turbines into turbines. In turbine coordinates /, r the involution 
¥, assumes the form 


(4.5) j* = J, ~—~—7, 


Consequently, $, converts turbines into therr conjugates. 

The four continuous, mutually exclusive, three-parameter families: 
Ni, W (opposite whirls), Gf (direct correlations), and @; (opposite 
correlations) constitute a mixed group—namely, the complete group 
of whirls Wa. 


5. Whirl-motions and whirl-similitudes. Let the euclidean point 
displacement 


s* = as +a, la| = 1, 
be extended to represent a displacement of lineal elements, as follows 
(5.1) s=oasta, {* = at, lal =1. 


Let Dg, denote the displacement of lineal elements given by (5.1), 
and let Of denote the group of such displacements. Furthermore, 
let Dia =% Din and Dy =J Dy ; Dy evidently denotes the family of 
euclidean symmetries operating on lineal elements. The group of 
euclidean motions D (=DE +D) converts flat fields into flat fields 
and turbines into turbines. The product of a direct whirl by a dis- 
placement is commutative. Let such a product be called a dired 
whtrl-motton. The direct whirl-motions constitute a continuous, six- 
parameter group which shall be denoted by Gj. 
Let 


Gi WD, GemGids, GeuG, Di. 


1942] WHIRL-SIMILITUDES | 187 


Evidently 62 =9,G}; G3 =9,G1; G{=9,63. The four families @ are 
mutually exclusive and constitute a mixed six-parameter group Ws, 
which shall be called the group of proper whirl-mottons. The two fami- 
lies ©, GG form a mixed invariant subgroup of @.. 

Let %, denote the involutory lineal element transformation 


(5.2) ste st, f= f. 


Evidently $3 transforms flat fields into flat fields and turbines into 
turbines. In dual coordinates 3, is given by the equations 


(5.3) s* = — Yo, o* = g, 
and in turbine coordinates I, r, by the equations i 
(5.4) Äer, re = |, 


Let Hw =G, = 1, 2, 3, 4. The four, mutually exclusive, continu- 
ous families of turbine-preserving transformations $, comprise the 
improper whirl-moisons. The totality of proper and improper whirl- 
motions constitute a mixed group composed of eight continuous 
families, which shall be called the complete group of whirl-motions, 
and denoted by I's. 

Let M denote the magnification (s, {)—>(s*, {*) given by 


(5.5) g" = ks, Hep, 


where & is real and positive. Let [ym QI. Evidently T, is a mixed 
seven-parameter group of turbine-preserving transformations com- 
prising the eight continuous families: Gm IM Gj, GoaM Gi, 41, 2, 
3, 4; T; shall be called the complete group of whtrl-similttudes. 


6. The kinematic representation. Owing to the (1, 1) correspond- 
ence subsisting between turbines G: [J, r] and ordered pairs of com- 
plex numbers /J, r, © can be mapped upon the ordered pair of points ` 
on the Gauss plane represented by / and r in this order. This mapping, 
T—+(1, r), of the 4 turbines upon the 4 ordered point pairs shall 
be called a kinematse represeniaison. With the aid of equations (3.3) 
and (3.6), which entail necessary and sufficient conditions for the in- 
cidence of turbine and lineal element in the former case, and for the 
incidence of turbine and flat field in the latter, the following two theo- 
rems can now be established. 


THEOREM 1. The kinematic (1, 1) representation of turbines by ordered 
pairs of real points on a plane, namely Geo(l, r), induces a (1, 1) corre- 
spondence between lineal elemenis (z, [) and planar euchdean displace- 
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menis lor. To the elemenis (z, ¢) such that [= —1 correspond the 
translaisons r=1l—s, and to those such that f = —1 correspond the rota- 
tions around the potni s/({+1) through the angle arg (—f). 


THEOREM 2. The kinemaisc (1, 1) representation Goll, r) induces 
a (1, 1) correspondence between flat fields Ís, o} and planar euclidean 
symmetries lor. To the flat fields {s, o} such that o3+s=0 correspond 
refiecitons lor tn the line 3s-++-s8=53; and to those such thai o3-+s 740 
correspond symmeirtes compounded, in esther order, of a reflection in the 
axis s~s/2=0(8—3/2) and a iranslaiton (parallel to the axis) given by 
r=}]—(o3+s)/2. 

The proper whirl-similitudes—that is, those constituting the four 
families G@}—regarded as turbine transformations GG", are mapped 
by means of the kinematic representation upon pairs of similitudes 
Į{—i*, r-r* having the same ratio of magnification. These pairs of 
similitudes form four continuous families corresponding to the @; 
their equations are as follows: 


G: M=abllhta, r= Bkr+6, 

Gr: Maabll+a r= phe +b, 

Gr: Maak+ea, r= pe+s, 

Gr M=akltc, m= Bkr-+b, 

k real and positive, |a| =|g| = 1. 
By interchanging / and r in the right-hand members of the equations 
of the similitudes corresponding to ©, we obtain the equations of the 
kinematic image of the family of improper whirl-similitudes 5$. The 
kinematic images of the eight families comprising I’, are the pairs of 


euclidean motions to which the above pairs of similitudes reduce 
when k=1, 


7. The quasi-elliptic representation. Let a point p (X, Y, Z) in S3 
have the homogeneous coordinates X=p3/p1, Y=p3/th, Z=po/pr. 
Let a line C, together with the pair of conjugate imaginary points on 
C, namely: ; 

Ct, Po: fi: pa: ps = (0:0: 4:1, 
Gry Po: Pi: Pa Ps = 0:0: 1:4, 
and the pair of conjugate imaginary planes through C: 
Yu Pom ip: = 0, Yr, Po -+ idı ra 0 


be the Cayley absolute underlying a non-euclidean space Qı, called 
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quasi-elliptic by Blaschke [1, 2]. The proper (real) points of Qs are 
those that do not lie on C; the proper lines are those that do not inter- 
sect C; and the proper planes are those that do not pass through C. 

By means of a method independently discovered by J. Griinwald 
[5] and W. Blaschke [1,2], the 4 proper (real) lines g of Q; can be 
mapped continuously and (1, 1) upon the œ^ pairs of ordered real 
points (}, 7) of the euclidean ground plane Z=0 in a manner such that 
the following two properties subsist: (1) the two fields of points/ andr 
formed by the œ? pairs (/, r) that correspond to the œ? proper real . 
lines g passing through a proper real point p are such that a unique 
euclidean displacement /->r will transform the points } into their asso- 
ciated points r; (2) the two fields / and r formed by the œ? pairs (J, r) 
that correspond to the œ? proper real lines g lying in a proper real 
plane w+ are such that a unique euclidean symmetry /—r will trans- 
form the points / into their associated points r. By virtue of these two 
properties a (1, 1) correspondence exists between the points p of Q: 
and the euclidean displacements in the ground plane on the one hand, 
and between the planes x and the euclidean symmetries in the ground 
plane on the other hand. 

Let us associate with every proper real line g in Qs a turbine © in 
such a manner that gis the B-G (Blaschke-Gritnwald) image of that 
pair of points /, r as that of which © is the kinematic image. The ensu- 
ing correspondence gG is (1, 1) and continuous. Furthermore, let 
us establish a (1, 1) correspondence between lineal elements © and 
proper points p in Q; such that E and p are images—kinematic and 
B-G, respectively,—of the same euclidean displacement /—->r; and, 
finally, let us establish a third (1, 1) correspondence between flat fields 
J and proper planes x such that 7 and r are images of the same sym- 
metry ]—»r. These three (1, 1) correspondences define the quast-ellt pitc 
representation of whirl-similitude geometry. Incidences among lineal 
elements, turbines, and flat fields imply corresponding incidences 
among their quasi-elliptic images. 

Inasmuch as the group Œ of collineations in Q, that leave the 
points c, c, and the planes Y, y, of the absolute individually invariant 
corresponds, by virtue of the B-G mapping, to the group of trans- 
formations (, r)—+(/*, r*) such that /—-/*, r—r* are two similitudes 
having the same ratio of magnification [1, 2], we see that, by virtue 
of the results given in §6, @} is simply isomorphic to @J. The totality 
of automorphisms (collineations and correlations) of Q, constitutes a 
mixed group Ir, composed of eight continuous families, @ and G, 

= 1, 2, 3, 4, which are isomorphic to the families comprising the com- 
plete group of whirl-similitudes Ir. To characterize the isomorphism 


790 . J. M. FELD 


ToT, it is sufficient to indicate the quasi-elliptic representations of 
T, Ya, and %;. These are, in terms of the involutory transformations 
effected on the absolute, as follows 


Ji Cm G>, 2 ieee 7 el 2 
Yi Ci yn GOS Yn OVI Yr —> Gri 
Y crc Cp — Cr, Yin Yr — Yi- 


To @} (Kasner’s whirl-motion group) there corresponds in quasi- 
elliptic space, by virtue of the quasi-elliptic representation, the group 
of guast-motions Gj. The quasi-motions can be uniquely resolved into 
products of what Blaschke calls, because of their analogy to Clifford's 
left and right translations in elliptic space, quast-left and quast-righi 
translations in Q, [1]; the former are the quasi-elliptic images of 
the displacements D, and the latter are the images of the direct 
whirls WE. 

By means of the quasi-elliptic representation, many of the results 
obtained by Kasner and DeCicco for the geometry of whirl-motions 
can be easily identified with results obtained independently by 
Blaschke and Grünwald for quasi-elliptic space. 
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A PROPOSED JOURNAL OF APPLIED MATHEMATICS 


During the past two years a school for advanced instruction in 
applied mechanics has been conducted at Brown University with 
notable success. One result has been to form a group of men from 
many different centers who desire to make a permanent place for 
advanced applied mathematics in this country. To this end, it has 
now been decided to publish a Journal of Applied Mathematics, to 
appear quarterly, and to form a volume of 300-400 pages annually. 
The first issue will be as for January, 1943, although actual publica- 
tion may be delayed beyond that month. 

From time to time over the past two decades, a journal of this 
type has been proposed, but the project has never been brought toa 
focus. This journal, as now planned, is to fill the gap between purely 
engineering journals and purely mathematical ones. It will provide 
a place where the various subjects can be regarded as sciences, and 
where any piece of work which fille a gap in this structure or extends 
it, can be accepted without having to show immediate application to 
engineers or fundamentally new ideas of mathematical interest to 
mathematicians. 

Not only must applied mathematics serve the war effort, as it is 
now doing in increasing measure, but, looking ahead to the post- 
war period, it appears essential that America should be strong in 
the whole field of Science in order that it serve as a world center for 
advanced instruction and research. The new journal will aid in bring- 
ing America to the forefront in applied mechanics and in other 
branches of applied mathematics. It is hoped that many mathe- 
maticians will approve and will give this project both moral and 
financial support. 

The Board of Editors will be: 

Dr. H. L. Dryden, Physicist, National Bureau of Standards. 

Dr. T. C. Fry, Mathematical Research Director, Bell Telephone 
Laboratories. 

Dr. W. Prager, Professor of Applied Mathematics, Brown Univ. 

Dr. I. S. Sokolnikoff, Professor of Mathematics, Univ. of Wisconsin. 

Dr. J. L. Synge, Professor of Applied Mathematics, Univ. of Toronto. 

Dr. Th. von Kármán, Professor of Aeronautical Engineering, Calif. 
Inst. of Tech.; Consultant, Northrop Aircraft, Inc. 

These names will carry a message of confidence of high standards 
to all who know the field. Some fifteen others, eminent in their fields, 
will be asked to accept appointments as collaborators. 

E. R. HEDRICK 
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OCCUPATIONAL CLASSIFICATION OF MATHEMATICIANS 


General Lewis B. Hershey, Director of Selective Service, has is- 
sued Occupational Bulletin No. 23 which certifies that the educa- 
tional services of instructors and professors of mathematics in col- 
leges, ufliversities, or professional schools are activities essential to 
the war effort. This Bulletin supplements Occupational Bulletin 
No. 10 which was distributed to department chairmen by the Secre- 
tary’s office on June 30, 1942. Bulletin No. 10 and Bulletin No. 23 
are given at the end of this note. 

This memorandum is published with the realization that the whole 
situation with respect to our colleges and universities will un- 
doubtedly be fundamentally altered by the legislation concerned 
with the lowering of the draft age. Nevertheless, we do believe that 
plans will be developed whereby the government will use the ma- 
chinery already existing in our colleges and universities in order to 
train young men in the mathematics and science which are the neces- 
sary equipment of Army and Navy officers. The need for instructors 
in mathematics is bound to increase as the tempo of the war is in- 
creased. 

The Secretary of War has stated that teachers in fields that are 
essential to the war effort are doing the job that the country wants 
them to do and are performing their full duty in the war effort. With 
this in mind, every effort should be made to conserve the supply of 
mathematicians; this supply is already greatly depleted. Mathe- 
maticians should not be discouraged from assuming positions in 
fields other than teaching, if these offer greater opportunities for 
service to the nation in the war effort. On the other hand, mathe- 
matics teachers should not feel that their services will shortly be 
unnecessary and consequently rush into positions where their con- 
tribution is less vital than that of teaching men who are preparing 
for commissions in the armed forces. Mathematics at the college level 
will have to be taught to prospective officers. We hope that this 
teaching will be done in our colleges and universities. Whether it is 
done there or in schools set up by the government, mathematicians 
will be needed and the supply should be conserved. 


I. REQUESTS FOR OCCUPATIONAL CLASSIFICATION 


In view of the recent Bulletin, we wish to offer the following sug- 
gestions for securing the proper classification of mathematicians: 

(a) For those who have completed thetr tratning, t.¢., instructors and 
men of professorial grade. Requests for continued occupational de- 
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ferment or for reclassification should be based on Occupational Bul- 
letin No. 23 in which the Manpower Commission has certified as 
essential to the war effort professors and instructors engaged in full- 
time instruction and research in mathematics. This Bulletin should 
be attached to every request: In addition, Occupational Bulletin 
No. 10, which certifies that there is a serious shortage of mathemati- 
cians, should be attached. Local boards must be supplied with all the 
necessary information; this should include evidence that the regis- 
trant cannot be replaced. The request for reclassification should be 
made on Form 42A which can be obtained from the registrant’s local 
board. 

(b) For those tn training, t.¢., graduate asststanis and undergraduate 
majors in mathematics. The officer requesting the deferment ‘should 
file Form 42A directly with the local board with the ordinary ques- 
tionnaire filled out by all registrants. Reference should be made to 
Occupational Bulletin No. 10. It is urged that a copy of this Bulletin 
be attached to Form 42A when it is filed. 


II, APPEALS 


Having made request for occupational deferment, the person mak- 
ing the request should be prepared to exert every effort to secure 
that deferment, including the making of an appeal. The appeal may 
be made by the registrant, his employer, or the government appeal 
agent. When it is clear that the end of negotiations with the local 
board has been reached, without having modified the registrant’s 
1A classification, the appeal should be carried through. Such an ap- 
peal must be made within ten days of the date when the local board 
mated to the regisirani a notice of his classsficatton. The form for ap- 
peals appears at the end of the questionnaire. 


III. ADDITIONAL STEPS 


Nattonal Roster of Scsentsfic and Specialised Personnel, 
10th and U Streets, N. W., Washington, D. C. 


Any mathematician who has not already done so should register 
immediately with the National Roster. This may be done by writing 
a letter to the Roster at the above address, and asking for appro- 
priate forms in mathematics. In this communication, the writer 
should indicate whether he is subject to the Selective Training and 
Service Act of 1940. 

The National Roster may take appropriate action in the case of 
professional mathematicians and graduate students in mathematics. 
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Under a cooperative plan with the Selective Service System, the 
Roster may send to the National Headquarters of the Selective Serv- 
ice System appropriate information about professionally trained men 
of military age, and that office in turn may then forward letters about 
these men through the various State Directors to the individual local 
boards, in order to assist in proper classification. 

It is essential that a man (or his employing institution) should not 
wait until he is placed in Class 1A before writing to the Roster. The 
Roster should be kept informed as to any changes in his Selective 
Service status or in his employment. In communicating with the 
Roster, a man should give the following information: (1) the name, 
number, and address of his Selective Service local board; (2) his own 
order number; (3) a description of his specific duties, especially as 
related to the war effort. 


Office of Sctentsfic Personnel, Natsonal Research Councu, 
2101 Conststutton Avenue, Washington, D. C. 


Dean Homer L. Dodge is now Director of the Office of Scientific 
Personnel. In cases where an appeal has been made and develop- 
ments indicate that a proper decision may not be reached, it is ad- 
visable to contact Dean Dodge. He must be informed as to the 
applicant’s order number and the name, number, and address of the 
local board under which he is registered. Dean Dodge has offered to 
consult with the State Director concerned or with Selective Service 
Headquarters as the urgency of the case demands. 

However, the Office of Scientific Personnel must start where the 
person making the original request leaves off and can do little to 
make up for deficiencies in the presentation of the case by the em- 
ployer. Unless there is presented evidence that a genuine, but un- 
successful, attempt has been made to secure a replacement for the 
particular registrant in question, it will be impossible for the Office 
of Scientific Personnel to be of assistance. 


Coptes of Occupational Bulletin No. 10 and of Occupational Bulletin 
No. 23 will be furnished, on request, by the office of the Secretary. 


MARSTON Morse, Pressdent 
J. R. KLINE, Secretary 
November 2, 1942. 


National Headquarters 
SELECTIVE SERVICE SYSTEM 


2ist Street and C Street, N. W. 
Washington, D. C. 


COPY September 30, 1942 


OCCUPATIONAL BULLETIN NO. 23 


EFFECTIVE: IMMEDIATELY 
SuBJECT: EDUCATIONAL SERVICES 


1. The War Manpower Commision bas certified that educational services are 
essential to the support of the war effort. 

2. This bulletin covers the following essential activities which are considered as 
included within the list attached to Local Board Release No. 115, as amended: 

(a) Educational services: Public and private industrial vocational training; 
elementary, secondary and preperatory schools; junior colleges, colleges, uni- 
versities and professional schools; educational and ecientific research agencies; 
and the production of technical and vocational training films. 

3. In considering registrants engaged in educational services there must be taken 
into consideration the following: 

(a) The kind of institution in which the registrant is engaged; 

.(b) the occupation of the registrant in that institution; and 

(c) the claseroom studies under the registrant’s instruction, supervision, or 
administration jurisdiction. Attached is a list of occupations by institutions and 
classroom studies in educational services which require a reasonable degree of 
training, qualification, or akill to perform the duties involved. It is the purpose of 
this list to set forth by institutions and classroom studies the important occupa- 
tions in educational services which must be filled by persons capable of perform- 
ing the duties involved in order that the essential portions of the activity may be 
maintained. Item 4 of the list does not include classroom ‘studies but occupations 
which shall be considered in the same manner as any other occupations, The en- 
tire list is confined to occupations which require more than six months of training 
and preparation, 

4. In classifying registrants employed in these activities, consideration should be 
given to the following: 

(a) The training, qualification, or skill required for the proper discharge of 
the duties involved in his occupation; 

(b) the training, qualification, or skill of the registrant to engage in his oc- 
cupation; and 

(c) the availability of persons with his qualifications or skilj, or who can be 
trained to his qualification, to replace the registrant and the time in which such 
replacement can be made. 

Lews B. HersnEY, Derector 
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CRITICAL OCCUPATIONS 
Educational Services 
1. ELEMENTARY, SECONDARY AND PREPARATORY SCHOOLS 


(a) Superintendents of elementary, secondary and preparatory school systems; and 
(b) teachers who are engaged in full-time instruction in one or more of the following 


subjects: 
Aeronautics Mathematics 
Biology Physics 
Chemistry Radio 


2. JoNior COLLEGES, COLLEGES, UNIVERSITIES AND PROFESSIONAL SCHOOLS, EDU- 
CATIONAL AND SCIENTIFIC RESEARCH AGENCIBS 


(a) Presidents, Deans, and Registrars in junior colleges, colleges, universities and 
professional schools; and 

(b) profeseors and instructors engaged in full-time instruction and research in one 
or more of the following subjects: 


Agricultural Sciences Engineering Sciences Navigation, Aerial and 


Architecture, Naval Geology Marine 
Astronomy Industrial Management Oceanography 
Bacteriology Mathematics Pharmacy 

Biology Medicine and Surgery Physics 

Chemistry Metallurgy Physiology 
Dentistry Meteorology Veterinary Sciences 


3. PUBLIC AND PRIVATE [INDUSTRIAL VOCATIONAL TRAINING 


(a) Superintendents of public and private industrial vocational training; and 
(b) teachers who are engaged in full-time instruction in one or more of the follow- 
ing subjects designated to prepare students for war activities: 
Trade, Vocational and Agricultural subjects (such as, Machine Shop prac- 
tice, Aircraft, Sheetmetal Work, and similar subjects) and in Vocational 
Rehabilitation, 


4, PRODUCTION oF TECHNICAL AND VOCATIONAL TRAINING FILMS 


(a) Persons engaged full-time and exclusively in the production of technical and 
vocational training films for the Army, Navy and war production industries. 


Animator Project Supervisor 
Camerman Technical Consultant 
Cutter TechnicaljWriter 


Film Editor Sound Engineer 


National Headquarters. 
SELECTIVE SERVICE SYSTEM 
2ist Street and C Street, N. W. 
Washington, D.C... 
COPY June 18, 1942 


OCCUPATIONAL BULLETIN (NO. 10) 


SUBJECT: SCIENTIFIC AND SPECIALIZED PERSONNEL 
EFFECTIVE: [MMEDIATELY 
DISTRIBUTION: STATE DIRECTORS 
BOARD OF APPEAL MEMBERS 
LocaL Boarp MEMBERS 
GOVERNMENT APPEAL AGENTS 


Part I 


1. There are certain persons trained, qualified, or skilled in scientific and special- 
ized fields who, if engaged in the practice of their respective professions, are in a posi- 
tion to perform a vital service in activities necessary to war production and in activi- 
ties essential to the support of the war effort. \ 


Part II 


1. The National Roster of Scientific and Specialized Personnel has certified to 
the Director of Selective Service that in activities necessary to war production and in 
activities essential to the support of the war effort, there are certain “critical occupa- 
tions” which for the proper discharge of the duties involved require a high degree of 
training, qualification, or skill in scientific and specialized fields. The critical occupa- 
tions in these scientific and specialized fields, as certified to the Director of Selective 
Service, are listed on page 4 attached to this bulletin. 

2. All of these critical occupations, as listed, require highly specialized periods of 
training of two years or more. The critical occupations on the attached list exist 
within the provisions of Part V, Memorandum to All State Directors (1-405). 


Parr IIT 


1. The National Roster of Scientific and Specialized Personnel has certified to 
the Director of Selective Service that there are serious shortages of persons trained, 
qualified, or skilled to engage in these critical occupations in activities necessary to 
war production and in activities essential to the support of the war effort. These 
shortages exist within the provisions of Part VII, Memorandum to All State Directors 
(1-405), and accordingly careful consideration for occupational! classification should 
be given to all persons trained, qualified, or skilled in these critical occupations and 
who are engaged in activities necessary to war production or essential to the support 
of the war effort. 

Part IV 

1. There are many registrants who are in training and preparation to acquire the 
qualification or skill to engaged in these critical occupations. Normally the period of 
training and preparation to acquire the necessary qualification or skill in these scien- 


tific and specialized fields extends over a period of four academic years in a recognized 
academic, professional, or technical college or university. In many instances, however, 
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it is necessary for sara to have additional study in a recognized academic, profes- 
sional, or technical college oc university in order to acquire the more highly specialized 
qualification or skill necessary for the performance of particular services in activities 
necessary to war production or essential to the support of the war effort. Persons en- 
gaging in further studies in addition to the four academic years normally required are 
referred to as graduate or postgraduate students. 

2. A registrant who is in training and preparation for one of these scientific and 
specialized fields may not be considered for occupational classification until the close, 
or approximately the close, of his second or sophomore year in a recognized college or 

3. A registrant who is in training and preparation for one of these scientific and 
specialized fields may be considered for occupational deferment at the close, or ap- 
proximately at the close, of his second or sophomore year in a recognized college or 
university if he is pursuing a course of study upon the successful completion of which 
he will have acquired the neceseary training, qualification, or skill, and if he gives 
promise of continuing and will be acceptable for continuing such course of study and 
will undertake actual further classroom work within a period of not to exceed four 
months from the close of his second year. 

4, A registrant who is in training and preparation for one of these scientific and 
specialized fields shall be considered for occupational classification during his third 
and fourth years in a recognized college or university, provided that he gives promise 
of the successful completion of such course of study and the acquiring of the necessary 
degree of training, qualification, or skill. 

5. Agraduate or postgraduate student who is undertaking further studies for these 
scientific and specialized fields, following the completion of the normal four academic 
years, may be considered for occupational classification if, in addition to pursuing the 
additional studies, he is also acting as “graduate assistant” in a recognized college or 
university or is engaged in scientific research related to the war effort and which is 
supervised by a recognized Federal agency. A graduate assistant is a student in post- 
graduate studies who, in addition, is engaged in the teaching and instruction of under- 
graduate students in these scientific and spectalired fields. 

6. When a registrant has completed his training and preparation in a recognized 
college or university and has acquired a high degree of training, qualification, or skill 
in one of these scientific and specialized fields, such registrant should then be given the 

opportunity to become engaged in the practice of his profession in an activity neces- 
' sary to war production or essential to the support of the war effort. In many instances 
following graduation from a recognized college or university, a certain period of time 
will be required in the placing of trained, qualified, or skilled personnel in an esential 
activity. When a registrant has been deferred as a necessary man in order to complete 
his training and preparation, it is only logical that his deferment should continue 
until he has an opportunity to use his scientific and specialized training to the best 
interest of the nation. Accordingly, following graduation from a recognized college or 
university in any of these scientific and specialized fields, a registrant should be con- 
sidered for further occupational classification for a period of not to exceed 60 days in 
order that he may have an opportunity to engage in a critical occupation in an activity 
necessary to war production or essential to the support of the war effort, provided that 
during such period the registrant is making an honest and diligent effort to become 90 


engaged. 
Lewis B. Hersuey, Dtrector 
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CRITICAL OCCUPATIONS 
SCIENTIFIC AND SPECIALIZED PERSONNEL 


Electrical Engineers 
Heating, Ventilating, Refrigerating, and Air Conditioning Engineers 
Marine Engineers 
Mechanical Engineers 
Mining and Metallurgica! Engineers, including Mineral Technologists 
Radio Engineers 
Safety Engineers 
Transportation Engineers—~Air, Highway, Railroad, Water 
Geophyasicists 
Industrial Managers 
Mathematicians 
Meteorol ogists 
Naval Architects 
Personnel Administrators 
Physicists, including Astronomers 
Psychologists 
Statisticians 


THE SUMMER MEETING IN POUGHKEEPSIE 


The forty-eighth Summer Meeting of the Society and the twenty- 
fourth Colloquium were held at Vassar College, Tuesday to Thurs- 
day, September 8-10, 1942. The Mathematical Association of 
America met on Monday morning and afternoon. The Institute of 
Mathematical Statistics met Wednesday morning and jointly with 
the Society Tuesday afternoon and Wednesday afternoon. About 
three hundred persons attended the meetings among whom were the 
following one hundred ninety-eight members of the Society: 


C. R. Adams, R. B. Adams, R. P. Agnew, Warren Ambrose, R. C. Archibald, 
K. J. Arnold, L. A. Aroian, K. J. Arrow, W. L. Ayres, F. E. Baker, G. M. Bareis, 
Walter Bartky, Stefan Bergman, Felix Bernstein, Henry Blumberg, J. W. Bower, 
R W. Brink, A. B. Brown, J. A. Bullard, F. J. H. Burkett, Hobart Bushey, J. H. 
Bushey, S. S. Cairns, W. D. Cairns, B. H. Camp, W. B. Carver, W. F. Cheney, D. B. 
Christie, J. A. Clarkson, L. W. Cohen, Nancy Cole, Esther Comegys, T. F. Cope, 
A. H. Copeland, Richard Courant, C. C. Craig, J. H. Curtiss, D. R. Davis, F. F. 
Decker, R. P. Dilworth, J. L. Doob, M. E. Elveback, Benjamin Epstein, Paul Erdés, 
W. K. Feller, M. M. Flood, L. R. Ford, R. M. Foster, K. O. Friedrichs, R, E. Fuller- 
ton, Abe Gelbart, B. P. Gill, R. E. Gilman, Michael Goldberg, Cornelius Gouwens, 
H. S. Grant, R. E. Greenwood, T. N. E. Greville, C. C. Grove, V. G. Grove, E. J. 
Gumbel, Theodore Hailperin, D. W. Hall, O. G. Harrold, O. C. Hazlett, C. M. Heb- 
bert, G. A. Hedlund, E. R. Hedrick, Edward Helly, L. S. Hill, Einar Hille, T. R. 
Hollcroft, M. W. Hopkins, G. M. Hopper, Harold Hotelling, S. E. Hotelling, E. M. 
Hull, C. C. Hurd, Witold Hurewicz, W. A. Hurwitz, Dunham Jackson, Fritz John, 
R. A. Johnson, A. W. Jones, B. W. Jones, F. B. Jones, H. A. Jordan, Wilfred Kaplan, 
Irving Kaplansky, Edward Kaaner, S. Y. Keyser, B. F. Kimball, J. R. Kline, A. E. 
Landry, R. E. Langer, G. A. Larew, Solomon Lefschetz, Charles Loewner, C. I. Lubin, 
Eugene Lukacs, N. H. McCoy, C. C. MacDuffee, Saunders MacLane, H. F. Mac- 
Neish, H. B. Mann, Morris Marden, A. J. Maria, D. H. Maria, M. H. Martin, M. P. 
Martin, A. E. Meder, F. H. Miller, E. B, Mode, E. C. Molina, Deane Montgomery, 
C. N. Moore, E. M. Morenus, Valdimir Morkovin, Richard Morris, D. S. Morse, 
Marston Morse, M. E. Munroe, Otto Neugebauer, A. V. Newton, K. L. Nielsen, R. E. 
C'Connor, E. G. Olds, Oystein Ore, Gordon Pall, C. R. Phelpe, H. B. Phillips, Everett 
Pitcher, Hillel Poritsky, G. B. Price, M. H. Protter, A. L. Putnam, S. E. Rasor, L. L. 
Rauch, Mina Rees, C. F. Rehberg, W. T. Reid, R. G. D. Richardson, J. F. Ritt, 
M. S. Robertson, H. A. Robinson, S. L. Robinson, R. E. Root, R. A. Rosenbaum, 
J. H. Rosenbloom, P. C. Rosenbloom, Raphael Salem, Hans Samelson, Arthur Sard, 
F. E. Satterthwaite, L. J. Savage, Henry Scheffé, Abraham Schwartz, G. E. Schweig- 
ert, R. G. Simond, A. J. Smith, Gertrude Smith, Ernst Snapper, Virgil Snyder, 
D. E. Spencer, V. E. Spencer, Abraham Spitzbart, A. H. Sprague, H. W. Steinhaus, J. J. 
Stoker, R. R. Stoll, A. H. Stone, S. R. R. Struik, Otto Szász, Gabor Szegd, J. D. 
Tamarkin, C. J. Thorne, A. W. Tucker, J. W. Tukey, D. F. Votaw, Abraham Wald, 
R. M. Walter, Louis Weisner, B. A. Welch, M. E. Wells, E. T. Welmera, George 
Whaples, H. S. White, G. T. Whyburm, R. L. Wilder, S. S. Wilks, W. L. G. Williams, 
E. W. Wilson, Jack Wolfe, Jacob Wolfowitx, E. R. Worthington, C. H. Yeaton, 
J. W. T. Youngs, Antoni Zygmund. 
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The Colloquium Lectures on the subject Topology of mansfolds 
were delivered by Professor R. L. Wilder of the University of Michi- 
gan on Tuesday morning and afternoon and Wednesday and Thurs- 
day mornings. The presiding officers at the four lectures were, in 
order, President Marston Morse, Professor Solomon Lefschetz, Pro- 
fessor G. T. Whyburn, and Vice President J. D. Tamarkin. 

There was a short business meeting Wednesday morning at the 
beginning of the general session, President Marston Morse presiding. 
Secretary J. R. Kline reported briefly concerning actions of the 
Council and President Morse spoke about the present status with 
respect to military service of teachers and students of mathematics. 
Lieutenant C. C. Hurd described the training program at the United 
States Coast Guard Academy at New London, Connecticut. 

On Wednesday at 2 P.M., Professor W. L. Ayres of Purdue Uni- 
versity gave an address entitled Transformations with periodic prop- 
eriies. At 3:15 P.M., a symposium on The applicabslsty of mathematical 
staissitcs to war efforts, was held jointly with the Institute of Mathe- 
matical Statistics. Addresses were given on Statssitcal prediciton with 
special reference to the problem of tolerance limits by Professor S. S. 
Wilks of Princeton University, and On the nature df mathematical 
stattsitcs in qualsty control by Dr. W. E. Deming of the U. S. Depart- 
ment of Commerce. The discussion leaders were Professor J. H. Cur- 
tiss of Cornell University, and Dean Walter Bartky of the University 
of Chicago. 

The presiding officers for the sessions of short papers were: Analy- 
sis, Tuesday morning, Professor R. E. Langer; Algebra, Geometry, 
and Topology, Tuesday morning, Professor A. W. Tucker; Mathe- 
matical Statistica (a joint session with the Institute of Mathematical 
Statistics), Tuesday afternoon, Professor C. C. Craig; Topology, 
Thursday morning, Professor R. L. Wilder; Analysis and Applied 
Mathematics, Thursday morning, Professor Gabor Szegd. Professor 
J. R. Kline presided at the general session at 2 P.M., Wednesday and 
Lieutenant Colonel L. E. Simon at the symposium held jointly with 
the Institute of Mathematical Statistics. 

Headquarters for the meeting were in Main Building. Rooms in 
this building were made available to members of the three organiza- 
tions and their guests. 

On Wednesday evening in Main Building there was a dinner for 
members of the Society, the Association, and the Institute. Profes- 
sor H. S. White was toastmaster. President H. N. MacCracken of 
Vassar College gave an address of welcome. Professor R. E. Langer 
spoke of the impetus being given to mathematics in our secondary 
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schools and colleges. Professor W. T. Reid presented a resolution of 
thanks to the President, the Department of Mathematics, the Local 
Committee, and everyone concerned at Vassar College, for the com- 
petent arrangements and cordial hospitality. The resolution was 
adopted unanimously. Following the dinner members of the Depart- 
ment of Music of Vassar College gave an excellent concert in Belle 
Skinner Hall. 

On Monday afternoon in Ely Hall, a tea was given for members of 
the three organizations and their guests by the Department of Mathe- 
matics of Vassar College. 

The Council met on Tuesday, September 8, at 8:00 p.m. in Main 
Building at Vassar College. 

The Secretary announced the election of the following twenty 
persons to membership in the Society: 

Dr. William D. Berg, State University of Iowa; 

Mr. Howard Jesse Eckweiler, New York University; 

Mr Joseph Owen Evans, Shreveport Aeronautical Institute, Shreveport, La.; 
Mother Ethelyn Fox, Barat College of the Sacred Heart, Lake Forest, II; 

Mr. William J. Fry, Naval Research Laboratory, Washington, D, C.; 

Mr. Cecil Hastings, Jr., University of Florida; 

Mr. Cyrus Giles Hill, J. G. Wray and Co., Engineers, Chicago. Ill; 

Professor Truman Lee Kelley, Graduate School of Education, Parvani University; 
President Eugene McDermott, Geophysical Service, Inc., Dallas, Tex.; 

Dr. Leonard McFadden, Virginia Polytechnic Institute; 

Mr. Frank Albert McMahon, Brooklyn College Evening Session; 

Dr. Henry Malin, College of the City of New York; 

Mr. Wiliam Edwin Manring, American Cyanamid and Chemical Corporation, New 

York, N. Y.; 

a Philip B. Norman, Tusculum College, Greenville, Tenn.; 
Professor Edward Russell Stabler, Hofstra College, Hempstead, N. Y.; 
Dr. Domina Eberle Spencer, Masæachusetts Institute of Technology; 
Dr. Robert L. Swain, University of Wisconsin; 

Mr. Hsio-Fu Tuan, Princeton University; 

Mr. David Freeman Votaw, Jr., Princeton University; 

Mr. Hyman Joseph Zimmerberg, University of Chicago. 

It was also announced that Texas Technological College, Lubbock, 
Texas, had been elected to institutional contributing membership. 

Professor Michel Plancherel of the Ecole Polytechnique Fédérale, 
Zurich, Switzerland, was admitted to the Society in accordance with 
_ the reciprocity agreement with the Swiss Mathematical Society. 

The following appointments by President Marston Morse were re- 
ported: as representative of the Society at the Inaugural Ceremony 
of the Polish Institute of Arts and Sciences in America on May 15, 
1942, Professor C. C. MacDuffee; as representative of the Society at 
the inauguration of Harry Noble Wright as President of The College 
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of the City of New York on September 30, 1942, Professor C. C. 
MacDuffee; as a member of the Committee on Places of Meetings, 
to replace Professor P. R. Rider (term to expire December 31, 1944), 
Professor E. W. Chittenden. 

It was announced that reports were sent in August to the Carnegie 
Corporation and Rockefeller Foundation regarding their grants to 
Mathematical Reviews. The Secretary also announced that the prob- 
lem of the importation of journals from European Axis and Axis- 
controlled countries had been solved for Mathematical Reviews. 
Under an arrangement concluded with the American Library Asso- 
ciation, Mathematical Reviews is permitted to purchase all the jour- 
nals to which it has been subscribing, thus continuing full coverage 
of the mathematical literature of the scientific world. 

Certain invitations to give invited addresses were announced: Pro- 
fessor J. L. Synge for the October, 1942, meeting in New York; Pro- 
fessora Harry Bateman, L. M. K. Boelter, J. Holmboe, and H. U. 
Sverdrup for the November, 1942, meeting in Los Angeles; Professor 
Deane Montgomery for the 1942 Annual Meeting in New York; and 
Professor Emil Artin for the April, 1943, meeting in Chicago. 

On recommendation of the Committee on Places of Meetings (Pro- 
fessor A. B. Coble, chairman), the Annual Meeting of 1943 was set 
at Cleveland, Ohio, in connection with the meetings of the American 
Association for the Advancement of Science. Times and places of 
meetings during 1943 were set as follows: in New York City on Feb- 
ruary 27; in New York City on April 23-24; in Chicago on April 
23-24; at Stanford University on April 24; in Corvallis, Oregon, on 
June 16-17 (with A.A.A.S.);in New York City on October 30. 

Because of travel difficulties and other problems created by the 
war, the Council voted to withdraw its acceptance of the invitation 
to meet at the University of Colorado for the Summer Meeting of 
1943. It is the intention of the Society to meet at Colorado as soon as 
conditions permit. Arrangements are under way for holding a sum- 
mer meeting at a more centrally-located institution. 

_The eighteenth Josiah Willard Gibbs Lecture is to be given by 
Professor Harry Bateman at the Annual Meeting of 1943 in Cleve- 
land, Ohio. 

On recommendation of the Colloquium Editorial Committee, the 
Council voted to invite Professor Einar Hille to deliver a series of 
Colloquium Lectures in 1944. 

Professor Marston Morse was appointed representative on the 
National Research Council for a period of three years beginning 
July, 1943. 
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The Secretary announced the provisions of the will of the late 
Dr. Robert Henderson who was, for many years, a Trustee of the 
Society and deeply interested in all of its activities. The Society will 
share the income of his estate with two other beneficiaries, and, upon 
the death of the other legatees, the Society will receive the full 
piincipal of the estate for the Endowment Fund. 

President Morse appointed the following committees: Committee 
on the Award of the Bécher Prize, to be awarded at the Annual 
Meeting of 1943, for papers in Analysis published during the period 
1938-1942, Professors T. H. Hildebrandt (chairman), Philip Frank- 
lin, and John von Neumann; Committee to Select Gibbs Lecturers 
for 1944 and 1945, Professors J. H. Van Vleck (chairman), B. O. 
Koopman,.and E. J. McShane. 

The Council voted to continue the practice, inaugurated two yeara 
ago, of presenting on the ballot twice as many candidates for vice- 
president and for members-at-large of the Council as there are posi- 
tions to be filled. It was also voted that the ballot continue to have 
a place where members may present suggestions for trustees, officers, 
and members of the Council, these suggestions to be considered 
by the Nominating Committee for the following year. Members are 
urged to make more use of this method of placing names before the 
Nominating Committee. 

Titles and cross references to the abstracts of papers read are 
given below. The papers were read as follows: papers 1—6 in the sec- 
tion for Analysis on Tuesday morning; papers 7—12 in the section for 
Algebra, Geometry, and Topology on Tuesday morning; papers 13-22 
in the section for Mathematical Statistics on Tuesday afternoon; 
papers 23-27 in the general session Wednesday morning; papers 
28—31 in the section for Topology Thursday morning; papers 32-34 
in the section for Analysis and Applied Mathematics Thursday morn- 
ing; and papers 35-89, whose abstract numbers are followed by the 
letter ?, were read by title. Dr. Spencer was introduced by Professor 
D. J. Struik, Mr. Kincaid by Dr. D. W. Hall, Miss Marth by Pro- 
fessor Francis Regan, and Dr. Schwerdtfeger by Dr. Peter Scherk. 
` Paper 2 was presented by Professor Clarkson, paper 3 by Professor 
Adams, paper 5 by Dr. Salem, paper 9 by Professor MacLane, paper 
17 by Dr. Mann, paper 21 by Dr. Struik, paper 23 in the absence of 
Professor Whitney by Professor Saunders MacLane, paper 24 by 
Professor Hille, paper 30 by Dr. Samelson, and paper 33 by Dr. 
Poritsky. 

1. M. E. Munroe: On the finite dimenstonalsty of certain Banach 
spaces. (Abstract 48-7-241). 
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2. J. A. Clarkson and Paul Erdis: On the approximation of continu- 
ous functions by polynomials. (Abstract 48-9-258.) 

3. C. R. Adams and A. P. Morse: On approximating certain inie- 
grals by sums. (Abstract 48-9-255.) 

4. Otto Szász: On the partial sums of Fourser sertes at points of 
discontinusty. (Abstract 48-9-264). 

5. Raphael Salem and D. C. Spencer: The infiuence of gaps on 
density of integers. (Abstract 48-7-245.) 

6. P. C. Rosenbloom: The seros of the partsal sums of power sertes 
representing entire functions. (Abstract 48-11-321.) 

7. C. J. Thorne: An Appell subset. (Abstract 48-9-265.) 

8. Domina E. Spencer: Geometric figures in affine space. (Abstract 
48-9-281.) 

9. Saunders MacLane and Samuel Eilenberg: Functtons of groups 
as generalized tensors. (Abstract 48-11-341.) 

10. Gordon Pall: The weight of an n-ary genus of quadraisc forms. 
(Abstract 48-11-307.) 

11. Saly R. R. Struik: Axtomatics of affine geometry. (Abstract 
48-11-334.) 

12. R. P. Dilworth: On the decompossiton theory of modular latiices. 
(Abstract 48-11-301.) 

13. Henry Scheffé: On the theory of testing composste hypotheses 
with one consiratni. (Abstract 48-7-248.) 

14. Jacob Wolfowitz: On the consistency of a class of non-parametric 
statssitcs. (Abstract 48-11-338.) 

15. E. J. Gumbel: Graphical controls based on serial numbers. (Ab- 
stract 48-9-283.) 

16. D. S. Villars: Significance tests for mulisvartate dtsirtbutsons. 
(Abstract 48-9-289.) 

17. H. B. Mann and Abraham Wald: On the chotce of the number 
of class intervals in the applicatson of the cht-square test. (Abstract 
48-9-285.) 

18. F. E. Satterthwaite: Generalized Potsson distributton. (Abstract 
48-9-286.) 

19. L. A. Aroian: The relattonshsp of Fisher's z distrebution to Stu- 
dent's t distribution. (Abstract 48-9-282.) 

20. Abraham Wald: On a statistica} problem arising in the classifi- 
caiton of an individual tn one of two groups. (Abstract 48-11-337.) 

21. Saly R. R. Struik and Miriam van Waters: Modern staitstscal 
methods in penology. (Abstract 48-9-288.) 

22. T. N. E. Greville: Regularity of label-sequences under configura- 
iton transformations. (Abstract 48-11-335.) 
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23. Hassler Whitney: The self-tntersecttons of an M” in E*". (Ab- 
stract 48-9-297.) 

24. Einar Hille and Gabor Szegt: On the complex zeros of the Bessel 
funcitons. (Abstract 48-11-313.) 

25. Edward Kasner: The snverse problem of dynamics. (Abstract 
48-9-279.) 

26. L. W. Cohen: Integraiton on hypersurfaces. (Abstract 48-11- 
311.) 

27. W. T. Reid: Some results on the growth of soluttons of differential 
systems. (Abstract 48-11-319.) 

28. D. W. Hall: On a partial solutton of a problem of J. R. Kline. 
(Abstract 48-9-290. ) 

29. J. W. T. Youngs: A note on separation axtoms and thetr appli- 
cation tn the theory of a localy connected topological space. (Abstract 
48-11-347.) 

30. Deane Montgomery and Hans Samelson: Groups transttive on 
spheres. (Abstract 48-9-293.) 

31. F. B. Jones: A characterszatton of the sphere. (Abstract 48-11- 
340.) 

32. Vladimir Morkovin: On the deflectton of antsotroptc thin plates. 
(Abstract 48-9-272.) 

33. W. R. Foote, Hillel Poritsky and J. J. Slade: The motton of a 
rotor with unequal shaft flexibilities mounted in bearings of unequal 
flextitint'y. (Abstract 48-11-327.) 

34. Stefan Bergman: Operators tn the theory of partial differential 
equattons and their application. II. (Abstract 48-9-271.) 

35. G. E. Albert: Crstersa for the closure of systems of orthogonal 
functions. (Abstract 48-9-256-2.) 

36. Reinhold Baer: Rings with duals. (Abstract 48-7-230-4.) 

37. Stefan Bergman: Operators in the theory of differential equations 
and their application. I. (Abstract 48-9-270-1.) 

38. H. K. Brown: The resolution of boundary value problems by 
means of the finte Fourier transformation. (Abstract 48-7-246-2.) 

39. Leonard Carlitz: Representation of a polynomial in certain 
forms. (Abstract 48-11-299-t,) ° 

40. Leonard Carlitz: Some formulas for the composition of nuħeri- 
cal funcdstons. (Abstract 48-11-300-t.) 

41. H. S. M. Coxeter: A geometrical background for the description 
of de Sttter’s world. (Abstract 48-9-273-t.) 

42. J. J. DeCicco: The application of turbine geometry to the inverse 
problem of dynamics. (Abstract 48-9-275-#.) 
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43. C. J. Everett: Affine geometry of vector spaces over rings. (Ab- 
stract 48-7-247-t.) 

44, Willy Feller: On some geometric inequalsites. — 48-11- 
312-t.) 

45. B. H. Gere and David Zupnik: On the construction of ¢ curves of 
constant width. (Abstract 48-9-276-.) 

46. W. H. Gottschalk: On k-to-1 mappings. (Abstract 48-7-2494.) 

47. O. G. Harrold: A higher dimensional analogue of a theorem of 
plane topology. (Abstract 48-11-339-4.) 

48. Mark Kac: On the average number of roots of a random algebratc 
equation. (Abstract 48-9-284-7.) 

49. Mark Kac: On the distribution of values of iponomeine Sums 
with lsnearly tndependent frequencies. (Abstract 48-9-259-2.) 

50. Edward Kasner and J. J. DeCicco: Transformation theory of 
tsogonal trajectories of tsothermal familses. (Abstract 48-9-280-2.) 

51. A. J. Kempner: Pertodtc decimals to any base, and quadratic 
residues. (Abstract 48-11-305-¢.) 

52. W. M. Kincaid: On non-cut sets of localy connected continua. 
(Abstract 48-9-291-t.) 

53. D. M. Krabill: On extension of Wronskian matrices. (Abstract 
48-11-316-t.) 

54. D. H. Lehmer: Recurrence formulas for certain dsotsor functions. 
(Abstract 48-9-252-2.) 

55. Walter Leighton and W. J. Thron: On the convergence of con- 
tinued fractions to meromorphic functtons. (Abstract 48-7-237-t.) 

56. Lee Lorch: Lebesgue constants for Borel summabslity of Fourser 
serses. (Abstract 48-11-317-t.) 

57. R. G. Lubben: Mappings of spaces H Fréchet on completely 
regular spaces. (Abstract 48-9-292-1.) 

58. Szolem Mandelbrojt and F. E. Ulrich: On a generalisation of 
the problem of quast-analyiicsty. (Abstract 48-7-239-4.) 

59. Ella Marth: On Garvin’s F-series. Preliminary report. (Abstract 
48-9-260-2. ) 

60. Karl Menger: Projectsve generalizaiton of meiric geometry. I. 
(Abstract 48-11-330-t.) 

61. Karl Menger: Projective generalisations of metric geometry. lk 
(Abstract 48-11-331-Ł.) 

62. Josephine M. Mitchell: On double Sturm-Liouville series. 
(Abstract 48-9-261-Ł.) 

63. Deane Montgomery and Hans Samelson: Groups transsisve on 
the n-dimensional torus. (Abstract 48-9-2944.) 
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64. Deane Montgomery and Leo Zippin: A class of transformation 
groups in En. (Abstract 48-9-295-¢.) 

65. R. L. Moore: Concerning a continuum and tts boundary. (Ab- 
stract 48-11-342-2.) 

66. R. L. Moore: Concerning intersecting continua. (Abstract 48- 
11-343-2.) 

67. Marston Morse: Unstable minimal surfaces bounded by a reck- 
fiable contour. (Abstract 48-7-240-2.) 

68. K. L. Nielsen and B. P. Ramsay: On particular solutions of 
linear partial diferential equaitons. (Abstract 48-9-262-t.) 

69. Gordon Pall: The dtsirsbutton of integers represented by binary 
quadratic forms. (Abstract 48-11-306-+4.) 

70. C. N. Reynolds: A calculus of finste topological differences with 
application to the four color problem. (Abstract 48-11-344-+4.) 

71. Mary De Pazzi Rochford: Completely non-tntegrable pfaffians. 
(Abstract 48-7-242-4.) 

72. Mary De Pazzi Rochford: Dsfferentsabtlaty properises of certain 
functions of two varsables. (Abstract 48-7-243-4.) 

73. Raphael Salem: On a theorem of Zygmund. (Abstract 48-9- 
263-t.) 

74, Henry Scheffé: On the ratio of the variances of two normal popu- 
lations. (Abstract 48-9-287-t.) 

75. A. R. Schweitzer: On a class of ordered (n-+-1)-ads relevant to 
the algebra of logic. III. (Abstract 48-11-333-t.) 

76. H. Schwerdtfeger: A complete parameirisation of the symplectic 
group. (Abstract 48-7-233-t.) 

77. Max Shiffman: Unstable extremal surfaces for double integral 
problems tn the calculus of vartatsons. (Abstract 48-11-322-1.) 

78. Dorothy M. Smiley: A note on Burnside’s problem. (Abstract 
48-9-253-t.) 

79. M. F. Smiley: A comparsson of algebraic, meirtc, and lattice 
betweenness. (Abstract 48-5-190-4.) 

80. Saly R. R. Struik: Emmy Noether and Marta Gaetana Agnest, 
two outstanding women mathemaiscians. (Abstract 48-11-332-t.) 

81. H. S. Thurston: The solution of p-adic equattons. (Abstract 48- 
9-254-4.) 

82. A. D. Wallace: Separation spaces. II. (Abstract 48-7-251-¢.) 

83. Hermann Weyl: On Hodge's theory of harmontc integrals. (Ab- 
stract 48-9-266-t.) 

84. Hassler Whitney: Complexes of manifolds. (Abstract 48-9- 
296-4.) 
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85. Hassler Whitney: Differentiabiity of the remainder term in 
Taylor's formula. (Abstract 48-9-267-4.) 
86. Hassler Whitney: Note on fe erenisanis even functtons. (Ab- 
stract 48-9-268-i.) 
87. Hassler Whitney: The general type of stngularsty of a set of 
2n—1 smooth funcsons of n variables. (Abstract 48-9-269-2.) 
88. Hassler Whitney: The stngularstees of an M” in E™—!. (Abstract 
48-9-298-2.) 
89. G. T. Whyburn: Homotopy classes of mappings into the circle, 
(Abstract 48-11-346-4.) 
T. R. HoLicrort, 
Associate Secretary 


BOOK REVIEWS 


What 1s Mathematics? By Richard Courant and Herbert Robbins. 
London, New York and Toronto, Oxford University Press, 1941. 
19+521 pp. $5.00. 


Professor Courant is too expert a hand at mathematics to attempt 
a formal definition of the subject. Instead, he and his collaborator 
offer “an elementary approach to ideas and methods,” from which 
the reader who persists to the end may draw his own conclusions. 
It will be interesting to American teachers and students to forecast 
what a few of those conclusions may be. 

First, as to the material presented. Roughly, the topics treated 
cover the usual superior undergraduate course in mathematics 
through the calculus, with glimpses of such things as Riemannian 
geometry and Plateau’s problem beyond the customary curriculum. 
It is a misapprehension, under which some authors not acquainted 
_ at first hand with mathematics as taught in the better colleges labor, 
that mathematics for the American undergraduate ends with the 
calculus, or at farthest with an introduction to differential equations. 
It does not; quite detailed courses in the theory of algebraic equa- 
tions, the theory of numbers, projective geometry, both synthetic 
and analytic, modern plane elementary geometry, also occasionally 
non-Euclidean geometry, are offered and taken; and in some of the 
undergraduate schools of the larger universities a course in the 
theory of functions of a complex variable is a commonplace, as also 
is a thorough introduction to mechanics. So the average student or 
graduate of the better college courses in mathematics will not be 
wholly unprepared to appreciate the numerous illuminating side- 
lights which this book offers on what he already knows; nor will he be 
entirely blind to the attractions of things which he may see here for 
the first time. All this sums up to the opinion that the book is one for 
inspirational collateral reading, rather than a detailed manual for the 
mastery of any one of the topics it treats. The hypothetical layman 
who remembers a little of what he learned in college ten to fifty 
years ago will find the book both stimulating and demanding. 

In the method of presentation, at least, there is something new and 
interesting for nearly every topic, if only a brief note calling attention 
to significant progress made-within the past decade, or an excellent 
drawing making textual comment all but superfluous. A sound 
pedagogical strategy ensnares the reader at the outset (pp. 1-51) 
in the serenely useless properties of the common whole numbers, 
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catching his attention with simple but singularly recondite problems, 
solved and unsolved, while painlessly indoctrinating him with such 
useful things as the binomial theorem and geometrical progressions. 
The number system of analysis is then developed, culminating (p. 72) 
in the Dedekind cut asan alternative to the method of nested intervals 
previously developed in the text. After a brief excursus on the basic 
principle of analytic geometry, the discussion of the continuum is 
resumed in “the mathematical analysis of infinity,” where the para- 
doxes and the present disorderly state of the foundations of mathe- 
matics are fairly and fearlessly discussed. Teachers who still believe 
such things too scandalous to be mentioned in the presence of the 
young, may find here just the temperate account they have been 
seeking. After all, college students are old enough not to be unduly 
shocked by the discovery that the Queen of the Sciences is no better 
than she should be. 

So far, mathematics has appeared as a rather gentlemanly pursuit, 
interesting enough to those who like the sort of thing mathematics is 
(even if they do not know, and are not told, what it is), but essen- 
tially useless. Indeed, the emphasis throughout the book is on prin- 
ciples rather than on trite imitations of the genuinely practical 
applications of mathematics such as a modern engineer or theoretical 
physicist must know. In this connection, differentials (p. 435) as 
misused to great advantage by physicists, engineers and other practi- 
cal men who get tangible things done, come in for some bad moments, 
and the hapless engineer who imagines his differentials as little bits 
of reality is left without a d to his x. Cannot something be done to 
span the chasm dividing unsound mathematics that helps to produce 
things that make money, from sound mathematics that barely pays a 
beggarly living wage to instructors in our colleges and universities? 
Rebuking the engineers and physicists for their differential and in- 
finitesimal sins may relieve a pure mathematician’s outraged emo- 
tions, but it will pay nobody’s grocery bill, unless the mathematician 
is lucky enough to make a smash-hit with a best-selling text, as we 
hope this one will be. 

Off the familiar highway are such things as items from topology in 
Chapters IV, V, where, incidentally, the Jordan curve theorem is de- 
scribed, perhaps to disabuse anyone who still takes too seriously the 
dictum of Gauss that “mathematics is the science of the eye.” The 
balance between intuition and logical rigor, here as elsewhere, is 
justly preserved, and bigots for either intuition or logic as the sole . 
guarantor of mathematical truth will find but little support for their 
exclusive dogmas. Interesting details that will be new to a.majority . 
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of the readers to whom the book is addressed are Brouwer’s fixed 
point theorem, the genus of a surface, Klein’s tantalizing bottle 
(the drunkard’s deliverance), and the five color problem. To an 
algebraist it may seem somewhat antiquated to present only the 
analytic version of the fundamental theorem of algebra. Topology 
appears again in connection with minimax points; and generally 
the discussion of maxima and minima is as unhackneyed as any- 
thing in the book. Even Dirichlet’s principle is described, possibly 
as a danger signal that intuition alone is not always enough, even in 
applied mathematics. Surely this must be an innovation in a college 
text. As the senior author has worked on Plateau’s problem, he in- 
dulges his fancy for soap films in an interesting section suggesting that 
what mathematics slaves through pages of intricate analysis to ac- 
complish, is sometimes done effortlessly by nature in a single gesture. 

Enough has been sampled to indicate that here is an unusually rich 
text, full of suggestions for further reading, and replete with interest- 
ing and beautiful things not found in other books at the same level. 
The authors have reworked some of the best from each of many 
sources, due acknowledgement being made in the text and in the 
bibliography; the welding of it all into a homogeneous unity is ex- 
clusively their own. Sometimes the style is reminiscent of Klein; at 
other times Hilbert is plainly visible in the background; but all in all 
the work is an expression of independent individuality. 

There is one aspect of the book which may be the most significant 
of all for young students looking forward to a career in mathematics. 
The emphasis of the recent past in American mathematics has been 
heavily on the side of axiomatics and abstraction; this book reminds 
us that intuition also has its part in mathematical creation. 

Within the last decade several texts aiming to break away from 
the deadening drill in formal manipulation and theorems that are 
now only museum pieces have been written for American students. 
Some have favored mathematics as a logical discipline; others have 
presented it as a fine art; and yet others have described the power of 
mathematics in science and daily affairs. Each has had its definite 
function to perform, and all have contributed to a long overdue en- 
lightenment in the teaching of mathematics at the college level. 
The present book differs in many respects from its predecessors; the 
points of difference make it a most welcome addition to the library 
of modernized teaching in mathematics. 

E. T. BELL 
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Tables of the Moments of Inertia and Section Modulus of Ordinary 
Angles, Channels and Bulb Angles with Certain Plate Combinations. 
New York, Works .Projects Administration, 1941. 13-+-197 pp. 
$1.25, 


These tables are a result of a suggestion of the U. S. Bureau of 
Marine Inspection and Navigation, which is now a part of the Navy 
Department. The most important entries in these tables are the mo- 
ments of inertia and the section moduli of rectangular areas with ad- 
jacent L-, T- or C-shaped areas (called, respectively, “angles” for the 
L- and J’-shape and “channels” for the C-shape, the word “bulb 
angle” being reserved for an L-shaped area with a lateral circular 
swelling at the top). Both moments of inertia and section moduli are 
taken with respect to the neutral axis of the whole area parallel to 
the larger side of the rectangle. These entries were calculated by 
means of the parallel axis theorem, and the tables of the U. S. 
Steel Corporation were used for the moments of inertia and for the 
position of the centroid of the “angles” and “channels.” The dimen- 
sions of the areas (or “sections” as they are technically called) which 
we find in these tables correspond to the commercial types, and—as 
one would expect—the tabular entries are not appropriate for dif- 
ference checking. However, the accuracy of the values was insured 
through independent computing by two groups of workers, and was 
checked by graphing the entries. The calculations are carried out to 
two decimal places for small entries and are limited to integer digits 
for large entries (the units being in.* and in.*). The arrangement of 
the tables is simple and handy, and the photo-offset reproduction 
gives them a very clear appearance. This publication will certainly 
be appreciated by many engineers. 

I. OPATOWSKI 


The Mathematical Papers of Sir William Rowan Hamilton. Vol. II. 
Dynamics. Edited for the Royal Irish Academy by A. W. Conway 
and A. J. McConnell. (Cunningham Memoir, no. 14.) Cambridge 
University Press; New York, Macmillan, 1940. 15-++656 pp. 

This volume contains Hamilton’s work on dynamics and some in- 
vestigations in optics. The period covered is, with two or three minor 
exceptions, that from 1833 to 1839. Except for a few short abstracts 
of papers read by Hamilton, most of the material presented has never 
before been published, and consists in the main, of a transcript of 
Hamilton’s original work books and some scientific correspondence. 
The editors have added a few footnotes and some short explanatory 
material at the end of the volume, | 


814 BOOK REVIEWS [November 


The material is divided into three parts. A short introduction 
sketches the plan of the work and the nature of the problems investi- 
gated. The two hundred and eighty pages of Part I are devoted to 
dynamics ard correspondence with Lubbock. Part II, consisting of 
some hundred pages, is devoted to the calculus of principal relations. 
Part III concerns itself with optical investigations and correspond- 
ence, and comprises some hundred and seventy pages. Also included 
in this volume are a thirty-two page appendix, contributed by the 
editors, and a very complete index. 

The underlying idea in Part I is the determination of a single 
function whose partial derivatives will yield complete information 
about the trajectories. Hamilton uses at first the action function 
f2Tdt and applies it to the three body problem. In order to obviate 
the bothersome transformations that arise in considerations of the 
time, he perceives the advantage of using the principal function 
S= [Ldi and indicates other alternative functions. It is in these in- 
vestigations that the notion of varying action, the so-called canoni- 
cal equations, and the Hamilton-Jacobi equation first come in as ob- 
servations on the special dynamical situations treated, though, cur- 
iously enough, Hamilton makes no use of the canonical equations. 

However, Hamilton requires that S satisfy a system of two partial- 
differential equations, namely, the usual Hamilton-Jacobi equation 
and the corresponding equation where the differentiating variables 
are the initial coordinates and initial time. Now, at least when the 
force potential is independent of the time, the second equation is 
automatically satisfied whenever the first is, and Hamilton’s lack of 
realization of this fact, quite obviously prevents him from making 
full application of the method. It is of course well known that it was 
only with Jacobi’s recognition of this defect that the Hamiltonian 
method established its fundamental significance. (Apart from meth- 
odological novelty, Hamilton’s dynamical and astronomical applica- 
tions succeed only in verifying previously known computations.) 
Nevertheless in special cases Hamilton obtains an explicit principal 
function S and indicates an interesting method for this purpose. A 
complete integral V(---a,:-+-;+,+a,°::, #) of the Hamilton- 


(1a) VRE Raa Pee Oy 4 a4 Te) a 
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d 
essentially Bint ($ ¥ — L) =1 0, 


Hence suppose 


(2) V=}, 7V, 
where V is homogeneous of degree 4 in x;—a,, t—to. We may substitute 
(2) in the H.J. equation and expand H(---x,---,d0V/dx;---,#) 


about 4f, tfo On equating the linear and the quadratic terms, and 
so on, separately to zero, there results an infinite system of equations. 
The equation corresponding to terms of order n contains only Vy, 
$ S] <n. On making use of (1) it is not difficult to show that 
the succeeding V,’s may be calculated step by step in terms of V3. 
There are also some developments of perturbation and approx- 
imation methods for the determination of S. 

The most ambitious appendix, quoted from a paper published by 
the editors, is devoted to the determination of the principal function 
from the knowledge of a complete integral of the H.J. equation. 
This is actually of slight importance, however, for it is well known 
that any complete integral determines the ale ae Indeed (1a) 
suggests writing Se= V — Vo Vo™ V(---a---, +++ a, , éo), and 
then the modification of the usual ceae dike replacing b, 29 V/ða; 
by 0V,/da,;=0 V /ða; for the elimination of the a,'s yields the principal 
function S(--+-x,---, -exe L o 

Also in Part I is an ingenious derivation of the angular dependence 
of the resultant of two forces. The problem is reduced to the de- 
termination of an additive function f on the real numbers. Hamilton’s 
argument to show f(x) is linear and actually x overlooks-the Hamel 
functions, but can readily be made rigorous. 

The extensions of the dynamical methods, utilizing a principal 
function or relation, to arbitrary first and higher order partial dif- 
ferential and Mongean equations and systems, constitute the calculus 
of principal relations taken up in Part II. The following is typical. 
Consider 
dhxi dx. ; 

de a 


o=1, -m i=l, n 


(3) f (=. a 


We associate with (3) the auxiliary equations of the calculus of 
variations. For instance with g=1, k,=k we have for a suitable 
choice of A 
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of d of x d? af » G*x, 
4 A—— — — A Ht: — 1) —a—=0, n= . 
(4) dx; dt ras vA ) di? ax 





Consider now 


(5) l o= f (y-Fu)anr, 


In view of (4) we may express the right side of (5) as a sum of terms 
of the form 








(6) t 1) a ( LA (8 isi) l 
=) Perr T — h, : 
die x, t! ap-« te 
If FC: ++ sxe o e dxdt; ee eee aye a): «© - oda =0 
is the principal relation, then F =Q is a consequence of (5) and hence 
(7) oF = ul = 0, 


the central relation of this calculus. On equating the coefficients of 
the independent variations in (7) to 0 making use of (4), there arise 
auxiliary equations denoted by (8) for the partial derivatives of F 
with respect to x,” and x?-0) involving A and u also. When k=1 
elimination of \, u, t 2 from these equations and (1) yields a dif- 
ferential equation for F and the equations (8) lead essentially to the 
bicharacteristics. For k>1 Hamilton indicates merely how the princi- 
pal relation may be obtained. Thus to the equations (4) may be 
added a set of mn further equations obtained by replacing the left 
side of (4) by sth derivatives (f=1,---, n) with respect to i. Then 
by successive eliminations we arrive at a single relation of the form 
specified above. Hamilton apparently did not attempt to determine 
the partial differential equation satisfied by F for k>1 and indeed 
the utility of the principal.relation for higher order partial and Mon- 
gean equations is somewhat obscure. It would seem of interest to 
pursue these investigations. 

The title assigned by the editors to Hamilton’s treatment of higher 
order partial differential equations implies use of the principal rela- 
tion but this is not clear from the text. He is led to relations obvi- 
ously connected with the characteristic and bicharacteristic equa- 
tions usually ascribed to Cauchy, Backlund, Goursat and Beudon 
and there seems to be some contact with Hamburger’s investigations. 
However apart from the first order systems the results are incomplete 
and no account is taken of the elementary distinction between the 
elliptic, hyperbolic and parabolic cases. 
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The material on optics is perhaps of greatest interest. The propaga- 
tion of disturbances may be taken up from two viewpoints. The first 
considers a compatible wave train already existing in the entire 
medium. Hamilton’s interest is in the second viewpoint, namely that 
of the spreading of an originally localized disturbance. The typical 
problem is that of a collection of equi-spaced particles arranged over 
the entire x-axis and it is supposed that each particle acts only on its 
two adjacent neighbors. 

The mathematical equivalent is the equation in mixed differences 


A? 





sA? — a* y= 0, Ay (x, t) sm y(x uae? é) a y(x, t) 


subject to the initial conditions 
y(x, 0) = 0 or n(1 — cos 2»x) 
y(x, 0) = 0 or — 2an sin » sin 277 


for x <0 and «20, respectively. If instead y(x, 0) and y(x, 0) vanish 
identically outside a finite interval, the conclusions are essentially 
unaffected. In treating these problems Hamilton makes incidental 
use of tools of modern appearance. For instance he uses the Fourier 
integral with the Sommerfeld weighting factor, the Abel summa- 
bility of the Laplace integral, the Heaviside operator p—!, and various 
operational manipulations, the Riemann-Lebesgue lemma, the 
method of stationary phase in conjunction with repeated use of the 
Dirichlet discontinuous integral (and incidentally obtains the leading 
term in the asymptotic expansion of the Bessel’s function). Ifa, 7 are 1, 
then the nub of the analysis is the investigation of the properties of 


Sa 
0 


1 
<== (sin)? l 
sin 6(cos 0 — cos ¥) 


2x 
Assuming ż large and positive, the results may be roughly summarized 
as follows. Let M and N be certain sufficiently large constants. Then 
for x 2t+(1/2) MP", y is sensibly 0. As x decreases y takes on a pure 
displacement whose value is (1/3)/(cos v/2)? for «= and rises to 
(cos v/2)* for I: tcos r-+-(1/2)N(tstny) 2452 S'—(1/2) My", The 
displacement of amount (1/3)(cos »)? travels with unit velocity. 
As x decreases still further an oscillatory disturbance sets in. Thus 
in the range I]: —t+ (1/2) MPP Sx Stcos »—(1/2)N(isin »)¥3, y= 
(1—cos ġ— (sin v/2)?, 6 =2vx —2# sin ». This is a copy of the initial 
disturbance shifted to a new mean position.’In the transition region 
linking I and II the disturbance is a shifted, uniformly attenuated 
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copy of the original. With further decrease in x, the effect is merely 
to change the mean position of the vibrations and for III: 
xS —i— (1/2) Mt!?!, y=cos ġ. Hamilton adopts the view that it is the 
region of oscillatory disturbance that is significant. He chooses the 
value x=? cos » in the transition region 7 between I and II for the 
wave front. Here y = (1/2)(1—cos ¢+cos ») and cos r is a dispersive 
(group) velocity. This is not altogether capricious, for with increasing 
t the velocity throughout T approaches cos v», and the ratio of the 
size of T to the time approaches zero. 

It has not been realized that the modern work on the transient 
phenomena in the propagation of waves in continuous media by 
Sommerfeld, Brillouin, and Colby is anticipated in these researches. 
(Even the reference to the published abstract of Hamilton’s work, 
in Havelock’s well known Cambridge tract, overlooks this fact.) 
There is moreover a marked parallelism in the methods, the 
stationary phase calculations being superseded by the more delicate 
saddle point evaluations. Actually, the adoption of a discrete rather 
than a continuous medium has certain advantages in indicating 
more intuitively the nature and genesis of the conclusions. Hamilton 
extends his work to two-dimensional and three-dimensional problems 
using the now familiar Cauchy-Fourier integral methods, and gives 
the explicit general formula for the group velocity. 

The editors have obviously presented a most felicitous and careful 
rendering of Hamilton’s work. However, it would seem desirable in 
collections of hitherto unpublished material to give a succinct sum- 
mary of the defatls of (a) methods and (b) results in modern ter- 
minology and, wherever possible, (c) some indication of the present 
status of the field covered. The editors have made an attempt in this 
direction for (a) and (b), particularly as regards the dynamical 
papers, but the appendices and footnotes, could, with profit, be ex- 
panded considerably. The viewpoint and incomplete character of 
many of the investigations may well attract the attention of mathe- 
maticians ordinarily unconcerned with the historical development of 
mathematics. 

D. G. BourGIN 
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The organization called VOKS (or Society for Cultural Relations 
with Foreign Countries, B Gruzinskaya 17, Moscow 56, U.S.S.R.) 
is able to locate institutions evacuated because of the war and has as 
its purpose the continuation of scientific contact between Russia and 
other countries. The Embassy advises us to send letters to indi- 
vidual scientists through VOKS. 


Professor R. H. Fowler of the University of Cambridge and Dr. — 
R. P. Paranjpye of Poona, India, have been knighted. 


Dean L. P. Eisenhart of Princeton University has been appointed 
Executive Officer of the American Philosophical Society to succeed 
Professor Emeritus E. G. Conklin of Princeton University, who is 
now President of the Society. 


Professor H. B. Evans of the University of Pennsylvania has re- 
tired with the title professor emeritus. 


Professor A. C. Lunn of the University of Chicago has retired with 
the title professor emeritus. 


Professor C. B. Upton of Teachers College, Columbia University, 
has retired with the title professor emeritus. 


Dr. J. S. de Wet of the University of Pretoria has been promoted 
to a professorship. 


The following members of the American Mathematical Society are 
in residence at the Institute for Advanced Study for all or part of 
this academic year: Dr. Valentine Bargmann, Dr. I. S. Cohen, Dr. 
Kurt Gidel, Dr. Audrey W. McMillan, Dr. W. R. Transue, Dr. L. I. 
Wade and Mr. J. E. Wilkins. 


The following persons are also to be at the Institute for Advanced 
Study for all or part of this academic year: Dr. Shuichi Kusaka, 
‘Professor Wolfgang Pauli, formerly of the Technical School in 
Zurich, and Professor C. L. Siegel, formerly of the University of 
Göttingen. 


Assistant Professor H. W. Bailey of the University of Illinois has 
been promoted to an associate professorship. 


Professor B. L. Beegle of Seattle Pacific College has been appointed 
dean of the college. 


Pa 
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Assistant Professor P. G. Bergmann of Black Mountain College, 
Black Mountain, North Carolina, has been appointed to an assistant 
professorship of physics at Lehigh University. 


Dr. Elizabeth M. Boggs of Cornell University has been appointed 
to a lectureship in physics at the University of Pittsburgh. 


Dr. H. E. Burns of Indiana University Extension, East Chicago, 
Indiana, has been promoted to an assistant professorship. 


Associate Professor H. V. Craig of the University of Texas has 
been promoted to a professorship. 


Assistant Professor M. W. Dehn of the University of Idaho has 
been appointed visiting lecturer at the Illinois Institute of Tech- 
nology. 


Dr. H. C. Dieckmann of Occidental College has been promoted to 
an assistant professorship. 


Professor J. L. Dorroh of Ouachita College, Arkadelphia, Arkan- 
gas, has been appointed to a visiting assistant professorship at Louisi- 
ana State University. 


Associate Professor H. P. Evans of the University of Wisconsin 
has been promoted to a professorahip. 


Assistant Professor Willy Feller of Brown University has been 
promoted to an associate professorship. 


Associate Professor I. H. Fenn of the Polytechnic Institute of 
Brooklyn has been promoted to a professorship. 


Dr.-A. D. Fialkow of Brooklyn College has been appointed to a 
lectureship in the School of Pharmacy at Columbia University. 


Dr. F. A. Ficken of Cornell University has been appointed to a 
professorship at the University of Tennessee. 


Assistant Professor ,H. A. Giddings of the Illinois Institute of 
Technology has been appointed to an associate professorship at the 
University of New Hampshire. 


Dr. G. L. Gross of the Agricultural and Mechanical College of 
Texas has been promoted to an assistant professorship. 


Dr. Margaret Gurney of Wykeham Rise School, Washington, 
Connecticut, has been appointed associate economist in the Bureau 
of the Budget, Washington. 
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Mr. M. G. Harrison has accepted a position as consultant at Re- 
public Aviation Corporation. 


Dr. O. G. Harrold of Northwestern University has been appointed 
to an assistant professorship at Louisiana State University. 


Assistant Professor Frances Harshbarger of Kent State Uni- 
versity has been promoted to an associate professorship. 


Dr. G. E. Hay of the University of Michigan has been promoted to 
an assistant professorship. 


Associate Professor E. A. Hedberg of Baylor University is on leave 
at the United States Naval Pre-Flight School in Athens, Georgia. 


Assistant Professor M. R. Hestenes of the University of Chicago 
has been promoted to an associate professorship. 


Dr. Aughtum S. Howard of the University of Kentucky has been 
appointed to an associate professorship at Kentucky Wesleyan 
College. 


Mr. J. D. Hutchinson of the University of Houston has been pro- 
moted to an associate professorship. 


Dr. William Karush of the University of Chicago has accepted a 
position at Carnegie Institution of Washington. 


Dr. M. W. Keller of Purdue University has been promoted to an 
assistant professorship. 


Dr. J. C. Knipp of the University of Pittsburgh has been pro- 
moted to an assistant professorship. 


Dr, C. F. Kossack of the University of Oregon has been paces 
to an assistant professorship. 


Associate Professor V. S. Lawrence of Cornell University has been 
commissioned major in the United States Army and will teach 
mathematics at the United States Military Academy at West Point. 


Dr. Charles Loewner of the University of Louisville has been pro- 
moted to an assistant professorship. 


Dr. Eugene Lukacs has been appointed to an assistant professor- 
ship at Illinois College. 


Dr. Ingo Maddaus of the University of Oklahoma has been ap- 
pointed to an assistant professorship at the University of Oregon. 
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Dr. P. T. Maker of Rutgers University has been appointed to an 
assistant professorship at Duke University. 


Dr. Herman Meyer of the Illinois Institute of Technology has 
been appointed to an assistant professorship at the University of 
Miami. 


Dr. Harlan C. Miller of Winthrop College has been appointed 
to an associate professorship at North Texas State Teachers College. 


Mr. B. C. Moore of the Agricultural and Mechanical College of 
Texas has been promoted to an assistant professorship. 


Associate Professor Sara L. Nelson of Georgia State College for 
Women has been promoted to a professorship. 


Dr. E. N. Nilson of the University of Maryland has been ap- 
pointed to an assistant professorship at Mount Holyoke College. 


Reverend R. E. O’Connor has been appointed to a professorship 
at Loyola College, Montreal, Quebec. 


Dr. H. L. Olson of Itasca Junior College has been appointed to 
an assistant professorship at Southwestern University, Georgetown, 
Texas. 


Dr. W. T. Puckett of the University of California at Los Angeles 
has been promoted to an assistant professorship. 


Assistant Profeasor W. T. Reid of the University of Chicago has 
been promoted to an associate professorship. 


Dr. Haim Reingold of Our Lady of Cincinnati College is on leave 
at the Illinois Institute of Technology. 


Professor W. J. Rusk of Grinnell College has retired. 


Professor Emeritus Virgil Snyder of Cornell University has been 
appointed to a visiting professorship at Brown University. 


Dr. Domina E. Spencer has been appointed to an assistant pro- 
fessorship at the American University. 


Assistant Professor D. V. Steed of the University of Southern 
California has been promoted to an associate professorship. 


Dr. Alfred Tarski has been appointed lecturer at the University of 
California in Berkeley. 
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Dr. R. M. Thrall of the.;University of Michigan has been pro- 
moted to an assistant professorship. 


Dr. F. A. Valentine of the University of California at Los Angeles 
has been promoted to an assistant professorship. 


Dr. R. K. Wakerling of Texas Technical College has been ap- 
pointed to an assistant professorship at Fresno State College, Fresno, 
California. 

Professor Evelyn P. Wiggin of Randolph Macon Woman’s College 
is on leave as lecturer at Wellesley College. 


The following appointments to instructorships are announced: 
Angleton Public Schools, Angleton, Texas: Mr. S. K. Bright; Bowdoin 
College: Dr. D. E. Christie; University of California: Dr. Dorothy L. 
Bernstein; Case School of Applied Science: Dr. L. J. Green; Univer- 
sity of Cincinnati: Mr. Joshua Barlaz; Cornell University: Dr. Fred 
Kiokemeister, Dr. L. J. Savage; University of Florida: Dr. G. B. 
Lang; Hamilton College: Mr. L. B. Williams; Houghton College: 
Dr. R. R. R. Luckey; John Carroll University: Dr. P. H. Anderson; 
University of Kansas: Dr. G. K. Kalisch; Massachusetts Institute of © 
Technology: Dr. P. R. Wallace; Michigan State College: Dr. D. E. 
Kibbey, Dr. W. L. Mitchell; U. S. Naval Air Station, Pensacola, 
Florida: Mr. C. C. Dearman; U. S. Naval Pre-Flight School, Iowa 
City, Iowa: Dr. Howard Levi; Northwestern University: Dr. Zenon 
Szatrowski; University of Oklahoma: Mr. W. J. Dixon; Pennsylvania 
State College: Mr. E. H. Umberger; Princeton University: Dr. Brock- 
way McMillan, Dr. E. W. Monxtroll; Purdue University: Dr. Leonidas 
Alaoglu, Dr. J. H. Giese, Dr. Michael Golomb, Dr. G. S. Young; 
Randolph Field, Texas: Dr. C. L. Seebeck; St. Olaf College: Mr. 
W. S. Erickson; U. S. Military Academy: Mr., B. M. Ingersoll; 
University of Wisconsin: Mr. P. B. Norman; Yale University: Dr. 
Edward Begle, Mr. A. W. Jones. 


Professor Emeritus A. R. Forsyth of the Imperial College of Science 
and Technology, South Kensington, died on June 2, 1942, at the age 
of eighty-three years. i 


The death of Professor W. H. Young, formerly professor of mathe- 
matics at the University of Wales, has been announced. 


Professor Emeritus Eleanor C. Doak of Mt. Holyoke College died 
August 27, 1942, at the age of seventy-two years. She became a mem- 
ber of the Society in 1916. | 
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Professor Emeritus W. A. Harshbarger of Washburn University 
died on July 17, 1942, at the age of seventy-nine years. He had been a 
member of the Society since 1909. 


Dean T. M. Putnam of the University of California died Septem- 
ber 22, 1942. He had been a member of the Society since 1902 and 
had served as Associate Secretary in charge of meetings on the Pacific 
Coast since 1930. 


Professor J. F. Reilly of the State University of Iowa died August 
18, 1942. He had been a member of the Society since 1914. 


Dr. W. M. Strong, who retired about a year ago as vice president 
and actuary of Mutual Life Insurance Company of New York, died 
March 30, 1942, at the age of seventy-one years. 
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ABSTRACTS OF PAPERS 


SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary and the 
Associate Secretaries of the Society for presentation at meetings of 
the Society. They are numbered serially throughout this volume. 
Cross references to them in the reports of the meetings will give the 
number of this volume, the number of this issue, and the serial num- 
ber of the abstract. 


ALGEBRA AND THEORY OF NUMBERS 


299. Leonard Carlitz: Represeniaison of a polynomial tn certatn 
forms. ; 


Explicit formulas are found for the representation of an irreducible polynomial P 
in GF(p*) in certain factorable forms of degree & in k indeterminates. For example, 
when k=2, p»é2, the form may be taken as U*—aV?, where a is not a square in 
GF(p"). Here U is determined by the formula 2A (x) m(—1)#[1][3] +--+ [24-1] 
(mod P(x)), where P is of degree 2k, and [i] =x" —z (Duke Mathematical Journal, 
vol. 9 (1942), pp. 234-243, p. 242). Similar results are obtained for the general case. 
(Received August 3, 1942.) i 


300. Leonard Carlitz: Some formulas for the composition of numers- 
cal functions. 


This note is concerned with’ the sum &(M) =) f(U)g(V) extended over polyno- 
mials of fixed degree k in GF(p*) such that (a+§)Meal/+AYV, a, B in GF(p*); it is 
assumed that f (U) and g(V) are of the form $ e(D), where D runs through the di- 
visors of U of degree at most #/2. It 1» found that (M) is of the same general form. 
In various special cases (M) can be expreseed in quite simple form. In particular 
the formulas of the present paper include formulas occurring in the problem of repre- 
senting a polynomial as the sum of an even number of squares. (Received August 3, 
1942.) 


301. R. P. Dilworth: On the decompostiion theory of modular lat- 
haces. 


The Kurosch-Ore decomposition theorem asserts that if an element a of a mod- 
ular lattice has two reduced decompositions into irreducibles a= pif \- ++ (\he 
maf \ + +- f\ga, then each p; may be replaced by a suitably chosen g,. However, 
this leaves unanswered questions like the following: Does each g, replace some p,? 
Can different p's be replaced by different q's? The following precise result is proved: 
If ompil\+ ++ O\Vpemal\ +++ C\gu, then the g's can be renumbered in such a 
way that each p, may be replaced by gs. This theorem requires a much deeper analysis 
of the arithmetical structure of a modular lattice. For this purpose extensive use is 
made of the concept of an over-déetsor which is defined as follows: a is said to over- 
divids b, or to be an over-déeisor of bf xf \amb implies x=b, (Received August 4, 
1942.) 
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302. C. J. vaen guzice completson of lattice moduls. 


A lattice modul Z (G. Birkhoff, Latics ordered groups, Annals of Mathematics, 
(2), vol. 43) is linear if and only if a>0, b>0 implies a Ab >0; hence the neighborhood 
topology N(a) = (x; |x—a| <6, @>0) defines a topological group satisfying the 
crucial Hausdorff space intersection axiom if and only if L is lineer. o-convergence 
and o-regular sequences are defined, and neceseary and sufficient conditions given for 
every o-regular sequence to o-converge. Such an L is called o-complete. The first funda- 
mental extension L’ of L by classes of regular sequences imbeds L with preservation 
of -+-, unrestricted V, A, and oconvergence. If L admits diagonalization (G. Birk- 
hoff, Lattice Theory, American Mathematical Society Colloquium Publications, vol. 
25. 1940, p. 28), then L’ is o-complete, The MacNeille completion € of the lattice L by 
cuts contains a maximal lattice submodul W2 L of all elements of © having inverses. 
T is o-complete and imbeds L with the same preservations as for L’, L’ is isomorphic 
to the set Lı of the elements of M which are o-limits of D-sequences relative to L 
similarly L”, L”, and so on. A sequence is o-regular in L if and only if it oconverges 
in {R relative to L. If L is linear, o-convergence is equivalent to sequence convergence 
relative to, N,(a) topology; Li is o-complete, indeed Lı =M whenever there exist non- 
zero null sequences in L. (Received October 1, 1942.) 


303. Irving Kaplansky: Systems of congruences in a valuation 
ring. 

Infinite systems of linear congruences, introduced by Krull in his general definition 
of completeness of fields with valuations, are here used to obtain a characterization of 
maximality. As an application, a classical result is generalized; under the hypothesis 
that the field X is maximal in a valuation, it is shown that the degree of any extension 
of K is equal to the product of the ramification order and residue class degree. (Re- 
ceived September 29, 1942.) 


304. Irving Kaplansky: The dtrect product of rengs. 


Whitney's tensor product GoH of abelian groups (Duke Mathematical Journal, 
vol. 4 (1938), pp. 495-528), reduced with respect to a ring of operators R, provides a 
natural definition of the direct product of rings. If G and H are imbedded in a larger 
ring, the problem arises of deducing the usual criterion that the product GH be direct; 
this can be done if certain restrictions are made, as indicated by Dorroh in the case 
where R is the ring of integers (Annals of Mathematics, (2), vol. 36 (1935), pp. 882- 
885). This general notion of direct product is used to obtain a variety of results, some 
generalizations of known theorems, others new. (Received September 29, 1942.) 


305. A. J. Kempner: Periodic decimals to any base, and quadratic 
restdues. 

Despite the large literature on the periods of decimal fractions there does not seem 
to exist any unified theory of this very special feld. Restriction to the base 10 or to 
any individual base q is one reason for this deficiency. In order to gain a broader basis 
it is necessary to consider the representation of all proper fractions for aH bases. In 
this enlarged formulation of the problem there is room for a satisfying theory. To 
bring out the structure of the system it is of advantage to place emphasis on the system 
of remainders a), +--+, Ga rather than on the system of digits a, * > * , a in the algo- 
mea ace canine TO be a qma: bta, G1 Quon aitan >o a" 
=m Gta, »-  ). The a's possess a period of the same length u as do the a's, 
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but have the advantage of being all distinct in a period, thus leading to a more inci- 
sive classification than is possible with the digits. (Received August 4, 1942.) 


306. Gordon Pall: The distribution of integers represented by binary 
quadraitc forms. 


The formula due to R. D. James (American Journal of Mathematics, vol. 60 
(1938), pp. 737-744) for the number of integers m prime to d represented by binary 
quadratic forms of discriminant d, is here freed of the restriction that m be prime to d. 
(Received August 3, 1942.) 


307. Gordon Pall: The weight of an n-ary genus of quadratic forms. 


The formula for the weight of a genus of integral positive quadratic forms in # 
variables is obtained in an explicit, useful form. The calculation of the factor for p~=2 
is greatly facilitated by the use of a much simplified system of invariants. There are 
numerous applications. (Recerved August 3, 1942.) 


308. J. F. Ritt: Besout’s theorem and algebraic differential equations. 


The intersection of the general solutions of two differential polynomials in two 
unknowns is examined with respect to the numbers of arbitrary constants on which 
its various irreducible components can depend. (Received August 6, 1942.) 


309. Ernst Snapper: The resultant of a linear set. 


The m-dimensional vector space Va consists of vectors having, as components, 
m polynomials of the ring P [y >- - ya] where P is a field. The linear subsets of Vin 
are generated by the columns of mXs matrices with elements in P [yı >- Ja]. The 
ideal theory of P [y +--+ Y4], given by Hentzelt and Noether (Mathematische Annalen 
vol. 88 (1922), pp. 53-79), holds for these linear sets. By a linear, invertable trans- 
formation of the variables yı, -- + , Ya, which involves adjoining new variables yy to P, 
the linear subsets of Va become “transformed” linear sets of the vector space Va 
over P(y) [x +++ x,]. Every transformed linear set L of Va has a resultant p Æ 
P(y)[x: +++ xa], which vanishes for, and only for, the zeros of the ideal L/L. (See 
Snapper, Transactions of this Society, vol. 52 (1942), pp. 258-259 for the definitions 
of L and L/L) If Lı Cl, then L= La if and only if they have equal ranks and re- 
sultants. This gives a criterion for the existence of a polynomial solution of simul- 
taneous linear equations with polynomials as Cbefficients. For #=1, the resultant 
becomes the highest dimensional determinantal factor of L, (Received September 29, 
1942.) 


ANALYSIS 


310. M. A. Basoco: On the Fourier developments of à certain class of 
theta quottents. 


This paper is concerned with the functions a(s) m= {34(3, g)/2 (as, 9) } k (amQ, 1, 2,3) 
where da(s, q) is a Jacobi theta function and & is a positive integer. The Fourier ex- 
pansions of these functions are investigated and their arithmetical form is obtained 
for the cases R= 1, 2,3. Using these results and certain simple identities, there is ob- 
tained using the method of paraphrase (E. T. Bell, Transactions of this Society, vol. 
22 (1921), pp. 1-30 and 198-219; Algebraic Artthemckc, American Mathematical 
Society Colloquium Publications, vol. 7, 1927, chp. 3), a series of theorems on numer- 
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ical functions, Among these there appears a theorem due to Liouville (Journal de 
Mathématiques Pures et Appliquées, (2), vol. 3 (1858), p. 247), which has only re- 
cently been proved by elementary means by J. V. Uspensky (Klemeniary Number 
Theory, New York, 1939, p. 462). An application of these theorems leading to relation- 
ships between infinite series of the Lambert type is indicated. This paper will appear 
shortly in this Bulletin. (Received September 26, 1942.) 


311. L. W. Cohen: Integraiton on hypersurfaces. 


An invariant measure is developed for m-dimensional surfaces Èw which yields 
proofs of the theorems of Gauss and Stokes in terms of Lebeague integrals. A surface 
Za is a complex of m-cells Ro = X(RY) where RY is an m-dimensional interval and 
X = X(U) is a 1-1 mapping of R* on an arbitrary set. To each X C.R? are assigned 
numbers %1,°:°, =, %2,%!, which are almost everywhere differentiable functions of 
the coordinates of U C R}. The measurable sets E, C.R? are the images of the 
measurable sets E. (Ro. The measure of E, is the integral of DU(U) over EK, where 
(DZ (U)})* is the Gram function of the 6x,/du,. The measure on Ea is determined by 
the measure on its several cells. For the Gauss theorem, Za need not be orientable 
and may have singularities on its boundary while the functions are summable on the 
boundary and have finite summable derivatives on Ze. The Stokes theorem states 
the invariance of a certain integral on a family of homologous surfaces. (Received 


August 12, 1942.) 
312. Willy Feller: On some geometric inequalities. 


The following problem was originally formulated by R. Salem and D. C. Spencer 
in connection with a number-theoretical investigation. Consider a domain T con- 
tained in the unit sphere of Ra; suppose that the intersection of T with any straight 
line has a measure not exceeding a fixed constant <1. The problem is to determine 
the maximum measure of T. In the present paper this and a more general analytical 
problem are solved. At the same time an extremely simple proof ıs given for the well 
known inequality for the measure of convex sets with the above property (due to 
Bieberbach and Kubota). (Received August 3, 1942.) 


313. Einar Hille and Gabor Szegd: On the complex seros of the 
Bessel functtons. 


This paper contains a new proofeof the theorem of A. Hurwitz according to which 
sf!47_4(2s'/2) has exactly [8| non-positrve zeros when 820. The proof is based upon 
the fact that #°L,(*)(s/s) tends to the function in question and the number and 
position of the non-positive zeros of Laguerre polynomuals of negative order are easily 
discussed. (Received August 3, 1942.) 


314. Abraham Hillman and H. E. Salzer: Complex roots of sin s =x. 


The first ten nonzero roots of sin s™s in the first quadrant were computed to seven 
decimal places, Obviously the roots are symmetrically situated in the four quadrants. 
The imaginary part, y, of the sth root satisfies the equation x:(y) — z(y) 0, where 
xi=coth (sinh? y—y)¥2 and 23—2x-+arc cos (y/sinh y). The y of the root was 
found by calculating x;—*, in the neighborhood of G. H. Hardy’s approximation 
ym log (4# +1)r and then umng inverse interpolation. The real part, x, was then taken 
as <s(y). The x and y were checked by the relation x= z(y). (Received September 30, 
1942.) 
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315. Ervand Kogbetliantz: Inequality for defintte integrals. Pre- 
liminary report. 


It is shown that the inequality for definite integrals /*/(«)g(x)dx recently estab- 
lished by Shohat admits of a simple geometrical interpretation. This permits the ex- 
tension of the inequality to the case where first # moments of f(x) and g(x) in [a, 
b] vanish, (Received September 30, 1942.) 


316. D. M. Krabill: On extenston of Wronsktan matrices. 


The Wronskian matrix of order »—1 for a given set of solutions of a differential 
equation of the type (H): y¥™+fi(xr)yOrrD +4 . + - +falx)y=0 with the f,(<) real and 
continuous in an interval J, has constant rank r in J and every column is a linear 
combination with constant coefficients of some r of the columns. The author gives 
a sufficient condition thet an arbitrary set of functions having suitable class properties 
be solutions of an equation of type (H). The principal theorem states: If k&sSi and 
the Wronskian matrix is of order s, M,(:,---°, ws), for k arbitrary functions of 
class C in J has constant rank k, there exists a function wa} of class C® with the 
extended matrix M,(s#1, +--+, #14) of rank &-+1 throughout J. A theorem of Curtiss 
(Mathematische Annalen, vol. 65 (1908), pp. 282~298, Theorem 4) on the reros of 
the Wronskian determinant W(s, > - > , 4a) 18 utilized. From the extension property 
of Wronskian matrices is obtained the result: If the Wronskian matrix of order #—1 
for k functions of class C (k Sn S£) in an interval J has constant rank k, then the #'s 
are linearly independent solutions of an equation of type (H) with the fi(x) of class 
Clr) in J. (Recerved August 3, 1942.) 


317. Lee Lorch: Lebesgue constants for Borel summabtty of Fourter 
Sertes. 

Let Zy(w) denote the wth Lebesgue constant for Borel summability of Fourier 
series. C. N. Moore (Proceedings of the National Academy of Sciences, vol. 11 
(1925)) remarked that Ls(#) becomes logarithmically infinite with #. Here it is shown 
that La(s) = (2/4) log #— (2/x3) log (33/2) —2C/x* — (2/49) f ¥(t/x) sin t d +0(87Y3) 
as # becomes infinite, where y(i) = 1” O/T) § and C is the Euler-Mascheroni constant. 
(Received August 3, 1942.) 


_ 318. Szolem Mandelbrojt: Quast-analytsctty and properties of flat- 
ness of entire functions. 


The author proves a general theorem which may be regarded as a theorem con- 
cerning quasi-analyticity as well as the behaviour of entire functions on a set of points, 
This theorem relates an integrable function to an entire function, Each time that an 
entire function is chosen there results a theorem on quasi-analyticity, and when a 
suitable integrable function is given a theorem concerning entire functions follows. 
This paper will appear in the Duke Mathematical Journal. (Received September 14, 
1942.) 


319. W.T. Reid: Some results on the growth of soluttons of diferential 
Systems. 


In this paper elementary differential and integral inequalities are used to prove 
various results on the growth of solutions of differential systems, both linear and non- 
linear, and involving functions of a real independent variable. In particular, the 
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' methods herein employed afford very brief proofs and improved forms of many of the 
results recently established by Trjitzinsky (Transactions of this Society, vol. 50 
(1941), pp. 252-294). The paper also contains applications of an improved form of a 
theorem on matrix transformations due to Perron (Mathematische Zeitschrift, vol. 
32 (1930), pp. 465-473). (Received September 7, 1942.) 


320. R. M. Robinson: Bounded analytic functtons. 


(1) Suppose g(s) is regular and satisfies | ¢(s)| 41 for |s| <1. The relations be- 
tween g(0), se, (ac), and g(s.) are studied. For example, it is shown that for given 
values of g(0) and se, the possible values of g’(#,) fill a closed convex set, which is 
bounded by a circle, a limacon, or partly by one and partly by the other. The relations 
between the absolute values of the four quantities mentioned are also considered. 
(2) Suppose f(s) satisfies the same conditions as g(s), and also f(0) =0, The relations 
between (0), so f(#0), f (20) are studied. The relations between their abeolute values 
are also considered. For example, the sharp lower and upper bounds for of in 
terms of |f (0)! and [se| are found. The lower bound is given by HOJLI | f"(0) | 

(14-|s4] *) — 2| xe| | I/(1 — |F 0s)" provided the right side is positive, and is 0 other- 
wise; the upper bound is given by four formulas, valid for different values of iroj 
and | sel. The relations between |f’(0)|, |zel, [f(se)|, and |/’(ss)|, foc univalent func- 
tions, were studied by the author in an earlier paper (Transactions of this Society, 
vol. 52 (1942), pp. 426-449). (Received September 16, 1942.) 


321. P. C. Rosenbloom: The geros of the partial sums of power. sertes 
representing entire functtons. 


Let f(z) be an entire function of order 0 <p Sœ. Consider the zeros of the ath 
partial sum s.(s) for large #. If p= ©, it ia proved that there are a sequence {m} anda 
sequence of radii py—>eo such that if e, 8>0, then there is an se s,(e, 8, f) for which 
the number of zeros of S.,(s) in the ring pa,(1—8) S |s! Sps,(1-+8) is (1 —q) with 
OSa<e The arguments of the zeros of s,,(s) are equally distributed in the interval 
OS¢@S2r, If Ra; is the maximum modulus of the reros of Sa, (s), then lim sup Ra,/pa, 
$2. The radius pa, can be chosen as |a,,|—“* where ag, is the mth coefficient in the | 
Taylor series for f(s). These results constitute a sharpening of some theorems of Carl- 
son (Comptes Rendus de Académie des Sciences, Paris, 1924), whose proofs have 
never been published (so far as we know). These results bear a striking analogy to the 
results of Jentzsch (Untersuchungen sur Theorts der Folgen analytischen Funktionen, 
Dissertation, Berlin, 1914) and Saegd (Uber dis Nullstellen der Polynomen, die in 
einem Krowse gloschmdssig khomverpreren, Sitzungsberichte der Berliner Mathematische 
Gesellschaft, vol, 21 (1922)) for power series with a finite radius of convergence. For 
functions of finite order, lim sup Ra,/ps,22 exp (1/p) for a certain sequence {m}. 
The paper also includes a detailed investigation of certain functions of finite order 
such as the error function, with results similar to Szeg6’s, for the exponential function 
(Über oine Higenschaft der Exponentiaireths, Sitxungaberichte der Berliner Mathe- 
matische Gesellschaft, vol. 23 (1924)). (Received August 31, 1942.) 


322. Max Shiffman: Unstable extremal surfaces for double integral 
problems tn the calculus of variations. 


Theories of the absolute minimum for double integral problems have been estab- 
lished in recent years. In this paper the author develops a theory of unstable extremal . 
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surfaces, proving the general Morse relations. The integrals to be made stationary 
have the form f{{f(X, Y, Z)+h(X2+¥?+23)'9} dudo where X, Y, Z are the Jaco- 
bians (Yu, 3u; Yn, £4), and so forth, kis a positive constant, and f satisfies the following 
four conditions: (1) f is positively homogeneous in X, Y, Z; (2) emf(X, Y, Z) 
— {Xfx,+ Vir,+Zfs,§ 20; (3) AX, Y, Z)zm>0 for X3+¥2+2Z%—1; and (4) 
f(X, Y, 2)<k for X24 Y*%+4+Z2—1, The first three are usual conditions to be expected; 
the main restriction is (4) which asserts that the integral is dominantly an area in- 
tegral. The problem is to find extremal surfaces bounded by a given rectifiable curve. 
The integral is replaced by f{f(X, Y, Z)dudo+kD|[x] where D[x] is the Dirichlet 
integral, and the extremal surfaces found are given in isometric representation. (Re- 
cerved August 5, 1942.) 


323. J. A. Shohat: An inequality for definie integrals. Preliminary 
report. 


Starting with a simple case of the Schwarz inequality, another inequality is de- 
rived in a very elementary manner. This inequality seems to be new and may be con- 
sidered an improvement over the Schwarz inequality. In fact, it is shown that the 
new inequality yields better results than the Schwarz inequality (it reduces to the 
latter, in some special cases).—Applications are indicated to orthogonal functions and 
to polynomials. (Received September 17, 1942.) 


APPLIED MATHEMATICS : 


324. Lipman Bers and Abe Gelbart: On soluttons of the differential 
equations of gas dynamics. I. 


By a transformation due to Chaplygin and Busemann the equations of the steady 
two-dimensional irrotational flow of a gas can be reduced, in the subsonic case, to the 
form (1): temr(y)ty, ty —r(yWu, where r is a given function. Equations of the same 
form occur in other branches of mechanics of continua. The class of complex-valued 
functions f(x+-+y) =--t0, where # and v satisfy (1) is shown to have many properties 
in common with analytic functions. Two processes, one the inverse of the other, are 
introduced: r-differentiation and r-integration. The r-derivative and the r-integral of 
f belong to the class. By r-integrating a complex constant, Ga, # times a function 
G.: Z-*(s), of the class is obtained. From these “powers,” “ polynomials” and “power 
series” are formed. A “polynomial” of the sth degree possesses # reros. Any function, f, 
of the class can be developed’in a unique manner in a power series, the “coefficients” 
da, being given by the sth r-derivatives of f. Domains of convergence, mapping prop- 
erties, and particular functions are considered. Analogous methods are applied to more 
general types of equations; ın particular to the system He = Ti (Yy, Ky ™ —Ta(¥)t~ Which 
describes the subsonic as well as supersonic flow. (Received August 27, 1942.) 


325. Garrett Birkhoff: A reverssitltty paradox tn hydrodynametcs. 


It is shown that every known differential equation and general boundary condition 
deacribing compressible non-viscous flow is revermble, in the sense that it is compat- 
ible with reversal of the direction of flow without change in pressure. This is even 
true in the presence of a conservative force-field. It follows that, contrary to a wide- 
spread impression, any theory of non-viscous flow (airfoil theory, resistance to projec- 
.tiles, or resistance to surface craft in water) which purports to be based entirely on 
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general considerations, must predict that a flow and its reverse give identical pressure 
distributions, hence identica! lift and drag. This reversibility paradox partly overlape 
the d'Alembert paradox, but it is far simpler, and more general in that it applies to 
modern airfoil theory and to ships. Special methods for avoiding it under particular 
circumstances, and their comparative validity, are then discussed, (Received August 
27, 1942.) 


326. Nathaniel Coburn: The linear yield condition in the plane 
plasisesty problem. 


The curvilinear neta consisting of curves of maximum and minimum shearing 
stress have been studied, extensively. However, all of these studies have assumed 
that the material under investigation follows the von Mises yield condition. In this 
paper, the above nets are investigated for materials which follow a linear yield con- 
dition. It is shown that two cases exist: (1) corresponding to lines of slope +1; (2) 
corresponding to lines of slope other than 0, +1 (the case of slope 0 1s that due to von 
Mises). For the first case, it is shown that the two families of curves of the net possess 
the following two properties: (1) they constitute an equiareal system; (2) at any given 
point, the magnitudes of their radii of curvature are equal. Analytically, the func- 
tional relation is determined which the metric coefficients satisfy. For the second 
case, it is shown that a generalization of the von Mises diagonal property is valid. 
Analytically, the determination of the metne coefficients is shown to depend upon 
. the solution of a nonlinear second order partial differential equation. Special solu- 
tions are studied. (Received September 28, 1942.) 


327. W. R. Foote, Hillel Poritskv, and J. J. Slade: The motion of 
a rotor with unequal shafi flexsbtlsties mounted in bearings of unequal 
Slexsbslaty. 

In this paper is discussed the motion of a rotor possessing different flexibilities in 
two mutually perpendicular directions and mounted in bearings which likewise possess 
different flexibilities. The equations of motion of such a rotor revolving at constant 
speed form a fourth order linear system with periodic coefficients. The passage from 
stable to unstable solution is investigated in detail. For a fourth order system, unlike 
the second order Mathew equation, this passage may (and does) occur not only 
through periodic solutions when the characteristic exponent vanishes (or is equal to +) 
but also by having some of the characteristic exponents equal to each other. What are 
believed to be new and more convenient methods of calculation are developed. Some 
of these readily carry over to any order system with periodic coefficients which are 
trigonometric polynomuals. (Received August 4, 1942.) . 


328. R. P. Isaacs: Application of polygensc functtons to two-d+- 
menstonal elasiscaty. 

_ Let o and r be the tensile and shearing stresses in a two-dimensional body on a 
lineal element at s and inclined at 8 with the real axis. If all internal parts of the body 
are in equilibrium, «-++-tr is the derivative of a polygenic function g which satisfies 
I[G,]=0, and the derivative of any such function is a stress distribution in equi- 
librium. The derivative circle of g is the Mohr circle. G,,,=0 is necessary and sufficient 
for the body to obey Hooke's law. (Received September 12, 1942.) 
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GEOMETRY í 


329. Edward Kasner and J. J. DeCicco: A generalised theory of 
dynamical trajectortes. 


The differential geometry of the dynamical trajectories of positional fields of force 
has been completely developed in the Dsfferential-Geomeiric Aspects of Dynamics, ; 
American Mathematical Society Colloquium Publications, vol. 3, 1913 (also Trans- 
actions of this Society, vols. 7-9 (1906~-1910)). The fields of force, considered hereto- 
fore, depend only upon the position of the point. In their new work, the authors begin 
the study of the geometry of the generalized dynamical trajectornes of fields of force 
which depend not only upon the position of the point but also upon the direction 
through the point. There are œ? generalized dynamical trajectories. Any such system 
is completely characterized by the geometric Property I. The complete relationship 
between the rest trajectones and the lines of force is obtained (including the general- 
ization of the theorem about one-third the curvature). Other systems of curves, such 
as velocity systems, systems Sı, pressure curves are defined for our generalized fields 
of force. These three new systems also possess the Property I. Complete geometric 
discussions of these systems are given, (Received August 24, 1942.) 


330. Karl Menger: Projecttve generalisation of metric geometry. I. 


An F-projectrve space is called a set P if with each quadruple of elements 9, g, 1, $ 
no three of which are identical an element (p, q, r, 3) of a field For © is associated and 
(p,a r,s) = (g, p, s, r) m (r, s, p, D) and (p, gr, +r g s) ar, s): (579g) a1. 
An F-projective space, called P:(F), is obtained if for the elements of F the croee-ratio 
is defined as usual. In order that P be imbeddable into P,(F) it is necessary and suffi- 
cient that P satisfy the relation (p, g, r, 5): (p, s, 7, ) = (2, g, r, #) and contain no 
peeudo-degenerate quadruple (four distinct elementa with cross-ratio 0), The only 
non-imbeddable triples and pairs are pseudo-harmonic (that is, have croas-ratio—1). 
(Received August 3, 1942.) 


331. Karl Menger: Projectsve generalizations of metric geometry. II. 


P is called an | F| -projectrve space if with each quadruple p, q, r, $ no three of 
whose elements are identical, a pair (f, —f) of elements of F with the sum 0, denoted 
by |p, g, r, s|, ia asaociated and |p, g, r, s| = lg, 2,5, rle lr, s, 2, al, [p ar s] 
i |p, J, 7, ql =|, 9,7, s| 5 |p, r, 3, | A $, 4, =l, and 1+0 g) = 2(f?+-¢°) for 
fm |p, qg, 7, s| and g=|p,r,g,s PAR is called the set F if lp gr sl =l ar, s)|. 
In order that P be imbeddable into Pı F| it is necessary and sufficient that P satisfy 
the condition |b, g, 7, s| . |p, if, tl mid, g, T, i| and does not contain pseudo-degen- 
erate quadruples or peeudo-harmonic triples or pairs, that is, distinct points with 
|b, Qf, s| -|1| or not distinct points with |p, g, T, s| = | 2. (Received August 3, 
1942.)° 





332. Saly R. R. Struik: Emmy Noether and Marta Castana Agnest, 
two outstanding women maikemaiictans. 


The work and life of these two mathematicians are evaluated and compared. 
(Received August 6, 1942.) 
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Loaic AND FOUNDATIONS 


` 333. A. R. Schweitzer: Ona class of ordered (n+ 1)-ads relevant to the 
algebra of logic. III. 


The author analyzes the formial sum (now not necessarily reflextve) of (*-+-1)-ads 
of generalized constituent type into two types of ordered dyads: §- 9, multiplicative, 
and (£)-+(), additive, where (¢) ff -- +f... Addition is assumed commutative 
and associative; multiplication is associative but not necessarily commutative. 
Formal addition is extended to elements § by assuming the formal equivalence: 
(atA) (capa) + + + (company) onan + + + aaa tH s+ agit t+ Aa e Aaa 
This assumption effects a gradual transition from the author's theory to formal de- 
velopments based on the distributive property such as Grassmann’s extensive algebra, 
the algebra of logic, Frobenius’ calculus of group elements, number systems (fields) 
and so on. Grasemann's algebra contrasts with the latter in reference to closure prop- 
erties, These are defined in terms of completeness (extension, invariance, attainment 
of limit of development) of the fundamental set of elements with reference to adjunc- 
tion of operations on elements £, for example, &+y, E+. Finally the author discusses 
applications of restricted distributive properties such as (2-+y)yexry+y", (2 +Dy 
= yy Iy, where Iy =y and addition and multiplication may or may not be reflexive. 
Reference is made to a paper reported in this Bulletin, abstract 48-3-135. (Received 
August 15, 1942.) 


334. Saly R. R. Struik: Axiomatics of affine geomeiry. 


The axiomatics are developed for two and three dimensions separately. The theo- 
rem of Desargues is used as an axiom in two dimensions, (Received August 6, 1942.) 


STATISTICS AND PROBABILITY 


335. T. N. E. Greville: Regularsty of label-sequences under con- 
jiguraison transformaitons. 


There is developed a class of transformations on sequences of arbitrary labels in 
terms of which a wide variety of problems in the theory of probebility can be formu- 
lated. It is shown that, with mild restrictions on the transformations used and on'the 
measure function assumed on the label-space, almost every label-sequence produces a 
transform having the frequency distribution expected. The class of transformations 
considered is shown to include as special cases the four fundamental operations ot 
von Mises: place selection, partition, mixing, and combination. (Received August 4, 
1942.) 


336. H. B. Mann: The consirucison of orthogonal Latin squares. 


A Latin square is based on a group G if in the reduced form its rows form a regular 
representation of G. A set of orthogonal squares is based on G if all the squares of 
the set are based on the same representation of G. The mappings Su S,-:-, S of 
G onto itself are r-fold complete if every element of G is of the form X4*8-1+ © +s. 
for every sand k with 1ssgr—h where X% is the image of X under the mapping S 
and XSH, = XX, A set of r orthogonal squares based on G exists if and only if G 
admits an r-fold complete mapping and vice versa. No 4"-++2 sided Graeco-Latin 
square based on a group exists. The orthogonal set is constructed by the automorphism 
method if for every ¢ the mapping 5:+.4-+ +++ +% is an automorphism of G. If 
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é, is the number of classes of elements of order g in G, then not more than min ce 
orthogonal squares can be constructed from G by the automorphism method. (Re- 
ceived September 30, 1942.) i 


337. Abraham Wald: On a statistical problem arising in the classi- 
fication of an individual in one of two groups. 


Let qı and n be two p-variate normal populations which have a common co- 
variance matrix. A sample of size N; is drawn from the population rg (+= 1, 2). Denote 
by Tia the ath obeervation on the tth variate in rı, and by +4 the Sth observation on 
the sth variate in ss. Let x (9—1,--++,) bea single observation on the sth variate 
drawn from a population r where it is known that r is equal either to w or to r}. 
Eig ap AEE ag ek oa ies pacino TRC IAG It is 
shown that for testing the hypothesis r=, a proper critical region is given 
by Uzd where U=}, Si s%s,(9,—4,), (e| elso, sa [D alti- aea) 
Hayya) (98-9) (NNa 2), tim /N,, = (Q ay) / Na and d is a con- 
stant. The large sample distribution of Ọ is derived and it is shown that U is a simple 
function of three angles in the sample space whoee exact joint sampling distribution 
18 derived. (Received August 7, 1942.) 


338. Jacob Wolfowitz: On the consistency of a class of non-para- 
meiric statistics. 

Let X and Y be two stochastic variables about whose distribution nothing is 
known except that they are continuous and let it be required to test whether their 
distribution functions are the same. Let V be the observed sequence of zeros and ones 
constructed as described elsewhere (Wald and Wolfowitz, Annals of Mathematical 
Statistics, vol. 11 (1940), p. 148). Suppose that the statistic S(V) used to test the 
hypothesis is of the form S(V) =) "#(i,), where }, is the length of the sth run and (x) 
a suitable function defined for all positive integral x. The notion of consistency, origi- 
nated by Fisher for parametric problems, bas already been extended to the non- 
parametric case (loc. cit., p. 153). The author now proves that, subject to reasonable 
conditions on ¢(x) and statistically unimportant restrictions on the alternatives to the 
null hypothesis, statistics of the type 5(V) are consistent. In particular, a statistic 
discussed by the author (Annals of Mathematical Statistics, vol. 12 (1942)) and for 
which ¢(x)=log (x*/x#l) belongs to the class covered by the theorem. (Received 
August 7, 1942.) 

TOPOLOGY 


339. O. G. Harrold: A higher dimensional analogue of a theorem of 
plane topology. 


Since the carriers of a Vietoris cycle may have a dimensionality far removed from 
that of the cycle, it is of interest to determine a class of spaces for which the bounding 
cycles have membranes of dimensionality exceeding that of the cycle by unity. An 
example is known of an 1c! carrying an essential 1-cycle which has a 1-dimensional 
carrier but bounds only on a 3-dimensional set. A similar example is constructed in 
the Euclidean space Zs. That such cannot happen in certain Euclidean spaces is indi- 
cated by the following theorem, which is m generalization of a known result for # =Q. 
Let X be a compact 1c* subset of Fa,» Denote by F the frontier of X relative to Hays. 
There exists in X a compact subset Xp which is 1c* such that Xe) Fand dim Xsan+1. 
(Received August 4, 1942.) 
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340. F. B. Jones: A charactertisatson of the sphere. 


Let M denote a compact metric continuous curve such that (1) the sum of no two 
points separates M and (2) every simple cloeed curve in Af separates M. Kline has 
raised the question as to whether M is a simple closed surface or not. The main result 
of this paper shows that it is if M contains no skew curve of type 1. (Received August 
5, 1942.) 


341. Saunders MacLane and Samuel Ejlenberg: Functions of 
groups as generalised tensors. 


Let Hom {G, H} denote the group of all homomorphisms 0 of the group G into 
the group H, and let œ, £ be fired homomorphisms of G into Gi, H into Hi, respec- 
tively. Then @€ Hom {Gi, H} “mduces” 6,6a,@Hom {G, Hı}, and the correspond- 
ence §6—+,6a, is itself a homomorphism T(a,, 61) of the first group (of 6's) into the 
second group Hom {G, Ai}. This function T has the property T(awn, fai) 
= T(a, Bx) T (as, £). A function of two groups G, H, like the function “Hom,” as 
sociated with such a function T of mappings of these groups, is called a tensor “co- 
variant” in H, “contravariant” in G. The intuitive notion of a “natural isomorphism” 
between two groups can be defined exactly as an isomorphism between tensor func- 
tions of groups. This paper extends the same concepts from groups to topological 
spaces, to rings, to complexes, and to other types of mathematical systems. A number 
of general properties of tensors and their isomorphisms are established. (Received 
August 3, 1942.) 


342. R. L. Moore: Concerning a continuum and ts boundary. 


If H, K and T are subsets of the continuum M then T is said to shield H from K 
in M provided it contains no point of K but intersects every connected subset of M 
which intersects both H and K. Among other things, it is shown that if, in a metric 
space, A and B are points of 8, the boundary of the compact continuum M, and for 
each component x of M—p there is a continuum fas lying in 8 and shielding A+B 
from x then A and B belong to the same component of f8. (Received September 10, 
1942.) 


343. R. L. Moore: Concerning intersecting continua. 


One of the results, obtained is the theorem that if, in a metric space, £ is the 
boundary of the compact continuum Af and K is a compact continuum intersecting 
M and, for every component D of M—£ and component E of the complement of D, 
the boundary of E is a connected subset of p, then M-K is a subset of a component 
of M:K-+8. (Received September 10, 1942.) 


344. C. N. Reynolds: A calculus of finie topological differences with 
appitcatton to the four color problem. 

A topological derivative of any function with respect to a well defined transforma- 
tion of the neighborhood of an arbitrary boundary of a map is defined and is so applied 


to the four color problem as to reduce it to an equivalent problem in the theory of 
functions of a real variable. (Received August 4, 1942.) 
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345. A. D. Wallace: A characterization of untcoherence. 


Let S be a Peano space. If S=A+B-+C is a decomposition into continua such 
that AB, BC, CA m40 then assuming S to be unicoherent it is readily seen that ABC »<0. 
For S=A-+(B+C) so that, since B+C isa continuum, so also is A(B+C) = AB+AC, 
The summands in the right member being non-void and closed it follows that they 
must intersect. The converse of this is also true and the proof is contained implicitly 
in the proof of Theorem 1 of Monotone coverings and monotone transformations, Duke 
Mathematical Journal, vol. 6 (1940), p. 32. (Recerved September 15, 1942.) 


346. G. T. Whyburn: Homotopy classes of mappings into the circle. 


In this paper it is shown primarily that any continuous mapping of a locally con- 
nected continuum X into a circle S is homotopic to a mapping f which admits fac- 
torization into the form f «fifi, where f, is monotone and fy is interior and light (thus f 
is quasi-monotone). Used in the proof of this main theorem are auxiliary results to the 
effect that (1) any continuous mapping f of X into S is interior at every xe X which is 
a component of f-4/(x) and which is not contained in arbitrarily small neighborhoods 
U with F(U) C fly) for some yE S—f(x); (2) a light mapping f of X into S is interior 
if and only if, for any yE S, every component of X —f—'(y) maps onto S—y, (3) any 
non-alternating mapping f of X into S factors into the form f= f4f1, where fı is mono- 
tone and fs is non-alternating, interior and light; thus any non-alternating light map- 
ping of X into S is interior; (4) any continuous mapping f of X into S such that, for 
any yE.S, each component of X—f Y) maps onto S—y is aay (Re- 
ceived August 5, 1942.) 


347. J. W. T. Youngs: A note on separation axtoms and thetr ap- 
plication in the theory of a localy connected topological space. 


This note is in the nature of a sequel to a paper by G. E. Albert and the author 
(The structure of locally connected topological spaces, Transactions of this Society, 
vol. 51 (1942), pp. 637-654). A new separation axiom is introduced. T; If x-y=0, 
then #:9=™(0. In strength this lies between the Te and 7; axioms. Using the terminol- 
ogy of the paper mentioned above it is shown that the class of locally connected 
T-spaces us hereditary. (Received August 3, 1942.) 
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ENTIRE FUNCTIONS OF EXPONENTIAL TYPE 
R. P. BOAS, JR. 


1. Introduction. An entire function f(s) is said to be of exponential 
type if it is of order one and mean type; that is, if for some non-nega- 
tive c and every positive e there is a number A (e) such that 


(1) | f(s) | < Aleth is 


for all s. The smallest c which can be used in (1) is called the type of 
f(s). An alternative definition! is 


(2) c = lim sup | f(s) [tl 


"it ia immaterial which value of g is used in (2). If (1) holds in a region 
of the s-plane, for example in an angle, f(s) is said to be of exponential 
type c in that region. 

Functions of exponential type have been extensively studied, both’ 
for their own sake and for their applications. I shall discuss here a 
selection of their properties, chosen to illustrate how the restriction _ 
(1) on the growth of a function restricts its behavior in other ways.’ 


2, Representations. Various formulas are available for represent- _ 
ing functions of exponential type. Some of these representations are 
useful for deriving results of the kind discussed-later in this report; 
and they are of considerable interest for their own sake. 

If f(z) is an entire function satisfying (1), there is a function o(w), 
analytic in |w| >c, such that 


(3) f(a) = f ema(w)aw, 


where C is any contour containing | w| =c in its interior.* The func- 
tion @(w) is defined by either of the equivalent formulas 


Klay 
wrt 





1 * f Pr 
p(w) = aa if f(s) = È as" 


and 


An address delivered before the New York meeting of the Society on April 4, 1942, 
by invitation of the Program Committee; recetved by the editors July 28, 1942. 

1 See [10, p. 241]. 

t For a report on functions of ape yee another point of view, see 
[10}. 

1 See [25, pp. 578-586]. 
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ay -f -mg F 
p(w E x, (w) >c. 


More precisely, C in (3) can be any curve surrounding the set of 
singular points of ¢(w); the configuration of this set depends on the 
growth of f(s) in various directions. In this report, however, I shall 
usually neglect the more refined results in which the shape of the set 
of singular points of ¢(w) is taken into consideration. Any result 
involving the type of f(s) will have refinements involving the growth 
of f(z) in two or more directions. 

However, the case in which @(w) has singularities only along a line 
segment is of particular interest. If f(s) belongs to Z? on a line (for 
definiteness, the real axis), then 


(4) fa) =f Rod, FOEL- 6,0: 
and conversely.4 This result can be extended to other J-classes, 
though with some loss of elegance. If f(s) CL7(— œ, œ) (1<p<2), 
then f(s) has the representation (4) with F(t) L?/@-), but the con- 
verse is false.6 A necessary and sufficient condition [23, p. 111] for 
f(z) to belong to LZ? (p>1) is that 


f(s) = sf . [F(c) — F(#) |et**d# — 2F(c)s sin cs 


where F(t) is a continuous function of period 2c whose Fourier 
coefficients c, satisfy 


2 | tea [P< o. 


When p=1, we have the necessary and sufficient condition |1, p. 
283 | 


a) = f ‘Gedi, 


where G(t) has an absolutely convergent Fourier series and G(c—) 
=G(—c+)=0. 

For functions f(s) bounded on the real axis, we have the repre- 
sentations (necessary but not sufficient)’ 


4 121, p. 13]. A sharper result is given by Plancherel and Pólya [23, p. 228). 
t |1, p. 280]. The result is implicit in [23, p. 243}. 
t [3, p. 151]. To obtain (5), apply (4) to s*[f(s) —f(0)]. 
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(5) fls) = f(0) +5 f "eR (i) di, F(i) E L’; 
and also [2] 
(6) om [« — : 


the notation in (6) is purely formal; what is meant is that the 
2-transform F(t) (in the sense of Bochner [9]) of f(s) is necessarily 
linear outside (—c, c). Both (5) and (6) have been applied in the 
study of functions of exponential type [19, 3]. 

For a function of exponential type in an angle, Macintyre [20] 
has given a useful representation by a contour integral. 


3. Operators. A large number of the results mentioned in this 
report have to do with relations between the behavior of an entire 
function f(s) and that of the functions obtained by operating on 
f(s) with a sequence of operators L,. In many cases, the La are the 
powers L* of a single operator. The most interesting—certainly the 
most easily dealt with—operators L appear to be those which are 
distributive and (in a suitable sense) continuous, which transform an 
entire function of exponential type less than ¢ into another function 
of type less than c, and which are permutable with differentiation. 
Associated with any such operator L there is a function A(w), 
analytic in |w| <c, auch that if f(s) has the representation (3), then” 


(7) L| fs) | = f ANd 


correspondingly, L may be regarded as the differential operator of 
infinite order, \(¢d/ds). Examples which have been frequently dis- 
cussed are L[f(s)]=f(e+1), Lif) ]=f'(s), L[f(e)]=fe+1) —F6). 
The corresponding functions \(w) are e”, w, and e” — 1. 

Corresponding to any sequence of operators L, of this character, 
there is a uniqueness problem: given a sequence of complex numbers 
{aa};~0, for what class of functions of exponential type does 
L,[f(a,.)]=0 (n=0, 1, 2,---) imply f(s)=0? A somewhat more 
general problem asks, given a set of circles C,, whether at least one 
of the functions L,[f(s) ] is necessarily univalent in the corresponding 
Cas 

Because of the representation (7) for the OPEET ON L., uniqueness 

7 Boas (unpublished). 

3 This is really a generalization of the La tobie for f’(s). 
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theorems reduce to theorems of closure for sets of analytic functions. 
If every function analytic inside and on the contour C can be ex- 
panded in a uniformly convergent series of the functions es”), (w), 
then in particular the function e™ can be so expanded, 


2 = S on(s) 40g (1. 


Substituting this expansion into (3) and integrating term by term, 
we obtain, if L,[f(a.) | =0, 


f(s) = > Cn(8) J Aaaa = > Cx(2) Ln [f(Ga)] = 0. 


Similarly, the generalized uniqueness problem involving univalence 
leads to the closure problem for the set \,(w)(e*"—e™"), where a, 
and 5, are arbitrary (unequal) points in the circles C,. 


4, Uniqueness theorems. The most elementary uniqueness theorem 
is that associated with L. =Z", L|f(s)]=f"(s), {an} = fo}. Here the 
theorem states that a function of exponential type—or, of course, any 
analytic function—which vanishes with all its derivatives at a given 
point, vanishes identically. An immediate generalization is Whit- 
taker’s problem: if f™(a,) =0, CA <1, what is the largest number 
A such that if f(s) is of type less than A it must vanish identically 
[32, p. 45]? Since the functions s*e* are known [5, pp. 481-482; 
15] to form a closed set in |z| <log 2, the general argument just out- 
lined shows that? A zlog 2. Pólya has recently shown”? that log 2 
<A <0.77 <4/4=0.785+.4 If the a, are further restricted to be 
real, the corresponding constant A is actually 7/4 [28]. If we 
make the restriction 63.41=0, |as] $1, then” the corresponding 
A exceeds 1.31. 

The univalence theorem corresponding to Whittaker’s problem is 
that one at least of the derivatives of f(s) must be univalent in the 
unit circle (an infinite number, if f(g) is not a polynomial), provided 
that f(s) is of type less than A, where A 2log 2[6, 18]; the best pos- 
sible 4 is not known. 

If La [f(s) | =f (s)+5,f(0), where the b, are sufficiently small num- 


* First proved in another way by Takenaka [29]. 

18 Unpublished result. 

© Thus disproving the conjecture that A—w/4, The example showing that 
A <a/4 is f(ws/4), where f(s) = e+ watese and wt-+o+! =0. 

8 The result A 20.78 is given in [S, p. 486]; the result stated here can be obtained 
by modifying the argument on p. 482. 
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bers, we obtain a theorem (5, p. 485] stating that the numbers f™ (aa) 
cannot all be very small unless f(s)m0. If Laa[f(s) ]=ZaaciLf(z) | 
==f9")(g), dan =0, Gss+1= 1, we have the uniqueness theorem for the 
so-called two-point boundary problem: if every derivative of even 
order of a function of exponential type less than or equal to c vanishes 
both at 0 and at 1, then f(s) is a sine polynomial of order at most 
c/w; if c<m, f(z) 30.4 A similar uniqueness theorem holds for more 
general sequences {as}, {ds.4:}, near 0 and 1, respectively; the 
corresponding univalence result also is true. 


5. Further uniqueness theorems. When the function X(w) of (7) 
is univalent inside the contour C, we can establish the closure of the 
functions A*(w) by making a conformal map which carries them into 
the functions s* [14]. In this way it is found, for example, that the 
operators L,[f(a,.)]=A*f(0) have a uniqueness theorem for func- 
tions of type less than log 2; from this result it can be shown that a 
function of type less than log 2, taking integral values at the points 
n=0, 1, 2,-+-, is necessarily a polynomial.“ More generally, the 
operators L,[f(a,) | =A*f(a,) can be studied; for example, the critical 
type for the operators A*f(a,), CA $1, is at least log 3/2. 

If A(w) is not only univalent, but also has no zeros inside the con- 
tour C, the sequence of operators L* can be imbedded in the family 
of operators L‘ corresponding to the functions [A(w) ]*, and unique- 
ness theorems obtained corresponding to various sequences L*. A 
great deal of attention has been paid to the operator L[f(z) | =f(s-+1), 
corresponding to the function A(w) =e"; results for this operator 
naturally can be transformed by conformal mapping so as to apply to 
other operators. With this operator the uniqueness problem can be 
formulated more simply as the problem of finding conditions under 
which f(A,) =0 implies f(s) #0. 

The oldest result of this kind is Carlson’s theorem: If f(s) is of 
exponential type c, c<a, then f(n)=0 (n=0, 1, 2,---) implies 
that f(s) 0.4% A more delicate result, applying only to entire func- 
tions, states that if 
(D | f()| <el a] era + | yl, 0 <8 < 1/2, lim e(r) = 0, 

u [27]. Another proof in [7]. For generalizations, see [14]. 

4 Pélya and Hardy; see (32, p. 55]. 

u Or, more generally, of (some) exponential type in a right half-plane and of type 
lese than w along its boundary. 

i See, for example, [30, p. 186]. A related result of Estermann (Dienes [13, 
p. 259]) is that if f(s) is of type less than 1, and f(s.) =0, |s| =n (n=O, 1,2,---), 
then f(s) m0, i 
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and f(A.) =0 (n=0, 1, 2,---), where [Ann] <5, then f(s) m0." 
More general sequences {A,} are allowable if we go back to the 
stronger requirement ‘that f(s) ia of type c, c<w. For example, if 
f(s) is of type less than ~ in the half-plane x 20, and if f(A.) =0 where 
the real numbers A, satisfy limy..2/A.=D21, and |As — Àn 

z |n—=m] ô, è >0, then f(s) 0.148 Much more general sequences {rx 

can be used if the growth of f(s) is restricted by a condition stating 
roughly that f(s) is of order less than one along the real axis. More 
precisely,!* if f(s) is an entire function of exponential type c, such that 


k 
lim Í (1/2 log | Nf- 2) | dz 
Roa vi 


exists and is finite, and 
lim sup (1/2) log | f(+ 2)| £ 0, 


then the zeros of f(s) in x20 and in x SO have a density B at most 
equal to c/x. Consequently we cannot have f(A,) =0 for a sequence 
{raf whose density exceeds c/r. 

Even more generally, the hypothesis that f(A,) =0 can be replaced 
by one stating that the numbers fAs) are very small% for example, 
that f(A,) =O(6e—™=), 8>0. 

Another interesting result is that if (8) is satisfied with 6=1, then 
f(s) = 0 if f(s) vanishes at least once in every interval (n, »+1) [31, 
p. 213]. This suggests that if we let the zeros coalesce in pairs, so that 
f(s) and f’(s) both vanish at s=2n, then f(s) m0 if f(s) is of type less 
than r. More generally, we can consider the case where we have two 
operators L and M, L[f(2n)]=Ml[f(2m)]=0, and the functions à 
and p associated with L and M satisfy suitable conditions [4]. 


6. Growth theorems. Let L, be a one-parameter family of operators, 
for example the powers of an operator L whose A(w) has no zeros. A 
uniqueness theorem states that, given sequences {a,} and {^M}, any 
function f(s) of sufficiently small type, such that Ly, [f(c,) | =0, van- 
ishes identically. If f(s) is identically zero, then of course so are 
Li [f(s) | and M;,[f(s) ] for every t, where M, is another family of oper- 
ators. We now suppose, not that thé elements of the sequence 
{Zy,[f(a.)]} are zero, but their growth is restricted in some way; 


17 [3, p. 158]. The case 8=0 is due to Pólya [24] and Valiron [31, p. 204]. 

18 This is an easy deduction from Carleman’s theorem (for Carleman's theorem 
see, for example [30, p. 130]). 

1° See [17, especially pp. 13, 25]. 

* Levinson [17, p. 19]; Levinson gives a number of much more general results. 
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and we ask what can be said about the growth of a sequence 
{ My, [Fn }f. The case most extensively studied has been that in 
which o,=5,=0; in this case, it is more convenient to think of the 
problem as that of determining the growth properties of { M*[f(u.) | } 
from those of {Z*[fA.)]}, where L*[f(s)]=Z,[f(0)] and M* is de- 
fined similarly. 

It is not always desirable to restrict {X,} and fua} to be countable 
sequences. If we replace both sequences by the set of all real numbers 
x, our original uniqueness problem becomes trivial; but we have the 
following non-trivial growth problem: given that L[f(x)] is bounded 
for real x, what bound can be assigned to M[f(x)], where L and M are 
given operators? The oldest case of the problem is S. Bernstein's 
problem of the bound for the derivative of a function, given a bound 
for the function; here L is the identity operator and M[f(s) | =f’(s). 
Here we have the result that | f’(x)| <cK if |f(x)| SK(— © <x< œ). 
More generally, if M is an operator with associated function p(w) 
analytic in [wl <c, then for every f(s) of type c’ <c there is a number 
A(c’), independent of f, such that”? 


(9) MEDJI SAH sup lwl, 


Under suitable restrictions on u(w) on the imaginary axis, it can be 
shown by use of the representation (5) that A(c’) may be replaced by 
a number A(c) depending only on c. Still more generally we can ob- 
tain results of the form 


| MIRDI] SA sup [LUON]. 


Such a result is no more general than (9) if L has an inverse, that is, 
if A(w) has no zeros; but may hold even when A(w) does have zeros if 
the zeros are off the imaginary axis. 


7. Growth theorems involving sequences. The theorems to be dis- 
cussed in this section deduce the growth properties of M[f(x)] from 
those of L[f(,)]. The necessary restrictions on the sequence {Au 
vary with the expression taken as measure of the rate of growth. We 
consider first functions bounded on the real axis. If f(z) is of type c, 
c<r, and Fia) | SK (n=0, +1,---), then® | f(x) | SA (c)K; the best 
possible A (c) ia OC —1/log (w—c) ) as cw. This result (apart from 

2 See (26, vol. 2, p. 35, section IV, problem 201 J. 

® Civin [12], for a restricted clase of functions of exponential type. The results 
can be extended to the general case by the method used in [3, pp. 150-152]. 

n Cartwright [11]. Other proofs by Pfluger [22], Macintyre [20], Boas [3]. 

™ Boas and Schaeffer [8]. 
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the evaluation of A(k)) extends to functions of exponential type in 
a half-plane," and in that form carries over directly to other rates 
of growth, for example, f(x) =O(x?) (p >0) or f(x) = O(e4*). However, 
results involving an exponential rate of growth for f(s) on the real 
axis extend to more general sequences of points than do those in- 
volving merely boundedness for f(x). For boundedness, the most 
general result so far obtained is that if |A.—n| <A and |An—da,| 
= b(mpin; m, #=0,1,2,---), then f(s), of type less than r in 
x>0 and bounded at {A,}, is bounded on the real axis.” Results of 
Levinson [17, p. 127] show that one cannot go much farther in this 
direction. On the other hand, results of the type 

tim sup BT E 08 L100) 

z 


oo 


lim su 


hold for sequences {A,} satisfying such general conditions as” 
| An — Am | Z| — mld, d>0,#/.—D, 


where the type of f(s) is less than xD. 

In these results quoted so far in this section, the operators L and M 
have both been the identity operator. It is clear that more general 
theorems, at least for the case of boundedness, can be deduced in- 
directly from the results of §6. For, from the boundedness of f(x) 
we can infer firat that of f(x) and then that of L[f(x) |. In this way we 
can show, for example, that if | f(n) | SK and f is of type d <x, then 
| f’ (x) | Sc’A(c’)K, where A(c’) is the same as in (9). However, we 
may in some cases obtain sharper results by proceeding directly; thus 
Macintyre has pointed out [20, p. 6] that | (+) | SK implies 


(10) | f(x) + x*f(x)| S AK, 


where 4 is a constant, even when f(z) is of type r. The reason for the 
difference between the operators Lilf|=f’ and L,[f]=f’+7'f is 
clearly shown by the difference between the corresponding functions 
 Ar(w) =w and (w) =w*-+2°. The second vanishes at w= tr; it is 
generally true that an L whose à has this property has the stronger 
boundedness property typified by (10). 


% Cartwright [11], Macintyre [20]. 

s Duffin and Schaeffer (unpublished), I am indebted to these authors for permis- 
sion to include their result in this report. 

For a theorem in which the boundedness of f(s) on two sequences implies its bound- 
edness on two lines (and hence that it is a constant) see Levinson [17, p. 122]. 

77 For this, and much more general results, see Levinson [17, pp. 100 ff.]. Other 
theorems of this character are given by Junnila [16]. 
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8. Integrability. Bernstein’s theorem on derivatives states in effect 
that a function of exponential type, if bounded on a line, cannot oscil- 
late too rapidly on the line. Another illustration of this fact is that if 
f(s} is of type less than r and is bounded on the average near the 
integers, 1t is bounded on the real axis; more precisely, if 


whe 
wp WLO | di < œ, 


where eg 0, 820, e+-ô>0, and (#) is non-decreasing and unbounded, 
then f(x) is bounded [6, p. 163]. In particular, f(x) is bounded (and 
hence approaches zero) on the real axis if it belongs to L” for some 
positive p [23, p. 124]. 

A result of similar character is that 


(11) da | Ae) |? < o, p>0, 
with 
lo. n | S L< (2r°)! 
implies 
(12) f piss a 


if} f(s) is of type less than w; conversely, if f(s) is of any finite type 
and if the number of x,’8 in any interval of unit length is bounded, 
then (12) implies (11). l 

Still another indication of the restrictions imposed on the oscilla- 
tion of f(x) by its integrability properties is that if f(x) belongs to 
L? (p>0), so does f'(x) [23, p. 127]. This can be considered as a gen- 
eralization of Bernstein’s theorem mentioned in §6; Bernstein’s the- 
orem is the limiting case p— œ. 
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DUXE UNIVERSITY 


SOME NOTES ON AN EXPANSION THEOREM OF 
PALEY AND WIENER 


R. J. DUFFIN AND J. J. RACHUS 


Paley and Wiener! have formulated a criterion for a set of func- 
tions {ga} to be “near” a given orthonormal set {f,}. The interest 
of this criterion is that it guarantees the set {gn} to have expansion 
properties similar to an orthonormal set.? In particular, they show 
that the set {ga} approximately satisfies Parseval’s formula. In the 
first part of this paper we show that, conversely, if a set {g,} ap- 
proximately satisfies Parseval’s formula then there exists at least one 
orthonormal set which it is “near.” 

In the second part of the paper we consider sets which are on the 
borderline of being near a given orthonormal set. : 

The last part of this paper gives a simple formula for constructing 
sets near a given orthonormal set. As an application of this formula 
we obtain new properties of the so called non-harmonic Fourier series. 

We shall handle these problems abstractly, using the notation of 
Hilbert space.* Subscript variables are assumed to range over all 
positive integers and >> shall mean a sum over all positive integers. 
By a finite sequence shall be meant a sequence with only a finite num- 
ber of nonzero members, For application to the space La the norm of 
a function f(x) is defined in the usual way as |[fl] = (| f(x) |*dx)"2. A 
complete set which satisfies the Paley-Wiener criterion shall be 
termed strongly complete. 

The principal novelty in the proof is the association of a linear 
transformation G with each set of elements {g,}. Thus if {ya} is an 
orthonormal set we defineG)_4,.W.= > ang, for every finite sequence of 
constants {a,}. The norm of G is the limit superior of ||Gx|| for ele- 
ments x such that ||x|| =1. With this definition of norm the aggregate 
of bounded linear transformations clearly forms a normed linear 


Presented to the Society, April 12, 1940 under the title Comverse of a doswre theorem 
of Paley and Wiener, and September 5, 1941 under: the title A Paley Wiener type ex- 
pansion theorem: received by the editors October 8, 141. 

1 R, E. A. C. Paley and N. Wiener, Fourter Transforms in the Complex Domain, 
American Mathematical Society Colloquium Publications, vol. 19, 1934, p. 100. 

1 R, P. Boas, Jr., Journal of the London Mathematical Society, vol. 14 (1939), 
p. 242; Duke Mathematical Journal, vol. 6 (1940), p. 148; American Journal of 
Mathematica, vol. 63 (1941), p. 361. 

3 Because of the difficulty of finding adequate references to non-separable Hilbert 
space we confine ourselves to separable space. However, our theorems remain true for 
non-separable Hilbert space provided the range of subscript variable is redefined. 
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space. It is in this space that the concept of one sequence of functions 
being “near” another is made precise; thus two points are “near” if 
they are within unit distance of each other. 


1. A converse theorem. We prove the following theorem. 


THEOREM A. Suppose that the set of elements {g.} satisfies the rela- 
tion 
O GAE] an |)? Ss | DT agl S (1 + OCDE oe [22 
for every fintte sequence of constants {a,} and for some fixed number 
0; 0<0<1. Then there exists an orthonormal set {fa} such that 
(2) Io an(fa ll S OCD | on |). 


Proor. Relation (1) guarantees that the set {ga} is linearly in- 
dependent; hence the closure of all Jinear combinations of the set 
{ g.} is an infinite-dimensional manifold, a Hilbert space. Let {y.} be 
some complete orthonormal set of this Hilbert space and define the 
transformation G by G} Gaya => anga. Thus if y=) G.Ya we may 


express relation (1) in the form 
(3) a = olal s lley] s a + olja. 
The following lemmas are well known # 


Lexma 1. A bounded linear transformation whose range and domarin 
both determine Halbert space may be factored in the form FP where Fisa 
unitary transformation and P is a postive definite self-adjoint trans- 
formation. 


Lemma 2. If Sis a self-adjotni transformation then 


Sa /l a 


| (Sx, £) | /(x, x) 
have the same upper and lower bounds. 


Clearly G satisfies the conditions of Lemma 1, so G= FP. From 
relation (3) it follows that 


(1 — Allyl a Py] s a + Allyl. 


and 


4M. H. Stone, Linear Transformations in Hilbert Space and Their Applications to 
Analysts, American Mathematical Society Colloquium Publications, vol. 15, 1932; 
J. von Neumann, Annals of Mathematics, (2), vol. 33 (1932), p. 308; A. Wintner, 
Mathematische Annalen, vol. 37 (1933), p. 257. 
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"w 


Moreover, this inequality clearly remains valid if y is an arbitrary 
element; so by Lemma 2 


(1— Ay, y) S (Py, y) S (1+ Oy, y). 
This may be written as 


Again using Lemma 2, we have [y —Py|| S$ 6||y||. Let us define fa = FY. 
Because F is unitary it follows that { fx} 18 an orthonormal set. More- 
over, 


| aala — gall = IEY — Gyll 
= |lF(y — Py) 
= ||y — Pyl 
< olly] = (2 | a9. 

.2. The borderline case, 0=1. We now establish this theorem. 

THEOREM B. The set of elements {g,} and the orthonormal set {fn} 
satisfy l 
(4) [Z Ga = eall < (È| al 
for every sequence of coefictenis {an} such that 

0< Djan o. 
Then {gn} is complete if {fa} is complete.’ 

Proor. If {g,} is not complete, there exists an element s such that 
(gn. #) =O for all n. We can express s in the form z=} anfa, where 
0<>>|a,/2< ©. Thus 

[E an(fa gall = Ili]? RE alln 8) + |] DO angel? B [lale 


This contradicts (4), and the theorem is proved. 

The following counterexample shows that the completeness of the 
set Et does not imply that the orthonormal set { fa} is complete. 
Let {ca} be a sequence of constants such that ¢a>ca41>1. Let {wn} 


* The referee has pointed out that a mean ergodic theorem may be used to prove 
the following generalization of Theorem ar 
Let B be a reflexive Banach space and let 
quence in B such that ||) as(f.—g.)|| ie 
mons fgn} span B 
We have been able to extend his theorem to spaces whose unit sphere has weak 
sequential compactness. 


be a basis in B. Suppose {gu} is a so- 
for all x=} asf, in B. Then the ele- 
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be a complete orthonormal set. Define fa =¥.41 and a Wari Yatapi be 
forn=1,2,---.Thus ` 


| Do ote — ell? = DO 


and so relation (4) is satisfied. Obviously the set {f,} is not complete; 
however ».|¢,|%= œ, so the set {ga} is complete. 

If the < sign is replaced by the S sign in relation (4), Theorem B 
is certainly false because some or all of the elements {ga} could be 
zero. Nevertheless, we are able to prove an analogue of Theorem A. 


THEOREM C. Let {gu} be a complete set and {fa} an orthonormal set 
such that 








2 
el a < >| al, 
G 


(5) [E a — ell S E| a 
for every sequence of constants {a,} such that 

(6) 0< Yj al? < o. 

Then 

(7) 0< |E agl] S AE | an |9. 


Conversely, the truth of (1) for a complete set TA and for every sequence 
of constants {Ga} satisfying (6) implies the existence of a (complete) 
orthonormal set {fa} satisfying (5). 

Proor. The novelty in the first part of this theorem is the appear- 
ance of the strict inequality on the left side of (7). Suppose then, on 
the contrary, that {a} is a sequence for which > a.g,=0. Let 


> Gahan. Because TA is complete, there exists an element g, such 
that (g. s)»<0. Thus, according to (5), if X is a constant: 


LE one — ed HAG — ll S E anfa + AI, 
|s + Af. — dad] S [lz + Afd], 
— Rr(g., 8) IAJE] e|? — Rees fo} S 0. 


This last inequality is clearly impossible for all values of >. The 
remainder of the proof is omitted as it parallels the proof of Theorem ' 
A. 


3. The method of separation of variables. We prove the following 
theorem. 








THEOREM D. Let {Cur , h, R=1, 2,- - , be a matrix of constants 
such that | Canal Sca. Let {Ty} be a sequence of bounded linear trans- 


4 
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formations with corresponding bounds {ti}. Let {fa} be a complete 
orthonormal set, and define 


i. = da -+ >» CabT nfa 
ben 


Then if > crta <1, the set { gn} 4s strongly complete in the sense of Paley 
and Wiener. 


Proor. Let {an} be an arbitrary finite sequence of constants. Then 


| oa — g|) = | > tn 2o CnaT afa 








i 








>, Tad, Cartan 
h * 

3 
k 

a 
k 








A 











Ty >, CarOnfa 


IA 











> CarGntn 








IA 


* 


p2 be 
L 


Thus the set {g.} satisfies the Paley-Wiener criterion (2) with 
0=9 hc <1. 

A simple way to apply Theorem D depends upon the fact that 
multiplication by a bounded function is a bounded linear transforma- 
tion of the space Ly. In particular we consider the sequence of func- 
tions {e%*}, where {M}, n=0, +1, £2,---, is a sequence of 
complex constants satisfying |ħ4—#| SL for some constant L. The 
interval under consideration is —r Sx Sr. We may write 

w — gyu) 
eras = etna $ a ee. 
bus} bis 











2, tafa | 


keine, 


Comparing with Theorem D, we have: 
Cas = (in — in)?/kl, — ca = L’/kl; 
Ti = x*, ia = x*, 


Clearly, if L<log 2/x, the set {eae} is strongly complete in the 
interval (—~z, r). (Actually the same is true in any interval of length 
2x.) 
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The transformations {x*} never attain their least upper bound. 
This fact permits Theorem B to be employed in showing that the 
set {era} is complete even if L=log 2/x. The proof parallels the 
proof of Theorem D. 

The above results on the non-harmonic Fourier series are an exten- 
sion of previous knowledge in two respects: In the first place, Paley 
and Wiener were forced to assume that {à} was a real sequence. 
Secondly, they® obtained the value 1/x*=.10-+ where we have 
log 2/r =.224+. The best value for L is not known; however a theorem 
of Levinson’ gives an upper limit of 1/4.® 

A second application of Theorem D is to furnish a proof of an 
analytic function expansion theorem of Boas.’ In turn, Boas’ theorem 
contains analytic function expansion theorems of Birkhoff, Walsh, 
Takenaka, G. S. Ketchum and others. 

The operator in Theorem D, $ C,T», has been assumed to be a 
discrete series; however the method of separation of variables is still 
available if we replace the series by an integral or Stieltjes integral. 
In particular, Cauchy’s integral formula is of the right form. 


University or [ILLINOIS AND 
PURDUE UNIVERSITY 


* Paley and Wiener, Ipc. cit., p. 113. A slightly better value than theirs has been 
obtained by Malin, thesis, Massachusetts Institute of Technology, 1934. 

7 N. Levinson, Annals of Mathematics, (2), vol. 37 (1936), p. 919; Gap and Density 
Theorems, American Mathematical Society Colloquium Publications, vol. 26, 1940, 
, chap. IV. 

t It is a curious parallelism that log 2/r and 1/4 are in the me ratio as the limits of 
Takenaka and Schoenberg in a somewhat similar unsolved problem. For references 
see R. P. Boas, Jr., Proceedings of the National Academy of Sciences, vol. 26 (1940), 
p. 139; Transactions of this Society, vol. 48 (1940), p. 485. 

* R. P. Boas, Jr., Transactions of this Society, vol. 48 (1940), p. 473, Theorem 3.1. 


A GENERALIZATION OF THE POLAR REPRESENTATION OF 
NONSINGULAR MATRICES 


JOHN WILLIAMSON 


1. Introduction. If A is a square matrix with elements in the com- 
plex number field, then 


(1) A = PU, 


where P is a positive definite hermitian matrix and U is a unitary 
matrix.! In this polar representation of the matrix A, as it is called, 
the two matrices P and U are unique. Since the matrix P is positive 
definite and nonsingular, it has the same signature as the identity 
matrix # while the unitary matrix U is a conjunctive automorph of E. 
From (1) we may deduce a somewhat similar representation of A in 
terms of a positive definite hermitian matrix and a conjunctive auto- 
morph, not of E, but of any nonsingular positive definite hermitian 
matrix. 

Let H be a nonsingular hermitian matrix which is positive definite, 
so that there exists a nonsingular matrix Q satisfying 


QlHQ()*=£, . : 
where (* is the conjugate transposed of Q. If B= QAQ and B=PU 
is the polar representation of B, then A =QPQ-!QUQ-!=DR, where 
D=QPQ"' and R=QUQ-”. Since DH =OPQO00* = OPO*, DH is 
hermitian with the same signature as H. Further RA R* = QUQ-!00* 


-(Q71)* U*0* = QQ* = H. Hence we have this result as an analogue of 
the polar representation (1) of A. 


RESULT (1). If H ts any nonsingular positive definite hermstian 
mairex and A ts a nonsingular matrix, then 


(2) A = DR, 
where DH is a postiwe definste hermtiian matrix and RHR* = H. 


If H=H-, A=DR=DHAR and, since HRH(HR)*=H?=H, 
A=P.R,, where Pı is a positive definite hermitian matrix and 
R,HR\* = H. Therefore we have as a second analogue of (1) the fol- 
lowing result. 


Received by the editors October 13, 1941. 

| L. Autonne, Sur les groupes lintaires, réels oi orthogonaux, Bulletin de la Société 
Mathématique de France, vol. 30 (1902), pp. 121-134. A. Wintner and F. D. Mur- 
naghan, On a polar representation of non-singular matrices, Proceedings of the National 
Academy of Sciences, vol. 17 (1931), pp. 676-678, 
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RESULT (2). IF H is a postive definsie hermitan matrix, whose square 
4s the identsty mairsx, and, +f A is a nonsingular mairix, then 
(3) A = Pi Ry, 


where P, 4s a posttsve definste hermittan matrix and Ri ts a conjunciwe 
automorph of H. The two matrices Pı and R, are unsque. 
It is our intention here to determine what corresponds to results 


(1) and (2), if H is a nonsingular hermitian matrix but not necessarily 
definite. 


2. Generalization in the complex field. Let H be any nonsingular 
hermitian matrix and let A be a nonsingular matrix. If 


(4) A = DR, 
where 

(5) DH = HD* 
and 

(6) RHR* = H, 


we shall call (4) a polar representaiton of A wih respect to H or, for 
brevity an H-representation of A. If (4), (5) and (6) are satisfied, 
AHA*H—'=DRHR*D*H" = DHD*A-'= D1, Further, if AHA*H—! 
=D? and DH=HD*, then (6) is satisfied with R=D~'14. For 
D-AH(D-'A)*=D- AHA* (D—)* = D D'H(D—)* =H by (5). 
Therefore we have proved this lemma. 


Lemma 1. A necessary and suffictent condtiton that a matrix A have 
an H-representation is that there exisi a mairtx D such that DH =HD* 
and AHA*H-1= D?, 


If A has the H-representation (4) and QAQ-1=A,, QDQ'=D,, 
ORQ = R; and QHỌ* =A, then Aı = D R; where Di; = HD," and 
RAR * = H. Moreover Hı =QHQ* and A HA * =QAHA*O*, 80 
that the two pencils of hermitian matrices AHA*—xH and 4ıMıd;* 
—xH, are conjunctive. Therefore, if A has an H-representation and 
if the two pencils AHA*—xH and A,:H,A1*—xH, are conjunctive, 
the matrix A, has an H\-representation. Accordingly we may sup- 
pose that the pencil AHA*—xH is in a canonical or normal form 
previously determined.’ Since DH is hermitian, the elementary di- 

2G. R. Trott, On the canonical form of a nonsingular pencu of hermihan matrices, 
American Journal of Mathematics, vol. 56 (1934), pp. 359-371. H. W. Turnbull, 
Pencils of hermitian forms, Proceedings of the London Mathematical Society (2), vol. 
39 (1935), pp. 232-248. , 
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visors of D—xE are the same as those of the pencil of hermitian 
matrices DH—xH. Complex elementary divisors of such a pencil 
must therefore occur in conjugate pairs and in particular this is true 
of the pure imaginary elementary divisors. Hence, if D—xE has the 
elementary divisor (x—+b)" repeated s times, where b is real, then 
D—xE also has the elementary divisor (x++b)" repeated s times and 
D!—xE has the elementary divisor (x-+5*)" repeated 2s times. Since 
the elementary divisors of D?—xE are the same as those of AHA" 
—xH, the matrix A cannot have an H-representation if the pencil 
AHA*—xH has an elementary divisor (x+b1)", that is, a negative 
elementary divisor, repeated an odd number of times. 

We proceed to determine what further conditions, if any, must be 
satisfied in order that A may have an H-representation. In canonical 
form the matrices H and AHA* are similarly partitioned diagonal 
block matrices of such a nature that it is only necessary to consider 
the three special cases in which the pencil AHA*—xH has 

(i) only the two elementary divisors (x—a)*, (x—4)*, a4, 

(ii) the single elementary divisor (x—6*)*, b real, 

(iii) only the two elementary divisors (x+7)*, (x+*)*, b real. 

Case (i). In canonical form 


0 a(E + U) 0 
H = ( A and AHA*H-! = ( ), 
E 0 >. Q ä(E + UY 


where U is the auxiliary unit matrix of order n. Let 

(7) G = (E + U)? = E + 0/2 — U!/8 +>- «+a, 
22n — 3)a — ile = (— 1)*(2n — 5)! 

Then C =(E-4 UH. If a=pte#, a? = ĝpet? and d! = ĝpe7®, where 

= +1. Therefore, if D =[a!”G, a tG], DH =HD*and D= AHA*H™. 

The signature of DH is the same as that of H since the signature of 

both matrices is zero. Since ô may have either of the values 1 or —1, 


D is not unique. 
Case (ii). In canonical form 


H =T and AHA* = bE + DHA, 
where e= +1 and T is the counter unit matrix, so that 
(8) T= E and TU = VT. 


If D =bG, where G is defined by (7), D'=AHA*H— and DH=HD* 
by (8). If n is even the signatures of DH and H are both zero and, if 
in DH, b is replaced by —b the signature of the resulting matrix is 
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also zero. If n is odd, the signature of H is e and that of DH is +e 
according as b is positive or negative. Therefore, if DH has the same 
signature as H and n is even, D is not unique but, if ø is odd, D is 
unique. 

Case (iii). If the matrix D exists the pencil DH —xH has only the 
two elementary divisors (x-+4b)*, (x —tb)* and we may take DH —xH 
in the canonical form 


> a-(°*) pa (#6 ° \ 
Ak o/’ a — ibG' 


where G is defined by (7). Hence 


ee ee C B(E + U) 0 ) 
0 — bE + U’) 


and 


while the matrix H may be transformed without disturbing D? into 


ae 
0 —T/ 
For a matrix pencil AHA*—xH with elementary divisors (x+7)*, 
(x-+-57)* there are three distinct possible canonical forms in which H 


is one of the matrices 
wa 0 ) 
0 «T/’ 


é:=1,¢,= —1;6,=6¢,;=1 or €;~e,= —1. If we call a and é, the indices 
associated with the elementary divisor (x-+b?)*, we see that A has an 
H-representation, if and only if one index is positive and the other is 
negative, Further, even when A does have an H-representation, D is 
not unique. Since the canonical form for the pencil AMA*—xH is 
diagonal block, the following theorem follows immediately from 
Lemma 1. 


THEOREM 1. Let H be any nonsingular hermitian matrix and A be 
a nonsingular matrix. Then A has on H-represeniaiton A =DR, tf and 
only tf the negative elementary divisors of the penc AHA*—xH occur 
in pairs and exactly half of the indices associated with each negaisve 
elementary divisor are postive. The matrix, D, and therefore the matrix 
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R, ts unique, if and only tf all elementary divtsors of the pencil are 
positive and of odd order. 


If EP =E, A=DHHR=SY, where S=DH and V=HR. Moreover 
S=S* and VH V* =M =H. Hence we have as a corollary the follow- 
ing. 


COROLLARY 1. If H°=E£, the matrix A can be writien in the form 
A=SV, where S is hermttan with the same signature as H and, 
VH V* =H, if and only if the condsitons of Theorem I are satisfied. 


The known theorem on the uniqueness of the polar components of 
the matrix A in (1) is a particular case of Theorem 1. For, if He E, 
AHA*=AA* and the elementary divisors of the pencil AA*—xE are 
all positive and linear. 


3. Modified representation of any nonsingular matrix. Even if the 
matrix A does not satisfy the conditions of Theorem 1, it is possible 
to find a somewhat different representation of A. We first reduce the 
pencil 4HA*—xH by conjunctive transformation to 


ve 0 ) * z) 

0 AAt) “\o By 
where no elementary divisor of A :HM,Aı—xH, is negative and all 
elementary divisors of 4,H,4:* —xH, are negative. Then A1 = DR; 
and, since all elementary divisors of —As,H,4å,*—xH, are positive, 
there exists a matrix Da, such that DÌ = —4,H,4 Hr! and DH; 
<H, D,*. If Ri=Dytå,, then RAR * = Dit H t(D") eD: 
.(— DBH) (Dž) t= —H,. Therefore 4:=D,Ry, where DH, is her- 
mitian with the same signature as H, and RıHR* = —H;y,. Let 


ra j ) = [E» — 2), ' 


0 — Es 


where E; is the unit matrix of the same order as H,. Then P= E. 
If A= [Aa áil, Hs [M, Ay, R= [Ri Rg | and D= [D,, Dy}, then 
A=DR where DH is hermitian with the same signature as H and 
RHR*=HV, so that the signature of HV is the same as that of H. 
Further from its form it is apparent that V is a polynomial in 
AHA*H"' and that VH=HV=HYV*, so that VHV*=H. While we 
have used a special form of the pencil AHA*—xH it follows that 
similar results are true when the pencil is not in this form. Accord- 
ingly we have proved this theorem. 


THEOREM 2. Let H bea nonsingular kermiisan matrix and lei A be 


a 
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a nonsingular mairsx of the same order as H. Then there exists at least — 


one mairtx V, a polynomial in AHA*H™', with the properties that 
Vi=E, VH is hermitian with the same signature as H and that no 
characterssitc number of AHA*(VH)—' s$s negative. The matrix A= DR 
where DH ts hermsitan wtih the same stgnaiure as H and RHR" = VH. 
If all the characteristsc numbers of AHA*H are real, the matrix V is 
uniquely determined. 


4. Representation in the real field. If H is a real symmetric matrix 
and A a real nonsingular matrix our argument may be carried 
through in the field of real numbers with only a few alterations. In 
(i), if the pair of conjugate elementary divisors is (x—c+1d)", we 
take H=qT, AHA*™p(E+U)qT, where 


CPEE 
PEN E NG 


Then, if 


is symmetric and 


r s 2 
{( at _ AHA*H-, 
—s r 


Case (ii) is unaltered. In (iti) we replace the matrices D and H of (9) 


by j 
(ie 0) ™ (oo) 
and. ; 
— BG 0 T 0 


respectively. It therefore follows that Theorems 1 and 2 are true in 
the field of real numbers, if hermitian is replaced by symmetric and 
conjugate transposed by transposed. 


5. Conditions for the commutativity of the polar components. Let 
the matrix A have an H-representation A = DR. Then A = RD, where 
D,=R-!DR. The matrix D,H ia hermitian. Further HA*H™A 
= HD#R*HRD,=D,HHD,= DÌ. Since D? = AHA*H—', it follows 
that, if A* is commutative with H-14H, Dì = D? and that for a proper 
choice Di D. Conversely, if Di=~D, HAH is commutative with 
A*. We have therefore proved this theorem. 


862 JOHN WILLIAMSON > [December 


THEOREM 3. If A has an H-representaiton A= DR, A also has an 
H-representaiton A=RD,. A necessary and suficient condition that 
D = D; or that D be commutative with Rts that A* be commutative wth 
HAH. 


Therefore, if A= DR and A is normal’ with respect to H, A = RD 
so that R and D are commutative. That the converse is not true may 
be shown as follows. Let 


0 0 1 90 1 00 0 
0 0 0 I 0 10 0 
H= and A= 
100 0 00190 
0 190 9 0 0 1 1 
Then 
001 0 0 0 1 0 1 100 
0 0 0 1 0 0 0 1 0 10 9 
AHA*H = == 

100 0 i 100 0 0 1-0 
1 10 0 0 i 0 0 0 O 1 1 


The characteristic numbers of AHA*H™! are all plus one and there- 
fore Á has an H-representation. In fact 


11/20 0 1—-1/20 0 
0 1 0 0 0 1 0 Q 
D = and R= 
001 0 0 0 1 0 
0 01/2 1 0 0 1/2 1 
Hence 
10 0 0 
1 1 0 0 
HAH = 
0 0 1 0 
00 0 1 


and is commutative with A*. However, H~1AZ is not a polynomial 
in A* and is therefore not normal with respect to H. 

If the elementary divisors of 4 HA*—<xH are all positive and linear 
and if ÁA = DR = RD, it is comparatively easy to show that HAZ is 
a polynomial in A* and therefore that A is normal with respect to H. 


3 John Williamson, Matrices normal with respect to an hermitian matrix, American 
Journal of Mathematics, vol. 60 (1938), pp. 355-373. 
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This seems to be the generalization of the classical result that a 
necessary and sufficient condition for the polar components of a 
matrix A to be commutative is that A be a normal matrix. 


QUEENS COLLEGE 


REMARKS ON REGULARITY OF METHODS OF SUMMATION 


G. E. FORSYTHE AND A. C. SCHAEFFER 


A doubly infinite matrix! (a,,) (m, n=1, 2, - - - ) is said to be regu- 
lar, if for every sequence x= {xa} with limit x’ the corresponding 
SUMS Ya =) Kalmasin exist for m=1, 2,---, and if lima. yn=x'. 


An apparently more inclusive definition of regularity is that for each 
sequence x with limit x’ the sums defining Ym shall exist for all 
mz mlx) and lima... yan =x’. Tamarkin’ has shown that (Gm) is regu- 
lar in the latter sense if and only if there exists an m; independent of x 
such that the matrix (Gus) (m291,-%21) is regular in the former 
sense. Using point set theory in the Banach space (c), he proves a 
theorem! from which follows the result just mentioned. This note pre- 
sents an elementary proof of that theorem and discusses some related 
topics. 


THEOREM 1. Suppose the doubly infinite matrix (Gmn) has the property 
thai for eack sequence x= EA wiih limi 0 there exists an m= milz) 
such that for al mè m(x), Um = lim BUD ks0| > animuta | <o, Then 
there exists an m, such that Y i| am| < © for all m&m. 


If in addition lim... #n = 0 for each sequence x with limit 0, it will 
follow‘ that there exists an N such that > £u|/ana| SN < œ, for all 
m&m. 

To prove Theorem 1, supposé there were an infinite sequence 
m<im,<--- such that >. Pa| ama, = © formC{m,}. Leta, +--+, x, 
be chosen with unit moduli and with amplitudes such that 


Presented to the Society, April 11, 1942 under the title A remark on Toeplets 
matrices; received by the editors January 22, 1942. 

1 In this note dea, ta and x’ denote finite complex numbers. 

2J. D. Tamarkin, On the notion of regulartty of methods of summation of infinie 
sertes, this Bulletin, vol. 41 (1935), pp. 241-243. 

3 J. D. Tamarkin, loc. cit., p. 242, lines 1-6. 

‘See, for example, I. Schur, Uber kinsars Transformationen in der Theorie der 
unendlichen Reihen, Journal für die reine und angewandte Mathematik, vol. 151 
(1921), pp. 79-111; p. 85, Theorem 4. 
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hy by 
Do Omata = 2, | Omnte| > 1. 
am] mml 


Let Xs °, X}, be chosen with moduli 1/2 and with amplitudes 
such that 


Ly bi 
| See an 
week;-+1 ma | 


Let Xrti © © t, Xa, be chosen with moduli 1/3 and with amplitudes 
such that 


ky br 
È tant] > 3+ È| annal. 
mbyt 1 oom | 


Writing ya =), idmetn, the sequence j{x,} and integers 
ki<ka< +++ are thus chosen successively so that |-ym,(A:)| > 1, 
| Ym, (Ba) | > 2; | Yeu(Ra)| >3, [Imak] > 4 | mabe) | >5; f m (ke) | >6, 

- ; while [snl =1/r, for kı <% Ske. This is a sort of alternating or 
“sweeping-out” process. So defined, {xa} is a sequence with limit 0, 
but lim sups.e|) --1Geetal = 0, for mE {m,}. This contradiction 
completes the proof of Theorem 1. 

The matrix (Gma) is said to be nu-preserving, if for every sequence 
x={x,} with limit 0 the corresponding sums defining ys exist for 
m=1,2,--- and if lima... Ya =0. An apparently more inclusive defi- 
nition of null-preserving is that for each sequence x with limit 0 
we have te=lim supa. | 21-1 Gmata| <œ for all mz2m,(x) and 
limm.. Un = 0. We remark that it is a consequence of Theorem 1 that 
(dmx) is null-preserving in the latter sense if and only if there exists 
an m such that the matrix (Gus) (m zm, ng 1) is null-preserving in 
the former sense.’ 

To consider a problem which is related to the above in the method 
of proof, let each element of a matrix (ama) be either +1 or —1. For 
OStS1 and n=1, 2,--+ let {¢,(¢)} be the Rademacher orthogonal 
functions,‘ and let yus(t) =) *_, Gmn $a(é). Then it is well known’ that 
for almost allt, forallm=1,2, <- - andfor all e>0, lims... 2-4? yas () 
=0. It is clear that for a particular fixed m there is a ¢ such that 
limy so R7~‘Yms(t) = 1. The problem is to show that there is a ¢ such that 

t For conditions that (Gma) be null-preserving, see T. Kojima, On generahsed 
Toepieis’s theorems on lienti and their applications, Téhoku Mathematical Journal, 
vol. 12 (1917), pp. 291-326;-p. 300. 

‘A. Zygmund, Trigonometrical Series, Warsaw, 1935, p. 5. 

’ For references to this and more precise results, see A. Khintchine, A symptottsche 


Gesetus der Wakrschetnlichketisrechaung, Ergebnisse der Mathematik, Berlin, 1933, pp. 
60-61. 
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simultaneously for all m=1, 2,---, lim sups.. K Yeal) =1. That 
there exists such a # can be shown by using the alternating process of 
Theorem 1. ' 

Theorem 2 follows immediately from a theorem of Banach.* 


THEOREM 2. If Em +s a lsnear manifold satisfying Batre's condstion® 
in a Banach space E (m=1, 2,---) and sf lima... En = E, then there 
exists an mi such that Em, = E. 


Theorem 2 furnishes a Banach space analogue and a proof of Theo- 
rem 1 which is related to Tamarkin’s proof. To see this, let E be the 
Banach space (co) of sequences x= ER convergent to 0, with 
læx| =max, |x.|, and with addition and multiplication by a (com- 
plex) scalar defined as usual. Let (Gwa) be as in Theorem 1. Let Em 
be the subset of E for which lim BUDy+0| > n=) Orain | <œ forall ram. 
The hypotheses of Theorem 2 are satisfied, and from its conclusion it 
may be proved directly for an arbitrary m 2m, that > sa: | us| <o, 


STANFORD UNIVERSITY 


*S. Banach, Théorts des Opérattions Linéaires, Warsaw, 1932, p. 22, Theorem 2. 

* See S. Banach, loc. cit., p. 17. By considering a Hamel base for E, G. W. Mackey 
has remarked to the authors that Theorem 2 is false if the words “satisfying Baire’s 
condition” are omitted. 


PROJECTIONS OF THE PRIME-POWER ABELIAN GROUP 
OF ORDER p= AND TYPE (m—1, 1) 


ROSS A. BEAUMONT ' 


1. Introduction. A function f of the subgroups of the group G upon 
the subgroups of the group H is called a projectivity of G upon 
H (f(G) =H) if the following hold. 

(1) For every subgroup S of G, f(S) is a subgroup of H. 

(2) If S’ is a subgroup of H, then there exists a subgroup S of G 
such that f(.S) =S", 

(3) If Sand T are subgroups of G, SST is a necessary and suf- 
cient condition that f(.S) $f(T). 

The correspondence f is a (1-1) correspondence which preserves the 
partial ordering of the set of subgroups of the group G. 

Further, a projectivity f is called index-preserving if [T:S] 
= |f(T):f(S)| for subgroups S of cyclic subgroups T of G; and f is 
called strictly index-preserving if [T:S] = [f(T) :f(S) | for subgroups S 
of subgroups T of G. 

If G is the direct product of cyclic groups of order p, p a prime 
number, R. Baer! has given necessary and sufficient conditions that 
a group H be a projection of G. In particular he has shown that if the 
projectivity of G upon H is index-preserving, then G and H are iso- 
morphic. Thus in a study of the projections of the prime-power 
abelian group of order p™ and type (m —1, 1), we need consider only 
the case m> 2. 

Rottlaender? investigated the case m=3 and found necessary and 
sufficient conditions for the existence of a strictly index-preserving 
projectivity of the prime-power abelian group G of order +} and type 
(2, 1) upon a group H. 

In this note, Baer’s general results are used to find the necessary 
and sufficient conditions for the existence of a projectivity of the 
prime-power abelian group G of order p” and type (m— 1, 1) upon a 
group H. . 


2. The necessary conditions. If G is an abelian group of the type 
under consideration, G= {u1} X {u4} where u: is of order p™!, m>2, 


Presented to the Society, April 11, 1942; received by the editors January 19, 1942. 

t R. Baer, The significance of the system of subgroups for the structure of the group, 
American Journal of Mathematica, vol. 61 (1939), pp. 144. Hereafter this paper will 
be referred to as B. 

t Ada Rottlaender, Nackweis der Existens nichi-isomorpher Gruppen von glotcher 
Stiuation der Uniergruppen, Mathematische Zeitachrift, vol. 28 (1928), pp. 641-653. 
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and s is of order $. If f(G) =H, it follows from known results? that f 
is index-preserving, and hence H= {f({#:}), f({ua})} where f({m}) 
= {set | is a cyclic group of order pt, fim )= fui} is a cyclic 
group of order p. Thus H= { uj, ud } where ui and u are independ- 
ent generators of order p*~! and p, respectively. 

If K is any group, then K?” is the set of all pth powers of the ele- 
ments of K, and K” is a characteristic subset of K. 


LEMMA 1. f(G?) =H” ts a characterstsitc subgroup of H. 
Proor. G?= {48} and f(G*) =f( {2 }) =f({ m1} )?= {ut? } since f is 


index-preserving. |ui?” S.A». If x is in H’, x=~y? where y is in H. 
F*CUx}=fiCy p= y r= twig f= (arf. a =F} 
= 34, ®t={x;. Hence x= ui? = (ul)! and x is in ju/?}. Thus 
H? < (ui? } so that we have shown that (G?) = {u/? } =H». Since R” 
is a subgroup of H, it is a characteristic subgroup, and in particular 
normal. 

Since f(G) =H and f(G*) =H”, the index-preserving projectivity f 
of G upon H induces an index-preserving projectivity of G/G? upon 
H/H”. G/G? is the direct product of two cyclic groups of order p and 
hence by the result‘ mentioned above, G/G? and H/H? are isœ 
morphic. Thus H/H” is abelian and H” contains the commutator 
subgroup of H. This implies 

ri ; 7? ritip 
(1) HW, Wig = w o. 


The following multiplication rules for elements in H follow from (1) 


rls sk ; rh(l+ ip) 
(2) iy My U= H , 
yk ji i katip) 
(3) Hi hy = te Hi , 
ji jh b IW AIEO e ep OY) 
(%1 ty = fhe ty 
(4) ph faa tap 


It follows from (3) that the order of H is p™ so that we have proved 
the following theorem. 


THEOREM 1. If G ts the prime-power abelian group of order p™, m>2, 
and type (m—1, 1) and sf fis a projectsnity of G upon a group H, then H 
is a prime-power group of order p™ generaied by 'ndopeniteni generaiors 
ui of order pt and uq of order p such that uf ui ug =u] 1+, 

If p=2, we derive the additional necessary condition. 


3 [B, Corollary 11.3]. 
1 [B, Corollary 8.2]. 
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LEMMA 2, jm mod 2 so that ui af ui =y HE, 


Proor. Since f({u:}) = {uy}, it follows from Baer’s resulta that 
there exists one and only one element u’ in H such that f({w2}) = fu’ } 
and f( {u} )= {uui }. Since {u’} = {us }, u’ ous? where p is odd. 
f({ water} *) =f( {umm} )? since f is index-preserving and we have 


rc {was} ) = fsb) = smd = fsh}, 
fum) = [um] = {u ) 


ria (O-499)9—1]/ [ (14 29)4—1] (1+3) #41 
= {wa w pom {s }. 


Thus ui 30+ = 477 where y is odd and we have 


(1 +20’ + 1 = 2y mod 2), 
2 + 2pj + [ol — 1)/2](27)" +--+ = 2y mod 2%, 
1+ pj + [ol — 1)/2]27 +--+ m y mod 2" 


and recall that m>2. Since y is odd, the left member of the congru- 
ence is odd which implies pj is even. Since p is odd, j is even, which 
completes the proof of the lemma. , 


3. Construction of a projectivity for groups satisfying the necessary 
conditions. If p is an odd prime and H is a group satisfying the neces- 
sary conditions, then H is either abelian or H is the unique non- 
abelian group { U;, Us} where U, and U; are subject to the sole de- 
fining relations? 


(5) Cf at. Gist, - 


If H is abelian, then G and H are isomorphic and this isomorphism 
induces a projectivity of G upon H. 

If H is non-abelian we will construct a projectivity of G upon H by 
establishing a correspondence between the cyclic subgroups and then 
extending this correspondence to a projectivity. 

From (5) we find the following multiplication rule for elements 


of H 
(6) (UD = pit pea De aor 


Every element of G has the unique form uş, where 0Ss<p, 
Osr<p". If s>0, there exists an integer x, uniquely determined 


' [B, (9.2), (d)]. 
* Carmichael, Introduction to the Theory of Groups of Fimis Order, p. 132. 
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mod p*—!, such that semi mod p*"!, (x, p)=1. Then si = (up h =u 
=i where rx=t. uiui = uu] and (uiui | = { (ut4)*} = {ua} where £ 
is uniquely determined mod p*—!. We define the following correspond- 
ence of the cyclic subgroups of G upon those of H 


(7) f({waser}) = {Ua}, 
OM Kup) = {03}. 

The correspondence f is a (1-1) correspondence of the set of cyclic 
subgroups of G upon a subset of the set of cyclic subgroups of H. 
To show that f is a (1-1) correspondence on the whole set of cyclic 
subgroups of H, it is only necessary to show that every cyclic sub- 
group of H has the form {U:U;} or { Ui} where ¢ or r is uniquely 
determined mod p™~1, respectively. 

Every element of H has the unique form UU; where 0Ss<p, 
OSr<p™—. If s>0, there exists an integer x, uniquely determined 
mod p*-!, such that semi mod p*~!, (x, p) =1. Then 


{UU} = {(U2Uy)} 


= l poy ee 


"E lem a 


where r[x+ (sx(x—1)/2)p*-*] is uniquely determined mod p*~!. 
The correspondence f preserves the indices of the cyclic subgroups 
since 


Kium} = fur p = {007} 
by (8), 
fist)? = {Uw}? = {U 


by (7) and (6). 
Since the only non-cyclic subgroups of H are those of the form 
{UP, Us}, OSX <m-—1, by extending f so that 


gene ene = {77,7}, 


(9) a E A 


f becomes an index-preserving projectivity of G upon H. 
Combining the above results with Theorem 1 we have this theorem. 
THEOREM 2. If G ts the prime-power abelian group of odd order p*, 
m>2, and type (m —1, 1) then there exists a projectivtiy f of G upon a 
group H sf, and only sf, other H ts tsomorphic to G or H +s the non- 
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abelian group { Ui, Us} where U, and Us are subject to the sole defining 
relations (5). 


If p=2 it follows from Lemma 2 that if m=3, then H is abelian 
and hence G and H are isomorphic groups. If m>3, it follows from 
Lemma 2 and from known results’? that H is either abelian or the 
non-abelian group {Un Us} where U, and Us are subject to the sole 
defining relations 
ur 


nile 
(10) Yok. Uys, 


Since Baer has shown® that there exists an index-preserving projec- 
tivity of Gupon this non-abelian group we have the following theorem. 


THEOREM 3. If G ts the prime-power abelian group of order 2", m>2, 
and type (m—1, 1) then 

' (a) if m=3, there exists a projectioty f of G upon a group H sf and 

only if G and H are isomorphic groups; 

(b) sf m>3, there exists a projectsouty f of G upon a group H if, and 
only if, esther G and H are isomorphic groups or H ts the non-abeltan 
group { Ui, Us} where Ur and Us are subject to the sole defining rela- 
tions (10). 


UNIVERSITY O¥ WASHINGTON 


¥ Carmichael, loc. cit., p. 133. 
s [B, p. 11]. ' 


SYMMETRIC DIFFERENTIAL EXPRESSIONS 
HENRY J. RIBLET 


1. Introduction. In a recent article,! it is shown that if 


(1), Fu (b), yin 
- (2a ) 


(1) fti "ta Xa) on bD EE 5 i - (x Tı ) 


where x® represents the kth derivative of x, and f(x, ©- , xa) is un- 
changed by all permutations of the variables, then 


} 


Ate CL), And (h) dle 


1 
(2) f(x, ae a Ta) S y 2a Chane Mea | j ‘(a Gi ) ans (ay ) 


where D is the discriminant of x1,---, £a, and Gi *** , âs are the 
elementary symmetric functions or E.S.F.’s. In applications to prob- 
lems involving the differential equations satisfied by algebraic func- 
tions or the algebraic properties of the solutions of algebraic differen- 
tial equations, it is desirable to have some method for passing from 
(1) to (2). The proof of the basic theorem, although constructive, 
gives a method that is prohibitively laborious and will often introduce 
unnecessary powers of D. It is the object of this paper to present an 
‘exhaustion procedure which greatly simplifies the work and obviates 
the latter danger. 


2. Preliminaries. [t is no restriction to limit ourselves to symmetric 
differential functions generated by a single term of (1). Term A of 
such a function will be said to be of higher order than term B if the 
first exponent »;,in A which differs from the corresponding exponent 
»;, in B is the larger. 


THEOREM 1. The exponents of any power product of the derivatives of 
-ihe E.S.F.’s are uniquely determined by the highest order term; and the 
oe vs, of the highest order term satisfy the ii i where 
j=1,---,n-I, 


i 
(3) Po — Poni È Dy Marts 
m=] 


ProorF. It is clear that the highest order term in al CENERE ey el? 
and that the highest order term in 


Presented to the Society, October 28, 1939 under the title Symmetric differential 
expressions and applications; received by the editors January 31, 1942. 

1H. J. Riblet, Algebraic deferential fields, American Journal of Mathematics, vol. 
63 (1941), p. 341. ‘ 
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1 


Asi Ae, CIDA (h), Aba 

Gy +++ Oa (a; ) >>- (a ) 
is l 

> roe, (1) (k), yin 

ey ee (x; Doe hue) 


where we have r, =A; for ¢ greater than zero and otherwise 
ror = dort DL he 
t,f>i 
Now 


Yor — Poti = Aor + 2; M — (or + 2 Me) 
a,7>4 f i j> l+1i 


(4) K : 
= Nort Dy Mater = Dor t Dy Paty 
que $ =] 


and since Xorg 0 condition (3) is certainly satisfied. Moreover, if it 
ig satisfied, the equations r, =A,;, for s greater than one and (4) other- 
wise determine all the \’s uniquely. 


3. The procedure. We now consider the possibility of finding ex- 
pression (2) by subtracting from f(x, +--+ , xa) a suitable multiple of 
that power product of the derivatives of the E.S.F.’s which its highest 
order term defines, by Theorem’ 1; and then proceeding in a similar 
manner with the resulting function. 


THEOREM 2. A necessary and suffictent condsison that (1) be expressi- 
ble as a rattonal integral funciton of the E.S.F.’s and thetr dersvatives 
4s that the highest order term of each function obtained by successively 
eliminating highest order terms satisfy condition (3). 


Proof. From Theorem 1 it follows that condition (3) is certainly 
necessary. Sufficiency also follows from this theorem if we may be 
assured that there are only a finite number of terms lower than the 
original highest order term. This follows from the fact that in each 
term which occurs ) tru =) u= M, a fixed quantity. 

If the conditions of Theorem 2 are not satisfied, we will encounter a 
symmetric differential function fe whose highest order term does not 
satiafy condition (3). The highest order term of D is 2° -4xy"* - - - 23. 
It is clear that multiplication of fs by a sufficiently high power ps of D 
will give a function whose highest order term satisfies condition (3). 
Thus we can continue as before hoping that the process will terminate. 


THROREM 3. The exhaustion procedure terminates and when it does t 
gives the minimum power of D for which an expression of the form of (2) 
exists. 
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Proor. Let p be the smallest power of D for which an expression 
of the form (2) exists, and suppose that in the exhaustion process we 
have reached a point so that 


fy fs fpf 
QO: Jasa + teen 


where f: denotes a rational integral function of the E.S.F.'s and their 
derivatives, 2, and b, the highest order term of f;, does not 
satisfy condition (3). If we replace f(m1,---, x.) by its equivalent 
as given by equation (2) and multiply both sides of the result by D»,, 
we obtain an expression for f; as a rational, integral function of the 
E.S.F.’s and their derivatives. This however contradicts Theorem 1 
unless b, =0 and this implies that f; =s0 which in turn proves the first 
assertion. Now if p,>p, we can immediately prove that D divides f, 
considered as a function of the E.S.F.’s and their derivatives, This 
completes the proof of the theorem. 

As a corollary of Theorem 2 and as an example of the fact that the 
power of D occurring in the denominator of (2) may be less, for an 
extensive class of functions, than might be expected from the original 
construction, we prove this theorem :` 





; 


THEOREM 4. An integral rattonal symmetric differential expression 
which +s linear in sts dtfferentsaied terms may be expressed as an integral 
rational funcion of the E.S.F.'s and thetr first dertoaiwes. 


Proor. It is clear that the theorem is proved, if we can show its 
truth for the symmetric function generated by the term 


: > e'a l 
imi 
Now the highest order term for any such differential expression satis- 
fies condition (3), for, if not, a,.12a; and simply by interchanging x, 
and x;.,; we could obtain a term of higher order. Thus our result fol- 
lows directly from Theorem 2. 


Horstrra COLLEGE 


NON-INVOLUTORIAL SPACE TRANSFORMATIONS 
ASSOCIATED WITH A LINEAR CONGRUENCE 


M. L. VEST 


i. Introduction. Vogt! has studied, using synthetic methods, the 
space transformations associated with a linear congruence and with 
a bundle of lines. In the present paper the non-involutorial transfor- 
mations associated with these configurations are found analytically, 
and by an entirely different geometric process. It will be shown that 
the general transformation associated with a linear congruence so ob- 
tained differs from that of Vogt in one important respect, having one 
more fundamental curve in each of the projectively related spaces. 
The transformations in the planes containing the directrices of the 
congruence are also shown. 

Given the directrices r and s of the congruence and two projec- 
tive pencils of surfaces 


| Fasal + TS" Cem uta +l 
and 
| Farta] : dal ball EE Ue 


Through a generic point P(y) there passes a single F of | F|. The 
unique line # of the congruence through P(y) meets the associated F” 
of | F| in one residual point P’(x), the image of P(y) under the trans- 
formation thus defined. The residual base curves of | F| and | F’|, 
other than r and s, have been denoted by g and g’, respectively. 
Through a point O, on g’ there is a unique line #’ of the congruence, 
this line lying upon one surface of | F’|. The associated surface of | F| 
meets t’ in a point P which generates a curve g. Similarly, beginning 
with.a point O, on g, a point P’ generating a curve #’ is found. It 
will be shown that r, s, g, g’, @, #’ are fundamental curves of the 
transformation. 


2. Equations of the transformation. Let us take the equations of 
the directrices r and $, respectively, as 


(1) xı = n = Q, tı = x, = 0, 
and the pencils of surfaces 


(2)  |Fmm ee U-AT=0, |For] = U' — ad’ =0 
Received by the editors January 24, 1942. 
1 Vogt, Zenirale und windschisfs Rasum-Verwandisckafien, Jahresbericht der 
Schlesischen Gesellschaft fir Vaterlanddische Kultur, class 84, 1906, pp. 8-16. 
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where 
m,a m,“ 
U minti = 2; 4;0a(C,.2), U tnt = 2 Rbal), 
f, kon D 7, he) 
m,r’ m'a’ 
7 i? ? tf #7? ? 
Ow tat = 2 HaCaT), U mtata = 2, 42 ,Dy(C aX), 
J, doom D J, krd 
m x 
t m—t {f s—i 
H, = hiTTir , Vh = Ds batita , 
pour) tom 
(3) = t mod : + a—t 
#, = > atita , %, = D5 batita , 
tam tant} 
m’ a! 
7 , 3 wi ? , d wl 
#, = Gaiti ’ D = > by. xax, 3 
town () pæl) 
m’ ; a’ 
t t m’ 7 7, 1 R 
B; = ` Gtit , $, = >, butste , 
towel) fowl) 
(cnz) = Cık, 1% + Cik 32 T Cik ata + Cih f4, 
and go on. 


Through a generic point P(y) there is an F of | F| with parameter 
A= U(y)/U(y) and to this corresponds the F” having equation 


(4) UDU — U' (x) U(y) = 0. 


The unique line ¢ of the congruence passing through P(y) intersects 
the surface (4) in the point P’ having coordinates 


ox, = Ryi + Kyi = Sy 


zi cxi = Rys + Ky: = Sys 
(5) T mimant +3 
: ` CIT; = Ry; 
oxy = Ry, 
where 


K pm tetal tt = UY’ U =U Ue, R mymwtntn’ ta = UW’ "T UW, 


(6) W miia ome 2 w,0a(C3148), Wawin = 2: 02(2 28), 
f, Lewd) 7, hml 


(cjg) = Cir, 191 F Cyn,2¥2- 


Equations (5) are those of the inverse transformation. 


In a similar manner the equations of the direct transformation are 
found to be 
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oyi = R' zı + K'x = Sx 


oya = R'x, + K'z = St 
(7) T mimpas: j 
oyi 7 R T3 


TY = R’ x4 
where 
| Ore = UT’ = Vu’ = — K, Riis aie = UW = UW, 
(8) : 


W minti = 2; $60 u(Cpa5), Watti = 2 Rñ, (C 18). 
J , domo) j, kmað 


3. Images of fundamental curves. The transformations T and T 
‘applied to an F’ and F of | F’| and | F|, respectively, give 


(9) U' ~ (TO) 0S" RG, U ~ (T) U'S'*R"G 
where ‘ 
Gam’9n' 42 = UW — UW : E ATE = UW wn UW, 


Smem = UM — UM", Sanin = UM —U'M, 


EE = w’ T y’ io > Udal Caa), 
$, boon 


(10) - Memmi W- UI 2, Helenu), 
Hary W -U 5 BDEW), 
? , dem) ey 

M minti =W -U= > R slaw), 
(cw) = Cik 3E F yy sXe. ca 
Here U and U’ are the corresponding surfaces of | F| and | F’| and 
g’~(T-YG, s’~(T-)S, g~(T1)G’, s~(T)S". Similarly, 
K’ ~ (T-X K’R™"S™ © GC’, K ~ (T)KR tS! * GG’, 
Kl ~ (VK RS GG’, K ~ (T)KR™"S™*©GG’", 
G! ~ (TDS HL RIHG, G ~ (T)S IHR WHG, 
G my (T)S IAR G, G ~ (TY) SIV HRI HG, 
R ~ (TS ttl Rte", R ~ (TJS Pm HR GG, 
R' ~ (T)S' wR +a [R — K'(W'W — W'W)], 

R ~ (TYS wR w [RI — K(W'W — W'W)], 
S ~ (TDS mw RIH HIGG", S ~ (T) S+ w Rote +1GG", 
S ~ (T)S w RHS RS + KW — W'M)), 

S ~ (TYS RH RS + K(WH' — WM’). 


(11) 
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Through a point O, on r there is a pencil of transversals through s. 
Each direction in this pencil determines an F” and the associated F 
cuts the line in one residual point. The locus of such pointa is a plane 
curve c which generates the surface R, image of r. The order of c, de- 
termined by the intersection of R and a homaloidal surface, is 
n+n’+1. Similarly, taking a point O, on s, we find a plane curve k 
of order m-+m’-+1 generating the surface S, image of s. 

Through a point Oy on g’ there is a unique line żŁ of the congruence, 
but every F of | F| is associated with Op, hence O,~(T—)i. The 
ruled surface G generated by # is the image of g’ under 7-1. Further- 
more, every point P’ of the transversal determines the same F” and t 
meets the associated F in one point P so that P~(T)t. The locus of 
points P is the curve # and g~(T)G. The order of 7, determined by the 
intersection of two homaloidal surfaces, is 2m’n’/+2mn'+2m’n-+m 
+3! -+-n+3n'+3. In a similar manner we find a curve 2’ of order 
2mn-+- 2mn’ + 2m'n-+ 3m-+m'+3n-+n’+3 such that 2’~(T-)G’. 

We can now write the following correspondences: 


r~ (TR: swt ey, r~ (TOR: sorte’ tiste ga, 
s~ (T)S': gate’ petal tly! gt (T-S: gmim prte tiop, 
e~ (TX: gtwtlptatl, 2 g ~ (TYG: stm’ tly tlag, 

7?’ bats (T-YG’: 3? mt lytatl oy p~ (TG: sIm tirta +13 9! | 


4. Invariant and homaloidal surfaces. The eliminant of the param- 
ter from | F| and | F’| is the pointwise invariant surface K. Generic 
planes subjected to the transformations give | 


wom (d'z) ~ (T)R(A’y) + K(A'2) = btm pute’ tas 
x = (Ay) ~ (T)R'(Ax) + K'(As) = bape patna 
where the @’s are homaloidal surfaces of the transformation. Further, 
$ ~ (T)(A’a)S! atm HLR E EIGG', 
$ ~ (T) (Ay) Snt + R+ HGG, 
hence the homaloidal webs are 


co 3 | $ | T aa collie as <5 o? | ¢’ | Ngee s a . 


(12) 


The intersection of two homaloidal surfaces gives the homaloidal net 


1 3 2 2 ~ 
H m [oo |: get mae a tte tly tee Ha ttt IA tlh ag, 
l haf], a t 1 , 4 ILa? t f} 
H' «a lp $ ]:s™ +E we tt len tnn Ha tit te +1 9/5! anaia: 


We now write the additional correspondences: 


k 
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g ~a (T)¢’: gmtmtlystal tl gle g ~ (To: t ioii iiai 
K ~~ (T)K’: smtelente! oe pp, K’ ~~ (TK: smtm patu’ ge! Be, 
The jacobian of the transformation is J=RGG’S. 


(13) 


5. Tangency along r and s. The projectivity xi = y1, %4 = Vs, Xs = ÈY3, 
X4=V3-+4, is applied to the fundamental surfaces of the transforma- 
tion and an examination of the coefficients of the highest powers of x; 
shows K and S to have 


m’ rn! 


Daw $ ui ( >, butt) (kena + ca) 
j, k0 at 
292 a,( 2 bk) (kës, + Syn) 
hound) 1) 
—- 2» u,( > bakt) (kerra + Cpa) 
, damn tot} 
> u( È >P biak ) (kës + End) = 0 


f, h0 


as common tangent surface along r. D is also a common tangent sur- 
face to K’ and S’ along r. A similar process shows 


m'a’ 


Enp =E Za( = at) (kcr, + én) 
p= 


J, dom 0 


: 5 a( >, 24") (kč + Čas) 
t(j 


f, k=O 


gä È a( Dy oui) (kca + Cy) 
$: hml tat) 


m’ nl 


xi ( 2 a.) (kena + eps) = 0 
tof) 


7, tm 
to be common tangent surface to K, K’, Rand R’ along s. 


6. Intersection table. Referring to (12), (13), and §5 we can now 
write the following intersection table. 
aoe suite at pal Hina taha gg 
‘G' |: siminmi mim tly tel tanta taal gs y se eid ee ee 
- ¢'|: setae ttle aan Hada e iry 
[R'E]: 


gt Hamm Hahm pa Hn m'ta tiatn’) to'g 
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2 : 2 Fide 
[S’G’]: stl et et tnt tan inte Hes Er ia 
(S'¢’ |: pt ltt pa a tan pie ta tl Oe PETE 
[S rj; grimm tm mhn) pa ta tanha’ of 

4 2 ‘on 
[G'g]: stm tie! mimt ep lp te Hina’ +teteltle/] A ee oe Pe 
IG’ K’): stmt wet mt! ptn Hattan Ha’ g 


[o’K' | . gee mt teeta Haaa tata! IBC, PRENAR P 


7. The Taa in a plane through r. A plane w sx, = dx, cuts the 
surfaces of | F| and | F’| in residual pencils of curves 


(14) | fat | Œ u — pa = 0, | fagi] =u ~ ut = 0 
where 
m,n mR A 
Mei = > Y wlas), hati = 2 ¥ 01 (G42), 
7, Law) j, »—0 
t all Pt, ? ? gE a Pe 
Hal = bD Y wlat), Bayi = 2 Ywl Ca), 
$, dem G 4, dome 
™ be ” ; m’ : z; m’ ; 
p= Dad, $= Dads v= Dead, vy = Do Gd, 
mG fam G 4—0 pap 
(15) 
S + at = = i ac 
oO, = > bita , ay = Z AER? ; 
1m Í i) 
d pod on ? = t a’ 
Wp = > btta , Or = > AEAN ; 
Tl) —ĝ 


(a1) ma (44,18 + AOE? + Œk, 33 -+ Arh, Aes 


The second directrix s cuts x in the point P: (6, 1, 0, 0) which is 
an #-fold point on the curves of |f | and an »’-fold point on the curves 
of f . Through a generic point P(y) of + passes an f of f having 
parameter u =u(y)/(y) and to this corresponds the f’ of if having 
equation 


(16) 1'(x)@(y) — @(x)e(y) = 0. 

The unique transversal : through P(y) and P meets (16) in a point 
P'(x), image of P(y) under the transformation. The inverse transfor- 
mation is thus 

(17) Thaya =O tn, t= oy | = OM, 


where 


1 
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t 


” 


Katay = -w'a — R's Oaa ti = “aw — Rw’, 
(18) Wp = > y (78), Dy = 2 Y jc (G 8), 
f, kaw 


(djs) = agd + ar 
while the direct transformation is 
(19) Tews: Y3 = ta Ht r, Ys = 0x3, TU 
where 
K = — K, ERE = uw _ a w, 
OO Evelens), = 3 Faslans. 
1 bt {fom 


The curve x is pointwise invariant under the transformations. 
The application of the transformation and its inverse gives 


(21) s(a) ~ (T-a wy, u(y) ~ (To! "w Y’, 

where Y1941 =D —2'w’, Yapi =u — Rw, and, furthermore, 
K ~ (T Yro yy’, k~ (To'rt yy, 
K ~ (Te yy, k~ (Tory, 
Y ~ (T Yay, y ~ (T), 
Y~ (Demy, y ~ (Totty, 
d ~ (T Yoy, em~ (Doy, 


a ~ (Tjo [dt + (wD — ww')], 
o~ (Tor [ot + (ww — ww) j. 


` The base points of the pencil |f are P and 2n+1 other points 


Ty, Is, +, Isni while those of | fy are P and I7, T¥,--+, Toray 
We deans the lines Pri, PIs +--+, PY sng. a8 Yi, Vistes Vanes 
and PTY, PTS, ---, Pl ivs1 as Yi Ys, °° s Yawri The curves y and y’ 
in (21) consist of the lines Yr Ya. * * >) Yp and yr j Ys erty Vani) re- 


spectively. Itis easily seen that I.~(T)yi, T? ~(T ya yt ~ (7-57, 
w~ (TTY. 

Moreover, there is a ee f of | F| consisting of the lines yi 
and an #-ic through Ts, Ta --- , Tanp P, the latter being an (#—1)- 
fold point on the #-ic. The #-ic intersects y/ in another point Py. 
Then P(T and I'/~(T—)y/. Similarly, we can find points 
Ty,- ++, Tyan Tu eee, Manga such that T ~(T—)y/ and T, ~(TYyy:. 


aw 
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We can now write the following correspondences: 


Pw (Tp: PHTI- Dawl +> Paves, 
r: ~ (Tr: PIT, 
T: ~ (T)y,: PLI, 
ko (T): PT Panel) Tascgals ia Faaali <5) sea 
When the transformations are applied to a generic line we get 
N m (Ax) ~ (TO )o(Ay) + cds = papa's 
hm (Ay) ~ (T)o (Ax) + K'Aa = putn'tt 
p ~ (TA yent tyy, o ~ (TO) (4 x)ert tyy’ 
and the holaloidal nets are therefore 
œ? | $l , Prw Hipj Tiai sale Ta 
of] o |: PHD o Diwali > - Panes 
The translation x3=x*; +1, x;=x;, %=x{ is applied to the funda- 


mental curves of the transformation and e’ and x’ are found to have 
the curve 


m’, R’ 


hin m Y Yow lapid Hana D Yöllä + éna) 
Aii 1, hð i 
— P yo (and + anad D yolan + anra) = 0 
j. k= 1: bmt) 


as common tangent at the point P. 
The jacobian is ¢*yy’. 
The intersection table is as follows 


lp p |; Patten teeta tie. DD Meqg al 
(the hamaloidal web) 
lo y|: Prw T, [y |: PHTI, [ye |: Paty’ 
ok |: Pttan tet (ata tp)... Pool: Aen Tai 
[og J: Prttestta tere pi... Pien te Peed 
[xp |: Praa Hate Pl... Diw al spe Le rer 


As the plane x generates the pencil on r the Ta+a4s generates the 
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space Tm4m’+a+n’43 Whose equations may be obtained from (17) and 
(19) by replacing u, #, u’, 2’, w, w, w’, ©’, (az) and å by U, U, U’, V’, 
W, W, W', W’, (cs) and x1/x4, respectively. 

When the surfaces are cut by a plane wr’ sx,= ex, through s a simi- 
lar plane transformation of order m-++m’+2 is found. 


8. The transformation associated with a special linear congruence. 
If we take the directrices r and s of the congruence as 


(22) 4, = 4 = 0, t= t = 0, 


respectively, and pencils of surfaces F and F’ as in (2) and (3) where 
u=) i Axe, Ue) obag and similarly for @,, u/, and so 
on, the equations of the inverse transformation obtained by the pres- 
ent technique are 


pas | 
(23) Tæma: 41 = Ry, t= Rys m = Rys t+ K, xy = Ry 
where K mim ttn = U'U — UU’, Rape tape = UW’ — UW", 


m'n’ m’, n’ 
7 


Waa = D 450 (Cha), Worse = P, Rila). | 
J, dn} 1, hmm) 


Such transformations are well known so that no discussion will be 
given. 


9. Discussion. Vogt, in his general skew transformation, finds three 
fundamental curves and their images in each space. These he desig- 
nates as fı, £3; h, h, Ri, R; having images Yt, Yis da, Ài, P, P, Trespec- 
tively. Of these fı, gs, h, h, ‘Ys, Yo As, M, correspond tor, r, 3,5, R’, R, 
S’, Sof the present paper. However, Ri, Rs, p, p, are replaced by 
g, 2; 2’, &; G', G; G, G', respectively. The sums of the orders of g 
and #, g’ and 2’, G and G’ are equal to the orders of Ri, Rs, and p, 
respectively, as given by Vogt. 

The properties of the transformation in §8 are the same as those 
of the “central” transformation which he describes. 

Quadratic transformations associated with a linear congruence may 
of course be gotten from those of the present paper by taking | F | 
and | F’| as pencils of planes, that is, making m=n=0, in the plane 
transformations of §7 and the space transformation of §8. 


WEST VIRGINIA UNTVERSITY 


THE MEASURE OF THE CRITICAL VALUES OF 
DIFFERENTIABLE MAPS 


ARTHUR SARD 
1. Introduction. Consider the map 
(1.1) a i cee a eee as J=1,2,::,%, 


of a region R of euclidean m-space into part of euclidean n-space. Sup- 
pose that each function f/ (j=1, ---, #) is of class Ct in R (q1). 
A critecal potnt of the map (1.1) is a point in R at which the matrix 
of first derivatives M=|| A|| (¢=1,---, m;j=1,+--, n) is of less 
than maximum rank. The rank of a critical point x is the rank of M 
at x. A critical value is the image under (1.1) of a critical point. If 
n=1, these definitions are the usual definitions of critical point and 
value of a continuously differentiable function. 

We prove the following result: If m Sn, the set of crsiscal values of 
the map (1.1) 4s of m-dimenstonal measure’ sero without further hy- 
pothesis on g; tf m>n, the set of critical values of the map (1.1) ts of 
n-dimensional measure sero providing that g2m—n-+1. Using an ex- 
ample due to Hassler Whitney? we show that the hypothesis on q 
cannot be weakened. We prove also that the critical values of (1.1) 
corresponding to critical points of rank zero constitute a set of (m/q)- 
dimensional measure zero. 

The idea of considering the measure of the set of critical values of 
one function or of several functions is due to Marston Moree. 

The first result stated above reduces, if s=1, to the known theo- 
rem: The critical values of a function of m variables of class C™ con- 
atitute a set of linear measure zero. A. P. Morse‘ has given a proof of 
this theorem for all m. In the present paper we make use of one of 
A. P. Morse’s results. 


Presented to the Society, January 1, 1941 under the title Ths measure of the critical 
values of dsfferentiahle maps of exnckidean spaces; received by the editors February 9, 
1942, 

1 A function is of class C't if all its partial derivatives of order q exist and are con- 
tinuous. 

3 In the sense of Hausdorff-Saks, The definition is given in §2. 

7H. Whitney, A function noi constant om a connected set of critical points, Duke 
Mathematical Journal, vol. 1 (1935), pp. 514-517. 

1 A. P. Morse, The behaviour of a funciton on tts critical set, Annals of Mathematics, 
(2), voL 40 (1939), pp. 62-70. Proofs for the cases m = 1,2, 3 had previously been given 
by M. Morse and for the cases m m 4, 5, 6 by M. Morse and the author in unpublished 
papers. È 
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In a study of functional dependence,’ A. B. Brown has shown that 
the set of critical values of (1.1) corresponding to a closed bounded 
set of critical points is nowhere dense providing that g satisfies certain 
conditions. The theorems of the present paper imply this particular 
result. 


2. s-dimensional measure. Given a set A and positive quantities $ 
and æ. Denote the diameter of A by 8(A). Let { Ai, As- } bea 
covering of A by sets of diameter less than a; and let L,(A; æ) be the 
greatest lower bound of the sums > 4[8(A,) |’ for all such coverings. 
The s-dtmenstonal outer measure of A is 


(2.1) L(A) = c, lim L4; a),  ¢ = YLT [s + 2)/2], 


where c, is, for integral s, the s-dimensional volume of a sphere of 
unit diameter in s-space.® l 

We shall say that A is an s-null set if L,(A)=0. The value of c, in 
(2.1) is immaterial to this paper as we are concerned with the nullity 
of sets. An s-null set is a fortiori an (s+p)-null set (p positive). L,(A) 
is a regular Carathéodory measure. In n-space L,(A)= | A |, where 
| A| is the outer Lebesgue measure of A.’ 


3. Critical points of positive rank: change of variables. Consider a 
critical point x of rank r>0. Suppose (without real loss of generality) 


that the determinant A = | ff] (c,d=1,---, r) is not zero at xs. Con- 
sider the change of variables from x to u defined by the equations 
(3.1) t= fix), s = at, det,---,rig=l-+- mar. 


Let #o be the image of x, under (3.1); and let J be the Jacobian matrix 
of (3.1). Since | J =A x0 at xo, the inverse of (3.1) 


xt = p(w), t= i,-+-+,m, 


exists and is of class C¢ near uo. In terms of the new variables u the 
map (1.1) is 


(3.2) eee, d=1 r, 
(3.3) yr m frthlo(n) | =z Ne), h = i, oe I goles Tas 
Let Dt’ be the functional matrix | Fi] (@=1,-+-+,msj=1,---, n). 


t A.B. Brown, Functional dependence, Transactions of this Society, vol. 38 (1935), 
pp. 379-394. 

tF. Hausdorff, Dimension und dusseres Mass, Mathematische Annalen, vol. 79 
(1919), pp. 157-179. S. Saks, Theory of the Integral, Warsaw, 1937, pp. 53-54. 

1 We make use of this fact for the case | A| =0 oaly. 
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Then Dt=M’J and therefore M and M’ have the same rank since 
| | 0. Hence we may consider (3.2, 3.3) near uo instead of (1.1) near 
xo without changing ether criiscal values or ranks of critscal potnts. 


4, Case I: msn. We prove Theorem 4.1. 


THEOREM 4.1. The crstical values of the map (1.1) constitute an m-null 
sdif masan. 


Proor. We consider first the set A of critical points of rank zero. 
We shall show that there is a neighborhood N of each point of A such 
that f(NA), the image of NA under (1.1), is an m-null set. As'A can 
be covered by denumerably many such neighborhoods N it will fol- 
low that f(4) is an m-null set. 

Let N be an open m-cube® whose closure is in R. Suppose that x 1s 
a point of NA and xsisa point of N. Let y=f(x.) (e=1, 2). Then by 
the mean value theorem, 


(4.2) ya — y= Ve — a), J=1, ‘A, 
omni 
where (0 as x32}. 

Let C(y) be a closed m-cube of side y. It follows from (4.2) applied 
twice and the triangle inequality that if C(y) contains a point of A, 
then 8{f[NC(y)]} S2m%y and 8{f[NC(y)]}"S(2m%)=| C)|, 
where { is the least upper bound of the functions | {| for all x, in NA, 
x, in N such that |a Sy (#=1,---+, m; j=1,:--, n). Then 
f—0 with y. 

Therefore given a>0O and ¢>0, there exists a G>O such that if 
C(y) contains a point of A, y <G implies that 


(4.3) INCM] <a, af f[NC(y)]} = < ———|C() |. 


SINITA 77 +1 
Consider the set of all cubes C(y) centered at points of NA and 
such that y<G. By a theorem related to Vitali’s covering theorem,’ 


there exists a sequence { Ci, Ca, - + + } of cubes of this set which covers 
all of NA and is such that 


3 By a cube we mean a cube with sides parallel to the axes, 

' Hans Rademacher, Hinsindeutige Abbildung und Messbarkett, Monatshefte for 
Mathematik und Physik, vol. 27 (1916), Theorem II, p. 190, with “circles centered 
at P” replaced by “squares centered at P.” It is not necessary to use the theorem re- 
lated to Vitali’s covering theorem. One may instead consider a network of cubes; or 
one may give a proof like A. P. Moree’s proof of his Theorem 4.3 (loc. cit., pp. 68-69). 


This remark applies also to our later applications of the theorem related to Vitali’s _ 


covering theorem. The author is indebted to A. P. Morse for his having suggested the 
applicability of Vitali’s covering theorem. 
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The sequence {f(NC.)} covers f(NA). Let 6, be the diameter of 
f(NC.). Then (4.3) and (4.4) imply that 6,<a@ (k=1, 2,+--+) and 


6 Cy! S 
uo < ES a | e. 


Hence f(A) is an m-null set. This completes the first part of the 
proof. 

We consider now the set B of critical points of rank r, where r is 
any positive integer less than m. To prove that f(B) is an m-null set 
we shall show that there is a neighborhood N of each point of B such 
that f(NB) is an m-null set. 

‘Consider a point xo of B. Introduce the change of variables of §3 
and consider the map (3.2, 3.3) in a closed cube K centered at to. 
Let D be the set of critical points of (3.2, 3.3) of rank rin K. 

Suppose that # is a point of D and uis a point of K. Let y= F(u,) 
(e=1, 2). Then by the mean value theorem, 


d d ü d 
Yr — Yı = Ma — th, d= 1,7, 
4.5) ; 
l i - Xr” (u) (us — w1) + 2 a (ms — 141), 
h=1,:-+-,n—y,, 
where (17-0 as urt. 
Let C(y) be a closed cube of side y in the space (#1, -< , #™); and 
let IL(y) be the projection of C(y) on the space (u!,--+,u"). Let p be 


a positive integer. Divide II (y) by bisections into 2°? congruent closed 
r-cubes each of side y/2?. Each such subcube is the projection of a 
strip of C(y) in which u!,---, u” may change by at most y/2” and 
urti.-.-, 4" may change by at most Yy. . 

Consider any strip S that contains a point of D. Let u, and us be 
any two points of S and let y,=F(u,) (e=1, 2). Then (4.5) applied | 
twice implies that 


d 
= a] S012? @=1,: -,7, 
ee | T | S 2rUy/2” + mey, h=1,:-+-,n-¥F, 


where U is the least upper bound of the functions | Fo**(4)| for all u 
in K and ¢ is the least upper bound of the functions |t{**| for all 
ee nain K such that i- u| sy (c=l,---,rj;h=l,+--,n—r; 
#=1,--++,m). Then [-0 with y. 


ly 
(4.6) Pa 
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Let 6 be the diameter of F(.S). The triangle inequality and (4.6) 
imply that 
(4.7) è s (V/2? + Wty, 
where V=r-+(n—r)2rU and W =(n—r)2m. V and W are constants, 


and Ver2,1. 
Let a and e be given, a>0, 1>e>0. Put 


(4.8) n= e/(| K| + 1). 

There exists a number G, 

(4.9) 0<G<a/V+1), 

such that y <G implies that 

(4.10) Wr < nin (4y) r2 < 1. 

Let p be the positive integer determined by the relation 

(4.11) QV(AV) (mgt er) < 2? S AV (AV) T/C Hl r), 


(Note that the first member of (4.11) is greater than 1, as it should 
be.) 

Then y <G implies that å <æ by (4.7), (4.9) and (4.10), since 2">1; 
and y <G also implies that 


| (4. 12) p nt! eoD (AV yori mr) y 


by (4.7), the first half of (4.11) and (4.10). Now consider all strips S 
containing points of D. There are at most 2°” such strips; for these 


(4.13) Dia" < maoy jareya Sony® = | C(y) |, 


by (4.12) and the second half of (4.11). Thus y <G implies that there 
are sets covering F|DC(y) | each of whose diameters is less than a and 
the sum of the mth powers of whose diameters is less than nl Cty) | . 

Consider the set of all cubes C(y) centered at points of D and such 
that y <G. As before, a sequence { Cy} of these cubes covers D and is 
such that 


(4.14) Ell s|K| +1. 


Then the covering of F(D) consisting of all the coverings of the sets 
F(DC,) is a covering by sets each of whose diameters is less than a 
and the sum of the mth powers of whose diameters is less than 
12a] C,| Se, by (4.13), (4.8) and (4.14). Hence F(D) is an m-null set. 

Let N be the inverse image under (3.1) of the interior of K. Then N 
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is a neighborhood of x». Further f( VB) is contained in F(D) and is 
therefore an m-null set. This completes the proof of Theorem 4.1. 


5. A. P. Morse’s theorem. We state the following theorem, due to 
A. P. Morse.!° 


THEOREM 5.1. Given a positive integer q and a set A in the space of 
the variables x. There exists a sequence Ao, Ai, Aa, -+ - of sets with the 
following properties: (i) A= > fo Aw, (ii) Ao ts denumerable, (iii) As 
(kR=1,2,--+) 4s bounded, (iv) sf g(x) ts any function of class Ct whose 
creitcal set includes A and sf x, and x, are points of Ax, then 


(xa) — g(21) 
| z3 — ai | 
6. Critical points of rank zero. We prove Theorem 6.1. 


THEOREM 6.1. Let A be the set of critscal points of rank sero of the 
map (1.1). Then f(A) is an s-null set tf sem/q. 


ProoF. Decompose A into the subsets of Theorem 6.1. Then f(A.) 
is denumerable and hence is an s-null set. We shall prove that f(A,) 
is an s-null set (k=1, 2,--- ). It will follow that f(4) is an s-null set. 

Consider a non-empty Á» (k fixed and positive). For simplicity put 
BA,. Given a>0 and e>0. Given a point x of B. Let Cly) be the 
closed cube of side y centered at x. By continuity and Theorem 5.1 
there is a positive G, <1 such that y <G, implies that 


(6.2) SCM] <a 


and 


(6.3) | f(x) — Ja) | < 


lim = 0, k= 1,2,-- 


el/s2e-1 


méen(| B| + 1) 
whenever x, is in BC(y). Now by the triangle inequality [xix] 
Smy/2if xıisin BC(y). Hence (6.3) twice and the triangle inequality 
impiy that 


5{f[BC(y)]} <2 


and therefore 
(6.4) af f[BC(y)]}* < eve] B] + 1), 
providing that y <G,. 


1$ Loc. cit, Theorem 4.2. By denumerable we mean denumerably infinite or finite. 
The sets Ay (k= 1, 2, <- » ) are condensed; however we do not make use of this prop- 
erty. The symbol |z1—s:| denotes the distance between x, and zs. 


| a1 — zif, J= 1,2, 


el/1) e1 (= j- elt /y' 
m| B| +12 E (| Bl +u” 
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Consider the set of all cubes C(y), Y <Gu, centered at points x of B. 
As before, a sequence {Cy} of these cubes covers B and is such that 


(6.5) lal s| Bl +1. 


Let y, be the side of Ca (k = 1, 2, 
The sequence {f(BC,)} covers f(B). Turbe 5[f(BCi) |] <a by (6.2); 
and 


EBC] < «Sl vr B| +1) sele] 3 +1) se 


by (6.4) and (6.5), since ya S 1 by construction, gs 2m by hypothesis 
and | Ca! =y; (k=1,2,---+). Hence f(B) is an s-null set. 


7. Case II: m>n. We prove Theorems 7.1 and 7.2. 


THEOREM 7.1. Let A be the set of crsttcal points of rank r of the map 
(1.1). Then f(A) is an n-null sa tf q2 (m —r)/(n—r), m>n. 


Proor. If r=0 the theorem reduces to Theorem 6.1 with s=n. 

Suppose that 0<r <n. To prove that f(A) is an #-null set we shall 
show that there is a neighborhood N of each point of A such that 
f(NA) is an #-null set. l 

Consider a point x» of A. Introduce the change of variables of §3 
and consider the map (3.2, 3.3) in a closed neighborhood Ñ of so. 
Regard w!, - - - , 4" as parameters for each permissible set of values of 
which (3.3) defines a map of the (m—r)-space (u’t!, --- , u™) into the 
(n—r)-space (y"tl,---, y”). For each (#!,---, w”) let M* be the 
functional matrix of (3.3). Then WM’ is of rank r if and only if Dt* is of 
rank zero. 


Thus if (#1, +--+, #™) is a critical point of (3.2, 3.3) of rank r, then 
(ut, -< , u™) is a critical point of (3.3) of rank zero for the values 
ui,---+, u" of the parameters. But for each set of values of the param- 


eters, the critical points of (3.3) of rank zero map into an (*~—r)-null 
set, by Theorem 6.1 and hypothesis. 

Let B be the set of critical points of (3.2, 3.3) of rank rin Ñ. The 
cross-section of F(B) for each (y}, -- - , y”) is thus an (#—r)-null set. 
Further F(B) is closed and therefore measurable. Hence F(B) is an 
n-null set by the theorem of Fubini. 


THEOREM 7.2. If m>n the cratscal values of the map (1.1) conststute 
an n-null set providing that q2m—n+1. 


Proor. Apply Theorem 7.1 with r=0, 1,--++,2#-—1. For these val- 
ues of r, m—n+1 2 (m-—-r)/(n—r). 
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8. The hypothesis on g in Theorem 7.2 cannot be weakened. Let 
W(x},---+, 2x) be a function of t variables, x1,---, x‘, of class Ct, 
which takes on every value from 0 to 1 on a Jordan arc of critical 
points (t = 2). H. Whitney has constructed such a function.!! Consider 
the map ; 


(8.1) yl sss W(x}, rey meth) ys pa garie 
a=2, 3 nmo n” 
in the unit cube. The map (8.1) is of class C*-*, but the critical values 


of (8.1) do not constitute an n-null set. Indeed the set of critical 
values of (8.1) is the unit cube and is thus of n-dimensional measure 1. 


QUEENS COLLEGE 


u Loc, cit. 
1t If q1, (8.1) is to consist of the equation for y! only. 


THE RADICAL OF A NON-ASSOCIATIVE ALGEBRA 
A. A. ALBERT 


1. Introduction. An algebra A is said to be nilpotent of index r if 
every product of r quantities of A is zero, and is said to be a zero 
algebra if it is nilpotent of index two. It is said to be simple if it is not 
a zero algebra and its only nonzero (two-sided) ideal is itself, and is 
said to be semi-simple if it is a direct sum of simple algebras. 

The radical of an associative algebra X is a nilpotent ideal N of A 
which is maximal in the strong sense in that it contains?! all nilpotent 
ideals of A. No such ideal exists in an arbitrary non-associative alge- 
bra, and so the radical of such an algebra has never? been defined. 
However the property that &— Yt be semi-simple is really the vital one 
and we shall define the concept of radical here by proving thistheorem. 


THEOREM 1. Every algebra A which ts homomorphic to a semi-simple 
algebra has an ideal N, which we shall call the radical of A, such that 
A—N is semi-simple, N is contained in every ideal B of N for which 
A —B is semi-simple. 


The hypothesis that @ shall be homomorphic to a semi-simple alge- 
bra is equivalent to the property that there shall exist an ideal B in A 
such that %1—% shall be semi-simple. It is a necessary assumption 
even in the associative case, since A may be nilpotent and then A= KR, 
every %{—% is nilpotent. Moreover it is satisfied by every algebra A 
with a unity quantity. We shall, nevertheless, carry our study a step 
farther in that we shall define explicitly a certain proper ideal N for 
every algebra A such that either Jt is the radical of A in the sense 
above or %{ is not homomorphic to a semi-simple algebra. In the latter 
case A — Jt is a zero algebra. 

Our results will be consequences of the remarkable fact? that the 
major structural properties of any non-associative algebra Ù over Ẹ 
are determined by almost the same properties of a certain related as- 
sociative algebra 7 (AW). We define the right multiplications Rs and the 

Presented to the Society April 18, 1942; received by the editors February 11, 1942. 

1 For these results see my Sirncture of Algebras, American Mathematical Society 
Colloquium Publications, vol. 24, 1939, chap. 2, 

*For the case of alternative algebras see M. Zorn, Alferncites rings and related 
questions I: Extstence of the radical, Annals of Mathematics, (2), vol. 42 (1941), pp. 
676—686. 

2 Cf. my Non-assoceaitee algebras I: Fundamental concepts and isotopy, Annals 
of Mathematics, (2), vol. 43 (1942), pp. 685-708. See also N. Jacobson, A note on Non- 
assoctaites algebras, Duke Mathematical Journal, vol. 3 (1937), pp. 544-548. 
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left multiplications Ls of A for every x of A to be the respective linear 
transformations 


a -— 6:3 = GR, a> ra= als, a in A, 


on 4, and let the transformation algebra T(%) of X be the polyno- 
mial ring over § generated by the R,, the L;, and the identity trans- 
formation I. If Gis any set of linear transformations S on A we define 
AS to be the linear subspace of A spanned by the images aS of every a 
of A. Then if © is the radical of T(9) the set AH is a proper ideal of A 
which is zero if and only if 6=0. When A—WH is a zero algebra the 
algebra T7(M%) — is a field of order one and we shall prove these 
theorems. 


THEOREM 2. An algebra A is homomorphic to a semi-simple algebra 
if and only if A—AG ts not a zero algebra. 

THEOREM 3. If A—AH ts a sero algebra and B is an ideak of A the 
algebra %—B ts a sero algebra tf and only if B contains AQ. 


THEOREM 4. Let A be homomorphsc to a semi-simple algebra. Then 
either U—-UD ts semi-simple and UH is the radical of A or A—UADH +s 
the direct sum of a semi-simple algebra and a sero algebra No =N—-—AH 
such that Nt ts the radical of Ù. 


We shall close our discussion with a study of algebras with a unity 
quantity and the radicals of isotopes with unity quantities. Moreover 
we shall exhibit an algebra with a unity quantity and a radical which 
is a field. 


2. A fundamental lemma. Let © be a linear subspace of an algebra 
A of order # over and m be the order of $ so that there exists an 
idempotent E of rank m in the algebra (f). of all linear transforma- 
tions on A such that 


| B = WE. 
Then $ is an ideal of 4 if and only if 
(1) | ET@® = ETQOE. 
Since T(@) contains the identity transformation J it follows that 
(2) BTA) =. 
We let © be the intersection 
(3) TWEO TH), 
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so that © consists of all S=SE in T(%). Then 67(%) is contained 
in T(MLT (HM) =T(METQE by (1), 6T (A is contained in ©. Also 
TOW7T(ME=TME, TMS=G is an idealt of T(M). Then T(N) -S 
is defined and we may prove the fundamental lemma. 


LEMMA 1. The algebra T(A—®B) is equivalent to T(W) —©. 


For let a be any quantity of A and {a} =a-+-% be the corresponding 
coset in the decomposition of the additive group X relative to 8. If T 
is in T(M) the set BT is contained in $, the coset, {aT} =aT+ is 
independent of a. Then the correspondence 


(4) a— {aT} = {a}To 


is a transformation To of A—®B uniquely determined for every T of 
T(@). Moreover Ts is a linear transformation. But then we have de- 
termined a mapping 


of T(M%) on a set Ty of linear transformations T o on A—B. It is clear 
from (4) that 


(6) {a(Tie + Tx8)} = {aTi}a + {aT2}8 = {a} (Tua + Tn), 
(7) {a(TiTs)} = {(aT)T2} = {aTi} Tr = {a} ToTu 


for every a and $ of , Tı and T3 of T(M@). Then (5) determines a 
homomorphism of T(%) on Xp. 

The general right multiplication Rs) of A -—-® is the transformation 
{a}—{a}- {x}, and this is the transformation (R,)o given by (5). For 


(8) {a} {a} = {es} = {oR}. 


Similarly Lis =(La)o To contains T(A—B). If w1,--+, we. are a 
basis of A over and S,=R,,, 7;=L., every transformation 
of T(M) is a polynomial T=¢(I, S,-:-, Sa, Tueee, Ta), 
To=O(1, Sio +: +, Sao, Tio °° +, Tao) is in T(A—B), T(A—8) = To. 
If To=0 we have {aT }=0 for every a, aT is in & for every a of A, 
aT =aTE, T=TE is in ©. Thus the algebra 7(M) is homomorphic 
under (5) to T(A—®) such that © is the ideal of all transformations 
T of T(M) such that T>=0. Then T(W — 6S is equivalent to T(A—®B). 
This proves our lemma. 


3. Algebras with a semi-simple transformation algebra. A quantity 


‘ This proof is so brief that I repeat it rather than refer to the proof in the article 
quoted in Footnote 3. 
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z0 of an algebra A is called an absolute divisor of zero if s-a=a-s=0 
for every a of A. Suppose first that A contains no absolute divisor 
of zero and that T(%) is semi-simple. Then 7(%)=2,@ --+ @, for 
simple algebras T, and T,;=7(%)E, where E, is the unity quantity 
of T,, E, is a nonzero idempotent of the center of T(W%). We let 
W,= WE, and have (1) for each E, A, is an ideal of A. Now A, =A,E, 
and it follows that the M, are supplementary ideals A=A P --- OA. 
Write A =X, OB, and have T(%W = T.06, T:=T(ME,, 6, =T(M) Eno 
where #,,=I—E,. Then 6, is the algebra © of Lemma 1 for B=%,, 
T(A—B)—T (A) — ©... Clearly A-B,=%,, TW) -~-6,=7,, TH) =F, 
is simple. But X; has no absolute divisor of zero and then is known’ 
to be simple when f, is simple. Thus we have shown that if T(%) is 
semi-simple and 4 has no absolute divisors of zero it is semi-simple. 

If $ is a linear subset of A we have BACBI(A), ABCBIT (A. 
Then if $ is any right ideal of T(M) we have (AS)AC(AH)T(M CAH, 
A(ADH) C(AH)T(M CAG. Hence AH is an ideal of A. If G0 is a 
nilpotent ideal of 7(%) we cannot have AH=0. Also AH <A since 
otherwise $'=0 would imply that A=0. Let then A be semi-simple, 
© be the radical of T7(H). We write A=, --- OH, for simple alge- 
bras A; and may choose pairwise orthogonal idempotents E, of (f). 
such that W.-W, Fit -+E =I. Then &, is an ideal of X, 
ETX) =E, T(E., E% =E, QE, = 9; is clearly a nilpotent ideal of 
E. T(A). But it follows that AG =A6:9 --- BW, for ideals WH, 
of A. This is impossible unless each §,=0 since each M, is simple. 
Thus if X is semi-simple so is 7(M). 

Suppose finally that A does have absolute divisors of zero and let N 
be the set of all absolute divisors of zero of A. Then clearly Jt is an 
ideal of A which is a zero algebra, N=NÑNE for an idempotent E of 
(%).. If A=N we have T(A) =I and T(H) is semi-simple. Otherwise 
I-—E=E, is an idempotent of (%)., A=A(E+Eo) is the direct sum 
A—=GEN where G©=WE, contains no absolute divisors of zero. If a 
and x are in A we write x =g +h with gin G@andhinN,a-x=a-g=aR,, 
R= R,, (a-x)E» is in @, RaEo= R, for every x of A. Similarly every 
L. is in T(X)Es and it is clear that T(®) is equivalent to T(%W Eo. 
The algebra © of Lemma 1 defined for ® = @ is 7(M) EZ, and is an ideal 
of TH), TW =T(WMLo+lF. The algebra © of Lemma 1 defined for 
SB=JNis TW and is HF since EE =0. Then T(W =T( ME OFF, 
T(%) Eo is semi-simple when 7'(%) is semi-simple, T(®) is semi-simple 


+ In the paper referred to in Footnote 3, N. Jacobson defined T(®) to be generated 
by the right and left multiplications of A and with J omitted. He then proved our re- 
sult. We require the more general statement including the case where A may bea zero 
algebra and so refer to Lemma 10 of my own paper of that reference. 


-” 
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and so is @. Conversely, if © is semi-simple so is T(E» and so is 
T(&). We have proved this lemma. 


LEMMA 2. The transformation algebra T(N) ts sems-semple tf and only 
sf A sis ether semst-simple, a zero algebra, or a dsrect sum of a sems- 
simple algebra and a sero algebra. 


4, The radical of an algebra. If Ñ is an associative semi-simple 
algebra and & is an ideal of A we have A= Ç, where @ is an ideal 
of A equivalent to A—B and is semi-simple. Let A now be an associa- 
tive algebra with radical N0 and B be an ideal of A. If B contains N 
the algebra A —@ is equivalent to (A— N) — @—MN) and is semi-simple 
by the argument above. Conversely, let @ be an ideal of A such that 
%—@ is semi-simple, A-B contains no properly nilpotent classes. 
Then every properly nilpotent quantity of A must define the zero 
class of A—B, V contains all properly nilpotent quantities of A, B 
contains Jt. This proves Theorem 1 in the associative case. 

We now let 8 be any ideal of an arbitrary algebra A, © be the radi- 
cal of 7(H) so that AD is a proper ideal of A. If H—B is semi-simple 
so is T(A —8) by Lemma 2, and s0 is 7(M%) — 6 by Lemma 1. But by 
the result just proved contains $. However B= WE,OS =T(W)E=GE£, 
H= HE, AP = AGE is contained in W6= AGE and hence in B. Then 
we have proved that the radical Jt of A contains AH, A—B is equiva- 
lent to (W—ADH) —-(B—AH). Hence A—AH cannot be a zero algebra. 
If L—AH is semi-simple our definition implies that AG =M. Other- 
wise A=A—-AH=GON, where G is semi-simple and Re is a zero 
algebra, B— AŞ is an ideal Bo of Wy such that As — Be is semi-simple. 
If there is a quantity of Jt, not in Bo the corresponding class of As — Bo 
is an absolute divisor of zero of that algebra, contrary to our hypothe- 
sis. Hence B, contains Jo, B contains the algebra Jt of all the quanti- 
ties in the classes of Mto, Jt is the radical of A. This proves Theorem 1 |. 
and Theorem 4. 

If A is homomorphic to an algebra Ao and ® is the set of all quanti- 
ties of X mapped into zero by the given homomorphism then A —® is 
equivalent to Mo. If A—B is semi-simple we have seen that B contains 
ADH, A—V is equivalent to (A—AH)—(B—-AH), A-—AH cannot be a 
zero algebra. This proves Theorem 2. We have also seen that if 
%—WGS is a zero algebra and A —® is a zero algebra then T(A—¥B) 
= 7(H%) —© for an ideal 6 of T(M). But then by Lemma 2 T(%W) -S 
is semi-simple, © contains %, A6=AGSE contains MH and is con- 
tained in AE =%8. This proves Theorem 3. 


5. The radicals of isotopic algebras. Let A and W, be algebras of the 
same order so that we may regard them as having quantities in the 
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same linear space. Then Wf and M are principal isotopes if multiplica- 
tion in 4, is given by [a, x] =aR® for RO = PRs, P and Ọ nonsingu- 
lar linear transformations on A. If X and M, have unity quantities the 
transformations P and Q are in T(W) and T(%W) =7 (Hs). 

Let 8 be an ideal of A, B =AE, ET(W) = ET(A)E. Then EP=EPE, 
FQ=EFEQE and EPP = E =(EPMXEP-)), Pi:=EP is a nonsingular 
quantity of HT(M). Similarly Q,;=#Q is a nonsingular quantity of 
ET(X). Write Bı = QE, so that since ET (A) = ET (M,)E the space B; 
is an ideal® of M. Then if b and y are in 8, we have b=5E, y=yE, 


(9) [b, y] = BEPR xq = bP:Rya, 
It follows that ® and &; are principal isotopes with isotopy given by 


(10) R GA PiRy.. 
Every isotope % of X is equivalent to a principal isotope and we have 
proved the first part of this theorem. 


THEOREM 5. Let A and A be tsotopic algebras with untiy quanttises. 
Then every ideal B of A is an ssotope of an ideal Bı of Ai such that the 
atference algebras A —B and Mı —B, are tsotopes. 


We now observe that the homomorphism (5) of T(%) on 7(X—B) 
carries every nonsingular P of T(% into a nonsingular Py of T(A —®). 
Then if we define 


(11) (Rial) = PoRisloy 
the algebra with multiplication defined by 
(12) [{o}, {2} ] = fa} (Run 


is a principal isotope of A—®B. But the difference algebra A —B, has 
multiplication defined by [{a}, {x}]={ [a, x]} = {aR} = {aPR.} 
= {aP} Rim = {a} (Rio) since {aP} = fa} Po {xQ} = {x} Qo. This 
proves our theorem. 

We should observe that while Po and Qo are in T(A—®) the trans- 
formations P, and Q, defining the isotopy of B and Bı need not be in 
T(%). This is an evident consequence of the fact that if A has a unity 
quantity so does A—B, but certainly B need not have a unity quan- 
tity. Observe also that if A of order n does not have a unity quantity 
and we pass to an algebra A of order »-+1 with a unity quantity the 
algebra A will be an ideal of A. The results above then become of par- 


* It follows from this thet if @ is an ideal of A the same linear space is an ideal B, 
of Mı. However, we wish to prove the stronger result that B and @1 are isotopic. 


1942] A NON-ASSOCIATIVE ALGEBRA 897 


ticular importance in the study of isotopes of algebras without unity 
quantities. 
We conclude our general results by proving the following theorem 


THEOREM 6, Let A be an algebra with a unity quanisty, © be the rads- 
cal of T(H). Then AD ts the radical of A and is tsotopte to the radical 
ADı of any tsotope UW, of A with a untty quantity. Moreover the semi- 
simple algebras A-AD and Mi —A G are isotopic. 


For every homomorph A —® of an algebra A with a unity quantity 
has a unity quantity and cannot be a direct sum of a zero algebra and 
another algebra. Thus Theorem 4 implies that AG is the radical of X. 
Our result follows from Theorem 5. 


6. An algebra whose radical is a fleld. Let A be an algebra with a 
basis e, u, v over f so that every quantity of X is uniquely expressible 
in the form a=ae+8u-+-yv for a, 8, y in f§. We let e be the unity 
quantity of A and complete the definition of A with the relations 


u? == e, “aD = 0, v? = 9, ou = (). 


Let X be a nonzero ideal of A and a +0 be in ¥'so that the correspond- 
ing a, B, y are not all zero. Then au=an+fe, (au)u—ae+6u, 
a—(au)u=yv, o[(au)u]=av, o(au)=8v are all in B, V contains the 
algebra Jt of order one over § spanned by v. Now (as+fu+yv)o 
=(a+B+~)o, v(ae+fu+ yo) = (a+), N is an ideal of A. If A=B 90 
for ideals B and © we have proved that both 8 and @ would contain Jt. 
This is impossible. Also ‘t is a nonzero proper ideal of A and A cannot 
be simple. It follows that A is not semi-simple. But Y= N-+-G where © 
is the semi-simple associative algebra spanned by e and u, A—-I=G, 
A—N is semi-simple. Then N is the radical of A according to our 
definition and is a field of order one over §. 


THE UNIVERSITY OF CHICAGO 


AN ARITHMETICAL IDENTITY FOR THE FORM ab—c? 
WALTER H. GAGE 


1. Introduction. The number of solutions in positive integers of the 
equation »=xy-+ys-+sx, n a positive integer, has been investigated 
Liouville,? Bell,? and Mordell.? Mordell, who was the first to obtain 
complete results, gave a strictly arithmetical treatment, while Bell 
made use of formulae which he obtained by paraphrasing theta-func- 
tion identities. Although the latter considered only the case of n prime; 
his methods were extended later to the general case.* 

Making use of other formulae derived by the method of paraphrase, 
Bell® has also solved the problem of representations in the forms 
xy+ya+2sx, xy-+2ys+22x. As he has pointed out, a feature of the 
method is the handling of the two forms simultaneously. 

In this paper we derive by elementary methods a simple identity 
which on specialization not only yields complete results for represen- 
tations of # in the forms 


xy + ys + sx, xy + dys + 2ex, xy + yz + 2sx, 
but as in Bell’s paper,’ handles the latter two forms at the same time. 
2. Fundamental identity. Let f(a, b, c) be a function, uniform and 
finite for all integer triples (a, b, c), but otherwise (so far) completely 
arbitrary. If the summation sign refers to the sum over all those in- 
teger solutions (a, b, c) of n =ab— c? subject to the restrictions indi- 
cated under it, we then have 


2 f4aheo= DL Kabot bY Kabo) 


(1) «,8>e>0 a> b> e>) b> a> sG 
+ >) fla, 6,0). 
oon b> a0 


Imposing on f(a, b, c) the condition 
(2) f(a, b, c) = f(b, a, c) 


Received by the editors February 13, 1942. 

1 Journal de Mathématiques, (2), vol. 7 (1862), p. 44. 

2 E. T. Bell, Class numbers and the form ys+sx+xry, Tohoku Mathematical Jour- 
nal, vol. 19 (1921), pp. 105-116. 

3L. J. Mordell, Ow the number of solutions in postites integers of the equation 
ys +sr-+ry mn, American Journal of Mathematics, vol. 45 (1923), pp. 1~4. 

1 W., H. Gage, Represeniaitons tn iks form xyt-ys-+-ar, American Journal of Mathe- 
matics, vol. 51 (1929), pp. 345-348. 

*E. T. Bell, Numbers of representaitons of integers in a certain triad of ternary 
quadraitc forms, Transactions of this Society, vol. 32 (1930), pp. 1-5. f 
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we may write 


2 Kab à=2 È Kabot dD f(a, 4,0) 


a,b>s>0 a> boD @un et) 
(3) 5 2) Soiree S aba 
a>b>ta>d | a>b>a>0,b<2e 


+ È flabet+ Z Kabo. 
a> bela a b> o> 0 
Note that 1» =ab—c?=a(a 4-b —2c)—(a—c)?, so that Hf we replace 
(a, b, c) by (a+b — 2c, a, a—c) in the second summation of the right 
member of (3) the conditions a>b>c>0, b<2c become a, b>2c>0. 
Hence, if f(a, b, c) satisfies (2), we have 


> abd =2 L fab) +2  fiet+sh—2,4,4—0) 


«,6>e>6 e>bé>2c>6 €,4>2e>0 
+ § 0 
(4) +2 yD (= » 28, s) 
dmi (mod3), @>35>0 2 
d+ d+ d— 
ee 
drsi (mod2) , d> F>0 2 . 2 2 


_ where the last two summations refer to all integer solutions (d, 8) of 
n =dò subject to the given conditions. 


3. Specialization. In (4) let f(a, b, c)=1, and in the left member re- 
place (a, b, c) by (x-+s, y+s, s). Then, if N denotes the number of 
integer representations of # in the form stated after it, we get 


Nin = xy + ys + sx; z, y, 3 > 0) 
= 6N(s = ab — cf; a > b > 2c > 0) 
(5) + N(n = d5; d m 3 (mod 2), d > è > 0) 
+ 2N(n = dô; d m 3 (mod 2), d > 38 > 0) 
+ 2N(n = då; d = 8(mod 2), 38 > d > å > 0). 


Let G(s) denote the number of classes of binary quadratic forms of 
determinant — n, subject to all the conventions of H. J. S. Smith’s 
Report on the Theory of Numbers. 


€ Mathemattcal Pa sers, vol. 1. See also Dickson’s History of the Theory of Numbers, 
vol, 3, pp. 108-109. 
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G(s) = N(s = ob — d;a > b> 2) | > 0) 
+ N(n = ab—cs;a>6>0,¢ = 0) 
+ N(n = ab — cĉ; a = b > 2¢ > 0) 
+ N(n = ab — c; a > b = 2c > 0) 
+ (1/2) N(s = ab — &;a =b > 0, c= 0) 
+ (1/3) N (n = ab — c; a = b = 2c > 0). 
Hence we have 
2N(n = ab — t;a >b>R>o0) 
= G(s) — N(s = dë; d >8 > 0) — (1/2) N(n = d*;d > 0) 
(6) — N(n = db; d = é (mod 2), d > 38 > 0) 
— (1/3) N (n = 3d?; d > 0) 
— N(s = di; d m $ (mod 2), 38 > d>8> 0). 
From (5) it therefore follows that 
(7) N(w = zy + ys + zz; z, y, s > 0) = 3]G(m) — (1/2)¢(m)], 


where ((#) is the number of divisors of n. 

On choosing f(a, b, c)=1 if a, b are not both even, f(a, b, c) =0 if 
ambe) (mod 2), we likewise obtain the result 

N(n = 2xy + 2ys + 4sz; 2, y, 5 > 0, y s 1 (mod 2)) 
(8) + Nin = xy + 2yz + 23x; x, 4,3 > 0, z œ y æ 1 (mod 2)) 
= F(m) — (1/2)f"(n) — (1/2) (n/2), 

where F(n) is the number of uneven classes of binary quadratic forms 
of determinant —n, {’(#) is the number of odd divisors of n, and 
{'(n/2) =0 for n odd. 

If, in (8), we replace # by 2¢+14m, 2m, m, respectively, m = 1 (mod 2), 


we get Bell's theorems 1, 2, 3 from which the complete results for 
xy +yz + sx, xy-+2yz-+ 28x follow. 


Tre Unrversity or BritisH COLUMBIA 


DUAL GEODESICS ON A SURFACE 
C. E. SPRINGER 


Introduction. Union curves and dual union curves have been de- 
fined and studied in projective space hy Sperry.! It is well known that 
the union curves of the congruence óf normals to a metric surface 
are the geodesics on the surface. The principal aim of this note is to 
obtain the differential equation of the dual geodesics on a metric 
analytic surface in ordinary space. 

The notation of Eisenhart? will be employed for the most part. 
However, T} will be used here as the Christoffel symbol of the 
second kind. Greek indices will take the range 1, 2, and Latin indices 
the range 1, 2, 3. 


1. Ray-point corresponding to a point of a curve on the surface. 
The tangent planes to the surface S (x'=x‘(u1, u?)) at the point ' 
P(x*) and at two “successive” points of the curve C (w*=w(s)) on 
S are given by 














(E — x)X*= 0, 
Gag) ges 
t gI " a — ; 
(1) Ow* 
8X" ox aX dx 
(E= = ( 6/458 u's) = — u'u’, 
uP Ou ðu dae 


where the primes indicate differentiation with respect to s. 

The ray-point? R of the curve C corresponding to the point P is 
the point of intersection of the three planes (1). The coordinates of R 
are given by 

st. e ax! Ox! OX’ a SB ry 


(2) SCE — z) = 6,X roe aug a 


where 4, j, k take the values 1, 2, 3 cyclically, 6% is a Kronecker delta, 
and S is defined by 


Presented to the Society, November 28, 1942; received by the editors of the Ameri- 
can Journal of Mathematics February 19, 1942; later transferred to this Bulletin. 

1 Sperry, Properties of a certain projectisely defined ixoo-parameter famiy of curses 
on a general surface, American Journal of Mathematics, vol. 40 (1928), p. 213. 

t Eisenhart, Dafferenteal Geometry, Princeton University Press, 1940. 

3 Lane, Projecttve Differential Geometry of Curves and Surfaces, The University of 
Chicago Press, 1932. 
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123 0x? "( o*xs 1a Ê ox” P 
3 S m ôA’ “ H 4 m . 
2 i On IN? Ou 


The tangents to the parametric curves at P, and the normal to the 
surface at P constitute a local system of reference. In order to deduce 
the local coordinates of the point R from equations (2), we employ the 
formulas from Eisenhart,‘ 











(4) ax* uae ð x” 

ðu i our 
(5) ee hea X 

atau! aw i 
Odas 
(6) Tis = d” ar a danl'; 
and we use the fact that 
13,02? ðr’ 1/2 

(7) By eX was = € 


to obtain for the first part of the expression for S 
13 i OX? PXS a op yx 
bX —— “ “u u 

ðu! dudu’ 





(8) 
a rl «2 rå a a 5 
(g g” — e e drd Tap u w. 
On summing out r and e, and on writing | gap| «xg! the right member 
of (8) reduces to 


Pia “a 8 re 


(9) itd ep] ap 


In consequence of (4), we have for the second part of the expression 
for S 
i ¢ OX? OX? a yp m ¢ Ox? Ox? ve br ja pp 
10) pX —— —— yu uw =),,X — — da u u 
( ) izk aut dad? fh ou Our yas £ 


On summing s and r, and on making use of (7), the right member of 
(10) takes the form 


(11) gila(gright _ glg )durdon tu’, 
which, in turn, reduces to 


1 Eisenhart, loc. cit., p. 217, p. 257. . 
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(12) e badadi u Jt ne 
Because of (9) and (12), equation (3) takes the form 
(13) Sag Std ged eam 1a u jr + darda 1a E 


In order to express the right member of (2) as a linear combination 
of the partial derivatives dx‘/du*, we use the definition 


(14) — — = — dag, 


and also the formulas from Eisenhart’ 


s ox’ a ðX’ 

gi XX —— = ck i 

ĝu! a 

oe OX” ðX: 
a ee UPEI k gr 

ðu? ðu" 





I 


where $, J, k take the values 1, 2, 3 cyclically, and where e is +1 or 
—1 according as the Gaussian curvature is positive or negative. In 
consequence of (14), (15), and (4), the FIBRE member of (2) assumes 
the form 





ð 
i ekhdegw tu’ P(w Ihi — w Ih)dog" 


If we multiply the equation? 
(17) has = daydaig?’? 


by @* and sum on a, and then multiply the resulting equation by 
kë“ and sum on §, we obtain 


(18) att = bP dayg™*. 
Because of (18), the expression (16) may be written in the form 
912 77 08 Ox! 


1/2 a 
(19) ch dupu u Sree d a 


which is the expression desired for the right member of equation 
(2). Use of (13) and (19) in (2) yields the coordinates £* of the ray- 
point R of the curve C (u*=4°(s)) at the point P (x') in the form 


ë Eisenhart, loc. cit., p. 259, 
t Eisenhart, loc. cit., p. 253. 
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13 ;7 fh 


8 Ô ye% d ax. 
a(d yerdur aw ut +d ds.) Gut 
The local coordinates ņ* of the point R are given by 
3 12 +7 yt 
| Snot d 
Deeg ag oe, 
(gas)! 813(daedurl Rpts’ w PT + dardo’ u.) 


where 6 is not summed, and where d m | daa| has the value e(kg)¥/2. 


(20) =a +e(hg) dagu w 





(21) 


2. Dual geodesics. We consider next the line 4 lying in the tangent 
plane to the surface at P which is in G. M. Green’s “relation R”! to 
the normal h to the surface at P. It can readily be shown that the 
equation of the line }, in local coordinates is 
(22) (gua) Tit + (gis) Past + (uga) = 0. 

A geodesic curve on the surface has the property that its osculating 
plane at every point P contains the normal line } to the surface at P. 
We may define a dual geodestc to be a curve on the surface which 
enjoys the property that its ray-point R corresponding to every 
point P lies on the line J, given by (22). If we require that the co- 
ordinates (21) satisfy the equation (22), we find, after some reduc- 
tion, that the curve C is a solution of the differential equation 


12 ja 7+ pat 


(23) diou u" Aldada is = deals) F deda alu u u = 0, 


where I% is given by (6). 
If we write u! =u, =v, dy =D, dadn =D’, dy =D", v =dv/du, 
v” =d*y/du?, and make use of (6), equation (23) takes the form 
(24) (DD — D)o" = p + go + rv? + sv”, 
where i 
tà f 2 1 / 2 72 
f? = DD, —- DD, + (20 xs =< T31y)DD ae FD ; 
(2D De D0) EDD =D OD ED TuT 
1 Pas DD POT =D D Tin 
(25) r= DD, — DD +D"D. — D'DY 
pD tD Vis Pay =D Ti 
+ D'D" (ars — Ti) + 2DD'Th, 
saD DDD Au = ID EnD 
1 Lane, loc. cit, p. 81. : 
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If the asymptotic lines are taken as parametric, we have D = D” =0, 
and equation (24) takes the form 


1 73 


3 i 2 1 2 
(26) 1” = Tii + (Tii =s AVALI 4+- (2013 TR Diao” = Taa : 
The geodesics on a surface satisfy the differential equation® 


OD, ssa, 4H One Tae ee. 
From (26) it is seen that if the asymptotic curve given by v =conat. 
is a dual geodesic, then TÌ, =0, which, by (27), is the condition that 
the curve be a geodesic. But if a curve is both an asymptotic and a 
geodesic it is a straight line. Hence, tf an Asy pidin line 4s a dual 
geodesic i ts a siraighi line. 

Equation (26) is independent of D’. Hencé, we conclude that 
isometric surfaces have the same equaitons of dual geodesics. 

It can be shown that when the asymptotics are parametric the 
directions of Segrè?’ at the point P on the surface are given by 


(28) Tade —Tasdv = 0. 
‘Comparison of equations (26) and (27) shows that the directions of 
Segrè may be characterized as the directions in which the geodesics and 
dual geodestcs coincide. 

3. Ray-points of geodesics. Each curve through the point P on the 


surface has a ray-point R. We shall now find the locus of the ray- 
points for all geodesics through P. Along a geodesic curve we have 


(29) u” HIT u = 
In consequence of (29) and the definition of T*, from (6), the co- 


ordinates (y', n?) of the ray-point R of a geodesic curve u*=4°(s) 
through P are found from (21) to be given by 


Tn! = — (gu) (u w’), 


a Tot = (ga) W) (w), 


where 
71.2 72.3 


f 1 1 
(31) TEn PE E E S T, 
Elimination of u’! and u’? between the equations (30) yields a cubic 
equation which may be written in the form 


* Eisenhart, Differential Geometry, Ginn and Co., 1909, p. 205. 
* Lane, loc. cit., p. 77. 
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1 3 2 3 
2 7 1 Gi 
Ti oho E sfe ra( ) 
(32) oa) (ga) 
a Pa i Ta i 
- Pane a ied (ga)? 1 + 1) = 0. 


From the form of equation (32) it can be seen that the locus’ has a 
double point at P, with the asymptotics at P as double point tan- 
gents. Furthermore, the curve has three points of inflection which lie 
on the line represented by equation (22), some one of the inflections 
lying on each of the lines through P given by the equation 


2 n? : 1 7? y 
o M. 


On comparing equations (28) and (33), we recognize that the latter 
gives the directions of Darboux!!! at P. Hence, we have the following 
theorem. The locus of the ray-posnis of the geodesics through a poini P 
on a surface ts a cubic curve lying in the tangent plane to the surface, 
at P. The asympiotscs are the double point tangents to the curve at P, 
and the three points of tnflectton of the curve are given by the intersec- 
hons of the tangents of Darboux at P wtih the line which ts in Green's 
Relation R with the normal to the surface at the point P. Lane" gives a 
similar theorem for projective space. 


UNIVERSITY OF OKLAHOMA 


1¢ Lane, loc. cit., p. 76. 
u Lane, loc. cit., p. 98. 


GENERATORS OF PERMUTATION GROUPS SIMPLY 
ISOMORPHIC WITH LF(2, *) 


F. A. LEWIS 


It is well known that the group LF(2, p”) of linear fractional trans- 
formations of determinant unity in the GF[p*] can be represented as 
a permutation group G of degree $*-++1. The purpose of this note is 
to show that the generators of G follow from a slight extension of an 
argument used in a recent paper.! 

We obtain a representation of the abstract group L simply iso- 
morphic with the special linear homogeneous group SZA(2, p*) by 
means of the cosets K and KTS), where À ranges over the p* marks 
of the field wo(=0), t°, te, (m=p"—1). Let &,=K and 
ky, = KTS,, for+=0,1,-+-,m. 

If p is any mark, KS,=K and K7S,:S,=KTS)4,, 30 that to $, 
there corresponds the permutation 


“ Ro ky, ead ke 
5, = š 
Nka ee Meg > Fut 


(1) 


If \+*0, ATS,\T=KATS_,+. Further, KTS T =K, so that to T there 
corresponds the permutation 


(2) i= (Rokw: Ru, Rw mies kunku). 


Hence L has a (d, 1) isomorphism with (s, #), where d is the order 
of a subgroup of K which is invariant in L. The quotient group (s,, £) 
is simply isomorphic? with LF(2, p*) and is of order p*(p?*—1)/d, 
where d=2 or 1 according as p>2 or p=2. 


THEOREM. A permutaiion group simply ssomorphic with the group 
LF(2, p*) of linear fractional transformations of determinant unity tn 
the GF |p| is generated by (1) and (2), where p ranges over an independ- 
ent sei of addstive generators of the field. 


COROLLARY.’ A permutaison group simply isomorphic with the group 
LF(2, p) ts generated by (Rokiky - ++ kpi) and (kok.- hihi, Rsk, ++): 
where f;m —1 (mod p). 


UNIVERSITY OF ALABAMA 


Presented to the Society, December 29, 1939 and April 4, 1942; recetved by the 
editors February 20, 1942. 

1 A note on the special linear homogensous group SLH(2, #*), this Bulletin, vol. 47 
(1941), pp. 629-632. The notation and results of this paper are assumed above. 

2? L. E. Dickson, Ltmsar Groups with an Exposition of the Galois Field Theory, pp. 
87-88. 

3 Compare with x’=x+1 and x'= —1/x, which generate LF(2, p). 
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ON AN INEQUALITY OF SEIDEL AND WALSH 
LYNN EH., LOOMIS 


Introduction. In a recent paper! Seidel ‘and Walsh introduced the 
following concepts. 

Let R be a Riemann surface (configuration) lying over the w-plane, 
and let C, be a simply-connected region of R having the following 
properties: 

(a) C, contains precisely p points (counted according to branch- 
point multiplicity) lying over some point of the w-plane. 

(b) C, lies over the circle | w— Wo <r, and the boundary of C, lies 
over the circumference | w—wo| =r. 

It follows that C, contains precisely p points lying over every point 
of | w—wWo| <r, and in particular, p points #, lying over wo. Seidel 
and Walsh name such a region a p-sheeted circle with centers ®, and 
radius r. Given a point ® of R, let r, be the radius of the largest 
p-sheeted circle in R with center 9; if none exists, let r,=0. We then 
define the radsus of p-valence of R at to, D,(to), as the maximum of 
the r, form Sp. 

Let w=f(s)=aye+ --- +a,8?+a,,:89t1+ --- be analytic in the 
unit circle |s| <1 with IF) <M, and let the Remana surface R be 
the image of |z | <i under w=f(s). Let % be the image of s=0; 
to lies over w=0, Seidel and Walsh establish the following relation 
between the first p coefficients of f(s) and the radius of p-valence, 
D,(®o), of R at to. 

There exist two constants, Ap depending only on p, and A, depending 
on pand M, such that 


(1) anana 5 lalaa D 


Seidel and Walsh find for A, the value 
A, = 249M’, r=1—- 2>", 


In this note we prove the following two statements concerning the 
inequalities (1). 

A. The exponent 2” may be replaced by cS and this exponent 
4s the best possible (for D,—>0). 


Received by the editors February 24, 1942. 

t W. Seidel and J. L. Walsh, On the dertoatsecs of functions anal-yiec in the unsi cercle 
axd thetr radis of usivalence and of p-valemce, Transactions of this Society, vol 52 
(1942), pp. 129-216. 
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We show, in fact, that there is a constant K, depending only on p 
such that 


D Ela S KMD [D oue, 


and that there is a class of functions actually attaining the bound M 
for which 


(3) 5| ta | = MPD [D b] YA. 


B. The coefficienti \, may be replaced by 1, and thts value of the con- 
stant ts the best posssble. 

All proofs are based on the theorem of Rouché. We shall always 
suppose, without explicit statement, that s is confined to the unit 
circle |s| <1. 

Proof of (2). To prove (2) we assume a, 0 and let 


(4) P(e) = 32 as" = a, I] @ — be), 


mm Í 
from which we have 
(5) | P| s E| al = C. 
nm} 
We observe that |a,| < M, so that | P(s)| <pM, and therefore by the 
Schwarz lemma, 
(6) | fe) = PE | < (+) | sj 
Now let 
P(r) = | a | Il & —| 8 ]) = ort: + cr”, 
(7) ; ow | i 
C= Yolen] =|ay| Iall). 

m Í mm Í 
Then by (4) and (7), | P(re“)| 2|Pi(r)|. Also, since c, is the same 
polynomial in the LA as G, is in the b, and since only plus signs 


(or only minus signs) occur, we have | ca| 2 | a.| ,and C’2C. Together 
with (7) this gives 





? r—|d,| 
(8) . EE E 
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Note that if | ba >1 we only strengthen the inequality (8) if we re- 





place lb, by 1 in the quotients occurring there. But then (8) implies 
that 

P 
(9) | Preh) | 2 cz] lr b |, 

a=) 


where bX =|0,| if |b„| S1, and b? =1 otherwise. Now choose any 
positive real number x,<1. In the interval (0, xo) there is at least one 
point r, such that for i & p, 


|r — b| & 29/22, 
and therefore by (9), 


(10) | P(rie’) | = Cue (4p), 
and by (6) and (10) 


| Pire”) | ~ | frie") — Plr) | = Clp) — 20° (o + DM. 


This expression is maximum for x; = Cp/(4p)?(p+1)2M, its maximum 
value being C?+!/M?K?t!, where K = (p+1)((p+1)/p)2/@t») (4p). 

The polynomial P(s) has n zeros in |s| Sr. with n Sp. Therefore 
by Rouché’s theorem, f(s) assumes in | s Sr, every value in |w] 
< CrH/K M” precisely n times. Therefore D,(0) 2 C/R r+ M”; 
that is, 


r 
> | a. | S KMD [D 0] Ye 
wa Í 


as was to be proved. 

In the above proof we have assumed that a,7£0. If a,=0 the proof 
is valid for some n £p, and p can be reintroduced in the later stages, 
say in equation (8), where the product can be taken over p factors if 
some of the |b,| are allowed to vanish. 

Proof of (3). We prove (3) by considering the class of functions 





a— Msz 

(11) f(z) F Ma? ry eee 
(12) : 1 — (M3/a) 
; 1 — (as/M) 


where a < M. These functions have been studied by the author in a 
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previous note.? From (11) it is clear that |f(z)|$ Min |s| $1, and 
that the bound is attained for z=1. It is also evident from (11) that 
the minimum of | f(s) | on |s| =r<a/M occurs at s=r. Thus 
| f(s) | ef(r) for |s] =f <6/M. By Rouché’s theorem f(s) covers the 
circle | wi <f(r) precisely p times in |s] <r, since f(s) =0 has p roots 
in this circle. By Rolle’s theorem f’(s) vanishes for some ro between 
r=0 and r=a/M. Then every value of |w] Sf(ro) except w =f(ro) is 
assumed precisely p times in |s| Sro, and w=f(ro) is assumed p+1 
times. Therefore D (0) =f(re). But by (12) 


(13) D,(0) = f(r) < a(ro)? < a(a/M)? = art! /M?. 


Also by (12), the first term in the expansion of f(s) is as” so that the 
sum of the moduli of the first p coefficients is a. Thus by (13) 


? 
| a, | = a > Mri(et) [D (0) JHD 
m} 


which is the desired inequality (3). 


The coefficient Ap. We have left to prove that A, can be taken as 1; 
in other words, that 


D,(0) $ Elal] =C. 
4 mm] 


As before, let P(g) =ais+ » - < +a,s”, and suppose that D,(0)>C. 
Then | f(s) | =C defines an analytic Jordan curve T in |s| <1land T 
contains the origin in its interior. On T we have | P(s)| < C= |f(8)]. 
Therefore by Rouché’s theorem f(s)—P(s) and f(s) have the same 
number of zeros interior to T. But f(s) has at most p zeros inside T 
since the image of the interior of T under f(s) is an n-sheeted circle 
with nsp. And f(s) —P(s) ma, ,,s?t!+ --- has at least +1 zeros 
interior to I’. By this contradiction we see that D,(0) S C as we wished 
to prove. 

This result is trivially the best possible, for if f(s)=as?, then 
D,(0) == C= M. 


HARVARD UMIVERSITY 


2? L, H. Loomis, The radins and modulus of n-valencs for analytic functions whose 
first n--1 derivalsses vanish at a poini, this Bulletin, vol. 46 (1940), pp. 406-501. 

Two problems were considered in this note, One was the problem of the present 
paper for the class of functions whose first non-vanishing coefficient is ay. The second 
was the problem of determining for this restricted class of functions the largest circle 
|a] <r (the radius depending on p, M and lapl) in which all the functions are at moet 
p-valent. The present note does not treat the corresponding problem for the more 
general Class of functions considered here, 


THE CAUCHY THEOREM FOR FUNCTIONS ON CLOSED SETS 
PHILIP T. MAKER 


The object of this paper is to extend the theorem of Cauchy to func- 
tions of a complex variable defined on any bounded closed set, E, by 
determining conditions on f(s) in order that for certain coverings of E, 
C., and an extension of f(s), f*(s), lim... f.,f*(s)ds=0. It was sug- 
gested partly by the notion of a general monogenic function due to 
Trjitzinsky! and partly by the measure theory methods of Menchoff! 
and others, which succeed so well in lightening the restrictions on the 
real and imaginary parts of a complex function in order that f(s) be 
regular. . 

Throughout this paper we shall consider only rectangles with sides 
parallel to the real and imaginary axes. A C-covering of a plane set F, 
denoted by C, will be a set of closed rectangles, possibly abutting, but 
nonoverlapping, which contain F. c will denote the boundary of C. 
The covering C, is to be composed of rectangles Rw, 80 that 
Ca) im Ras (m, n=1,2,---> ). 


1. The extension, f*(s). If «(P) is a positive continuous function 
defined on the closed and bounded set F in the plane, we shall let? 
u*(P)=maxger «(Q){2—d(P, Q)/d(P, F)} for P not in F, and 
u*(P)=x(P) for P in F, where d(P, Q) denotes the distance from P 
to Q and d(P, F) the distance from the set F to P. In general, if u(P) 
is continuous, since u(P)=(u(P)+ | u(P) | \/2—- (| u(P)| —u(P)) /2, 
that is, since «(P) is the difference of two continuous positive func- 
tions, “*(P) will denote the extension of u(P) obtained by extending 
as before these parts. If f(s) (=u(x, y)-+40(%, y)) is defined on a 
bounded closed set and continuous, f* (g) will denote u*(x, y) +40*(x, y). 


Lemma 1. If u(P) is defined on a bounded closed set F and | u(Q) 
—u(P)| <M(P)d(P, Q) where M(P) ts a finie functton of P defined 
on F, then |u*(P)—u*(Q)| <20 M(P) d(P, Q), for P in F and Q ar- 
batrary. 


Presented to the Society, December 29, 1941; received by the editors February 
25, 1942. 

1 W. J. Trjitzinsky, Théorte des Fonctions d'une Variable Complexe D éfinses sur des 
Ensembles Généraux, Annales Scientifique de L'École Normale Supérieure, Paris, 1938, 
p. 120.. 

2 D. Menchoff, Les Condittons ds Monogéndtié, Actualités Scientifiques et Indus- 
trielles, no. 329, Paris, 1936. i 

3 S. Bochner, Fourier Lectures, 1936—1937, Princeton, p. 62. ° 
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Proor. Consider first the case for which u(P) 20. If Q is any point 
not in D, if Qe is a point in F for which d(Q, Q.) =d(Q, F), and if, of 
the points S satisfying the inequality d(S, Q)S2d(Q, Qo), R is the 
point where the maximum of u is attained, then u*(Q.) S4#*(Q) 
Su*(R). Hence 


| u*(Q) — w*(P)| < | w*(Q) — u*(R) | + | u*(R) — u*(P) | 
< | u*(Qo) — u*(P)| + 2| s*(R) — u*(P) | 
< M(P)d(Qo, P) + 2M(P)d(R, P). 


It is easily verified that d(Qo, P) $2d(Q, P) and d(R, P) S44(Ọ, P), 
so that | u*(Q)—u*(P)| <10M(P) d(P, Q) and the lemma is proved 
for case of u(P) positive. In the general case, u(P)=(| ul +-u)/2 
— (|x| —yu)/2=g(P)—h(P), where g and & are positive functions, 
and satisfy the conditions of the lemma, so that for P in F and Q 
arbitrary |g*(Q)—g*(P)| and |k*(Q)—A*(P)| are each less than 
10M(P) dP, Q). Hence for u*=g*—h*, it readily follows that 
| u*(Q)—u*(P)| <20M(P) d(P, Q), and the proof of the lemma is 


complete. 


2. Bounded derivatives. We shall use the following fundamental 
lemma #4 


LEMMA 2. Let w(x, y) be a real, continuous function defined in the 
square S, the sides of which are paralel to the coordinate axes, and let F 
be a closed set in S and such that 

| w(x + k, y) — w(x, y| SMI Al, 

| w(x, y + k) — w(x, y)| SM] h| 
for ah points (x, y) sn F and for all potnis (x+h, y), (x, y+) of the 
square S, where M is a constant. Finally let R be the least rectangle wth 


sides parallel to the axes containing FS 
, Under these condtitons® the folowing tnequalsises hold: 


if (w(x, ya) — w(x, sdlas- f f = dxd> | s SMm(S — F), 


ĝ 
| SU len) — wlan las- ff = dzy < 5SMm(S — F) 


where (xu yi), (xs, v1), (42, yx) and (xı, ya), (41 S23, yS ya) are the 


t For the proof of this lemma, cf. loc. cit., p. 10. 
t The “least rectangle” may be only a segment or a point. 
* The*conditions on w imply the existence of the partial derivatives a.e. in F. 
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corners of the rectangle R and m(S— F) is the measure of the sa S— F, 
which +s composed of points of S notin F. 


THEOREM 1. Let f(s) (= u(x, y)+40(x, y)) be defined on the bounded 
closed set E, and let R be a rectangle with sides parallel to the axes con- 
tasnsng at least one potni of E on each side. If (letting F=E-R) 

(1) for al z and z+ h in F, and a constant B, 

J(e + k) — f(s) 
h 

(2) the Cauchy-Riemann equaitons hold a.e. (almost everywhere) in 
F, where the partial derivatives of u and v exist,’ then | .f*(s)ds| 
<400Bm(S— F) where r ts the boundary of R, and S tsa square of 
least area containing R. 

Proor. If h=k+4, condition (1) implies 

k, Ti ’ 
«(x + A u(x, y) oS" 


and a similar condition on v(x, y), for every point s, and s+h, in F. 
According to Lemma 1, 


"(x + k, y ag P) E u*(x, y) 
h 
for each point sin F, and s+} in R. Hence by Lemma 2, 


< B, 





< 20B, 








#3 ðu" 
Í [u* (x, ya) — #* (z, y1) ldx — ff a dxdy | < 100Bm(S — F), 


(x1, y1) and (xs, y1) being corners of R. Similar inequalities for «*(x, y) 
` with respect to y, and v*(x, y) with respect to x and y also hold. But 


f Peds = f uaz — tay + i | oan + way 


and 


f was - — f [ut (x, ys) — #*(x,.y1)]dz 


T This is in no way a further restriction on E, for almost all points of any measur- 
able plane set are points of linear density for it both in the direction of the x-axis and 
in that of the y-axis. 

The condition that the limits, lima.e (/(s+-h4)—f(s))/k, as s-+-h approaches s 
through points of E along either of two curves having non-collinear tangents at s, 
should be equal, is equivalent to the condition (2) in the presence of (1). For (1) and 
(2) imply that f*(s) is monogenic a.e. in E (Menchoff, loc. cit., Theorem 2,p. 27 and 
Theorem 5, p. 23). 
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Let e'= fa [u*(x, y1) —u*(x, 91)] dx—Sfr(Gu*/dy)dydx. Then fu*dx 
ex — ff (Ou*/dy)dydx —e’. Taking into account similar reasoning for 
the other parts of /,f*(s)dz we have 


frase SSE 
+if f E-Z as. 


where |e| <400Bm(S—F). Since the Cauchy-Riemann equations 
hold a.e. in F, ff*(s)dz = «, and the proof of the theorem is complete. 


COROLLARY. Let f(s) be defined on the bounded closed set E witht 
bounded derivative there. Let S=} aSm be a C-covering of E by squares 
with Ra the least rectangle within Sw containing Sa: E. Then there ts a 
constant B for which > m| f-.f*(s)ds| <400Bm(S—E), and if SE, 
C=) aR. E, and limes f.f*(s)dz=0. 


3. Derivatives finite, except for a denumerable set. We prove this 
theorem: 


THEOREM 2, If f(s) is defined and continuous on the bounded 
closed sei E, and sf, except for a denumerabdle number of potnts, 
lim supa.o | (f(s+h) —f(s))/h| <œ, and the Cauchy-Riemann equations 
hold a.e. where ike partial dersoaisves of u and v exist, then there ss a se- 
quence of C-coverings, {Ca}, for which lim,.. > =| fre, f*(s)ds| =0. 


Proor. Define I(C) =) =| /-,.f*(s)ds|. If for every point s of E there 
is a neighborhood N(s) such that for every closed subset of E in N, 
there is a sequence of coverings { C,} for which lim,.,, /(C,) =0, then 
by the Heine-Borel theorem there exists a sequence of coverings of E 
with the property mentioned in the theorem. The proof will be com- 
plete therefore, if we show that there is such a neighborhood for each 
point of E. Let P be those points of E such that in every neighbor- 
hood of z there is a closed subset of E for which there is no sequence 
of C-coverings, {C.a}, for which lims.» I(C,)=0. We shall assume 
that P is not empty and show that this leads to an absurdity. 

Let Pa (m=1, 2, +--+) be the points of P for which each of the ab- 
solute values, 


| s(x + k, y) — stla, y)|, | ote + k, y) — lae, y), 
| s(x, y+ k) stla, y)|, | oe, y + &)'— of (x, y) | 


is less than or equal to m|k| for |k| S1/m,k areal number. Since 
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u* and o* are continuous and P is closed, Pa is closed. Since at each 
point of E, excépt for a denumerable set H, the partial derivates are 
finite, P =$ mPa +P- H. By Baire’'s? theorem, there is an isolated 
point of P in A, or for some integer N there is a point 3) in P, the 
center of a square S which contains only points of P which are in Py. 
The former alternative is quickly dismissed as impossible; we pro- 
ceed.on the basis of the latter, and let F be any closed subset of E- S. 
Subdivide the sides of S into n equal parts, »>2N, and obtain 
the squares S, (j=1, 2,:--, #*).'€ being given, choose n so great 
that the squares 5, which contain points of F-P satisfy the in- 
equality, m(>_,5,—P-S) <«/800N. If R, is the least rectangle con- 
taining. P-5,, and C is the covering )), Rj, by Theorem 1, I(©) 
<400 N >), m(35,—P 3,) <e/2. Since I(R) is a continuous func- 
tion of r, C may be extended by the addition of more small rec- 
tangles, so that, if C’ is the new covering, [(C’) remains less than ¢/2, 
but so that the points of F-P are inner points of the covering. The 
part of F not already covered (denote it by G) is such that its closure 
contains only points s of F for which there is some neighborhood N (s) 
with the property that every closed subset of Fin N can be C-covered, 
say by C.(s) (n=1, 2,--+) and Masse [(Ca(s)) =0. Let S(s) be a 
square with z as center entirely within N(s). Of these squares a finite 
number, k, cover G, and within each of these is a covering, C(s), of G 
for which I(C(s)) <¢/2k. Hence G is C-covered by a covering C for 
which I[(C)<¢«/2. F is therefore C-covered by C+C’ for which 
I(C+C’) <e, so that zo cannot belong to P, contrary to assumption. 
This completes the proof of Theorem 2. 


COROLLARY. If f(s), defined on the bounded closed set E and contsnu- 
uous there, has a derivative at each point except at most a denumerable 
sel, there is a sequence of C-coverings of E usth E as their limit for which 
lima fc, f*(s)ds =0. 


Duxe UNIVERSITY 


3 S, Saks, The Theory of the Integral, New York, 1937, p. 54. 


ON VALUE REGIONS OF CONTINUED FRACTIONS 
WALTER LEIGHTON AND W. J. THRON 
The results of this paper are contained in the following theorem. 
THEOREM 1. If the elements a1, G3, + -- of the continued fractton 


a} tr 
1 : 1 EEN eed 06 4 
() Pa ga 
lte an the parabola 
2da(1 — lee 
(2) N A 1/2 <d <1, 
i 1 — cos 9 j - 


then the approximants of the continued fraction (1) lhe in the hyper- 
bolic region T ' 

2d(1 — d) 
1 — 2d +- cos ġ¢ ? 
where B =arc cos (2d-1). If z is any value on the boundary of the regton 


(3), there exists one and only one continued fractston of the form (1), 
wiih elements in the parabola (2), converging to z, namely :! 


(4) 1+ a qa ‘a 
a oe 1p 
where a =(z—1)8 ss a value on the boundary of the parabola (2). 


For the case d = 1/2, Scott and Wall [3 ] determined the value region 
of the approximants and Paydon [1] established the uniqueness 
property of (4) for that case. 

A convergence criterion due to Scott and Wall [2] insures the con- 
vergence of the continued fraction (1) if in addition to the conditions 
of Theorem 1 it ia required that the series >| ba | diverges, where 
bi= 1/81, Oasi=1/an4ib,. The value of such a continued fraction 
must lie in the closure of the region (3). Finally it follows from 
Theorem 1 that all values in the region (3) are assumed by a con- 
tinued fraction of the form (4). The following result is now seen to 
be a consequence of Theorem 1. 


Presented to the Society, April 11, 1942; received by the editors December 7, 
1941, and, in revised form, March 27, 1942. 

1 Here and elsewhere in the paper a bar over a number means the complex con- 
jugate of the number. 
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THEOREM 2. If the elements a, (n= 1) of the continued fraction (1) 
lie in the parabola (2) and if in addition >,|b,| diverges, where by =1/a1, 
bait =1/n410,, the continued fractton (1) converges, and tis value lees 
sn the closure of the hyperbolic region (3). Further, every value tn (3) 
4s taken on by at least one convergent continued fraciton (1) with elements 
in (2). ! 


We now prove the first part of Theorem 1, namely, that the ap- 
proximants of (1) lie in the region (3) if the elements of the continued 
fraction lie in the parabola (2). We first note, that if s lies in (3) then 
w=re¥=g—1 satisfies the relation 

Og =a 
f Non A O 
(5) 1 — 2d + cosy 
r< œ, —B <y <B. 


B <ý < 2r- B; 


The proof is by induction. A:/B,—1=a, satisfies relation (5), if ay 
lies in the parabola (2), as 


2d(1 — d) — 2d(1 — d) 
1 — cos ġ 1 — 2d + cos ¢ 


for 8 <¢ġ <2r —. Hence A;/B, lies in the region (4). To complete the 
proof it is sufficient to show that w=3—1=a/s’ lies in the region de- 
fined by relation (5) if a and # are any arbitrary complex numbers 
in the regions (2) and (3), respectively. To this end we prove the fol- 
lowing lemma. 


LEMMA. The number 


satssfies relatson (5), sf a and g are arlttrary complex numbers in the 
regions defined by relations (2) and (3), respectsvely. 


We shall choose a and z in such a way, that they maximize |w] for 
any arbitrary fixed arg w =æ, P <a <2r — 8. It is clear that the num- 
bers a and g must then be chosen on the boundaries of the regions 
over which they are allowed to vary, and we then have 
1 — 2d + cos 6 


p 
SS ee y ġp—0= a 
R i — cos ¢ 


i 


| w| = 


It follows from elementary considerations that if |w| is to be a 
maximum, @ must satisfy the relation 
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sin 8 + sina + (1 — 2d) sin {a+ 0) = 0. 
This is equivalent to | 
sii “| = 0, 
2 


a+ @ 
The solution 9 = —qa@ is excluded since the ranges of a and —@ have 
no values in common. It remains to find the value of |w| when 








2 sin 


a— @ i 
| cos —— + (1 — 20 cos 


— @ a 
(6) cos + (1 — 2d) cos = 0. 








We shall show that (6) is equivalent to the two relations | w | 
sa —2d(1—d)/(1—2d+cos a) ands=1-+. If these two relations are 
satisfied the sine law leads to 











sin (x — a) gin a 1— 2d + cosa 
ain (= —sin@  1—2d+cosd 
‘This gives 
(1 — 2d)(sin æ — sin 6) + sin (a — 6) = 0, 
Or 
2 sin "| cos" + (1 = 24) cos ==] = 0, 


Since 9 cannot equal æ, the only solution of this equation is that 
of equation (6). Thus the lemma is proved. 

This completes the proof of the first part of Theorem 1. It remains 
to show that any s on the boundary of (3) i is uniquely expressible as a 
continued fraction of the form (4). 

From the proof of the lemma it follows that a; must lie on the 
boundary of (2) for z to lie on the boundary of (3). It was further 
shown that 

Gy 


= 1 
z aries 


lies on the boundary only if 


„but then 3 lies on the boundary and hence we must have 
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Ota— Gan 
a Feilb; nz. 
i 3 


s=f+ 





This gives 
Gxu—1 = (s — 1)8, 
ax oe (z —- 1)s = Gan—1, 


and it is easily seen that all a, lie on the boundary of the parabola. 
The theorem is now completely proved. 
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A TABLE OF COEFFICIENTS FOR NUMERICAL 
DIFFERENTIATION 


ARNOLD N. LOWAN, HERBERT E. SALZER AND ABRAHAM HILLMAN! 


The following table lists the coefficients 4m. for m=1, 2,---+, 20 
and s=m,---, 20 in Markoff’s formula for the mth derivative in 
terms of advancing differencés, namely 


Daf a) = E (= 1) An A(z) + (— Dt eA af (0. 


In this formula w is the tabular interval and 
Ana = (—1)ttmBo,/s(s—m)! 


and B®, is the (s—m)th Bernoulli number of the sth order. 


Presented to the Society, April 4, 1942 under the title Coeficients of differences tn 
the expansion of derwaimes in terms of advancing differences; received by the editors 
March 7, 1942. 

1 The results reported here were obtained in the course of the work done by the 
Mathematical Tables Project, Work Projects Administration, New York City. 
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If a function has been tabulated to sufficiently great accuracy and 
for some suitable interval of the argument along the real axis, the 
accompanying table may be used to generate the values of the 
derivatives which in turn may be employed to generate the values of 
the function in the complex plane within a region where the function 
is analytic. 7 

The coefācients were computed from the recurrence formula 


SA wis =. (s a IJA m si + MÅ m11 
and checked by independent calculations using the identity 


a(a-+i)\(a+2)---(#+s-—i) = Ebon eri 


From the identity 
(s+2?/2+8/3+ ++) eAg nt Am mH +. 


it was discovered that a prime p is not effectively present in the de- 
nominator of an Ám, for which s<m+p—1. The cancellation of 
prime factors in accordance with this rule was a further check on 
the accuracy of the work. 

The Markoff formula is used at the beginning and end of a table 
where advancing differences are the only types available. For a full 
discussion see L. M. Milne-Thomson, The Calculus of Fintte Differ- 
ences, chap. 7, pp. 157-159. According to Milne-Thomson the relative 
simplicity of the remainder term is another advantage over central 
difference formulae. 

Comparison of the Markoff coefficients with central difference co- 
efficients shows the latter to be much smaller and obviously more con- 
venient for obtaining the derivatives of a polynomial sufficiently far 
away from the ends of a table. However for many important func- 
tions in applied mathematics such as Bessel, error, and gamma func- 
tions, use of the Markoff formula for a polynomial approximation of 
some fixed degree might yield a smaller total error due to the particu- 
lar form of its remainder term. 

The first few coefficients of the various formulae may be found in 
H. T. Davis, Table of the Higher Mathematical Functions, vol. 1, pp. 
73-77; Whittaker and Robinson, Calculus of Observatsons, pp. 62—65, 
and in an article by W. S. Bickley Numerical differenisatton near the 
dimits of a difference table, Philosophical Magazine, (7), vol. 33 (1942), 
pp. 12-14. (This article lists coefficients of the first 12 derivatives up, 
to those of the 12th difference.) 
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COEFFICIENTS Ám, IN MARKOFF'8 EXPANSION 
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COEFFICIENTS Am, O Marxorr’s EXPANSION 
oe D=f(x)~ Do (1d AY (2) 


New Yorx Crry 


19 


11519 


ON MAJORANTS OF SUBHARMONIC AND 
ANALYTIC FUNCTIONS 


FRANTISEK WOLF 


This paper represents a different approach to a whole group of 
problems connected with majorants of subharmonic functions. The 
same method has been used previously in order to prove a generaliza- 
tion of the Phragmén-Lindeldf theorem.'! It seems that the best 
approach is to prove first Lemma 4, and then the most important re- 
sults are easily deducible. Corollary 6 is a generalization of a result of 
N. Levinson.? His theorem has made me realize the importance of 
these results. 


Lexma 1. If (i) 0<f(x) <1 and (ii) fè log f(x) dx ts finte, then 


(1) f v6) f “sores 


4s a continuous function of Ein (a, b). 


ax 








We first suppose that f(x) is non-decreasing and that (0, 1) =(a, b). 
We get 


f so > J sors > (x/2)f(x/2). 


Hence 


fr ( fsorey)ae > f 10 (2/2dz + flog f(a/2)¢z 


1 l l 
(2) > 2 f log x:dx + 2f log f(x)dx 
0 0 


1 
=-242f log f(x) -dx. 
" ¥Q 


If f(x) is replaced by f(a+(b—a)x), we obtain 


Presented to the Society, November 22, 1941 under the title Om mayorants of 
analytic funcitons; received by the editors March 2, 1942. 

1 Cf. the end of this paper and Journal of the London Mathematical Society, vol. 
14 (1939), p. 208. 

2 Gap and Density Theorems, American Mathematical Society Colloquium Pub- 
ications, vol. 26, 1940, p. 127, Theorem 43. 
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b £ 
f tog ( f f(o)ay) dx & — 2(b — a) + (b — a) log (b — a) 
(3) a a 
+ 2 f log f(x). dz. 


Next, if f(x) is general, we form the rearranged non-decreasing 
function f(x) for which 


meas Ẹ (2) Ss y] = meas E (f(x) Ss y] 


for ail y. We know that? 


1 i _ 
f log f(x) dx = I log f(z) -dz, 
o 0 


and that 


| Í JO) iy) > f FONG): 


Hence, if x»C(0, 1), ! 


fs f 10) 
z f'v6( [7 70a) a 
a a(S toe) fa 9) 
[Fn ae fA [00 
22 f toe( f FO) ay) dz 


This, with (2) gives 


f, 98 ( [s0)-49) iz a £44 f tog Ja) ds 


1 
= — 4 + af log f(x) -dx. 
0 


‘ax 








* Hardy, Littlewood, Pólya, Inequalities, Cambridge, 1934, p. 276. à 
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In a similar fashion we get, for xoC (a, b), 


J “log Í EOG 


dz 2 — 4(b — a) + 2(b — a) log (6 — a) 








(4) 
AE af log f(x)dx. 


If e>0 is given, we can find a 8>0 such that 
mt 
83 — 45 log 5 — 4 f log f(x) dx < ¢/3. 
a4 


Let us denote by Jı the common part of (a, b) and (ap~6,x0+59), 
and by J; the rest of (a, b). Then, by (3), for ECJ; 


o> f log J 10) dy 


Further 


dz 2 — 8 + 4 logs > 








nti 
-+ f log f(xz)-dx > — ¢/3. 
iid 





n@ =f 1f SO)dy| -dz 


is a continuous function for: =x and, hence, there is a ô, <ô such 
that 


| g4) — galazo) | S ¢/3 for | E — zo | < 8. 
Hence, if we call the integral (1) g(¢), then 
| g(t) — glz) | < € for |E — a | < ön 


This shows that (1) is a continuous function of § at an arbitrary 
point xC (a, b). . . 


LEMMA 2. Given a non-negative Y (x) CL, there is a domain D, bouhded 
by two continuous curves i 


Cı m y = g(x), Cy Œ y = g(x) 


and two stratght Isnes x =x—a, X=X0+G, such that, +f x+iy = fre) 
represents D, conformally on the uni circle r <1, then 


5) (Z| = const. exp [pca] 


on Cı and Ci. 


mea 
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Further the rectangle 


(6) Ro: [| y — yo| < a log 3/2, | z — zo| < a] 
4s iniertor to D and 

|y— y| Sa), |z- z| Sa, with lim c(a) = 0, 
contasns D. 


There is no loss of generality in supposing x» =7yo=0. We define D 
by constructing its conformal representation on the unit circle. First 
we define the boundary function of the harmonic function x(r, 0) 
so that it satisfies the above condition for the derivative. We define 
it as the inverse function of 


(7) E Í e+ Odi 
and, for later convenience, we take b such that 
(8) sf ewOdt = A) < 2 arc cos 3/4 < x/3. 


Then the inverse function x(1, 6), defined in (0, 6) satisfies condition 
(5) and is continuous and decreasing. Further, we define x(1, 0) =a, 
for OC (8o r); x(t, r+0)=x(1, 6)—6) for C(O, 6o), and finally 
x(1, O = —a for @C(w+9o, 2r). In the interval (r, +6.) condition 
(5) is again satisfied. Now, the boundary function is completely 
defined and 


x(r, 6) = 





1 af” z(1, ¢)dẹ 
2r o 1 — 2rcos (0 — ¢) +r’ 
The conjugate harmonic function is 
1 pa 2r sin (0 — @) 
r, 8) = — — oT, i 
y(r, 6) '2rJo 1—2rcos(0— +r Ligaa 
By partial integration ys ' 
1 pi 
y(r, 0) = -f $ | 1 — revit) | dx(1, ¢). 
2x 0 


Since x is constant in some intervals, we get, using the above defini- 
tion of x(1, œ), 
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fd 


1 p" 
y(r, 0) = -f [log |1 — reto) | 
20 0 
— log | 1 + retro | dx(1, $). 


(9) 


Now, the required conformal representation is given by x(r, 6) 
+4y(r, 0). The boundary curve of D in the parametric form is 
x(1, O +iy(1, 0), and we shall investigate it. l 

If OC (0, fo), then x(1, 0) runs from —a to +a and, since | 1 — e+) |- 
<1 for 0, E (0, 4) C (0, 1/3) (cf. (8)), 


1 p” 
yi, 0 S — =f log | 1 + etto | dz 
2x 0 


A 


1 « 
— = log | 1 + om] f dx 
2x act 


ll 


— (a/r) log 2 cos @)/2 < — (a/r) log 3/2. 


* 


The first term J, on the right in (9) is more difficult to dispose of. 


We have 
= — ~f- log 


"  2sin (6 — ¢)/2 
oy pa 


2 sin -—* |. 








-dx(1, $) 
dx(1, ¢) 


1 fe 
+—f log |8 — $| -da(1, $) = +H, 
2r Vo 


Here, If is evidently a continuous function of 6 and 


2 sin Oo/2 


a 
0> > — — log 
r Go 


By means of (7), we change variables in J/’ and obtain 


fex Hodal -dg 


By Lemma 2, this is a continuous function of x and therefore also of 
6 and from (3) we get 


int 
t Det fc i 





ernes a a 
: zhe 


& T r 





Í « 
+— f log | be *® | dz. 
F Va 
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If we combine the last inequalities and introduce the abbreviation 


c(a), we get 
è 


— = log 3/2 > y(1, 0) > — c(a), 9 C (0, &), 

with . | 
lim c(a) = 0. 
From (9) it is easy to deduce that 
y(r, 6 + x) = — y(r, ba — 8), 

and we obtain 

(a/x) log 3/2 < y(1, 0) S c(a), forð C (x, x + ba). 

Using the same notation we shall prove the following lemma. 


Lemma 3. If Y(xo—a), W(xota) are finste, then every subharmonic 
function a(x, y), defined in D, which satisfies 


(10) : a(x, y) sAm |e] <a, 


has an upper bound in R{|>| <a-log 3/2, |x| <a] which depends only 
on (x). 

If we represent D conformally on the unit circle C, we get from 
a(x, y) a subharmonic function a(r, 0) defined in C. There, it must be 
less than any harmonic function with boundary values not less than 
those of a(r, 6). By (10), these are not greater than exp {W(x(1, 6))}, 
where x(1, 0) has been defined in the preceding lemma. Such a har- 
monic function is the Poisson integral of exp {v(x(1, 6))}. We have 
to show that this Poisson integral is not identically equal to œ. A 
sufficient condition is 


tx 
[exp [W )}-a9 < o. 
G 
In view of the definition of x(1, 8), this integral is obviously less than 


| E d — “de 


and using (5), also less than 


+ f ea 








+ " a+ d6 +- S ctí») da 
fo 


26 f et De-Vindx + reto + e¥(—*)) < 4ab + r(A -+ ete) < a, 
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Hence a(x, y) is, inside of D, less than a finite harmonic function 
depending only on (x). In the domain D, completely interior to R, 
it is therefore bounded from above by a constant depending only on 
(x). 

THEOREM. If (i) a(x, y) is subharmonic in R[|x| <c, |y| <d] and 
Gi) a(x, y) <#®, Wx)CL, C(e, c), We) <<», Wo) < o, 


then for any 8, such that 0 <ð <d, there is an upper bound C for a(x, y) 
in Do[|x| <c, |y] <d—6] dependent only on 8 and (x), but inde- 
pendent of the particular a(x, y). 


In view of the Lemma 3, it is sufficient to show that there is an a 
and a finite number of domains D, satisfying the conditions of this 
lemma, and, such that D, contains (cf. (6)) R,||x—xs| <a, |y — ya! 
Sc(a)|, is contained in R, and that covers completely Do. 
Since a(x, y) has a finite upper bound in every Ry, it must be so 
also in Do. And the upper bound will depend only on W(x) and Do. 

We determine ¢>0 such that c(a)—a log 3/2 <6/2. If we define ° 
D*||x| <c, |y| <d—8/2], then DoCD*CR, and, if RıCD*, then the 
corresponding D,CR (cf. (3.2)). Since R, can be any rectangle, of 
the above size, in D* and such that (x,+a) is finite, it is evident 
that we can find a finite number of them covering completely Do- 
The theorem is proved. 


COROLLARY: Let f(s) be a function, analytic in R{|x| <c, |y] <d], 
such that 
[JO | $ Ma). 
If f logt logt M(x)dx< œ, then for every domain Dy completely in- 
terior to R, there exists a ġ depending only on Dy and M(x), such that 
POIET: for s C Do. 


There is no loss of generality to suppose M(x) >e. and then the 
sign + can be omitted over the log signs. If f(s) is analytic, then 
log | f(s)| is subharmonic and the result follows from the preceding 
theorem. . 

Nils Sjöberg has proved the following theorem 4 


Let M(6) be piven and 0<e<1. In order that the class of subharmonic. 
functions, defined in || <1, which satisfy in 1—eS|s| <1 


| u(r) | S M0), 
1 Comptes Rendus du Congrès des Mathématiques A Helsinfors, 1938. 
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should be bounded from above in every circle |s| Sro<i, it is sufficient 
that 


[og M(6) d8 < œ. 


This theorem can easily be deduced from our result. By [=log z, 
we straighten out the concentric circles, and 1— es |z] <1 corre- 
sponds to log (1—eƏe SR) <0. In this strip u(t) < M(6), 0 =9X(0). 
Hence, if M(6.)< œ, then, by our result, the class of subharmonic 
functions (f) will be bounded in ĝo Sarg s = 6 S0)+2x and log (1 —«/2) 
< R(t) Slog (1—«¢/4). Hence the same is true of u(s) in 1—e/2 3 |s| 
Si—e/4. But the class of subharmonic functions must have the 
same upper bound in |z| S1—«/4. The theorem is proved. 

Similarly we can prove a generalization of the Phragmén-Lindelðf 
theorem #4 

If: (i) f(s) ss analytic in %(s) >0, (ii) tts boundary values on Y(z) =0 
are în absolute value less than 1, (ill) there are two sequences r,— © and 
¢,->0 such that 


| f(s) | < exp fermt”), ¥(0) CL, 
for rs(1—8) <|8| <r, then ` 
| |f®)| s1 for 3(s) > 0. 
From condition (iti) it follows that 
log | firas) | Jars & #0, 


for 1— ô< |g! <1. By condition (ii), we can suppose ¥(0) = Wr) =0. 
In the same way as in the preceding we deduce the existence of a œ, 
such that 


log | f(ris)| /ars < ¢ for 1 — 8/2 < |s| < 1 — 6/4, 
or i 
|Œ) | S exp {agri}, (1 — 8/2)ra < | s| < (1 — 8/4). 


Now we use the Phragmén-Lindeldf theorem in its classical form* to 
deduce the desired result. 


UNIVERSITY OF CALIFORNIA 


* Journal of the London Mathematical Society, vol. 14 (1939), p. 208. 
t R. Nevanlinna, Kindeutsge analytische Funktionen, Berlin, 1936, p. 43. 
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HOMOGENEOUS AND NONHOMOGENEOUS 
DIOPHANTINE EQUATIONS 


ANTHONY A. AUCOIN 


In an earlier paper! we considered homogeneous polynomials f and 
g whose degrees are relatively prime, and solved the Diophantine 
equation f(x)=g(y). These results are generalized in the present 
paper. The solutions are given in terms of arbitrary parameters and 
if the parameters are integral the solutions are also. 

We begin our discussion with the hypothesis that the functions 


Fla) flu s m  Mat Sum), BCX) = BCH, 2 yi 
Xalis © °°, Xam) are Shen ok with nterra coefficients, foio negis 
in each set of variables xut ' - - Xim; f being of degree a, 20, g being 


of degree 8, 20 in the sets tsr * > Xen and Gd, =a, —fi. We suppose 
further that integers A,, u,20 exist such that? 


(1) > ay = — Do dm, = 1. 
í= 1 a] 


THEOREM 1. The Diophantine equation 
(2) F(z) = gle) 


has integral solutions, and every solution for which the members of 
(2) do not vanish, ts equivalent (in a sense to be defined) to one of the 
solutions given by 


(3) ty = ar lgl) |**[ f(a) pe, k = | ee SI = Lys sone s hy 
where the a,; are arbttrary integers. l 


Proor. Let x,,=a,,54*. Then by (1), (2) becomes’ sf(a) =ig(a), 
which is satisfied identically in the az, if s=g(a), §=f(a). Hence (3) 
is a solution of (2). 

We now define the concept of equivalent solutions. Suppose 
Xa;= Pa, i8 a solution of (2). If there are no integers b>1, ps; such 
that pr; ™ Pab, where the oy are positive integers such that > $10, 


Received by the editors March 2, 1942. 

1A. A. Aucoin and W. V. Parker, Diophantines equations whose members are komo- 
pensons, this Bulletin, vol. 45 (1939), pp. 330-333. 

1 We oe ee may be shown that for # 
odd m=)" oy h — -J e —h, where se ea and for n even wD d,—d, 
Pg — 2b gy, As di =d; for kn, di m0 for k>n and Coa 
We must, however, assume that um 20. 

3 It wil] be shown later that s, ¢»40. 
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=) TPs, then xı, =p»; is defined to be a primitive solution of (2). 
If x,;pxy i8 a primitive solution of (2), then x,;=p,,0% (derived 
from the primitive solution), where b is a nonzero integer,‘ o, are 
positive integers such that > 3_,a.0,=)_3-18s0%, is also a solution. 
Two solutions are said to be equivalent if they may be derived from 
' the same primitive solution. 

Suppose now that x,;=p,; is a solution of (2). Then f(p) =g(p). If 
we choose a4;=ps;, (3) becomes xaj = pa; S(p) Nte which is equivalent 
to the given solution x,,=ps; provided f(p)+0, since from (1), 
Dore (Ant ie) = 2i- pa Atu). If f(p) #0, then s, t0. 

As our next topic we suppose that for the functions considered 
above, f is of degree —a, and g is of degree —f, in the set xy: zya 
tym, Where ay, Bp are positive integers.’ Here we let dp =Bp— Qp. 


THEOREM 2. The Diophaniine equation 
(4) f(z) = g(2) 


has solutions, and every solution, for which the members of (4) do not 
vanish, +s equivalent to a solution given by 


(5) zai = anj[A (a) B(ax) Pte (g(x) P f(a) |=, 
© where A(x) =| [Fx B(x) =] [7 1x%, the ay, being arbitrary integers. 
Proor. If we multiply (4) by A(x) B(x) we have 


(6) A(x) B(x) f(z) = A(x) B(x)g(x), 
each member of which is a polynomial. If we let 
(7) Thy = ay SiMe, 


equation (6) becomes‘ sA (a) B(a@)f(a) =tA (a) B(a)g(@), which is iden- 
tically satisfied in the a, if s =A (a)B(a)g(a), i= A (a) B(a)f(a). Hence 
(5) is a solution of (4). 

It is evident that more than one of the corresponding sets of vari- 
ables may be of negative degree. 

Suppose that xs;—ps; i8 a given solution of (4). Then f(p) =g(p). 
If we choose ay;= prj, (5) becomes 


Xaj ™ Ph; [A (p)B (p)f(p) pote 


which is equivalent to the given solution x,;= ps; provided f(p) 0, 
since from (1) 


i If b0, the solution is trivial 
$ The ^, and hence the u, here are different from those of Theorem 1. 
t It will be shown later that s, #40. i 
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Dd ass + pa) — 2ap(Ap + Hy) = 2, Baa + ua) — 2B p(y + Hy). 
kent h1 i 


If f(p) #0 then s, #0. We now pass on to our next result. 

Suppose that f is of degree —a, in the set xp1 Xy2° + * py, and g is 
of degree — 6, in the set XXe’ + Xen Where a,, 8, are positive in- 
tegers. Here’ d,= —(a,+8,), dg=a,+8,. 


THEOREM 3. The Dtophantine equation f(x)=g(x) has soluttons, and 
every. solution for which the members do not vantsh, is equivalent tora 
' solution given by xa, =œ; [CD (a) tela) (f(a) where C(x) 
=| [Z xt, D(x) =] [7 1%, the ar, being arbitrary integers. 

The proof is similar to that of Theorem 2. 

We can now extend the above methods of solution to nonhomo- 


geneous equations. The nature of this extension is contained in the 
following theorem. 


THEOREM 4. The Diophanisne equation? 
(8) I(x) = g(x) 


where f(x) =e aa] Ti. wr, g(x) =) Tidal If Gt, Gy, by are integers, 
Gai, Bas posstive tniegers, has solutions tf there exist postive integers 
tea, 04, M, N such ihai 


>, anu, =M +1, h=1,--+,m™, 

tow 1 

¢ 

>, Bay = M, k= 1,-*°, p, 
(9) 

> ano, =N, A=1,-:-+,m, 

im] 

' 

2 bin = N +1, R=1,::-,, 

jew 


and every solution for which the members of (8) do not vanish, is equsva- 
lent to a solution given by 


(10) T, = ay [gla |» [Ka], 
where the a; are arbttrary integers. . 


T As in the previous theorem the A, and y, will be different from thoee of Theorem 1. 

* A.A. Aucoin and W. V. Parker, op. cit., p. 331. Theorem 4, which generalizes 
Theorem 2 of the reference may be obtained from that theorem directly by setting 
Jma. 
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Proor. Let x;=a,s"i, Then (8) becomes, by (9), s¥t+U*f(qa) 
=sjN+1¢(q), which is satisfied identically in the a, if s=g(qa), 
t= f(a). Hence (10) is a solution of (8). 

When the conditions of (9) are satisfied there also exist non- 
negative integers R, u? such that 


4 
(11) Z a =R, Z Bieu =R, h=1,---,mk=1,---, pf. 
” pal foal 
If x;=p, ig a solution of (8) and there are no integers d>1, uj, pj 
such that p,=p,; d", where u; satisfies (11), then x;=p,is defined to be 
a primitive solution of (8). If x;=p; is a primitive solution of (8), 
then x, = pd“ (derived from the primitive solution) where 
d (740) is an integer and uj are non-negative integers satisfying 
(11), is also a solution. 

Suppose x;=p; is a solution of (8). Then f(p) =g(p). If we choose 
a,=p;, (10) becomes x;=p,[f(p)]"*+* which is equivalent to the solu- 
tion x,=p,since from (9) 


D an(#, +o) = D> palu $0, = M+ N +1. 
fom I pæl 

In Theorems 2 and 3 it is conceivable that the method applies to 
cases other than those in which an entire set of variables appear in 
the denominator. The cases are too numerous to consider. It is like- 
wise apparent that the method of Theorem 4 applies when some of 
the exponents are negative. As there is no typical case the procedure 
will be illustrated by a particular example. 

Consider the equation 


(12) axui/o + bytt/u! = c/w 
which may be written as 
(13) axtu'w + byte = criw. 


If we let x =as"%, y= fsan, yess, p= suid, w=pset and sub- 
stitute in (13) we have 


sirt atni tTn tegat Ty + strgtilegt ele tliag thei lly 
=a Siritir tT peint tH ucatu, 
We require an integral solution of the equations 
B3pit Ths t+ pfr=m, Sq. + fast ga=nt il, 
pı + lpi t pr =m, 492+ llu t go= atl, 
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Shit Wstifp=amti, Sut 2+ Iu =n. 


A solution of these equations is 1 =4, po™3, py=1l, pue7, poem, 
gi=4, g2=3, qa™= 11, gs=7, gp 3. Hence a solution of (12) is x =ast, 
yee BSP, ues post’, weeps? where s =aat\’vy+ bftyus, 
b= comity", 

I xex, yay’, umn’, v=0', w=w is a given solution of (12) and 
the choice a=x’, B=y’, =u’, =v, v =w is made then s =? and the 
solution becomes x =2'#, y=y f, u=, t =y t, w=wt which is 
equivalent to the given solution provided ¿x 0. 


UNITED STATES NAVAL ACADEMY AND 
UNIVERSITY or HOUSTON 


VECTOR ANALOGUES OF MORERA’S THEOREM 
E. F. BECKENBACH 
Let the vector 
X m X(x, t3, ta) m X(x) m Xu + X + Xak 
be defined and’ continuous in the domain (non-null connected open 


set) D. Consider the mean-value vector 


(1) XP(x) = 





X(x + dY, 


| il Vp 
where V, denotes the sphere 
2 2 2 

itbti<p, 
and | V,| its volume, , 
| V,| =m 4rp?/3. 
The vector (1) can be defined thus for only a part D, of D, but this 
is of no consequence since p is arbitrarily small. 


Since X(x) is continuous, it follows that X® (x) has continuous 
partial derivatives of the first order; these are given by 


(2) Seite 
OL», a |v, | Sp 


X(a + pa)apdo, 





where S, denotes the surface of V, and a, as, ay are the components 
of the unit vector along the outer normal to S,. 


Presented to the Society, September 5, 1941 under the title Vector formulations of 
Morera's theorem; received by the editors March 3, 1942. 
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Mean-value functions are particularly useful in giving sufficiency 
proofs involving lessening of differentiability conditions. We shall use’ 
mean-value vectors to establish two generalizations of Morera’s 
theorem to vector functions. 

A vector X(x) having continuous partial derivatives of the first 
order in the finite domain D has been called! a Newtonian vector 
provided it is both irrotational and solenoidal; that is, provided its 
curl and its divergence both vanish identically in D: 


(= o ` (= OX; 
curl X mV X Xa = i+ a y 





























OX, Oxy GER Ox 
(3) . 
OX, dX, 
a = k = 0; 
OX OX: 
l aX, ðX, OX, 
(4) div X m y X= + + =: 
Ox OX, Oxy 


It follows readily? that every Newtonian vector is a harmonic vector. 
For a vector of components Xi(%1, xı), X2(x1, x3), equations anal- 
ogous to (3) and (4) are the Cauchy-Riemann differential equations 














OX, dX, OX, OX, 
OX, j OX: l OX: ~ Izi. 
for the function 
f(s) m Xo( x1, x3) + iXilzı, x1), 3 = zı + izt} 


‘This fact is taken as justification for considering Newtonian vectors 
as a generalization of analytic functions of a complex variable. 

Let the vector X(x) have continuous partial derivatives of the 
first order in D. By Stokes’ theorem, X(x) is irrotational if and only 
if for each reducible’ closed curve C in D, 


(5) J xar = 0, 


where R is the vector from the origin to a moving point on C. By 


1D. G. Fulton and G. Y. Rainich, Generalizations io mgker dimensions of the 
Cauchy integral formula, American Journal of Mathematics, vol. 54 (1932), pp. 235— 
241. 

3 See, for instance, H. B. Phillips, Vector Analysts, New York, 1933, pp. 149, 153. 

3 A closed curve (or surface) in D is reducible provided it is rectifiable (or of 
finite area) and can be shrunk continuously in D to a point of D. The forms of Stokes’ 
theorem and Green’s theorem referred to in this paragraph may be found in H. B. 
Phillips, loc. cit., pp. 62, 68, 72. ° 
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Green's theorem, X(x) is irrotational if and only if for each reducible 
closed surface Sin D, 


(6) fx X Xde = 0, 
8 


where n is the unit vector along the outer normal to S; and again by 
Green's theorem, X(x) is solenoidal if and only if for each reducible 
closed surface Sin D, 


(7) f nxis = 0. 
8 


It follows that Newtonian vectors are characterized by (5) and 
(7), and also by (6) and (7); but (cf. Morera’s theorem) the assump- 
tion thai X(x) has continuous partial derivatives of the first order now ts 
redundant,‘ as we shall show. We shall further lessen the sufficiency 
conditions by replacing the integral conditions (5), (6) and (7) by 
weaker local conditions which are implied by (5), (6) and (7), re- 
spectively. 

We shall denote by S(x, r) the sphere with center (x) and radius r, 
and by Ci(x, r), C(x, r), Calx, r) the circles with center (x) and radius 
rin planes perpendicular to the x1, x1, -x3 axes, respectively. Let 


C(z,r) m Ci(2, r)i + Cy(a, rJ + Cix, rk, 
and let e(r') denote a function (not always the same function) of r 
such that 
_ or’) 
lim = 
r-0 f! 


THEOREM 1. Let the vector X(x) be contsnuous in the finne domasn D. 
If 





0. 


(8) J. aR = ofr’) 
and 
(9) J cee = o(r*) 


uniformly in each sphere in D, then X(x) is a Newtonian vector. 


4 See H. B. Phillips, Joc. cit., pp. 177, 178, for a proof of the result that if the con- 
tinuous vector function X(x) satisfies (5) and (7), then X(x) is a Newtonian vector. 


940 E. F. BECKENBACH [December 


ProoF. Since (8) and (9) hold uniformly in each sphere in D, we 


have 
raS, Sa x aR) dV = olr’) 
rS, Se)” = o(r*) 


in D,. Interchanging the order of integration, we obtain 


and 


(10) J X% -dR = o(r?) 
C(a,r) 

and 

(11) f n: X®do = o(r?), 
S (sr) 


Since X” (x) has continuous partial derivatives of the first order in 
D,, about any point (x) in D, we have the finite Taylor develop- 
ment 


is) G), (0) OX‘) w 3X (0) 
X (x) =X (x )+ ; (i= x ) (z1 — X: ) 
Ti 








T: 
ax’ 


OX, 





) 
+ (zı — z; ) + o(r), 


where the partial derivatives are evaluated at (x®). Computations 
yield 


(12) f X®).dR = qr? curl XO(z®) + olr”) 
C(s ® r) 

and 

(13) Í : n-X Pdo = (4/3yrr? div Xx) + olr’). 
S(a\™ r) 


Now (10)-(13) give 
curl X“ (x) = 0 
and 


div X“ (xz) = 0 


4 
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throughout D,; that is, X” (x) is a Newtonian vector. Hence X(x), 
the uniform limit of X% (x) as p—+0, is a Newtonian vector. 


THEOREM 2. Let the vector K(x) be continuous in the finite domain D. 
If 


Í -n X Xdo = o(r*) 
S(s) 
and 
Í n-Xdo = o(r*) 
5(e,r) 
uniformly in each sphere in D, then X(x) is a Newtonian vector. 


Proor. The proof is analogous to that of Theorem 1, with 
Sia] r) 


in place of (12). 


Tue University Of MICHIGAN 


ON THE INTERIORITY OF REAL FUNCTIONS! . 
G. T. WHYBURN 


If X and Y are metric spaces, a continuous transformation f(X) = Y 
is said to be interior at a point x of X provided that if U is any 
open subset of X containing x, f(x) is interior to f(U) in Y. In 1928 
Kuratowski? proved a theorem essentially to the effect that if X is 
compact, the set G of all points y in Y such that f is interior at all 
points of f(y) is a Gy-set dense in Y. We first establish the following 
related result. 


THEOREM. If f(x) is a real-valued continuous function defined on a 
locally connected separable metric space M (therefore transforming M 
snio a seé Y of real numbers), there extsis a countable subset C of Y such 
that f is tntertor at every point of M—f(C). 


Proor. For each yeY let Fı and F, be the sets of all numbers in 
Y which are less than y and greater than y, respectively. Let 
Milly) =f Y1), Maly) =f(¥:). Now there must exist? a countable 
subset C of Y such that if y is any point of Y—C, 


fy) C Mily) Maly). ' 


For if not, there would exist an uncountable subset K of Y such 
that for any yeK there is a point pef (y) which fails to be a 
limit point either of Mi(y) or of Ma(y). Clearly we may suppose that 
for an uncountable subset of K, of K, py: Mi(y) =0. Now since M is 
separable and metric, there exists a countable sequence Ri Rg, - 
of open sets in M such that if U is any open set in M and peU, 
there is an m such that peR,CU. Hence, for each yeX, there 
exists an integer my such that pyC Re, and Ra, Mi(y) =0. But if y, 
y'eKi, y <y, we have pC Mily) so that mmy. This is absurd, 
since K, was uncountable. Hence we have established the existence 
of the set C as asserted above. 

We shall show that f is interior at any point x of M—f—(C). To 
this end let U be any open set in M containing x and let y=f(x). 
Since M is locally connected, there exists a connected open subset V 


Presented to the Society, September 8, 1939; received by the editors March 4, 
1942, 

1 This paper, in slightly different form, was sent to the editors of Fundamenta 
Mathematicve in June, 1939. 

3 See Fundamentae Mathematicae, vol. 11 (1926), p. 176. 

3 This could be established also with the aid of a lemma of Zarankiewiczr. See 
Fundamenta Mathematicae, vol. 12 (1928), p. 119. 
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of M with xC VCU. Now V contains points x; and x; of Mi(y) and 
M;(y), respectively. Since f(V) is connected and contains f(x) and 
_ f(xs), it therefore contains the interval [f(x1), f(x1)]. Hence f(x), 
which is interior to this interval, is interior to f(V) and hence surely 
to f(U). 

Examples are easily constructed-to show that our conclusion is 
invalid in the absence of either the local connectedness condition on 
M or the linearity restriction on the image space. 

However, we can extend the theorem considerably. First we note 
the following corollary. (Note: All sets referred to in this paper are 
assumed separable and metric.) 


COROLLARY. Let f(M) = Y = ? anli be continuous where M ss locally 
connected, each L; +s open in Y and ts homeomorphtc wtih a subset of a 
iine and L,-L,=0 for +47. There exssis a countable subset C of L such 
that f is interior at every point of M—fo(C). 


For under the conditions on the L, it results at once that Y is 
homeomorphic with a subset of a line and hence with a set of real 
numbers. (For if L; is a subset of the open interval (t— 1, 4) homeo- 
morphic with L, +=1, 2,---,clearly Y is homeomorphic with 
XOL? .} Thus f is effectively a real continuous function on M and the 
corollary follows from the preceding theorem. 


THEOREM. Let f(M)=K be continuous where M is locally connected 
and let D be the closure of the set of a potnis of order greater than 2 of 
K. There extsts a countable subset C of K—D such that f ts tsntersor 
at every potnt of M—f7(D+C). 


ProoFr. By continuity of f, M—f-'(D)=M’ is open in M and 
hence is locally connected. Consider the mapping (M) =K—D=K’. 
Since every point of K’ is of order at most 2, K’ is locally connected. 
Hence the components Rj, Rs, --- of K’ are open (thus countable). 
Further, each R, is homeomorphic with a subset of a line, since it 1s 
a connected set all of whose points are of order at most 2. Thus by 
the above corollary there exists a countable subset C of K’ such that 
f is interior at all points of M’—f-“(C). Obviously this yields our 
theorem.” 


COROLLARY. If D is countable, there extsts a countable subsei C of 
K such that f ts interior at al points of M—fH(C). 

COROLLARY. Any continuous mapping f(M)=K of a locally con- 
nected set M into a graph K-ts interior at al porinis of M—F- (CO), 
where C 4s some countable subset of K. 
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If X and Y are topological spaces, Xis a subset of X and f(X) CY 
and @(X)CY are single-valued continuous transformations, ¢(x) is 
said to be an extension of f to X provided f(X) =¢(x) for xexXı. 
Extension theorems in various forms for continuous transformations 
are well known.‘ However, not much consideration seems to have 
been given to the important problem of carrying over to an exten- 
sion @ of f properties which f may enjoy in addition to continuity. 
In this note a beginning in this direction is made with the following 
theorem. 


THEOREM. Let M be a subcontinuum of a cyclic locally connected 
compact continuum L and let f(M)=(0,1) be continuous and such thal 
for any y, OSyS1, L—f“(y) is connected. There exists an extension 
(L) =(0, 1) of f to L which ss interior at every point of L— M and at 
every point of M where f is intersor.® (Thus if f is interior on M, ġ ts 
sniersor on L.) 


PROOF. Let us decompose L upper semi-continuously* into the sub- 
sets [f(y)], OSyS1, of M and individual points of L — M. Call L’ 
the hyperspace of this decomposition and let 4(L) =L’ be the asso- 
ciated transformation. Clearly A(M) is a simple arc a’b’ joining 
a' =hf~ (0) and b’ =Af-'(1). By a theorem of the author,’ there exists 
a non-alternating interior retracting transformation g(x) retracting 
the cyclic chain C(a,’b’) in L’ into a'b’. But since no one of the sets 
f(y) disconnects L and L is cyclic, it follows that ZL’ is cyclic and 


‘hence L’=C(a’, b’). Thus g(x) retracts L’ into a'b’. 


Let us defne 
p(x) = fl gh(x), reL. 


Then ¢ has the required properties. For if «eM, we have A(x)ea’b’ 
so that gkh(x)= h(x); whence A ,gh(x) <A h(x) =f-Yf(x) so that 
fhgh(x) =f(x). This proves ¢(x) m=f(x) on M. To show that ¢ is 
interior at any point x where f is interior or at any point of L- M, 
let xeU where U is open in L. H xeM, then since f is interior at x, 
h[U-M | contains an open subset V of a'b’ about A(x). Hence g(V) = V 


1 See, for example, F. Hausdorff, Fundamenta Mathematicae, vol. 30 (1938), p. 40, 
and C. Kuratowski, ibid., p. 48. 

“Tt is supposed that L is imbedded in a metric space and (0, 1) denotes the interval 
Oya of the real numbers. A continuum is cyciéc if it has no cut point. 

t See R. L. Moore, Foundations of Point Set Theory, American Mathematical 
Society Colloquium Publications, vol. 13, 1932, chap. 5; note also references to P. 
Alexandroff and to C. Kuratowski. 

7T See Whyburn, Non-oltermating interior retracting transformations, Annals of 
Mathematics, (2), vol. 40 (1939), pp. 914-921. 
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is open in a'b’ and A-'g(V) = and is open in M. Since f is interior at 
x, fh-4g(V) has f(x) as an interior point; and since this set surely is 
contained in fhk-'gh(U)=4(U), it follows that d(x) is interior to 
$(U). li xeL—M, we may suppose UCL —M. Then h is topological 
on U, so that k(U) is open in L’. Thus gh(U) is open in a'b’, since g is 
interior on L’. Hence A-1gh(U) is open in M and fh gh(U) =4(U) 
has @(x) as an interion point, since f is interior at x. 

= Itis clear that essentially the same argument suffices to establish 
the following somewhat more general extension theorem: 

Let M be a subcontinuum of a locally connected continuum L of the 
form L=C(a, b) where a, beM. Let f(M) =(0, 1) be such that f(a) =0, 
f(b) =1 and for any y with O<y<1, every component of L—f y) 
contains etther a or b. There exists an extension o(L) =(0, 1) of f to L 
which is interior at every point of L—M and also at every point of M 
where f +s interior. 


UNIVERSITY OF VIRGINIA 


THE MODULAR SPACE DETERMINED BY A. 7 


POSITIVE FUNCTION es 


R. W. BARNARD AND 'H. H. earl 


At the suggestion of T. H. Hildebrandt the authors anderok to ` 


determine the nature of the. space of modular fynctioris of E. H. 
Moore when the range $ is taken to be the infinite interval — » 
<x<-+o and the base matrix e to be of the form 


+o T. 
(1) KOPE omar, 
where V is a monotonically increasing bounded eed This {orn 
of e is suggested by the work of Bochner on positive functiona,} 
In this note we determine the form of functions modular as to e and 
of the J-integral. 

To avoid, at first, convergence questions we turn-our attention to 
functions @ finite as to e, that is, functions of the form 


“ 


s rao 
(2) sz) = Dalz ydas = fo EADV, 
where : 
(3) NY a BP age | i 
fl na as 


In the formulas (2) and (3) the a; are arbitrary constants and the yy 


are points on the interval (— œ, +). It'is known from standard 
results in the theory of modular and finite functions? that every 
function @ finite as to «e ig modular and that - 


No = Jp = $, balay, xe)au, 
fikt 


4 a 
4 Jigi = [N(bi + 2) — N (di — $2) — #N (bi + is)’ 


. , . + iN (db: — ipa) |/4. 
Calculating the values of Nọ and Jide, we see that 


> _ +00 ‘pe peo 
’ Tis = f- Asd V, wel | à [2dV. 


Received by the editors March 7, 1942. 
1S. Bochner, Monotons Funktionen, Stolijessche Integrals und E EE TE PT 
¢ 


Mathematische Annalen, vol. 108 (1933), pp. 378-410. 
t E. H. Moore, Genera] Analysts, Part II, Philadelphia, 1939, pp. 94 ff. , 
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Bre ee the form of an arbitrary modular en j we con- 
sider a - sequence 


40 
a(z) = Í ehd V 
. of functions finite as to e, converging mode 2 to a modular function? u. 
Since ¢, converges strongly, it follows that 


1 po ` * 
a lim N(bn'— $a) = lim | Am — An |3dV = O, 
io “ma - ' "49 

d hence there exists a ers function A such that A? is in- 
| _tegrable with-respect to V and‘ 


tvs in fO ker 


With the help of Schwarz’ inequality one sees that’: 

1. fe ` f 420 
a(z) = Í eN)dV, Ne= f |A |47. 

_ THEOREM 1. To each modilor fupction u there corresponds a measur- 
`- able function ` such thai ms integrable with respect‘io V and 
` s 4o N 
rO das f AHV) ond Nu = f |a Jay. 
Conversely, if \ is. measurable and M integrable with respect to V, then 
the first of the formulas (5) defines a modular funcion u for which the 
'- second of these iu is valid. If li, Ha Ofe ewe modular functions, 
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It remains to prove only the latter part-of the theorem. To do this 

let E(x) = ftSe#XdV, where à is any measurable ates such that 

A? ib integrable with respect to V, and let x, a; Gj =1, 2, , %) be 
congtants such that . f 
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It then follows with the help of Schwarz’ inequality that 
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and hence ¢ is modular. The formula (6) follows at once from the 
second equation (5) and equation (4). 

Finally, we seek conditions that the matrix e should be proper. 
These are contained in the following result: 
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THEOREM 2. The base matrix ess proper if ihe measure function Vis _ 
such that every set E whose complement has zero measure has a finik 
limi porni. 

It is clear that 
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implies the vanishing of the analytic function 


(7) 2 agt: 
=i 

for almost all ¢. If the constants a, were not all zero, the expression 
(7) would have a non-finite number of zeros in a bounded interval, 
which is false, and hence Gi, -+ +, Ga are all zero and e is a proper 
matrix. 

THE UNIVERSITY OF CHICAGO AND 

Tue University or MICHIGAN 


5 Ibid., p. 84. 


t, 





{ a 
‘ 
` 
K 
z S 


A CORRECTION TO “ON THE ITERATION OF LINEAR 
HOMOGENEOUS TRANSFORMATIONS” 


ARNOLD DRESDEN 


The theorem proved in the note entitled On the iteration of linear 

. homogensous transformations, published in this Bulletin, vol. 48 

(1942), pp. 577-579, was proved by Rufus Oldenburger, in a paper on 

Infinite powers of matrices and characteristic roots, which appeared in 

the Duke Mathematical Journal, vol. 6 (1940), pp. 357-361. My 
apologies are due to Professor Oldenburger. 
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i AN ADDITION TO “GENERALIZATIONS OF THE 
l BERNOULLI POLYNOMIALS AND NUMBERS 
a AND CORRESPONDING SUMMATION 

vs o FORMULAS” 

5 e TOMLINSON FORT 


= In the third paragraph of my paper Generalizations of the Bernoulli 

~ + polynomials and numbers and corresponding summation formulas, pub- 

“o lished in this Bulletin, vol. 48 (1942), pp. 567-574, no explicit state- 

f ment is made of the fact that it is assumed that P and Q as operators 

on x obey the laws: P F(x +c) Jeo =P F(x); QF(a-+c) |ano=QF(x). - 
Also the statement f,(0)=0, should read f,(0) =0, 2 >0. 


LEHIGH UNIVERSITY 


~ Received by the editors November 4, 1942. 
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ERRATA, VOLUME 48 


M. R. Hestenes, The problem of Bolza tn the calculus of variations, | 
57-75. 
p. 63, first display line. Instead of g(t) read g(a). 
p. 72, line 32. Instead of by Eë the set--- read by EF the 
set : 
Isaac Oon Content hypergeometric functions and Markoff 
chains, abstract 48-5-179. ° . 
p. 365, line 2. Instead of k;=0 read kyo =0. 
A. N. Lowan, N. Davids and A. Levenson, Table of the zeros of the 
Legendre polynomials of order 1-16 and the weight coefficients ue 
‘ Gauss’ mechanical quadrature formula, PP. 739-743. 
p. 742, last display line. serene of xi, in the domoa 
read xit 3. 
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